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Entropy solutions for nonlinear parabolic problems involving
the generalized p(z)-Laplace operator and L' data

Mohamed Badr BENBOUBKER™* and Urbain TRAORE

ABSTRACT: In this paper we prove the existence of an entropy solution to nonlinear parabolic equations with
nonhomogeneous Neumann boundary conditions and initial data in L!. By a time discretization technique we
analyze the existence, the uniqueness and the stability questions. The functional setting involves Lebesgue
and Sobolev spaces with variable exponents.
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1. Introduction

Let © be a bounded open domain of R%, (d > 3) with Lipschitz boundary 9Q, T is a fixed positive
number, in this paper we study the existence and the uniqueness of entropy solution for the following
nonlinear parabolic problem

94— div (@ (Vu — O (w))) + [ul " u+ o (u) = fin Qr =]0,T[x,
(P)q @(Vu—0(u).n+~(u) =gon >p =]0,T[xQ,

1(0,.) = up in

where «, v, © are continuous functions defined on R and verify some assumptions which will be given
later, n denotes the unit vector normal to 92 and

O (&) = ¢ 2e, Ve eRL

The usual weak formulations of parabolic problems in the case where the initial data are in L' do
not allow to ensure the existence and uniqueness of the solutions. To overcome these difficulties, new
formulations and types of solutions have been developed: the so-called SOLA (Solution Obtained as the
Limit of Approximations) solutions introduced by A. Dallaglio, the renormalized solutions by R. Diperna
and P.-L. Lions and the entropy solutions formulated by Ph. Bénilan and al in [3] (for more details see
[15], [9] and the references therein). In this paper, we will focus on the entropic formulation.

We recall that the elliptic version of the problem (P) has been already studied by Azroul et al. (cf.
[5]). They introduced the notion of entropy solutions and established an existence result for L' data and
later Jamea and El Hachimi proved in [17] the uniqueness of this entropy solution.
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The main purpose of this paper is to extend the results in [5,17] to the case of parabolic equations
and to generalize the results in [15] to the Sobolev spaces with variable exponents.

The study of differential equations with variable exponents is a very active field (see [2,6,7,20,21,22]). In
these papers, the authors consider a Leray-Lions type operator, which permit them to exploit the growth
condition, the coerciveness condition and the monotonicity condition of the operator to achieve their
work. Unfortunately, in this work, due to the term © in the operator, we don’t have such Leray-Lions
conditions and we can’t use the same techniques as in these papers to study the problem.

To overcome this difficulty we apply a time discretization of given continuous problem by the Euler
forward scheme and we study the existence, the uniqueness and the stability questions. Let’s recall that
this method has been used in the literature for the study of some nonlinear parabolic problems, we refer
for example to [8,11,14,15] for some details. This method is usually used to prove existence of solutions
as well as to compute numerical approximations. Our motivations for the study of the problem (P) comes
from the applications in filtration of a fluid in a partially saturated porous medium and flow through a
porous medium in a turbulent regime (see [15]).

The rest of the paper is organized as follows : after some preliminary results in Section 2, we introduce
the Euler forward scheme associated with the problem (P) in Section 3. We analyse the stability of the
discretized problem and we study the existence of an entropy solution to the parabolic problem (P), in
Section 4.

2. Preliminaries

In this paper, we assume that

p():Q — R isa continuous function such that (2.1)
l<p- < pg <Hoo, '
where p_ := ess inf p(z) and py := esssup p(x).
€N xEQN

We denote the Lebesgue space with variable exponent LP() () (see [10]) as the set of all measurable
function u : @ — R for which the convex modular

Pp() (1) == /Q \u|p(w) dx

is finite.
If the exponent is bounded, i.e., if p; < 400, then the expression

el = inf {A >0 pp) (w/A) < 1}

defines a norm in LP®) (), called the Luxemburg norm.

The space (L”(‘) (), ||.Hp(.)) is a separable Banach space. Moreover, if 1 < p_ < py < 400, then

’ ].
e (€2) is uniformly convex, hence reflexive and its dual space is isomorphic to LP ) (Q), where — +

. p(x)
— =1
P (x)
Finally, we have the Holder’s type inequality
1 1
el < (S5 =) By ol o 22
Q p— P+

for all w € LP) (Q) and v € 780 ().
Let
wirt) (Q) = {u e L’V (Q) : |Vu| e LPO (Q)}7

which is Banach space equipped with the following norm

lelly iy = Mullpey + 1Vl -
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The space (Wl’p(') (Q), H.||17p(')> is a separable and reflexive Banach space.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the modular
Pp(x) Of the space LP ) (€2) . We have the following result.

Proposition 2.1 (see [12,25]) If u,,u € et () and p+ < o0, the following properties hold true:
() il > 1= Tl < ) () <l s

(i)l < 1= Tl < oyt @) < Il

(@1) |[ull ) <1 (respectively = 1;> 1) < pp() (u) <1 (respectively = 1;> 1);

(@) [lun ) = 0 (respectively — +00) < pp(.) (un) <1 (respectively — +00) ;

(

0) ppcy (/) = 1.

For a measurable function u : 2 — R we introduce the following notation:

PLp() (“)=/ Jul ") d:c+/ IVulP™) da.
Q Q

Proposition 2.2 (see [23,2/]) If u € W'PO) (Q) | the following properties hold true:
@l ey >1 = ||UH111,);(_) < prp() (u) < ||U||f;,(,);

(i)l gy < 1= il < prpy () < g

(1) [[ully ) <1 (respectively = 1;> 1) < p1p() (u) <1 (respectively =1;>1).

