Bol. Soc. Paran. Mat. (3s.) v. 2024 (42) : 1-12.
©SPM ~ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.64405

Solution of Infinite System of Fourth Order Differential Equations in /¢, Space

Tanweer Jalal and Asif Hussain Jan

ABSTRACT: The main objective of this paper is to investigate the solution of infinite system of fourth order
differential equations in ¢, space by using measures of noncompactness. The result is demonstrated with an
example.
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1. Introduction

Fixed point theory, differential equations, functional equations, integral and integro-differential equa-
tions all use measures of noncompactness (MNC). The most frequent approaches for examining the ex-
istence of solutions to functional equations (Cauchy initial value problems, systems of infinite linear
equations, and so on) involve fixed point arguments. The Banach contraction principle was utilised by
several authors to establish existence results for a variety of problems [1,12,21,23].

Kuratowski [13] was the first to introduce this concept in 1930. Darbo [8] developed a fixed point
theorem which assures the presence of a fixed point for the so-called condensing operators in 1955, using
Kuratowski’s MNC notion. This is a generalized form of the classical Schauder fixed point theorem and
Banach contraction principle. In recent years, the idea of measure of noncompactness has been successfully
employed in sequence spaces (see [3,5,6,17,18,20]). Several authors investigated the solvability of infinite
systems of second and third order differential equations in different sequence spaces [3,5,6,11,15,16,20,
22,24,25,26].

2. Preliminaries and Background

Let Q represent the space of all complex sequences x = (z;)$2;. A sequence space is a vector subspace
of Q. The set of natural, real, and positive real numbers are denoted by N, R and R* respectively.

The Kuratowski measure of noncompactness for a bounded subset P of a metric space X is defined
as

a(P) = inf {5 >0:P CU, P, diam(P;) <9, for 1 <i<m < oo},

where diam(P;) denotes diameter of the set P;.

Another important measure of non-compactness is the Hausdorff non-compactness measure, which
is defined as
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X(P) = inf {e > 0: P has a finite e-net in X }

Let (X,]|[.]|) be a Banach space, Rt = [0,00), the symbols X and Conv(X) denote closure of X and
convex closure of X respectively. Let Mg denote the family of non-empty bounded subsets of E and Ng
denote the family of non-empty and relatively compact subsets of . We now define (MNC) axiomatically
given by Banas and Goebel [4].

Definition 2.1. [4] Let X be a Banach space and F be the bounded subset of X. A function v : Mx —
[0, 4+00) is said to be measure of non-compactnes in X if it satisfies the following axioms:
1. The family ker v = {A € Mx : v(E) = 0} is a nonempty and ker v C Nx.
Ey C By = v(Ey) < v(Es).
v(Conv(E)) = v(E).
v(AEL 4+ (1 — AE3) < Av(Eq). + (1 — N)v(Es) for all A € (0,1).

R

If (E,,) is a sequence of closed sets from Mx such that E,; C A, and lim v(E,,) = 0, then the

m—roo

o0
intersection set Ex= () E,, is non-empty.
m=1

Theorem 2.1. [8] Let © be a nonempty, closed, bounded and convex subset of a Banach space X and
let T : Q — Q be a continuous mapping such that there exists a constant k& € [0,1) with the property
v(T(Q)) < kv(2). Then T has a fixed point in 2.

Definition 2.2.(Equicontinuous) Let (G1,d) and (Gz,d) be two metric spaces, and T the family of
functions from G to G5. The family T is equicontinuous at point Iy € G if for every € > 0, there exists
a 0 > 0 such that d(g(l),g(lp)) < € for all g € T and all [ € Gy such that d(l,lp) < 6. The family is
pointwise equicontinuous if it is equicontinuous at every point of G .

Definition 2.3. [7]

1. A sequence space X with a linear topology is said to be a K-space if each of the maps p,, : X — C
defined by p,(z) = x,, is continuous foreach n € N.

