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ABSTRACT: In this article, we study the structure of near-rings involving homoderivations satisfying certain
constraints on nonzero Lie right ideals of near-rings.
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1. Introduction

Throughout this paper, N will be a left near-ring with multiplicative center Z(N), and usually N will
be 3-prime if for z,y € N, Ny = {0} implies x = 0 or y = 0. A near-ring N is called zero-symmetric
if 0x = 0, for all z € N (recall that left distributivity yields 20 = 0). N is said to be 2-torsion free if
whenever 2z = 0, with 2 € N, then = 0. As usual for all z,y € N, the symbol [z, y] stands for the Lie
product (commutator) zy — yx and z oy stands for the Jordan product (anticommutator) zy + yz. Note
that for a near-ring, —(z +y) = —y — «.

Some recent results on rings deal with the commutativity of prime and semiprime rings admitting
suitably-constrained homoderivations. In [10] El Sofy (2000) defined a homoderivation on prime ring
R to be an additive mapping h from R into itself such that h(zy) = h(z)h(y) + h(z)y + zh(y) for all
x,y € R. An example of such mapping is to let h(x) = f(z)—x for all x € R where f is an endomorphism
on R. For S C N, a mapping f : N — N is called zero-power valued on S if for every x € S, there
exists a positive integer k(x) > 1 such that f*®)(z) = 0. A mapping f : N — N preserves S if f(S) C S.

Several authors have studied commutativity in prime rings admitting homoderivations satisfying ap-
propriate algebraic conditions on suitable subsets of the rings (see [10] and [1] for references). In [13],
S. Mouhssine and A. Boua have studied the 3-prime near rings admitting homoderivations satisfying
suitable identities on semigroup ideals of near rings.

The present paper is motivated by the previous results and here we continue this line of investigation
to study the structure of near-rings involving homoderivations satisfying certain identities on Lie right
ideals of near-rings.

2. Some preliminaries
Lemma 2.1. [2, Lemmas 1.2 (i), 1.2 (iii), and 1.3 (iii)] Let N be a 3-prime near-ring.
(i) If z € Z(N) \ {0}, then z is not a zero divisor.
(i) If Z(N) contains a nonzero element z for which z + z € Z(N), then N is abelian.

(iii) If z € Z(N) \ {0} and = € N such that zz € Z(N) or zz € Z(N), then z € Z(N).
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Lemma 2.2. [4, Lemma 2.4 (ii)] Let N be a 2-torsion free 3-prime near-ring. If N admits a homoderiva-
tion h such that h?(N) = {0}, then h = 0.

Lemma 2.3. [4, Lemma 2.5] Let N be a near-ring. If N admits a nonzero homoderivation h, then
h(zy)(h(a) + a) = h(z)h(y)(h(a) + a) + h(z)y(h(a) + a) + zh(y)(h(a) + a) for all z,y,a € N.

Lemma 2.4. [13, Lemma 3.2] Let N be a 2-torsion free near-ring. If N admits a nonzero homoderivation
h which is zero-power valued on N, then N is zero-symmetric near-ring.

Definition 2.5. Let N be a near-ring. An additive subgroup I of N is said to be a Lie right ideal (resp.
left ideal) of N if [n,i] € I (resp. [i,n] € I) for alli € I andn € N.

Remark 2.6. An additive subgroup I of a near-ring N is said to be a Lie ideal of N if [i,n] € I and
[n,i] €I for alli €I and n € N.

Example 2.7. Let F be a left near-field which is not a division ring, N = F x F* and J = F* x {0},
where F* = F\ {0}. Define the addition and the multiplication on N by (a,b) + (¢, d) = (ac,b+ d) and
(a,b)(c,d) = (1,bd) for all (a,b),(c,d) € N. Then (N,+,.) is a zero-symmetric near-ring which is not
abelian and J is a nonzero Lie ideal of N.

Lemma 2.8. Let N be a 3-prime near-ring and J a nonzero Lie right ideal of N.
(i) If 29 = {0} for x € N, then x = 0.

(ii) IfJ C Z(N), then N is an abelian near-ring.

(iii) If =3 C Z(N), then N is an abelian near-ring.

(iv) If 72 C Z(N), then N is an abelian near-ring.