Put
(N-Dp(z) .
PP @) =p@)° ={ N_p) if p(zr)<N
oo, if p(x) > N.

Proposition 2.3 (see [24]) Let p € C (Q) and p_ > 1. If ¢ € C (99) satisfies the condition
1<q(z)<p’(z) VzeoQ,

then, there is a compact embedding WPL) (Q) < LI0) (99Q) .
In particular, there is a compact embedding WSO (Q) — LPC) (6Q) .

Let us introduce the following notation: given two bounded measurable functions
p(x),q(x): Q— R, we write

a() < p(x) if ess inf (p(z) g (2) > 0.

For the next section, we need the following lemmas.

Lemma 2.1 (see [1] ) Let £, € RN and let 1 < p < co. We have
1 1 9
=" = =" <[ (€ =)
p p

Lemma 2.2 (sce [16]) Let (vn),, ey

to v and is uniformly bounded in LP® (Q) for some 1 < p(x) € L™ (), then v, strongly converges to v
in L' (Q).

be a sequence of measurable functions in Q. If v, converges in measure

For a measurable set U in R? meas(U) denotes its measure, C; and C will denote various positive
constants. For a Banach space X and a < b, L9(a, b; X) is the space of measurable functions u : [a,b] — X

such that )
b q
(/ [Jull% dt) = [[ull paa,px) < 00 (2.3)
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For a given constant & > 0 we define the cut-off function 7, : R — R by

o s if |s| <k
Ti(s) = { ksign(s) if |s| > k
with
1 if s>0
sign(s) := 0 if s=0
-1 if s<O.

Let J, : R — R* be defined by
Ji(x) = / Ty (s)ds
0

(Ji is a primitive of T}). We have (see [13])

(S} = & ([ worae) w201,

For all u € WHP() (Q) we denote by 7 (1) the trace of u on dQ in the usual sense.
In the sequel, we will identify at the boundary, v and 7 (u) .
Set

which implies that

70 (Q) = {u :Q = R, measurable such that T (u) € WYP@ (Q), for any k > O} .

Proposition 2.4 (see [9]) Let u € T“PL)(Q). Then there ewists a unique measurable function v :
Q — RY such that VT (u) = vX{ju|<k}, for all k > 0. The function v is denoted by Vu. Moreover, if

u € WPl (Q) then v € (LPV) (Q))N and v = Vu in the usual sense.

We denote by 7;1”)(') () (cf [3,4,18,19]) the set of functions u € TP() (Q) such that there exists a
sequence (), ey C WhPL) (Q) satisfying the following conditions:

1) u, — u ae. in Q.
i) VT (uy) = VT (u) in (L (Q))N for any k > 0.
i1i) There exists a measurable function v on 91, such that u, — v a.e. on 9.

The function v is the trace of u in the generalized sense introduced in [3,4]. In the sequel, the trace of
u € 7;71;13(') (Q2) on 99 will be denoted by tr (u) . If u € WHPL) (Q) | tr (u) coincides with 7 (u) in the usual
sense. Moreover u € 7;11’](') (Q) and for every k > 0, 7 (T, (uv)) = Ty, (tr (u)) and if o € WHPL) (Q)NL>® (Q)
then (u — ¢) € 'Ei’p(') (Q) and tr (u — @) = tr (u) —tr ().

3. The semi-discrete problem

In this section, we study the Euler forward scheme associated with the problem (P). We make the
following hypotheses :

(H1) a and v are continuous functions defined on R such that there exists two positive real numbers
M, My with |a(z)| < My, |y(z)] < Mz, a(z).x >0, y(x).z > 0 for all z € R and «(0) = ~(0) = 0.

(Ha) fe LY (Qr), g€ L'(> ;) and ug € L*(Q).

(H3) © : R — RY is a continuous function such that ©(0) = 0 and |©(z) — O(y)| < Cp |z — y| for all
z,y € R, C is a positive constant such that
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Co < min ((%5)7~, (%)i) .
The Euler forward scheme associated with the problem (P) is given by :
U" — rdiv (® (VU™ — © (U™))) + 7 |U™P@ 72U + 70/ (U") = 7, + U™ in Q
(Pa)§ @(VU" = O (U")n+7(U") = gn on 0D,
UY =y in Q

where NT=T,0<7<1,1<n <N and

o) = LT f(s)ds i€,
gnl(.) = %(7:;1)79(3,.)613 on 0.

Definition 3.1 An entropy solution to the discretized problems (P,,) is a sequence (U™)o<n<n such that
U° =g and U™ is defined by induction as an entropy solution to the problem

U™ — 1div(® (VU™ — O (U™)) + 7 [UPP 2 U 4 70 (U™) = 7f, + UL in Q2
{ ® (VU™ — O (U™)) .0+~ (U™) = g, on 09
ie. U € T,RPOQ), [UMPY 72U € LY(Q), o (U™) € LHQ), v (U™) € LH(09) and

T/Qcp(vztf” C QUM VTH(U™ — p)dz + T/Q U P24 T (1 — 0)da

+/Q(Ta(U”) FUMTL (U™ — @)dz + T/m VU™ TR(U" — p)do (3.1)

< /(Tfn + U DT (U™ — @)dx + T/ g Te(U™ — @)do,
Q o

for any ¢ € WHPO(Q) N L>®(Q) and every k > 0.
We have the following result.