2. A K-space is said to be an F'K-space if X is a complete linear metric space , that is, X is an
FK-space if X is Frechet space with continuous coordinates

3. A normed FK-space is called a BK-space, that is, a BK-space is a Banach sequence space with
continuous coordinates.

4. A sequence (b(k))z":1 in a linear metric space X is called a Schauder basis for X if for every x € X,
there exists a unique sequence (\,,)%_; of scalars such that z = 30| \,b(™).

5. An FK-space X is said to have AK if every sequence x = z,, € X has a unique representation
T=3 0 e®) that is, z = lim 2[™. An FK-space with AK property is also called an AK-space.

n—oo

Theorem 2.2. [7] Let X be a BK space with AK and monotone norm, @ € Mx, P, : X — X,(n € N)
be the operator (projection) defined by P,(z1, X2,...) € X. Then

W@ = i (sup 7= P

n—oo

In a number of important nonlinear analytic disciplines, infinite systems of differential equations
emerge naturally. For example numerical methods for solving partial differential equations, frequently
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lead to the investigation of infinite system of ordinary differential equations. In recent years, the idea
of measure of noncompactness has been successfully employed in sequence spaces for investigating the
solution of infinite system of second and third order differential equations (see [3,5,6,20,24,25]).

The purpose of this paper is to investigate the existence of the solution of the fourth order differential
equation

DI (w) = ki(w, v(w)); i =1,2,3, ... (2.1)

’ ’ 11 d 7

with boundary conditions, v;(0) = v;(0) = v;(W) = v, (W) = 0,w € [0,W],DW(w) = y v4 in the
w

sequence space £,. The solution is investigated by using the infinite system of integral equations and the

Greens function [9].

We denote ¢, for p > 1, the Banach sequence space with .||, norm defined as:

Nzllp = 1[(@m)]lp = (Tni:l Ixm|P)1/p

for x = () € £).

In view of the Theorem (2.2), in the Banach sequence space (£p,||.]|¢,), the Hausdorff measure of
noncompactness y can be formulated as

s = i Lo (Ser) ) 22)

ueB k>n

where, v(w) = (v;(w))2, € £, for each w € [0, W].

In this study, we consider the following infinite system of fourth order differetial equations

DY (w) = ki(w,v(w)); i =1,2,3, ... (2.3)

1"

with boundary conditions, v;(0) = v;(0) = v;(W) = v; (W) = 0,w € [0, W].

Let C([0, W],R) be the space of all real valued continuous functions over [0, W] and C*([0, W], R)
be the set of all functions with the fourth continuous derivative on [0, W]. A function v € C*([0, W], R)
is a solution of (2.3) if and only if v € C([0, W], R) is a solution of infinite system of integral equation

W
v (w) :/0 Y (w, s)ki(s,v(s))ds, for w € [0, W] (2.4)

where, k;(w,v) € C([0, W],R), i = 1,2,3, ... The Green’s function associated with the system is given by
—52(2Ws — 6Ww + 3w?)
< <s <
oW , 0<w<s<W
Y(w,s) = (2.5)
—w?(3s% — 6Ws + 2Ww)
12W ’

0<s<w<W.

The function satisfies the inequality
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3
Y < —. 2
(w,5) < 5 (26)
From (2.4) and (2.5), we obtain
Y _w?(3s% — 6Ws + 2Ww) W _s2(2Ws — 6Ww + 3w?)
vi(w) = /0 Bl ki(s,v(s))ds + /w W ki(s,v(s))ds.

Differentiating this expression three times, we get

d d2’U¢ w —12W
@(wﬂ‘l‘ﬁwﬂﬁ“”@+0

_ /Ow (s, v(s)) ds.

Further, differentiation gives

d (d3v; d [
%(dw:}) = %/0 —ki(s,v(s))ds

= k;(w, v(w)).

dv}
dw?
satisfies equation (2.3). Hence finding existence of solution for the system with boundary conditions is
equivalent to find the existence of solution for the infinite system of integral equations.

