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Fixed point theorems in modular b—metric spaces and application

Abdelhak El Haddouchi*, Mustapha Essaadaoui and Brahim Marzouki

ABSTRACT: In this paper, we prove a general fixed point theorem for a mapping satisfying a new type of
implicit relation in modular b—metric spaces and we give an application to establish the existence of a solution
for a system of nonlinear integral equations.
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1. Introduction and Preliminary

Since the famous Banach fixed point theorem (1922), the study of fixed point theory in metric spaces
has several applications in mathematics, especially in solving differential and functional equations. Many
authors have introduced a new class of generalized metric space, in particular M.E. Ege and C. Alaca
[2] they provide the required definitions and theorems about modular and b—metric spaces. Next, they
define the modular b—metric space and give definitions to prove Banach contraction principle in the new
space.

In this paper, we are interested to prove a general fixed point theorem in modular b-metric spaces.
The results in this paper give us particular results and illustrated by examples. To show the significance
of our result an application is presented to establish the existence of a solution for system of nonlinear
integral equations.

Definition 1.1 [1] Let X be a non-empty set. A map w : (0,00) x X x X — [0, 00] is called a modular
metric, if the following statements hold for all x,y,z € X,

(i) wx(z,y) =0 for all A\ >0z =y,

(i1) wx(z,y) = wx(y, z) for all X >0,

(iii) wap(z,y) < wi(, 2) +wu(z,y) for all A, > 0.

Then we say that w is a modular metric.

Definition 1.2 [2] Let X be a non-empty set and let s > 1 be a real number. A map w : (0,00) X X x
X — [0,00] is called a modular b-metric, if the following statements hold for all x,y,z € X,

(i) wr(z,y) =0 for all A\ >0z =y,

(i1) wx(z,y) = wx(y, z) for all X >0,

(iii) wap(z,y) < slwa(z, 2) +wu(z,y)] for all X\, ;> 0.

Then we say that (X,w) is a modular b-metric space.
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The modular b-metric space could be seen as a generalization of the modular metric space.

Example 1.1 [2] Consider the space I, = {(x,) CR: > 7| |z,|" < oo},

0<p<1, A€ (0,00) and wy(z,y) = @ such that d(z,y) = (3,7 |zn — yn|")7,
T=1Tn, Y =Yn € lp.
It could be easily seen that (X,w) is a modular b-metric space.

Tl=

Definition 1.3 [2] Let w be a modular b-metric on a set X. For z,y € X, the binary relation <~ on X
defined by
Ry lim wy(z,y) =0
A—r00

s an equivalence relation. A modular set is defined by
w={yeX y~al
We define state the set
={z € X :3x=Ax) > 0 such that wy (z,z9) < 00} (x9 € X)

Definition 1.4 [2] Let (X,w) be a modular b-metric space.

- A sequence (), i X is called w-convergent to x € X7 if wy (xp,z) = 0, as n — oo for all
A>0.

- A sequence (v,), cy C X[ is said to be w-Cauchy if and only if for all € > 0 there exists n(e) € N
such that for each n,m > n(e) and A > 0 we have wy (Tpn, Tm) < €.

- A modular b-metric space X} is w-complete if each w-Cauchy sequence in X/, is w-convergent and
its limit is in XJ,.

2. Main Results

Definition 2.1 Let s > 1 and F be the set of all functions ¢ (t1,ta,...,t¢) : ]Ri — R satisfying the
following conditions :

(¢1) ¢ is continuous on RS 3, non increasing in variables t4 and ts.

(¢2) Ik € [0, 1) such that Vu veER,,

¢(u,v,v,su,sv+52u,0) <0 or ¢(u,0,0,sv,50,0) <0 = u < kv.

(¢3) Yu € Ry, ¢ (u,u,0,0,su,u) <0 = u=0.

Example 2.1 ¢ (t1,to,ts,t4,t5,t6) = t1 — rta, with sr < 1.

Example 2.2 ¢(t1,ta,t3, 14, t5,t) =t — afts + 2], with s < 3.

)=
Example 2.3 ¢(t1,ts,t3, 14,15, 1) — k4 + tg], with sk < L.
)=

Example 2.4 ¢(ty,t2,t3,14,1t5,t6
and s < 1.

Nty — (ate + Pt +yts), where n, o, B,y € Ry, with s(a+8+7) <n

Example 2.5 ¢ (t1,to,t3,t4,t5,t6) = nt1 — (ate2 + Btz + yta + plts + te]), where n, «, 8,7y, u € Ry, with
s(a+B+7) 2% <nand (v +p) s> <.