Lemma 3.1 Let hypotheses (H1) — (H3) be satisfied. If (U™)o<n<n is an entropy solution of problems
(P,), then U™ € LY(Q) for alln=1,--- ,N.

Proof. For n =1, we take ¢ = 0 in (3.1), to get,
T/ (VU — @(Ul))VTk(Ul)dx+T/ |U P& =20 T, (U da
Q Q

1 1 1 1 1
+/Q(Ta(U )+ UNTR(U )dx—’_T/agly(U )T (U")do

< /Q(Tfl—l—uo)Tk(Ul)dm—l—T/aS) a1 Ti(U)do,

which is equivalent to

T/Q<I>(VT;¢(U1)—@(Tk(Ul)))VTk(Ul)daH—T/Q$|@(Tk(U1))|p<z)daE+7/ﬂ|U1|p(z)_2U1Tk(U1)da:
+/(Ta(U1)+U1)Tk(U1)da:+T/ AU TH(U Y do (3.2)
Q tol9)
T n Yde + 1 1 YNdo + 7 b NP dg
< [h+wn @+ | on@ir 47 [ —Slemt)r
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In Lemma 2.1, we take ¢ = (VT (U') — O(T(U1))) and n = —O(T}(U*)) to obtain

VT (U") = ©(Th (U PO 2(VTW(U) — O(Th(U")).VTu(TH(U"))
1

1yy|p()
10T
1 1y 1\ |p(x)
> p—(x)WTk(U) O(T,(U)) [P+,

This implies that

T/ B(VTH(UY) — O(Tk(UY))VTk (U )z + T/ e ) p@dz > 0.
Q o p(x)

Thanks to assumption (H1), we have

T(/Qm(U VT (U )d:c—i—/mv(U VT(UY)do) > 0.

Using hypothesis (H3) and the fact that 7 < 1, p(z) > 1 for all z €  we get
1
T / ——|O(T3(U)) PP dz < / (Cok)P+da < (Cok)P+meas(Q).
o p(z) Q
Therefore, since the third term in the inequality (3.2) is nonnegative, it follows that

/QUlTk(Ul)dﬂf < kr(llAlly + llgall L oy) + F lluolly + (Cok)™ meas(§2).

Since

N
D rlllfally + llgnll o] < 1FI+ llgll s ogy -
n=1

it follows that

/QUlTk(Ul)de < k(£ + 19l 21 a0y + lluolly) + (Cok)P+ meas(€2). (3.3)
We have .
lim Ulde = U
k—0 k

Then dividing (3.3) by k and letting k& — 0; we deduce by Fatou’s lemma that
[TH]], < ¢, (3.4)
where C1 is a constant depending on f, g, and ugO

Theorem 3.1 Let hypotheses (H1) — (H3) be satisfied. Then for all N € N, the problems (P,) have an
entropy solution U™ € ﬁi’p(')(Q) NLYQ) foralln=1,--- ,N.

Proof. The problem (P;) can be rewrite in the following form
—7div (® (Vu — O (w)) + 7 |[ul' 2 u+ a(u) = F, in Q
O (Vu — 0(u)).n + v(u) = Gy on 99

with
a(s):=a(s)+s, Fr:=1f+u, Gi:=g.
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From the assumption (Hs), we have (Fy,G1) € LY(Q2) x L'(99Q), and using (H1), we obtain that @ is
continuous, @(0) = 0 and @(s)s > 0 for all s € R.
Hence, using [5, Theorem 3.1], we get the existence of an entropy solution to the problem (Py); Ut €
ToP(Q), and o (UY) € LY(Q), v (U?) € L} (99).
Thanks to Lemma 3.1, by induction, we deduce in the same manner that for n = 2,--- N, the

problem

u—div(® (Vu—0(u))) +7 \u|p(%)_2 u+Ta(u) =1+ U 1inQ

@ (Vu—0 (u)).n+v(u) = g™ on 09,

has an entropy solution U" € 7;1’70(')(9) NLYQ), o (U™) € LY(Q), v(U™) € L*(0). Moreover if 1 <
p— < py <2 from [17, Theorem 1] this entropy solution is unique.

4. Stability

This section is devoted to the a priori estimates for the discrete entropy solution (U™)1<n<n. These
result are essentials for the study of the convergence of the Euler forward scheme.

Theorem 4.1 Let hypotheses (H1) — (H3) be satisfied. Then there exist a positives constants C(uo, f, g)
and C(ug,p+, f,g) depending on the data but not on N such that for alln =1,--- | N, we have

1. HUnH1 < C(Uo,f,g),

2 7S, o), + 7 i [n @)+ S |l 0| < Gl f.a).