Proof. The proofs of (i) and (i) are similar to (¢) and (iv) respectively in the paper [3], just replace the
right near-ring with the left near-ring.
(791) Assume that —J C Z(N). Then, for all z,y € N and u € J, we have

(@ +y)((—u)+(-u) = ((-u)+(-u)(z+y),
(@ +y)(—u)+ @ +y)(—u) = ((—u)+ (-u)z+ ((—uv) + (—u))y,
(—uw)(z+y)+(—u)z+y) = =((—u)+ (—u) +y((—u) + (—u)),
(—wz+ (-wy+ (—u)z+ (-w)y = z(-u)+2z(-u) +y(-u) +y(-u),
(—wz+ (-wy+ (-uz+ (-w)y = (-wz+(-uwz+(-u)y+ (-u)y
This implies that (=J)(z +y — x —y) = {0}. Since —=J C Z(N), by part (i), we get z + y = y + z for all

x,y € N, which completes the proof.
(iv) Assume that 2 C Z(N). Then

ij € Z(N) for all 4,5 € 7. (2.1)

It follows that
iln,jl € Z(N) for all 7,5 € I,n € N. (2.2)

Substituting jn for n in (2.2) and using [jn, j] = j[n, j], we get
ijn,jl € Z(N) for all 4,5 € I,n € N. (2.3)
By Lemma 2.1 (iii), we arrive at
ij=0or [n,j] € Z(N) for all i,j € I,n € N. (2.4)

Which implies that
ij =0 or j € Z(N) forall i,j €J. (2.5)
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Suppose there is an element jo € J such that ijo = 0 for all i € J, then j3 = 0 and by hypothesis, we
have jo[n, jolm = mjo[n, jo| for all m,n € N, which gives jonjom = mjonjo for all m,n € N, so that
0 = ijonjom = imjonjo for all i € I,m,n € N, this forces that iNjoNjo = {0} for all i € J. By the
3-primeness of N, we get jo = 0 or J = {0}. Since J # {0}, (2.5) forces that I C Z(N), so N is an abelian
near-ring by (i4). O

Example 2.9. Let N = {0,a,b,c,u,v} and I = {0,a} with the addition and the multiplication tables
defined as follows:

+10 a b ¢ u v * |0 a b ¢ u v
0/0 a b ¢ u v 0/0 0O O O O O
ala 0 v u ¢ b al0 a a a 0 0
bbb u 0 v a c¢ b|0 a a a 0 0
cl|lc v u 0 b a c|0O a a a 0 0
u|lu b ¢ a v 0 ul/0 0 0 0 0 O
v|iv ¢ a b 0 u v|i0O O 0 0 0 O

Then (N, +,.) is a commutative zero-symmetric near-ring which is not abelian, and I is a nonzero
Lie ideal of N such that 3 C Z(N).

Example 2.10. Let N = R x R, where R is a noncommutative integral ring (has no nonzero zero
divisors) with identity that has at least three elements. Define the addition and the multiplication on N
by (a,b) + (¢,d) = (a + ¢,b+d) and (a,b)(c,d) = (ac,bc+ d) if (¢, d) # (0,0) and (a,b)(0,0) = (0,0).
Then N is a 3-prime zero-symmelric abelian left near-ring with identity (1,0) which is not a ring. Let
J={(0,r)|re€ R}. We can easily show that J is a nonzero Lie ideal of N, and J is not contained in
Z(N) ={(0,0),(0,1)}. Furthermore, there is no nonzero Lie ideal of N contained in Z(N).

Lemma 2.11. Let N be a 3-prime near-ring and f be a nonzero additive map on N which is zero-power
valued on N such that f preserves J. Then N is abelian, if f has one of the following properties:

() f(i)+1i€ Z(N) for alli € 9.

(i) f(i)—ie Z(N) for alli €.
(iii) —i+ f(—i) € Z(N) for all i € 7.
(v) f(—i)—i€ Z(N) for alli € J.

Proof. (i) Suppose that

F@)+ie Z(N) for all i € 7. (2.6)
If f(i) # 0 for all i € I~ {0}. By recurrence we have (i) # 0 for all ¢ € I~ {0} and n € N*. Since f
is zero-power valued on N, for every i € J, there exists a positive integer k(i) > 1 such that f*() (i) =0,
it follows that for z = fFO=1(3) #£ 0, f(2) = f*0)(i) = 0 which is a contradiction. So, there exists
j €I~ {0} such that f(j) =0,soweget j = f(j)+j€ZN)~{0}and j+ji=f(G+j)+i+j€ ZN)
which forces that N is abelian.
Using similar arguments as used in the proof of (i), we can easily prove (i7), (ii), and (vi). O

3. Some results for homoderivations and Lie ideals in 3-prime near-rings

Theorem 3.1. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right
ideal. If N admits a nonzero homoderivation h such that h(J) C Z(N), then N is abelian.

