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Fixed point theorems in modular b−metric spaces and application

Abdelhak El Haddouchi∗, Mustapha Essaadaoui and Brahim Marzouki

abstract: In this paper, we prove a general fixed point theorem for a mapping satisfying a new type of
implicit relation in modular b−metric spaces and we give an application to establish the existence of a solution
for a system of nonlinear integral equations.
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1. Introduction and Preliminary

Since the famous Banach fixed point theorem (1922), the study of fixed point theory in metric spaces
has several applications in mathematics, especially in solving differential and functional equations. Many
authors have introduced a new class of generalized metric space, in particular M.E. Ege and C. Alaca
[2] they provide the required definitions and theorems about modular and b−metric spaces. Next, they
define the modular b−metric space and give definitions to prove Banach contraction principle in the new
space.

In this paper, we are interested to prove a general fixed point theorem in modular b-metric spaces.
The results in this paper give us particular results and illustrated by examples. To show the significance
of our result an application is presented to establish the existence of a solution for system of nonlinear
integral equations.

Definition 1.1 [1] Let X be a non-empty set. A map ω : (0,∞)×X ×X −→ [0,∞] is called a modular
metric, if the following statements hold for all x, y, z ∈ X,
(i) ωλ(x, y) = 0 for all λ > 0 ⇔ x = y,
(ii) ωλ(x, y) = ωλ(y, x) for all λ > 0,
(iii) ωλ+µ(x, y) ≤ ωλ(x, z) + ωµ(z, y) for all λ, µ > 0.
Then we say that ω is a modular metric.

Definition 1.2 [2] Let X be a non-empty set and let s ≥ 1 be a real number. A map ω : (0,∞)×X ×
X −→ [0,∞] is called a modular b-metric, if the following statements hold for all x, y, z ∈ X,
(i) ωλ(x, y) = 0 for all λ > 0 ⇔ x = y,
(ii) ωλ(x, y) = ωλ(y, x) for all λ > 0,
(iii) ωλ+µ(x, y) ≤ s [ωλ(x, z) + ωµ(z, y)] for all λ, µ > 0.
Then we say that (X,ω) is a modular b-metric space.
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The modular b-metric space could be seen as a generalization of the modular metric space.

Example 1.1 [2] Consider the space lp = {(xn) ⊂ R :
∑∞

n=1 |xn|p < ∞} ,
0 < p < 1, λ ∈ (0,∞) and ωλ(x, y) =

d(x,y)
λ such that d(x, y) = (

∑∞
n=1 |xn − yn|p)

1
p ,

x = xn, y = yn ∈ lp.
It could be easily seen that (X,ω) is a modular b-metric space.

Definition 1.3 [2] Let ω be a modular b-metric on a set X. For x, y ∈ X, the binary relation
ω∼ on X

defined by
x

ω∼ y ⇔ lim
λ→∞

ωλ(x, y) = 0

is an equivalence relation. A modular set is defined by

Xω = {y ∈ X : y
ω∼ x}.

We define state the set

X∗
ω = {x ∈ X : ∃λ = λ(x) > 0 such that ωλ (x, x0) < ∞} (x0 ∈ X)

Definition 1.4 [2] Let (X,ω) be a modular b-metric space.
- A sequence (xn)n∈N in X∗

ω is called ω-convergent to x ∈ X∗
ω if ωλ (xn, x) → 0, as n → ∞ for all

λ > 0.
- A sequence (xn)n∈N ⊂ X∗

ω is said to be ω-Cauchy if and only if for all ϵ > 0 there exists n(ϵ) ∈ N
such that for each n,m ≥ n(ϵ) and λ > 0 we have ωλ (xn, xm) < ϵ.

- A modular b-metric space X∗
ω is ω-complete if each ω-Cauchy sequence in X∗

ω is ω-convergent and
its limit is in X∗

ω.

2. Main Results

Definition 2.1 Let s ≥ 1 and Fs be the set of all functions ϕ (t1, t2, ..., t6) : R6
+ −→ R satisfying the

following conditions :
(ϕ1) ϕ is continuous on R6

+, non increasing in variables t4 and t5.
(ϕ2) ∃k ∈ [0, 1

s ) such that ∀u, v ∈ R+,
ϕ
(
u, v, v, su, sv + s2u, 0

)
≤ 0 or ϕ (u, 0, 0, sv, sv, 0) ≤ 0 ⇒ u ≤ kv.