3. 2 [UT =0 < Cluo, £,9),

4' T Z'LTL:I pl,P(I) (Tk(Ul)) S kc(u()ap-‘m f7 g)
Proof. 1 and 2. For ¢ = 0 as a test function in (3.1), we have

% (/Q@(VTIC(UZ') — (T}, (UN) VT (U)dz + /Q p(lx)|@(Tk(Ui))p(a;)dx)

+7'/ |U1|p(x)727U k(U )dm—|—/ Ulik(U )da:+/ Ta(Uz)ik(U )dz+7'/ ~(U?) kU do
Q k Q k Q k 20 k

. 1 _
<7(|f; ; i1 —|O(Te(U")) P da.
< 7(Ifilly + llgall) + U ||1+T/Q/€p(x)®( W(U)IP da

Since

/ O(VTL(UY) — O(Th(U))) V(U da +/ i\@(Tk(U’?))W(”)czx >0,
0 o p()

it follows that

T/ |U"|p(‘”)727U (U )der/ UiLC(U )dI+/TQ(Ui)7Tk(U )d:chT/ 'y(U")Lk(U o
Q k Q k Q k o0 k

< 7(ILfilly + llgally) + [T, + &P+ 71O meas(€).
Then letting £ — 0 and using Fatou’s lemma, we deduce that
r @i + ol + 7 lle@d, + 7 l@hl,
<7(Ifilly + Nlgall) + U, - (4.1)
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Now, we sum (4.1) from i = 1 to n to obtain

0l + 73 @l + 73 @, + 3 o]
=1 i=1 i=1

< £y + llglly + lluolly (4.2)

which gives the inequalities 1 and 2.
3: For k > 1, we take ¢ = T, (U — sign(U* — U*~1)), (h > 1) as a test function in (3.1), then letting

h — oo, we obtain,
T lim Z(kh)+ ||U" = U], (4.3)
h—o0
<7 (il + 1193122 oy + lae@, + @A, + |l )
where
I(k,h) = / (VU — (U )VTL(U" — Ty(U* — sign(U* — U™ 1)))dx
Q
= / _ ®(VU' - 0(U)) VU dx
Qkyhﬂﬂ(k)
and
Qe = {|U =TW(U" - sign(U' —U"")| <k},
Qk) = {|U" —sign(U' —=U"")|>h}.
Since .
QenNQk) C{k—1<|U|<k+n},
as in the proof of [1, Lemma 3.6], one show that
lim Z(k,h) = 0.
h—o0
Then, it follows that
(4.4)

jot ==, < ke (15l + gzl + la@, + (@), + |l )

Then, summing (4.4) from ¢ = 1 to n and by the stability result 2, we obtain the stability result 3.
4. We take ¢ = 0 as a test function in (3.1) to get

o /Q VT(U) — O(Tk(U) P& (VTH(UF) — O(T(U))) VT (U)dx + /Q T (U P@) dr)
< Br(Ill + l9ill s e + @), + W@, + & 0 — 051,

Using Lemma 2.1 and the inequality
(a+Db)P <271 (a? +bP) Va,beRT, 1<p<oo (4.5)

we obtain respectively
IVTL(U?) = O(T(U)) P2 (VTL(U?) — (T (U))) VTH(T(UY))
S IVIU) = (T — S (T (U

= p(x)

and
VTP < 2O (VLU = OT U )P + [0(T(U)PO),
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Then, using the assumption (H3) it follows that
VTe(U") = O(Tu(U)PD"2(VTR(U") = O(Tu(U)VTa(U") + | Ti(U' ") (4.6)

1 ) ) 2 )
> T (U P@ 4 T, (Ui P — T (UF)P@
2 w1 iy VDU + T (U] oy 1O
> gy VBP0 - GO TP, (4.7)

So, the choice of Cy in (H3) gives the existence of a positive constant C' such that

/Q(|VTk(Ui) — O(Ti(U)) P (VU — ©(U))VT(UY)de + Ty (U' ") da

1
1 [ iy|p(z) @\ p(z)
> mm{mmr T } /|‘7T;C U")| da:+/ | T (U*)|P* dx)

. 1 1 i
nmin {Wma C} Pl,p(.)(Tk(U ))-

\

Y

Therefore,

P T0) € —— Tkl + il o + £ @], + b @I
Il’lln{?7 }

kUi - U] (48)

Now, summing (4.8) from 7 = 1 to n and using the stability results 1, 2, 3, we get

i=1 i=1

™y o (TeU) < — . l £l + 19l 21 o0y +TZ la @], +TZ @Il
mln{?,C}

ey o —Ui-lrh]
=1

C(f7g7’u,0,p+)|j

5. Convergence and existence result.

IN

In this section, we prove the existence of an entropy solution of problem (P). First of all, we introduce
the appropriated spaces for the entropy formulation of the nonlinear parabolic problem (P).
We define the space:

V={veLr(0,T;W'0(Q): Vo e (L")(Qr))*},
and

TYPO(Qr) = {u : 0 x (0, T); measurable | Ty (u) € LP-(0,T; WHP0)(Q))
with VT (u) € (LPO)(Qr))? for every k > O} .

Definition 5.1 A measurable function u is called an entropy solution to problem (P) if u € TP (Qr)N
C(0,T; LY () and for every k > 0,

// (Vi — O(u))VTi(u — ¢ // ) T (u — )‘f'/()t/aﬂ'Y(U)Tk(U_SD)
<7/ <§§,Tk(u<p)>+/ﬂ(]k(u(0)@(O))/Qc]k(u(t)w(t))
//Qka u— )+/t/aﬂng(u—w)

for all o € L>=(Q) NV N WHL0,T; LY () and t € [0,T].
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Our main result is the following.

Theorem 5.1 Let hypotheses (H1) — (H3) be satisfied. Then the nonlinear parabolic problem (P) has
an entropy solution.