Example 2.6

ts +t
¢ (t1,t2,t3,t4,t5,t6) = t1 — rmax {tQ,t3,t4, 52 ¢ }7
S
with 0 <r < %
Example 2.7 ¢(t1,ta,t3, 14, t5,t) = t1 — rmax {ta,t3,t4} . with 0 <r < L.

Example 2.8 ¢(ty,to,t3,t4,t5,t5) = t1 — (ats + Bte), with as? < % and o+ g < 1.
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Example 2.9 ¢(t1,to,ts,ts,t5,16) = t1 — (ato + Btg + yta + 5ts + Mg), with v+ < g—12 ,s(a+B8+7v)+
226 <1land a4+ 6+ X< 1.

Theorem 2.1 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
X} satisfying

(b (LUA (fLI}, fy) y WA (.’IJ, y) y WA (37, fl‘) y W2 (ya fy) s W3\ ($7 fy) y WA (fxay)) < Oa (21)
for all A\ >0, x,y € X}, where ¢ € Fs. Then f has a unique fixed point in X,

Proof.

Existence. Let zp € X, define the sequence (z,,) of elements from X} such that: z,41 = fax, for
every n € N.

According to (1), with x = z,,_; and y = z,, we have :

¢ (UJ)\ (fxnfh fxn) y WX (xnfla xn) s WA (-Tnflv fxnfl) s W2 (‘rTld fxn) s W3\ (xnfla fxn) s WX (f‘rnfb xn)) S 0.
So,
O (W (Zn, Tnt1) WA (Tn—1,Zn) ,wx (Tn—1,Tn) ,wWar (Tn, Tng1) ;W3 (Tn—1, Tnt1) ,Wr (Tn, ) < 0.

So, since wax (Tn, Tp+1) < swi (T, Tny1) and wsy (Tn—1,Tnt1) < swr (Tn-1,2n) + s?wWx (Tn, Tny1), by
(¢1) we have

¢ (wr (T, Tnt1) s wa (T—1,Tn) s W (T—1, 0) 5 SW (T, Tnt1) s S (T—1, Tp) + S*wx (Tp, 1) ,0) < 0.
Using (¢2), we deduce that

Wx (Tnt1,Tn) < kwy (T, Tn—1) < k"wy (x1,20) where n =1,.....
Now, we show that x,, is a Cauchy sequence in X. Let n,m € N*, with m > n, then we have :

WA (Tn, Tm) < sw_a (Tn, Tpg1) + 820 2 (Tng1s Tnga) + W s (Togo, Tats) +

+Smin71wm% (xm72; xmfl) + Sminwm# ($m71, :L'm)

< sk'w s (w0, f(@0) + 8K s (o, f(x0)) + 'K s (w0, (o) +
MLm=y, o (zo, f(z0)) + 8™ k™ tw 2 (zo, f(z0))
= sk"w_s_ (2o, f(w0)) (1 + sk + (sk)” +...+(sk)m n=2 4 (sk)mnl)
1— (sk)m"
= skw_s (xo,f(xo))(%)
o e @0, f(w)

1—sk
from where lim wy (zpn,%m) = 0. Then (x,) is a Cauchy sequence in X, so there exists x € X such
n—oo
that lim wy(z,,z) = 0. Now we show that f(z) =z
n— oo

Using inequality (1), we have :
¢ (W% (fxna f.%) a‘*’% ($n,£L') ,W% (xnanZH) y W ((ﬂ, f.%) aw%)\ (mﬂ?fx) ,CU% (f:cn,x)) < 0.
y (¢1)

QS (w% (.’En+1, fx) ,UJ% (xmx) ,W% (xna xn+1) y SWX ((E, f"E) 78‘*}% (x’nax) + SW (xv fﬁE) 70‘)% (xn+1u fE)) S 0



4 A. EL HApDOUCHI, M. ESSAADAOUI AND B. MARZOUKI
Letting n — oo we obtain
) (hmniggo wa (Tnt1, f),0,0, 8wy (2, fx), swy (x, fx) ,O) <0.
On the other hand we have
wa (Tpt1, fz) < Swa (Tpt1,2) + Swa (z, fx)
we deduce that the sequence (w% (Tpt1, fx))n is bounded. Then by (¢2), we have
limnigfc;ow% (Tna1, fz) < kwy (z, fx). (2.2)
On the other hand we have
wor (@, f2) < sy (2,2011) + w3 (@i, f2)],
and by (2.2) we deduce that

wa (o, fr) < limninfms[wg (7, 2pq1) + wa (Tnt1, fr)]

li inf
slim inf wy (Tnt1, fx)

< Sk‘td)\ ($7f$)7

that is fz = x.
Unicity. Suppose that there exists y € X, an other fixed point of f, then by (1) we have

¢ (wx (fz, fy),wx (@, y) wx (@, f2) ,wan (¥, fY) ,wax (2, fy) ,wa (fz,y) <0,
then
¢ (wa (2,y) ,wa (2,9),0,0, swx (2,y) ,wa (,9)) <0,
So, by (¢s), we have z = g.