Since equation (2.3) can be written as d_< > = ki(w,v(w)). So, v;(w) as given in equation (2.4)
w

Remark: let xy be the Hausdorff measure of noncompactness in the Banach space X, and A, be an
arbitrary subset of C'([0, W], X) the Banach space of continuous functions, which is equicontinuous on
the interval [0, W]. Then, Hausdorff measure of noncompactness of 4, is given by [7,15]

X(4o) = sup{xx (Ao (w)) : w € [0, W]}.

3. Solution of the system (2.3) in ¢, space

The following assumptions are made in order to identify the condition under which the system (2.3) has
a solution in £,:

(Q1) The functions k; are defined on the set [0, W] x R* and take real values (i = 1,2,3,...).

(Q2) The operator k defined on the space [0, W] x ¢, as
(U), U) - (k’U) = (kl (U), U)a ko (U), U)a ks (U), U)a )

is such that the class of all functions ((kv)(w)),we [0, W] is equicontinuous at every point of the
space £y,.

(Q3) The following inequality holds:

|ki(w, v1,v9,v3,...) |7 < gi(w) + hi(w)|v; (w)|?, (3.1)
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where g;(w) and h;(w) are real functions defined and continuous on [0, W], such that > gr(w) converges
k=1
uniformly on [0, W] and the sequence (h;(w)) is equibounded on [0, W].

To prove the result, we set
o0
g(w) = > gr(w),
k=1

G, = sup{g(w) : w € [0, W]},
H, = sup{h,(w) : n € N,w € [0, W]}.

Theorem 3.1. Under the hypotheses (Q1) — (Q3), the infinite system of differential equations (2.3) has
1/p
at least one solution v(w) = (v;(w)), whenever —2—— < 1 such that v(w) € ¢, space, p > 1, for all

12
w € [0, W].
Proof: On the space C([0,W],¥,) define the operator v as:

w
(o)) = (70)nlw)) = ( / Y(w,sm(s,v(s))ds) (3.1)

. (/OW Y(w,s)kl(s,v(s))ds,/ow Y(w,s)kg(s,v(s))ds,...>.

We first show v maps C([0, W], ;) into itself. Fixing v(w) = (v, (w)) € C([0, W], £,). Then from the
relation (2.6), the hypothesis (Q2) and Holder’s inequality, we have for an arbitrary w € [0, W]

P

1/p</OW ds)l/p
<Z/ s Plits, e as( [ as)"

p/qz/ Y (w, 8)[P[(gi(s) + hi(s)|v; (s)["] ds

(I(yo)(w)llp)” =

/ Y (w, 8)ki (s, v(s)) ds

Vki(s,v(s)) ds

< (Vf—z) (W)p/qi I " (s ds + / " (oo s
. (W )i [/ e ds+/0W (e s

Now, by Lebesgue dominated convergence theorem, we obtain

3gq+1

oo < (M) [ s m [° Zlvz ]

W3+l/p+1/q
< |-
- ( 12

) [e +Ho<||v||p>f’]
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Therefore

3+1/p+1/q 1/p
ool < (g ) (Go+ Eulnlly) (52)

Hence ~yv is bounded on the interval [0, W]. Thus v transforms the space C([0, W],¢,) into itself.

Now, using (3.2) and above procedure, we get

3+1/p+1/q
1/p w
il e

34+1/p+1/q7\ /P -
I L
12
Where, the positive number r is the optimal solution of the inequality

W3+1/p+1/q 1/p
(Y () <

ollp <

Hence, by (3.2) the operator + transforms the ball B, ¢ C([0,W],¢,) into itself.
We than show that on B,, «y is continuous. Let ¢ € [0, W] and € > 0 be arbitrarily fixed then, for any

u=u(t),v =v(t) € B, with ||u —v|| < €, we have

P

(16w = ol )

/ Y w, )l (s, u(s) — k(s v(s)] ds
< Z/ ot st [ as)”

- p/qz/ Y (w, 8)[P|ki(s, u(s)) — ki(s, v(s))|? ds.