Proof : The proof is divided into two steps
Step 1 The Rothe function : We introduce a piecewise linear extension:

ul¥(0) = wp,
(5.1)
uN(t) = UL+ (U UL
for all t €}t 1, #"], n=1,--- , N, in Q and a piecewise constant function
EN(O) = ug,
(5.2)
a¥(t) = U™ vtet L], n=1,---,N, in Q,

where t" := n7 and (U™)1<n<n is an entropy solution of (P,) .
From the Theorem 4.1, we deduce the existence of a constant C(T', ug, f, g) not depending on N such
that for all N € N, we have

1
HEN _ UNHLl(QT) < NC(T7 uo, [, 9),

[ 11 (g < C(T,uo, £,9),

HﬂNHLl(QT) S O(Tv uo, fa g)7

H ‘EN|p(r)—2ﬂN‘
ou™N

’ W S C(T7u07fag)’ (53)

LY(Qr)

HO[(EN)HLl(QT) S C(Tu Uo,f, g)7
H’Y(ﬂN)HLl(QT) S O(Ta anfa g)

<CT?/U/7 I’ ’
LNQr) = (T, uo, f,9)

Moreover combining Proposition 2.1 and Young inequality, we get

T T p_
LIyt < [ o (B prg (@0 fat
T T P
< /0 P1p(a) (T (@™ ))dt + /0 P1 () (T (@) 7+ dt
T T D D
< / P1,p(x) (Tk(ﬂN))dt +/ (pl,p(w)(Tk(uN)) =+ (1 - )) dt
0 0 b+ P+
Nt Nt pr—p
< Z/ P1,p(2)(Te(U™))dt + Z/ 1) (Te(U™)dt + =——T
n=1"1tn-1 n=1"tn-1 P+
N
< 2) TPy (Te(U™) + T, (5.4)
n=1

Consequently from stability result 4 it follows that
||Tk (EN) ||Lp7 0,T;W1()(Q)) < kO(Ta P+ Uo, fa g) (55)

where C(T, p4, ug, f,¢g) is a positive constant depending only the data.
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Lemma 5.1 Let hypotheses (H1) — (H3) be satisfied. Then the sequence (W) yen converges in measure
and a.e. in Qr.

Proof Let ¢, r, k be positive numbers. For N, M € N, we have the inclusion
{[a"¥ —a™|>r} < {@"|>k}u{E" >k}
u {[@"| <k, @M <k @Y -aM| >}
Firstly, we have
1

_ 1,
meas{|uN| >k} < z HuNHLl(Q <2

C(T Uo, fa )
Similarly, we have

meas{|ﬂM|>k}< C(T uo, f,9)-

H“NHLI(QT) =7

Therefore, for k large enough, we have

meas({[@™| > k} U {|@"| > k}) < g (5.6)

Secondly, by Proposition 2.1, we have

1 1

T o T o
[T @)|| o gy < max Ty (@™ [P D dzdt | T (@ |P®) dadt
( ) 0 Q 0 Q

and also, we have

T T
/ / T (@ PO dadt < / Pt (T (@) dt
0 Q 0
N tnfl
<y / D1y (T (U™))
n=1 k
N
< D 1) (Te(UM).
n=1

Therefore, using the stability result 4, it follows
e o a1
||Tk ||LP() (Qr) — (kp7 k”+)maX{C’(uo,p+,f,g)p+,C’(uo,p+,f,g)l“+}. (57)

Hence the sequences (Tj (")) yen is bounded in LP() (Qr). Then, there exists a subsequence, still denoted
by (Ty(@"))nen, that is a Cauchy sequence in LP()(Qr) ) and in measure. Thus, there exists Ny € N
such that for all N, M > Ny, we have

meas({[a"| <k, [@"| <k, [@V —a"| > r}) < (5.8)

| ™

Then, by (5.6) and (5.8), (@) nen converges in measure. Therefore there exists an element v € M(Qr)
(the set of measure on Q) such that
N = u aeinQrO

Using the same method as above in the proof of (5.7), one show that

||V(Tk )||LP()(QT) (k B +kp+>ma’X{C(u()vp-‘mf7g)iac(u0ap+7f7g)i}’ (59)

which implies that the sequence (VT (7" ))nen is uniformly bounded in (LP)(Q7))<.

Hence there exists a subsequence, still denoted by (VTk (@™ )) Nen

(VTk (EN))NeN converges to an element V in LPC (QT)
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Since
Te(@") converges to T (u)in LPO)(Qr)

it follows that
VT (@") converges to VTj(u) in (LPY)(Qr))%.

and by (5.5) we conclude that
Ty (u) € LP= (0, T; WHPL)(Q)) for all k> 0.
Lemma 5.2 (@")yen converges a.e. iny .

Proof. We know that the trace operator is compact from W' (Q) into L' (0Q), then there exists a
constant C' such that

/0 [T (@™ (£)) = Ti(u(t))]| 11 pe 4t < C/O | T(@™ (8)) = Ti(u(t))|| 1 g -

Therefore,

Ty (@ () = Ti(u)in L'() ) and ae. on » .
T

T

So, there exists A C > such that Tj(u™ (t)) converges to Ty (u(t)) on Y, \A with meas(A) = 0.
For every k > 0, we set

Ak{(t,x)EZ:Tk(u(t))|<k}, andB:Z\[jAk.
T T k=1

We have, by Holder’s inequality

1
meas (B) = f/ |Ty: (u)| do

k
1 T

< 3 ] Imln @
1 T

< 3 ] 1B @l d (5.10)
1 T

< 3 [mwisvnw)