Proof. Tt {0} # h(J) C Z(N), then there exists i € J such that k(i) € Z(N) ~ {0}. Since h(i) + h(i) =
h(i+1i) € Z(N), (N,+) is abelian by Lemma 1 (ii) and the 2-torsion freeness of N. Now suppose that
h(i) =0 for all i € J. Replacing i by [n,i|, where n € N, and using the last equation, we get

h(n)i =ih(n) forall i€J neN. (3.1)
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Substituting h(n)t for n in (3.1) and applying (3.1), we give
h2(n)ti = ih*(n)t for all i€ J,n,t € N. (3.2)
Putting ¢m instead of ¢ in (3.2) and using (3.2), we have
h2(n)tmi = ih%*(n)tm
R*(n)tim for all i€ J,m,n,t€N.
The last expression implies that h%(n)N[i,m] = {0} for all i € J,n,m € N. By the 3-primeness of N, we

arrive at

R*(N) = {0} or I C Z(N).

If h2(N) = {0}, then we get h = 0 by Lemma 2.2; a contradiction. So, J C Z(N), and N is abelian by
Lemma 2.8 (ii). O

Theorem 3.2. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right
ideal. If N admits a nonzero homoderivation h such that h([n,i]) = 0 for all i € I,n € N, then N is
abelian.

Proof. Suppose that
h([n,i]) =0 forall i€J,neN. (3.3)

Replacing n by in in (3.3), and applying the definition of h, we get
0 = h(in,i)
= h@)h(n, 1)) + b)) + k([ ])
= h(i)[n,d forall ieI,ne.
Thus
h(i)ni = h(i)in for all 4 € I, n € N. (3.4)
Taking nm instead of n in (3.4), we find
h(i)nmi = h(i)inm
= h(i)nim for all i € I,n,m € N,
which implies that
h(i)N[m,i] = {0} forall i € J,m € N. (3.5)
By the 3-primeness of N, we have
h(i)=0 or i€ Z(N)forall iel. (3.6)

Suppose there is an element iy € J such that h(ip) = 0. Thus by (3.3), and applying the definition of h
we get
h(n)iop =iph(n) for all n e XN. (3.7)

Substituting h(n)t for n in (3.7) and applying (3.7), we get
h%(n)tio = igh®(n)t for all n,t € N. (3.8)
Putting tm in place of ¢ in (3.8) and using (3.7), we have
R*(n)tmio = ioh®(n)tm
h%(n)tigm for all m,n,t € N.

The last expression implies that h?(n)N[m,ig] = {0} for all m,n € N. By the 3-primeness of N, we have
h2(N) = {0} or ig € Z(N). If h*(N) = {0}, then we get h = 0 by Lemma 2.2; a contradiction. So, we
must have iy € Z(N). Thus (3.6) becomes I C Z(N), and by Lemma 2.8 (ii), we conclude that N is
abelian. (]
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Theorem 3.3. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right
ideal. If N admits a nonzero homoderivation J which is invariant by h, then N is abelian.

Proof. Since J is invariant by h, we have
h([n,i]) = [n,i] forall i€J,neN. (3.9)
Replacing n by in in (3.9), and applying the definition of h, we get

i[n,i] = h(in,i]

h(i)h([n,d]) + h(i)[n,i] + ih([n,d])
= 3h(i)[n,q]
= 3i[n,i] forall i€J,neN.

Thus
2i[n,i]=0 forall i€J,neN.

Using the 2-torsion freeness of N, we obtain
i[n,i| =0 forall i€J,neN.

So
ini =14’n forall i € J,n € N.

Substituting nm for n in the last equation, we get
inmi = i’nm = inam for all i € I,n,m € N.

Thus
iN[m,i] = {0} forall i € J,m e N.

The 3-primeness of N implies that 3 C Z(N), and so N is abelian by Lemma 2.8 (ii). O
Theorem 3.4. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right

ideal. If N admits a nonzero homoderivation h such that h(noi) = 0 for all t € I,n € N, then N is
abelian.