Now, by using (2.6) and the assumption (Q2) of equicontinuity, we get

IN

(1)) - (W)(w)llep>p

) MMZ [ outo) ~ koot as
W12q )prﬂnoo/ (Z"f (5, uf ki(s,v(s ))I”) ds. (3.4)

Further, let us define the function d(¢€) as

d(e) = sup{|ki(s,u(s)) — ki(s,v(s))| : u,v € by, |Ju —v|| < e,w € [0, W],i € N}.

Then clearly §(e) — 0 as e — 0, since the family {(kv)(w) : w € [O, W]} is equicontinuous at every point
v € L.
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Therefore, by (3.4) and using Lebesgue dominant convergence theorem, we obtain

(100w - o, ) < (Y5 )/ (e

_ (W3+1/p+1/q> B,

3q+1

12
This implies that the operator v is continuous on the ball B,..
Further since Y (w, s) as defined in (2.5) is uniformly continuous on [0, W%, so by definition of operator =,
it is easy to show that {v, : u € B,} is equicontinuous on [0, W]. Let B,, = Conv(yB;), then B,, C B,

and the functions from the set B,, are equicontinuous on [0, W7.

Let E C B,,, then E is equicontinuous on [0,W]. If v € E is a function then for arbitrarily fixed
w € [0, W], we have by assumption (Q3)

P

w
-3 /0 Y (w, 8)ki(s, v(s)) ds

< i (/ " ¥ 5o, 0(s)) d)

Applying Holder’s inequality and (2.5), we get

= 2 (f N Yol oe)Pas) " ds)m

3g+1

< (") S ([ msoneas).

i=k

> (ron(u)

o)

Again, using the Lebesgue dominant convergence theorem and the assumption (Q2), we derive the fol-

lowing inequality
g (yv)i(w) b < <W:;q“ >P§ </OW [g5(5) + has)los (5)7] ds)

() ([ (G« [ (miommiora))

3q+1

(Y ([ (o) o[ (S

i=f

Taking supremum over all v € E, we obtain

sup Z‘ Y);

veEE

wf < () ([ (Soom) cmomp [ (Swcora)

As FE is the set of equicontinuous functions on I, so using the definition of Hausdorff measure of non-
compactness in £, space and by above Remark, we get by Holder’s inequality

(X(WE))Z) < HO(Vlv;> (x(E))".

— (x0m)) < Hé/”(vf:) (x(E)).
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4
If H)/P % <1, that is H)/PW* < 12.

Then by Theorem (2.1), the operator v on the set B, has a fixed point, which completes the proof of the
theorem.

Now since the system of integral equations (2.4) is equivalent to the boundary value problem (2.3),
we conclude that the infinite system of fourth order differential equations

DI (w) = ki(w, v(w)); i =1,2,3, ...

3

’ 1"

with boundary conditions, v;(0) = v;(0) = v;(W) = v,

(2

(W) =0,w € [0, W],

has atleast one solution v(w) = (vi(w), v2(2),...) € £, such that v;(w) € C*([0, W], ,),
(1=1,2,3,...) for any w € [0, W], if the assumptions of the Theorem (3.1) are satisfied.

Note: We choose value of W in such a way that Hé/pVV4 < 12 is satisfied.
4. Application

In this section, we demonstrate our result with the help of the following example.

Example 3.2. Consider the following infinite system of fourth order differential equations in Iy

d*v, B \/Ee*“?n(w) 2. cosw vi(w)[1 — /(T —m)v(w)]

dot = mr 1P P JT—mt )

,méeN,we[0,W], form=1,2,... (4.1)

Solution. Compare (4.1) with (2.3) we have

VIWemum@) 2 cosw v (w)[1 — /(1 — m)v(w)]
(2m+1)2 & Pm? (I—m+1) '

km(w,v) = (4.2)

Assumption (Q1) of the Theorem (3.1) is clearly satisfied. We now show that assumption (Q2) of the
Theorem (3.1) is also satisfied that is
[k (w, 0)[* < gn(w) + h(w)]vn [, (4.3)

Using Cauchy-Schwarz inequality and equation (4.1), we have

(w02 = [V S coswu(w)(l — T = mjuw) '
ma @2m+1)> = Pm? (l—m+1)
We 2™ [ cosw vy (w)[l — /([ — m)u(w)]]?