0 Q

1 1 1

< 1+ 1) Mo (5 @l + 19T @l @e) -

Thanks to (5.7) and (5.9), for all £ > 0, we have
o an EpE
[ )HLP(-)(Q) + ||V (m )H(m(»(@))d < 2 (k -tk +) (5.11)

XmaX{C(uo,p+,f,g)H,C(uo,p_,_,f,g)H}
We now use the Fatou’s lemma in (5.11) to get
T
1T @l o @ + VT @) o e < 2 (K7 +577)
o a1
xmaX{C(uo,er, f7 g)P+ ,C(’U,O,er, f’ g)P+ } )

and (5.10) becomes

1 1 1 1
meas (B) < 2 (11 + 11) maX{C(uO7p+7f7g) v+, C(uo, pt, f,9)"F } : (5.12)

k P k P4
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Therefore, we get by letting k — oo in (5.12) that meas (B) = 0.
Let us now define on 0f2, the function v by

v(t,z) = Tp(u(t))(z)if (x,t) € Ag.
We take (x,t) € >, \(AU B); then there exists k > 0 such that (x,t) € A and we have
a (t,2) — v (t,2) = @ (t,2) = Tu(@" (1) (2)) + (T(@" (t)) () — Ti(u(t))(2)).

Since (x,t) € Ay, we have |Tj, (@™ (t))(x)| < k from which we deduce that Ty (w" (¢))(z) = u" (t,2).
Therefore,

a (t,z) — v (t,z) = (T(@Y (1) (z) — Th(u(t))(z)) = 0, as N — oo.
This means that (EN) converges to v a.e. on y O
Lemma 5.3 The sequence (@) yen converges to u in C(0,T; L' (Q)).

Proof. Let (t" = nty)Y_; and (#™ = m7a )M, be two partitions of the interval [0,7] and let
(uN (), @™ (1)), (uM(t); @™ (t)) be the semi-discrete solutions defined by (5.1), (5.2) and corresponding to
the respective partitions. Let ¢ € L= (Q) NV N WLL1(0,T; L} (). We rewrite 3.1 in the forms

t N ¢
/ <6(;9’Tk(uN B S0)> ds + / / o(va" —o@@")). VT (" — p)dxds
0 0o Ja
¢ t
[ [ e @ - pdads + [ [ a@)n@ - opdeds
0o Ja o Jo

+/Ot /ag V(@) Ty (@ — p)dods

¢ ¢
g/ /fNTk(ﬂN - ap)dmds—i—/ / gnT (@ — p)dads (5.13)
0o Jo o Joo
and
¢ 8UM M k —M —M —M
— (@ — ) )ds+ o(VuY —0@")).VIy(u" — p)dzds
0 s 0o Ja
¢ ¢
+ / / [aM [P@=2gM T @™ — p)dxds + / / @) T @ - p)daxds
0o Ja 0o Ja
¢
—I—/ / (@) Ty (@™ — p)dods
0 JoQ
¢ ¢
§/ / fau T (@™ — <p)dxds+/ / g Ti(@ — p)dzds, (5.14)
0 Ja 0 Joo
where

In(t,z) = falz), gn(t,@)=gn(x) Vet 1],
fM(ta (E) = fWL(x)v gM(t’x) = gm((E) vt e]tmilvtm}'

Let h > 1, in the inequality (5.13) we take ¢ = T}, (™) and in inequality (5.14) we take ¢ = T}, (a').
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Summing both inequalities, we get, for k =1,

! A(uN —u) N M ! —N|p(z)—2—Nrm (—N —M
T’Tl(u —u') ds+IN7M(h)+ |u | ' T (@ —Ty(u
0

+/Ot/ﬂ|uM|p< M Ty (@M - Th(u d:cds+// N — 1, (@"))dads
+/t/ a@NTy (@ — Ty (@) dzds

// N —1,w))d + @) T (@ - Ty (@")))dods
0 BQ

))dxds

—uM) M ouN M
< - — — (= — Ty(u )
< /0 < s Ty (u —u )> < P (@ — Ty (u )>ds (5.15)
"/ ouM —M —N
—/0 < s T (@™ —Ty(a )>ds
t
+/ / [fNTl (ﬂN — Ty (ﬂjw)) + fuTy (ﬂM — Th(ﬂN))}dIdS
0o Ja
t
+/ / [gNTl(ﬂN — Th(ﬂM)) + gMTl(ﬂM - Th(ﬂN))]dU
o Jon
where
t
Inu(h) = / / o(va" —o@™)). VT (@ — Ty, (@M))dxds
0o Ja
t
+/ / o(vaM — o@@M)). v (@ — T, @"))dzds.
0 Jo
We have
E7o(ulN —uM) A(ulN —uM)
L T (N —uM >ds < H T (u™ -
/0 < 95 1( ) Os L'(Qn) H 1( )HL (Qr)
< C(Tv fvgvu0) ||T1(UN - UM)HLoc(QT) .
Since
M —
N}\}Irgoo HTI u )HLOO(QT) =0
it follows that . N o
lim lim <a(““), T (u® — uM)> ds = 0. (5.16)
h—so0 N,M—c0 [ 0s