3. Consequences

From theorem 2.1 and example 2.1 we obtain :

Corollary 3.1 (Theorem 1[2]) Let (X,w) be a w—complete modular b—metric space with coefficient
s>1and f: X5 — X2, 0<sk <1 satisfying

W (ffl?, fy) S kw)\ ($, y)
for all x>0, xz,y € X. Then f has a unique fized point in XJ,.
From theorem 2.1 and example 2.8 we obtain :

Corollary 3.2 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X —
X}, sa < % satisfying
Wa ) (y7 fy)

wx (fz, fy) < o |wa ($7f$)+f ;

for all A\ >0, x,y € X’. Then f has a unique fized point in XJ.

From theorem 2.1 and example 2.8 we obtain :



FIXED POINT IN MODULAR b—METRIC SPACES 5

Corollary 3.3 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X —
Xk, sk < % satisfying

w?

on (fr i) <k | S 0T (1]

for all A >0, x,y € X. Then f has a unique fized point in XJ,.
From theorem 2.1 and example 2.4 we obtain :

Corollary 3.4 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
XE m,a, 8,7 € Ry, with s(a+ B+v) <n and vs% < n, satisfying

nwx (fz, fy) < awx (z,y) + Bwx (2, fr) +qwax (¥, fy),
for all A >0, x,y € X. Then f has a unique fized point in XJ,.
From theorem 2.1 and example 2.5 we obtain :

Corollary 3.5 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
XE m, 0, 8,7, 1 € Ry, with s (a+ B+7) +282u < n and (v + p) s* < n satisfying

NwWx (fl‘, fy) < Q) (xa ZU) + BW)\ (.’13, f.’]?) + YW (ya fy) + 2 [Wg)\ (Z‘, fy) + wx (fx?y)] )
for all A >0, x,y € X. Then f has a unique fized point in XJ,.
From theorem 2.1 and example 2.6 we obtain :

Corollary 3.6 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X —
X5 0<r< %, satisfying

w3 (T, +w T,
on (1) < P { (ov0) o o ) 3 ), 2T R IR,
for all A\ >0, x,y € X’. Then f has a unique fized point in XJ.

From theorem 2.1 and example 2.7 we obtain :

Corollary 3.7 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
X5, 0<r< %, satisfying

WX (fZL', fy) < rmax {WA (fﬂ, y) y WA (QC, f(E) y W2 (ya fy)} )
for all A\ >0, x,y € X’. Then f has a unique fized point in XJ.
From theorem 2.1 and example 2.8 we obtain :

Corollary 3.8 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
X, as? < % and o + B < 1, satisfying

WX (fxafy) < QW3 (fﬂ, fy) + BWA (fxay) )
for all A\ >0, xz,y € X’. Then f has a unique fized point in XJ.

From theorem 2.1 and example 2.9 we obtain :

Corollary 3.9 Let (X,w) be a w—complete modular b—metric space with coefficient s > 1 and f : X} —
X y+0< g—12 ,s(a4+B+7)+2520 <1 and o+ 5+ \ < 1, satisfying

Wi (fxafy) < awy (I7y) + BWA (ZL‘,fI) + ywax (ya fy) + 6w3>\ (.T, fy) + Aw}\ (fz,y),

for all A\ >0, xz,y € X’. Then f has a unique fized point in XJ.
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4. Application

Let X = C([a,b],R"), (a,b € Ry) and let (X,w,) a complete modular b—metric space with s = 2.

2
< sup ||z(u) y(u)1>
ue[a,b]

WA(m,y): 1+ A )

z,y € X, A>0.

Consider the following system of nonlinear integral equations :

where 7 = (11,...,72) : [a,b] — [a, 0", f = (f1, f2,, fn) : [a,0] X R”* — R™ and g = (g1, g2,
[a,b] — R™ are continuous functions.