Proof. Suppose that
h(noi)=0 forall i€J neN. (3.10)

Replacing n by in in (3.10), and applying the definition of h we get

0

>

(ino1)

= h(i(noi))
h(i)h(noi) 4+ h(i)(noi) +ih(noi)
h(i)(noi) forall i€J,neNN.

Which implies that
h(i)ni = —h(i)in for all i € I,n € N. (3.11)

Replacing n by nm in (3.11), we find
h(i)nmi = —h(i)inm
= —(—=h@@)ni)m

= (=h(i)ni)(—=m)
h(i)n(—i)(—m) for all i € I, n,m € N.
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Thus
h(i)N(mi — (=i)(—m)) = {0} forall i € I,m € N.

Taking —i instead of ¢ in (3.12) and by the 3-primeness of N, we arrive at
h(—=i) =0 or i€ Z(N) forall ie7.
Assume that there exists ig € J such that ip € Z(N). Using our hyphotesis, we obtain
2h(nig) =0 forall neN.
The 2-torsion freeness of N implies that
h(nig) =0 forall neN.
Replacing n by ign in (3.14), we get

h(ionio) = h(lo)h(nlo) + h(io)nio + i()h(ni())
h(io)mio
0 forall neN.

(3.12)

(3.13)

(3.14)

So h(ig)Nig = {0} and by the 3-primeness of N, we arrive at h(ig) = 0. Hence, (3.13) becomes h(J) = {0},

so N is abelian by Theorem 3.1.

Theorem 3.5. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right
ideal. If N admits a nonzero homoderivation h such that h(noi) =noi for all i € I,n € N, then N is

abelian.

Proof. Suppose that
h(noi)=mnoi forall ieJneN.

Replacing n by in in (3.15), and applying the definition of h we get

i(noi) = h(inoi)
= h(i(noi))
= h(i)h(noi)+ h(i)(noi)+ih(noi)
= 2h(i)(noi)+i(noi) forall ieJ,neN.
Thus
2h(i)(noi)=0 forall i€J,neN.

Using the 2-torsion freeness of N, we find
h(i)(noi)=0 forall ieJ,neN.

So
h(i)ni = —h(i)in for all i € I,n € N.

Replacing n by nm in (3.18), we obtain

h(i)nmi = —h(i)inm

—(=h(i)ni)m

(=h(@)ni)(—=m)

h(i)n(—i)(—m) for all i € I,n,m € N.

Which implies that
h(i)N(mi — (—=i)(—=m)) = {0} for all i € J,m € N.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Taking —i instead of 7 in (3.19) and using the 3-primeness of N, we arrive at
h(—i)=0 or i€ Z(N)foral iecd. (3.20)
Suppose there is an element ig € J such that ig € Z(N). Taking i¢ instead of ¢ in (3.15), we obtain
h(n(2ip)) = n(2ip) for all n e N. (3.21)
Placing tn instead of n in (3.21), and using the definition of h, we find
tn(2i0) = h(tn(2ip)))

R(t)h(n(2ig)) + h(t)n(2ip) + th(n(2ig))
= h(t)n(2i) + h(t)n(2ig) + tn(2ip) for all t,n € N.

So, 2h(t)n(2ip) = 0 for all t,n € N. By the 2-torsion freeness of N we arrive at h(t)nio = 0 for all t,n € N.
Thus, h(t)Nig = {0} for all ¢ € N. Since N is 3-prime and h # 0, we conclude that ig = 0. So, (3.20)
implies h(J) = {0}, hence, N is abelian by Theorem 3.1. O

Theorem 3.6. Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Lie right ideal. There is
no nonzero homoderivation h such that h([n,i]) + [n,i] =noi for alli€J, n € N.

Proof. Suppose that
h([n,i]) + [n,i] =noi forall i€ I, neN. (3.22)

Replacing n by in in (3.22), we find
i(noi) = (inoq)
= h([in,i]) + [in,i
= h(i[n,i]) +i[n,i
= h(i)h([n,i]) + h(i)[n,i] + ih([n,i]) + i[n, ]
= h@)(h([n,i]) + [n,i]) + i(h([n, i) + [n,])
= h(i)(noi)+i(noi) forall i€J,neN.
This expression gives us h(i)(noi) =0 for all i € I,n € N, that is
h(i)ni = —h(i)in for all €I, neN. (3.23)
Substituting nm in place of n in (3.23), we get
h(i)nmi = —h(i)inm
= h(i)in(—m)
= h()n(—i)(—m) forall i€ I, n,meN,
which can be rewritten as h(i)N(—m(—i) 4+ (—i)m) = {0} for all i € J,m € N. Equivalently,
h(=0)N(=mi+im) = {0} forall ie€JI,meN. (3.24)
By the 3-primeness of N, we have
h(—=i)=0 or i€ Z(N) forall iel. (3.25)