Similarly, we show that

. . L ounN N —M duM —M —N
| </0 < g5 (@ —Th(@ >>+<as’T1(“ ~ @ )>d3)—°’

lm  lim / ' /Q FNTi @ — To@M)) + furTa (@ — Ty(@))]duds = 0,

h—oo N,M—o0 [

lim  lim /t/{m[gNTl(uN—Th( MYY 1 gnTa (@ — T (@))]do = 0,

h—oo N,M—o0 [

and

lim  lim / / N T,(u dxds—f—/ / M _1,@"))dzds = 0,
h—o00 N,M —oco



ENTROPY SOLUTIONS FOR NONLINEAR PARABOLIC PROBLEMS... 15
t
lim  lim / / Y@y (@ — Ty (@M))d + ~@") Ty (@M — Ty, (@Y))]dods = 0.
hsoo N M=o Jo Jaq

By the Fatou’s lemma one show that [@" [P()=2%" converges to |u[P¢)~2wu in L'(Qr), then by the gener-
alized Lebesgue convergence theorem, we have

t t
lim / / @y |P@ 2Ny (@ — T, (M) dads = / / JuP@ 20Ty (u — Ty, (M) dads
0 JQ 0o JQ

N—o00

and by the Lebesgue convergence theorem we obtain respectively

M —o0

t t

lim / / JuP@ 20Ty (u — Tp, (M) dads = / / Ju[P@ 20Ty (u — Ty, (u))dads
0 JQ 0 JQ

and

h—o00

¢

lim / / |u[P® 20Ty (u — Ty, (w))deds = 0
0o Jo

that is,

t

lim  lim / @V P -2y @ — T, @M))deds = 0.
h—oo N,M—oo [o Jq

Similarly, we get

t
lim  lim / /|ﬂM|P(“”)*2ﬁMT1(ﬂM—Th(ﬂN))dxds:O.
0 JQ

h—o00 N,M —o00
Then, letting N, M — oo and h — oo, in (5.15)we get

¢ I(ulN — uM)
lim  lim <,T1(uN uM)>ds+ lim lim Iy (h) <O0. (5.17)
h—soco N,M—o0 J, 0s h—oo N,M—o0o

Since

<?;,Tk(v)> = %/ﬂJk(U) in L' (]0, T),

inequality (5.17), becomes

i Ny —uM i i < 0. .
N,zl\l4rgoo QJl(u (t) —u (t))dx+hliH;oN,}éfnimIN’M(h)_O (5.18)

Now, we show that
. -
P M frean () 2 0

We consider the decomposition
4

Inar(h) = Li(h),

i=1

where
(h) = t ¥ —oe®@™)). ™y — T, (@) dzds
= [ [ o TE O VI Ty ()
t ™ —e@@" a — Ty (" ))dxds
+/0 /Qi(h) o(Vu O@™")).VTi( Th(u”))dxd

and

Qi(h) = {[u"| < h, [@™] < h} Qo(h) = {[&"| < h, [@™| > h}
Qs(h) = {[@"| > h, @] < h} Qu(h) = {[@"| > h, [@"| > h}.
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On the one hand, we have

= v — eV aM — o@@MN].V@Y — uM)dzds
() //Q a(vaN — o)) (Vi — O @)V )dd

/ / (Ve — e@)) — (Ve — 0@M))). Ve (@, 7 )drds
o Jaim

+/t/ [@va" —o@")) - o(vaM —o@@M)).(e@") - e@™))drds
0 JQi(h)

> [ @(VTL@) - 6T (@) - oV @) - O(Ti @) Ab(@Y 7 )dads,
o Jaim
where
Uo(@",a") = vl —eo@") — (vaM —e@™)),
and
Ah( Na') = o(Th(@Y)) - e(Tn @),
Qi(h) = {[@"| < h, [@| < h, @Y @M <1} .
Since

O(Ty (@) — O(Ty(@") — 0 strongly in (LP™)(Qrp))?

and ®(VTy, (@) — (T, (@) — ®(VTH(TM) — O(T) (@M))) converges weakly in (LP' ) (Qr))?, it follows
that the integral

/ot /mh) BVTL(EY) — (T3 (@) — B(VTL (@) — O(T; (@) AL (@, 7 )drds

tends to zero. Therefore
lim lim Ly(h)>0.

h—o00 N,M —oc0

On the other hand by the hypothesis (H3), we have

t
Ly(h) = // o(va" —o@")).va" drds
0 Jai(h
t
+// BV — 0@M)). V(@ — a)dzds
0 Jaz(n)
t
> —// o(vaM —o@@M)).va duds,
0 Ja3(h)
where
Qy(h) = {[@"| < h, [@"| > h, [@" — hsign@)| <1},  Q3(h) = {[@"| < h, @] > b, @~ -] <1}

We take o = T, (@) in (5.13), to get

t
lim lim / / oVl —e@")).vadedt = 0.
{h<[@N|<h+k}

h—o0o N—oo J
This implies

h—oo N—oo [

t
lim lim / / Ve — o@™)P@dxdt =0, k>0, (5.19)
{h<[@N|<h+k}
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and

t
lim lim / / |Va |P@dzdt =0, k> 0.
h—oo N—oo Jq {hS\ﬂN\Sthk}

Now by Young inequality, we have

—o@™)).va" drdt

17

(5.20)

Q3(h)
t
< / / \vaM — e@™) P -1 \val |dzdt
Q3(h)
< / / |vaM — e@@M)[P@ dedt + / / L|WM|P<“’>dzdt
{h<|uM\<h+1}p( x) {h- 1<\uN\<h} p(z)
<

Thus (5.19) and (5.20) give

t
lim // — o@M)).va¥
N,M—o0 Jq Qg(h)

which implies that

lim lim Lo(h) > 0.

h—o0o0 N,M —o00

Similarly, we show that

lim lim (Ls(h) + La(h)) > 0.

h—o00 N,M —o0

Therefore

> 0.
A B o, Traa () 2.0

Thus (5.18), becomes
lim J (N () — uM(t))dx = 0.