(ϕ3) ∀u ∈ R+, ϕ (u, u, 0, 0, su, u) ≤ 0 ⇒ u = 0.

Example 2.1 ϕ (t1, t2, t3, t4, t5, t6) = t1 − rt2, with sr < 1.

Example 2.2 ϕ(t1, t2, t3, t4, t5, t6) = t1 − α[t3 +
t4
s ], with sα < 1

2 .

Example 2.3 ϕ(t1, t2, t3, t4, t5, t6) = t1 − k[ t5s2 + t6], with sk < 1
2 .

Example 2.4 ϕ(t1, t2, t3, t4, t5, t6) = ηt1− (αt2+βt3+γt4), where η, α, β, γ ∈ R+, with s(α+β+γ) < η
and γs2 < η.

Example 2.5 ϕ (t1, t2, t3, t4, t5, t6) = ηt1 − (αt2 + βt3 + γt4 + µ[t5 + t6]), where η, α, β, γ, µ ∈ R+, with
s (α+ β + γ) + 2s2µ ≤ η and (γ + µ) s2 ≤ η.

Example 2.6

ϕ (t1, t2, t3, t4, t5, t6) = t1 − rmax

{
t2, t3, t4,

t5 + t6
2s

}
,

with 0 ≤ r < 1
s .

Example 2.7 ϕ(t1, t2, t3, t4, t5, t6) = t1 − rmax {t2, t3, t4} . with 0 ≤ r < 1
s .

Example 2.8 ϕ(t1, t2, t3, t4, t5, t6) = t1 − (αt5 + βt6), with αs2 < 1
2 and α+ β < 1.



Fixed point in modular b−metric spaces 3

Example 2.9 ϕ(t1, t2, t3, t4, t5, t6) = t1 − (αt2 + βt3 + γt4 + δt5 +λt6), with γ+ δ < 1
s2 , s (α+ β + γ)+

2s2δ < 1 and α+ δ + λ < 1.

Theorem 2.1 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω satisfying

ϕ (ωλ (fx, fy) , ωλ (x, y) , ωλ (x, fx) , ω2λ (y, fy) , ω3λ (x, fy) , ωλ (fx, y)) ≤ 0, (2.1)

for all λ > 0, x, y ∈ X∗
ω, where ϕ ∈ Fs. Then f has a unique fixed point in X∗

ω.

Proof.
Existence. Let x0 ∈ X∗

ω, define the sequence (xn) of elements from X∗
ω such that: xn+1 = fxn for

every n ∈ N.
According to (1), with x = xn−1 and y = xn we have :

ϕ (ωλ (fxn−1, fxn) , ωλ (xn−1, xn) , ωλ (xn−1, fxn−1) , ω2λ (xn, fxn) , ω3λ (xn−1, fxn) , ωλ (fxn−1, xn)) ≤ 0.

So,

ϕ (ωλ (xn, xn+1) , ωλ (xn−1, xn) , ωλ (xn−1, xn) , ω2λ (xn, xn+1) , ω3λ (xn−1, xn+1) , ωλ (xn, xn)) ≤ 0.

So, since ω2λ (xn, xn+1) ≤ sωλ (xn, xn+1) and ω3λ (xn−1, xn+1) ≤ sωλ (xn−1, xn) + s2ωλ (xn, xn+1) , by
(ϕ1) we have

ϕ
(
ωλ (xn, xn+1) , ωλ (xn−1, xn) , ωλ (xn−1, xn) , sωλ (xn, xn+1) , sωλ (xn−1, xn) + s2ωλ (xn, xn+1) , 0

)
≤ 0.

Using (ϕ2), we deduce that

ωλ (xn+1, xn) ≤ kωλ (xn, xn−1) ≤ knωλ (x1, x0) where n = 1, .....