Suppose there is an element ig € J such that ip € Z(N). Then (3.22) becomes 2ign = 0, for all n € N.
Using the 2-torsion freeness of N, gives igpn = 0, for all n € N. Replacing n by nig in the last expression,
we arrive at i9Nig = 0. By the 3-primeness of N, we have ig = 0. In this case, (3.25) implies that
h(J) = {0}. So, (3.22) implies

[n,i]=noi forall ieJ,nel. (3.26)
Thus, 2in = 0 for all n € N,i € J. The 2-torsion freeness of N, implies that in = 0 for all n € N,i € J.
Replacing n by ni in the last expression, we arrive at iNi = {0}. By the 3-primeness of N, we have
J = {0}; a contradiction. O
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Theorem 3.7. Let N be a 3-prime zero-symmetric near-ring and J be a nonzero Lie ideal. If N admits

nonzero homoderivation h which is zero-power valued on N such that h(ni)+ni =

then N is abelian.

Proof. Suppose that

h(ni) +ni = [n,i] forall ¢€J and ne€N.
Replacing n by in in (3.27), it follows that

i[n, |

[in, ]

h(ini) + ini

h(i)h(ni) + h(i)ni + ih(ni) + i(ni)
h(i)(h(ni) + ni) + i(h(ni) + ni)

h(i)[n,i] +i[n,t] for all ¢ €J and n € N.

This expression gives us h(i)[n,i] = 0 for all ¢ € J,n € N, which means that
h(i)ni = h(i)in for all i€ J,neN.

Substituting nm in place of n in (3.28), we get

h(i)nmi

Which implies that h(i)N[m,i] = 0 for all i € J,m € N. By the 3-primeness of N, we have

= h(i)inm
= h(i)nim forall i€ I, n,meN.

h(i)=0 or i€ Z(N)forall icl

Suppose there is an element ig € J such that h(ig) = 0. From (3.27) we have

h(nig) + nig = [n,ip] for all n € N.

Replacing n by ig in (3.30), we arrive at (ig)? = 0. Substituting nig in place of n in (3.30), we get

—ionio = n(iQ)Q—ionio

= [nio, i()]
h(n(ig)®) + n(io)*
= 0 forall neN.

[n,i] foralli € I,n € N,

(3.27)

(3.28)

(3.29)

(3.30)

That is 1oNig = 0. The 3-primeness of N, gives ig = 0. In this case, (3.29) implies that 3 C Z(N), so N

is abelian by Lemma 2.8 (ii).

O

Theorem 3.8. Let N be a 2-torsion free 3-prime zero-symmetric near-ring and J be a nonzero Lie right
ideal of N. If N admits nonzero homoderivation h such that h(ni) +mni =noi for alli € I,n € N, then

N is abelian.

Proof. Suppose that

h(ni)+mni=mnoi forall i€J and neN.

Replacing n by in in (3.31), it follows that

i(noi) =

(ino1)
h(i(ni)) + i(ni)
i)h(ni) + h(i)ni + ih(ni) + i(ni)
i)(h(n ) + ni) 4+ i(h(ni) + ni)
)

(3.31)
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This expression gives us h(i)(noi) =0 for all i € I,n € N. That is,
h(i)ni = —h(i)in forall i€J and neN. (3.32)
Substituting nm in place of n in (3.32), we get

h(i)nmi = —h(i)inm
= h(i)in(—m)

which can be rewritten as h(i)N(—m(—1
h(=i)N(—=mi +im) = {0} forall i€J and m € N. (3.33)
By the 3-primeness of N, we have
h(—i)=0 or ic Z(N)forall icd. (3.34)
Suppose there is an element ig € J such that h(ig) = 0. Equation (3.31) gives
h(niog) + nig =noig forall neN. (3.35)
Taking ig instead of n in (3.35), we arrive at (ig)? = 0. Substituting nig in place of n in (3.31), we find
ionio = n(io)* + donio
= nipoig

= h(n(io)?) + n(io)*
= 0 forall neN
That is, i0Nig = 0. By the 3-primeness of N, we have ip = 0. In virtue of equation (3.34), we have

JC Z(N), and N is abelian by Lemma 2.8 (ii). O

Theorem 3.9. Let N be a 3-prime near-ring, J a nonzero Lie right ideal of N and h be a nonzero
homoderivation h which is zero-power valued on N and preserves J. Then N is abelian if h has one the
following properties:

(1) [h(i) +i,n) € Z(N) for alli € I,n € N.
(i) h(in)+ine€ Z(N) for alli € I,n € N.