N,M— o0 Q
Since
1
7/ |uN(t)—uM(t)|2dx+/ ™ () — uM (1)) da
2 J{un —uni<1y {JuN —uM|>1}
< [ B O - O)ds
Q
we have

/ (1) (1) dz
{luN —uM|=1}

u¥ (1) — uM(t)|dx + uN (t) — uM(t)|dx
J o 0 @l (1) — 1)

{lulN —uM|>1}

C W () — M (D) 2da ’ SN M ()
= </{u”uMl<1} " 0) Wl ) " /{uwum>1} () )|
= e (/Q I (1) - uM<t>>d$) - /g (™ () = uM (1)) da.

/ / —|VUM 0@™)P@ dxdt + / / |v Mp@) gt
0 J{h<[mEM|<h+1} j {h-1<[@N|<h} P—

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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By (5.21) and (5.22) we deduce that (u™)nen is a Cauchy sequence in C(0,T; L(2)). Hence (u™)nen
converges to u in C(0,T; L1(Q)).

Step 2 : Existence of entropy solution Now, we prove that the limit function u is an entropy

solution of the problem (P). Since u™ (0) = U® = g for all N € N, we have u(0,.) = ug, and inequality
(5.13) implies

/Ot <83“:,Tk(uN — ) = Tp(u® — <p)> ds + /Ot /Q o(Va" — 0@@")). VT, (@" — ¢)drds
+/0t/9 [ay [P 2N Ty (uY —<p)dwds+/0t/ﬂa(uN)Tk(uN — ¢)dxds

+/Ot /aszfy(ﬂN)Tk(ﬂN — p)dods (5.26)
</ (LD — )~ T — ) ) ds + [ 3 0) = p(onde — [ I (0) - ol0)da

t
//fNT;~C @)dxds—k// gnT (@Y — @)dxds.
o Joo

Let k =k + ||¢|| ., - Then
/ / o(Va" — 0@@")). VT, (@ — p)drds = / / (VT (@) — O(T(@"))). VI (Tr (@) — p)dzds
0 JQ

/ / (VT(@N) — O(Tx(@"))). VT (@)
—®(VTH(@") — (Tx@"))).Vellonk,

where Q(N, k) = {|T5(w") — ¢| < k} . Thus, the inequality (5.26) becomes

/ot <%:V’T’“(“N — ) — Tp(u — cp)> ds
- /Ot /Q S(VTHE") - O(THa"))).Velon .k

+ / [ @(VT(E) - O(T5(@")) VT + ﬁﬂ@@ @ )P 10w p)

t t
+ / / @y P 2N T (Y — @)dads + / / @) Ty (@ — p)dads
0 JQ
/ / Y — p)dods
o

<- / <§j,Tk<uN - <P)> s+ [ ) = pl0)dn = [ 1) = ol (5.27)

/ / INTR(@N — )dzds + /0 t /8 . gNTL (T — p)dads + /O t /Q $|@(TE(EN))|p(I)d:cdt

On the one hand, we have
O(Tx(@")) — O(T(u)) strongly in (LPH(Qr))?, (5.28)
VT(@") — VTi(u) strongly in (LPO(Qr))e. (5.29)
Thus,

S(VT(aV) — O(T(@™))) — ®(VTx(u) — O(T:(u))) converges strongly in (LF ) (Qr))?
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Now, as Viplg(n,k) converges in L*O(Qr) to Volgk), we get

/0 [ @) - 0T ) Vetama + [ [ (VI - 0Tr(w)-Tetan
where Q(k) = {|T5(u) — ¢| <k} . We know that
[<I><VTk<uN> — BT (@) V@) + p(lm)@(Tk(uN))p(“] Lo > 0.
Therefore, by (5.28), (5.29) and Fatou’s lemma,

/ / {(I)(VTk(u) — O(T(w))). V() + 1|@(Tk(u))|p(m)} Lo deds
0o JQ p(x)

< timint [ [ [B(VIE) - O ) TT() + 10T 10wy dads
0 Q

L
p(x)
By hypothesis (H3), we have

——[O(T (@) [P < (CR)P+

which implies by (5.28) and the dominated convergence theorem that

/ / (@™))|P @ dads — / / w)) [P dads.
op@ o

By Lemma 5.3, we deduce that ¥ (t) — wu(t) in L*(Q) for all ¢ € [0, 7], which implies that

/Q T () — p(t)dz — | Ju(u(t) — o(t))dz ¥t € [0,T]. (5.30)

Q

We follow the method used in the proof of equality (5.16) to show that

li t @T(*Nf )= Tp(u™ —¢) )Yds =0 (5.31)
W Jy \Tps R TR T ) s = |

Finally, letting N — oo in (5.26) and using the above results and also the continuities of «,~ and the
facts that

fv = [ in LYQr),
gN — g inLl(Z),

T
T — ) = Ti(u— ¢)  in L®(Qr),
Tr@™ — @) = Tru—¢) in L))
T

we deduce that u is an entropy solution of the nonlinear parabolic problem (P)O
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