Now, we show that xn is a Cauchy sequence in X∗
ω. Let n,m ∈ N∗, with m > n, then we have :

ωλ (xn, xm) ≤ sω λ
m−n

(xn, xn+1) + s2ω λ
m−n

(xn+1, xn+2) + s3ω λ
m−n

(xn+2, xn+3) +

... +sm−n−1ω λ
m−n

(xm−2, xm−1) + sm−nω λ
m−n

(xm−1, xm)

≤ sknω λ
m−n

(x0, f(x0)) + s2kn+1ω λ
m−n

(x0, f(x0)) + s3kn+2ω λ
m−n

(x0, f(x0)) +

... +sm−n−1km−2ω λ
m−n

(x0, f(x0)) + sm−nkm−1ω λ
m−n

(x0, f(x0))

= sknω λ
m−n

(x0, f(x0)) (1 + sk + (sk)2 + ...+ (sk)m−n−2 + (sk)m−n−1)

= sknω λ
m−n

(x0, f(x0)) (
1− (sk)m−n

1− sk
)

≤
sknω λ

m−n
(x0, f(x0))

1− sk
.

from where lim
n→∞

ωλ (xn, xm) = 0. Then (xn) is a Cauchy sequence in X∗
ω, so there exists x ∈ X∗

ω such

that lim
n→∞

ωλ(xn, x) = 0. Now we show that f(x) = x.

Using inequality (1), we have :

ϕ
(
ωλ

2
(fxn, fx) , ωλ

2
(xn, x) , ωλ

2
(xn, fxn) , ωλ (x, fx) , ω 3

2λ
(xn, fx) , ωλ

2
(fxn, x)

)
≤ 0.

By (ϕ1)

ϕ
(
ωλ

2
(xn+1, fx) , ωλ

2
(xn, x) , ωλ

2
(xn, xn+1) , sωλ (x, fx) , sωλ

2
(xn, x) + sωλ (x, fx) , ωλ

2
(xn+1, x)

)
≤ 0.
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Letting n → ∞ we obtain

ϕ
(
lim inf

n→∞
ωλ

2
(xn+1, fx) , 0, 0, sωλ (x, fx) , sωλ (x, fx) , 0

)
≤ 0.

On the other hand we have

ωλ
2
(xn+1, fx) ≤ sωλ

4
(xn+1, x) + sωλ

4
(x, fx)

we deduce that the sequence
(
ωλ

2
(xn+1, fx)

)
n
is bounded. Then by (ϕ2) , we have

lim inf
n→∞

ωλ
2
(xn+1, fx) ≤ kωλ (x, fx) . (2.2)

On the other hand we have

ωλ (x, fx) ≤ s[ωλ
2
(x, xn+1) + ωλ

2
(xn+1, fx)],

and by (2.2) we deduce that

ωλ (x, fx) ≤ lim inf
n→+∞

s[ωλ
2
(x, xn+1) + ωλ

2
(xn+1, fx)]

= s lim inf
n→+∞

ωλ
2
(xn+1, fx)

≤ skωλ (x, fx) ,

that is fx = x.
Unicity. Suppose that there exists y ∈ Xω an other fixed point of f, then by (1) we have

ϕ (ωλ (fx, fy) , ωλ (x, y) , ωλ (x, fx) , ω2λ (y, fy) , ω3λ (x, fy) , ωλ (fx, y)) ≤ 0,

then

ϕ (ωλ (x, y) , ωλ (x, y) , 0, 0, sωλ (x, y) , ωλ (x, y)) ≤ 0,

So, by (ϕ3) , we have x = y.

3. Consequences

From theorem 2.1 and example 2.1 we obtain :

Corollary 3.1 (Theorem 1 [2]) Let (X,ω) be a ω−complete modular b−metric space with coefficient
s ≥ 1 and f : X∗

ω −→ X∗
ω, 0 < sk < 1 satisfying

ωλ (fx, fy) ≤ kωλ (x, y)

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.8 we obtain :

Corollary 3.2 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, sα < 1

2 satisfying

ωλ (fx, fy) ≤ α

[
ωλ (x, fx) +

ω2λ (y, fy)

s

]
,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.8 we obtain :
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Corollary 3.3 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, sk < 1

2 satisfying

ωλ (fx, fy) ≤ k

[
ω3λ (x, fy)

s2
+ ωλ (fx, y)

]
,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.4 we obtain :

Corollary 3.4 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, η, α, β, γ ∈ R+, with s(α+ β + γ) < η and γs2 < η, satisfying

ηωλ (fx, fy) ≤ αωλ (x, y) + βωλ (x, fx) + γω2λ (y, fy) ,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.5 we obtain :

Corollary 3.5 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, η, α, β, γ, µ ∈ R+, with s (α+ β + γ) + 2s2µ ≤ η and (γ + µ) s2 ≤ η satisfying

ηωλ (fx, fy) ≤ αωλ (x, y) + βωλ (x, fx) + γω2λ (y, fy) + µ [ω3λ (x, fy) + ωλ (fx, y)] ,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.6 we obtain :