= 2{ (2m+1)4 L_m 3m? (I—m+1) } }

2We_2“fn(w) > C082 w i 'Ul(w)[l — (l — m)vl(w)] 2
= (2m 4+ 1)4 +2<Z§L l6m4)§[ (I—m+1) ] '

Now, using the fact that
ao(1 — ayb,) < 1 by # 0 (4.4)

b, (20,)2" 77
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for any real a,, b,, we have

202, (w) 2 6 = - )
e (w0, 0) |2 < 2We - 2<cos W w_) [v n Z vp(w)[1 — /(I = m)vy(w)]
(2m+1) = \/m

< 2We” 2u, (1) N 276 cosQwv2 N 275 cos? w y Z 1
T (@2m+1)t 945m* ™ 945m* - 2= (2/(I—m))?

2W e~ 2um (w) N 7 cos? w N 278 cos® w
V2,
@m+1)* ' 15120m* | 945mA ™

Hence, by taking

2
2We=2um(w) 78 ¢824

() = =50y To100m
and
276 cos? w
fn(w) = =g 5 A

it is clear that g,(w) and h,(w) are real valued continuous functions on [0, W]. Also

2W n 78
(2m+1)*  15120m*
78

15120m4

|gn(w)| =

< <2W + ) for all w € [0, W].

Therefore by Weirstrass test for uniform convergence of the function series we see that ) ¢g;(w) is uni-
>1
formly convergent on [0, W]. Further we have

2 6

for all w € [0, W].

Thus the function sequence (h;(w)) is equibounded on [0, W]. Thus (4.2) is satisfied and hence the as-
sumption (Q3) is satisfied.

Also

7T8 7T2
O—bup{g gk ’LUEOW]}:<2W+W>X%
k>1

and
Hozsup{h( ):we o, W]} 2

945

The assumption (Q2) is also satisfied as for fixed w € [0, W] and (v;(w)) = (v1(w), v2(w), ...) € La.
We have

oo

S lhw,0) = D i) + 3wl (w)l?

i=1

<Go+ Hy Y |oi(w)]?

i=1
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Hence, the operator k = (k;) transforms the space ([0, W7, £2) into £5. Also for e > 0 and u = (u;),v = (v;)
in fo with ||u — v|]2 < €, we have

(||<ku><w> (ks |||2) S Vo 1, u0)) — i (w0, 0(a0))
m=1

_ i{ coswuy(w)[1 — VI — muy(w)]

Bm2J/l—m+1

 coswyy(w)[1 = VI = muy(w)] ’2}
Bm2y/l—m+1

=m

§ coswuy(w)[1 = /I — muy(w)] — cos wuy(w)[1 — VI — muy(w)] ’2}
I=m BYl—m+1

2 (w(w) —v(w))[1 = (1 =m)(w(w) +v(w))] r}
P BVl—m+1 '

(w(w) —w(w))[1 = € —m)(w(w) + vi(w))]

)

m=1 W l=m I=m m
7T6 =) ) _ ) ol )
< o S { o S ltutu) - oy =R e n @

11— —m)(uw(w)+ v(w))] ﬂ }

6 oo .
= 945 mz_:l{i {Wm(w) — v (W) ]2 + l;ﬂ [(uy(w) — vy (w))]? N

6 1

(TR (’“”)(w)”2)2 <3% g{m— ) o () + Z_;] }
4

8
e
(&)
mo€E

[1(ku)(w) = (ko) (w)l]2 < ==

IN

Thus, for any w € [0, W], we have

Therefore the family {(k,)(w) : w € [0, W]} is equicontinuous.
Finally, it is seen that the condition Hé/ P4 < 12 is satisfied for all W < 1.7030725.

So, by Theorem (3.1), there exists at least one solution to given infinite system of differential equation
(4.1) in C([0, W], £2).
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