Consider the operator F' : X = X — X defined by

That’s to say

Fra(u) g1 () + [T f1 (v, 2(v))dv
Foa(u) g2(w) + [ fa(v, 2(v)))do
Fy(u) gn(w) + [ fu(v,2(v))dv

Theorem 4.1 Suppose that the following condition are satisfied:
(H) There exists 6 € (0,400) such that § sup > (7;(u) —a)v2 < 1 and

u€la,b] i=1

| fi(v7$) - fi(v’y) | < 0 ||£U - y”l Vx,y € Rn» Vo € [aa sup Ti(u)]7 i = 132a ey T
u€la,b]

Then the system (4.1) has a unique solution in X.

Proof:

It is clear that any fixed point of (4.2) is a solution of (4.1). By condition (H), we have

(4.2)
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2
( sup || Fa(u Fy<u>||1>
u€la,b]
2
( sup | Job o fwm)do — [7 f(v,y<v>>dv||1>
ue|a
- 14X
2
( sup 3| 7 o, a())do - [ ﬁ(uy(v))dv\)
ue|a
- 14+ A
2
( s?pb]zl | filv,2(v)) - fi<v,y<v>>|dv>
ue|a
- 1+ A
2
( sup Y7 [T gla(v) — <v>|1dv>
w€la,b]
- 1+ A
2
( sup Y7 J7 esup () — <t>||1dv>
u€la,b]
<
- 1+ A
2
(esup =) =yl sup 5 S dv)
u€la,b
- 1+
2
(951113 z(t) —y(@)]l1 >or; sup (7i(u) — a))
< u€la,b)
- 1+
2
) ( sup [z (v) — y<v>||1)
_ 0 sup Z - u€la,b]
u€la,b] ;1 ' L+ A

< awy (.T, y) .

with a = <9 sup i(n(u) - a)) <i=1

u€la,b] i=1
Since, let xg € X, we have

( sup ||zo(u) — FxO(U)”l)

u€la,b]

W (CCO,F%) = T+

< (Sup ||$o(u)—F$0(U)||1)

w€[a,b]

< o0,

because xg — Fxq is continous function.
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Then all conditions of corollary 3.1 are satisfied. So the operator F' has a unique fixed point, that is the
system (4.1) has a unique solution in X. O

Example 4.1 The following system of nonlinear integral equations has a solution in X = C([0,1],R?).

(S){ o)

z2(u)

u? + ¢ fol 6’1”2 sin(x(v) — z2(v))dv
sin(u) + £ [y In(1 + v) cos(x1(v) + z2(v) + v)dv

Proof:
Let F: X — X defined by

Flo(u /fv:r welo,1],
Suzh that z(t) = (z1(t),22(t)), 7 = (11 (), 72(t)) = (1,1), a = 0, g(t) = (91(t), g2(t)) = (£*,sin(t))
f(tx(t) = (f1(t, z(2)), f2(t, (1)),
fi(t,z(t)) = %e sm(ml(t) —xa(t)),
fa(t,x(t)) = 5 In(1 +t) cos(w1(t) + z2(t) + 1).

It is clear that the condition (H) in theorem 4.1 is satisfied with § = £. Indeed

| fiv,2(v)) = filv,y(v) | = ée’“ | sin(z1(v) = x2(v)) = sin(y1(v) — y2(v)) |

2

< ée’” | (z1(v) = 22(v) = (1(v) = y2(v)) |

2

_ % | (21(v) — 11 (0)) — (22(v) — ya(v)) |

< 2 (0) ~ ) |+ 020) - 1) )
< 2 ao) -y
So
Al @) = il y@) | < glle@) —y@)lh, Yo,y € X, o € 0,1].
And
| fo(v,2(0)) = falv,y(v)) | = %ln(lth)|Cos(xl(v)+I2(U)+U)*Cos(yl(v)+y2(v)+y)‘
< %111(1 o) | (@1 (0) + 22(0) + ) — (y1(0) + y2(v) + ) |
= L0+ 0) | (@01(0) ~ 11 (0) ~ (22(0) — (o)) |
< 20 +0)(0a) ~ () |+ ] 02(0) ~ 1) )
< %ln(l—i-v)ch(U)_y(U)Hl'
So

| f2(v,2(v)) = fa(v,y(v)) | < éllx(v) —y(@), Yo,y € X, Vo € [0,1].

Therefore, all conditions of theorem 4.1 are satisfied, hence the mapping F' has a unique fixed point
in X, which is a unique solution of the system (5). O
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5. Conclusion

In this paper, we have proved a general fixed point theorem for a mapping satisfying a new type of
implicit relation in modular b—metric spaces and obtained several other results as a special case of general
fixed point theorem. To show the significance of our result an application is presented to establish the
existence of a solution for system of nonlinear integral equations.
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