Corollary 3.6 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, 0 ≤ r < 1

s , satisfying

ωλ (fx, fy) ≤ rmax

{
ωλ (x, y) , ωλ (x, fx) , ω2λ (y, fy) ,

ω3λ (x, fy) + ωλ (fx, y)

2s

}
,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.7 we obtain :

Corollary 3.7 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, 0 ≤ r < 1

s , satisfying

ωλ (fx, fy) ≤ rmax {ωλ (x, y) , ωλ (x, fx) , ω2λ (y, fy)} ,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.8 we obtain :

Corollary 3.8 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, αs

2 < 1
2 and α+ β < 1, satisfying

ωλ (fx, fy) ≤ αω3λ (x, fy) + βωλ (fx, y) ,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.

From theorem 2.1 and example 2.9 we obtain :

Corollary 3.9 Let (X,ω) be a ω−complete modular b−metric space with coefficient s ≥ 1 and f : X∗
ω −→

X∗
ω, γ + δ < 1

s2 , s (α+ β + γ) + 2s2δ < 1 and α+ δ + λ < 1, satisfying

ωλ (fx, fy) ≤ αωλ (x, y) + βωλ (x, fx) + γω2λ (y, fy) + δω3λ (x, fy) + λωλ (fx, y) ,

for all λ > 0, x, y ∈ X∗
ω. Then f has a unique fixed point in X∗

ω.
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4. Application

Let X = C
(
[a, b],Rn

)
, (a, b ∈ R+) and let (X,ωλ) a complete modular b−metric space with s = 2.

ωλ(x, y) =

(
sup

u∈[a,b]

∥x(u)− y(u)∥1

)2

1 + λ
, x, y ∈ X, λ > 0.

Consider the following system of nonlinear integral equations :

x(u) = g(u) +

∫ τ(u)

(a,...,a)

f(v, x(v))dv, u ∈ [a, b], (4.1)

where τ = (τ1, ..., τ2) : [a, b] −→ [a, b]n, f = (f1, f2, ..., fn) : [a, b] × Rn −→ Rn and g = (g1, g2, ..., gn) :
[a, b] −→ Rn are continuous functions.

Consider the operator F : X = X −→ X defined by

Fx(u) = g(u) +

∫ τ(u)

(a,...,a)

f(v, x(v))dv. (4.2)

That’s to say


F1x(u)
F2x(u)

.

.

.
Fnx(u)

 =



g1(u) +
∫ τ1(u)

a
f1(v, x(v))dv

g2(u) +
∫ τ2(u)

a
f2(v, x(v)))dv
.
.
.

gn(u) +
∫ τn(u)

a
fn(v, x(v))dv


.

Theorem 4.1 Suppose that the following condition are satisfied:

(H) There exists θ ∈ (0,+∞) such that θ sup
u∈[a,b]

n∑
i=1

(τi(u)− a)
√
2 < 1 and

| fi(v, x)− fi(v, y) | ≤ θ ∥x− y∥1 ∀x, y ∈ Rn, ∀v ∈ [a, sup
u∈[a,b]

τi(u)], i = 1, 2, ..., n.

Then the system (4.1) has a unique solution in X.

Proof:

It is clear that any fixed point of (4.2) is a solution of (4.1). By condition (H), we have
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ωλ (Fx, Fy) =

(
sup

u∈[a,b]

∥Fx(u)− Fy(u)∥1

)2

1 + λ

=

(
sup

u∈[a,b]

∥
∫ τ(u)

(a,a...,a)
f(v, x(v))dv −

∫ τ(u)

(a,a,...,a)
f(v, y(v))dv∥1

)2

1 + λ

=

(
sup

u∈[a,b]

∑n
1

∣∣∣∫ τi(u)

a
fi(v, x(v))dv −

∫ τ(u)

a
fi(v, y(v))dv

∣∣∣)2

1 + λ

≤

(
sup

u∈[a,b]

∑n
1

∫ τi(u)

a
|fi(v, x(v))− fi(v, y(v))| dv

)2

1 + λ

≤

(
sup

u∈[a,b]

∑n
1

∫ τi(u)

a
θ∥x(v)− y(v)∥1dv

)2

1 + λ

≤

(
sup

u∈[a,b]

∑n
1

∫ τi(u)

a
θ sup

t∈R
∥x(t)− y(t)∥1dv

)2

1 + λ

≤

(
θ sup

t∈R
∥x(t)− y(t)∥1 sup

u∈[a,b]

∑n
1

∫ τi(u)

a
dv

)2

1 + λ

≤

(
θ sup

t∈R
∥x(t)− y(t)∥1

∑n
i=1 sup

u∈[a,b]

(τi(u)− a)

)2

1 + λ

=

(
θ sup
u∈[a,b]

n∑
i=1

(τi(u)− a)

)2

(
sup

u∈[a,b]

∥x(v)− y(v)∥1

)2

1 + λ

≤ αωλ (x, y) .

with α =

(
θ sup
u∈[a,b]

n∑
i=1

(τi(u)− a)

)2

< 1
2 = 1

s .

Since, let x0 ∈ X, we have

ωλ (x0, Fx0) =

(
sup

u∈[a,b]

∥x0(u)− Fx0(u)∥1

)2

1 + λ

≤

(
sup

u∈[a,b]

∥x0(u)− Fx0(u)∥1

)2

< ∞,

because x0 − Fx0 is continous function.
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Then all conditions of corollary 3.1 are satisfied. So the operator F has a unique fixed point, that is the
system (4.1) has a unique solution in X. 2

Example 4.1 The following system of nonlinear integral equations has a solution in X = C([0, 1],R2).

(S)

{
x1(u) = u2 + 1

6

∫ 1

0
e−v2

sin(x1(v)− x2(v))dv

x2(u) = sin(u) + 1
5

∫ 1

0
ln(1 + v) cos(x1(v) + x2(v) + v)dv

,

Proof:
Let F : X −→ X defined by

F (x(u)) = g(u) +

∫ 1

0

f(v, x(v))dv, u ∈ [0, 1],

such that x(t) = (x1(t), x2(t)), τ = (τ1(t), τ2(t)) = (1, 1), a = 0, g(t) = (g1(t), g2(t)) = (t2, sin(t))
and
f(t, x(t)) = (f1(t, x(t)), f2(t, x(t))),

f1(t, x(t)) =
1
6e

−t2 sin(x1(t)− x2(t)),
f2(t, x(t)) =

1
5 ln(1 + t) cos(x1(t) + x2(t) + t).

It is clear that the condition (H) in theorem 4.1 is satisfied with θ = 1
5 . Indeed

| f1(v, x(v))− f1(v, y(v)) | =
1

6
e−v2

| sin(x1(v)− x2(v))− sin(y1(v)− y2(v)) |

≤ 1

6
e−v2

| (x1(v)− x2(v))− (y1(v)− y2(v)) |

=
1

6
e−v2

| (x1(v)− y1(v))− (x2(v)− y2(v)) |

≤ 1

6
e−v2

(| x1(v)− y1(v) | + | x2(v)− y2(v) |)

≤ 1

6
e−v2

∥x(v)− y(v)∥1.

So

| f1(v, x(v))− f1(v, y(v)) | ≤ 1

6
∥x(v)− y(v)∥1, ∀x, y ∈ X, ∀v ∈ [0, 1].

And

| f2(v, x(v))− f2(v, y(v)) | =
1

5
ln(1 + t) | cos(x1(v) + x2(v) + v)− cos(y1(v) + y2(v) + v) |

≤ 1

5
ln(1 + v) | (x1(v) + x2(v) + v)− (y1(v) + y2(v) + v) |

=
1

5
ln(1 + v) | (x1(v)− y1(v))− (x2(v)− y2(v)) |

≤ 1

5
ln(1 + v) (| x1(v)− y1(v) | + | x2(v)− y2(v) |)

≤ 1

5
ln(1 + v)∥x(v)− y(v)∥1.

So

| f2(v, x(v))− f2(v, y(v)) | ≤ 1

5
∥x(v)− y(v))∥1, ∀x, y ∈ X, ∀v ∈ [0, 1].

Therefore, all conditions of theorem 4.1 are satisfied, hence the mapping F has a unique fixed point
in X, which is a unique solution of the system (S). 2
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5. Conclusion

In this paper, we have proved a general fixed point theorem for a mapping satisfying a new type of
implicit relation in modular b−metric spaces and obtained several other results as a special case of general
fixed point theorem. To show the significance of our result an application is presented to establish the
existence of a solution for system of nonlinear integral equations.
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