Proof. (i) Suppose that
[h(i) +i,n) € Z(N) forall ieJI,neN. (3.36)

Replacing n by (h(i) 4+ i)n in (3.36), we get
(h(i) +i)[h(i) +i,n] € Z(N) forall ieJ,neN. (3.37)
By Lemma 2.1(iii), we obtain
h(i)+i€ Z(N) or [h(i)+i,n] =0 forall ieJ,neN. (3.38)

Both cases force that h(i) +i € Z(N) for all i € J. By Lemma 2.11 we conclude that N is abelian.
(7) Now assume that

h(in)+in € Z(N) forall i€, neN. (3.39)
Replacing n by jn in (3.39), we get
h(ijn) +ijn = h(i)h(jn) + h(i)jn + ih(jn) + ijn
= h(i)(h(jn) + jn) +i(h(jn) + jn)

(h(jn) + jn)(h(i) + 1) € Z(N) forall 7,57 €I, neN.
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Using Lemma 2.1 (iii) implies that
h(jn)+jn=0forall j € I,n € Nor h(i) +i € Z(N) for all i € J.

If h(jn) + jn = 0 for all j € I,n € N, then by recurrence we have h¥(jn) + (—1)**'jn = 0 for all
j€dneN ke N Since h is zero-power valued on N, there exists an integer k(jn) > 1 such that
R*U™) (jn) = 0. Replacing k by k(jn) in the above expression we get jn = 0 for all j € J,n € N.
Substituting nj for n in the last equation, we get jNj = {0} for all j € J. Thus, by the 3-primeness of N
we get J = {0}; a contradiction. Hence, h(i) +i € Z(N) for all 7 € J, and by Lemma 2.11 we conclude
that N is abelian. O

Theorem 3.10. Let N be a 3-prime near-ring and J be a nonzero Lie right ideal of N. If N admits nonzero
homoderivation h which is zero-power valued on N and preserves J such that (h(i) +i)on € Z(N) for all
i1 €J and n € N, then N is abelian.

Proof. Assume that
(h(i)+i)one Z(N) forall i€J,neN. (3.40)

Replacing n by (h(i) + i)n in (3.40), we get
(h(i) +i)((h(i) +i)on) € Z(N) forall i€ J,neN. (3.41)
By Lemma 2.1, it follows that
(h(i)+i)on=0 or h(i)+:€ Z(N) forall i€J,neN. (3.42)
If there exists ig € J such that h(ig) +io € Z(N) ~ {0}, by Lemma 2.1 (iii), we can conclude that
n+ne Z(N) forall neN. (3.43)
Therefore, N is abelian by Lemma 2.1 (ii). In view of (3.42), we can now assume that
(h(i) +i)on=0 forall €I, neN.

ie.
n(h(i) +i) = —(h(i) +i)n forall i€ J,neN.

Replacing n by nt, where t € N in the last equation, we obtain

nt(h(i) +1) = —((h(@) +17))nt

((h(i) +i))n(=t)

= (=n((r(i) +14)))(—t)

= n(—(h(i) +1))(—t) forall ie€J t,neN,
which leads to

n(t(h(i) +14) — (= (h(z) +4))(—t)) =0 forall ie€J,t,neN, (3.44)

- N(=t(=(h(3) + 1)) + (=(h(i) + ))t) = {0} forall i€t €N, (3.45)
From the 3-primeness of N, we conclude that —i + h(—i) € Z(N) for all i« € J. By to Lemma 2.11, it
follows that N is abelian. O

Theorem 3.11. Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Lie right ideal of
N. If N admits nonzero homoderivation h which is zero-power valued on N and preserves J such that
h(ion)+ion € Z(N) for alli € J,n €N, then N is abelian.
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Proof. Suppose that
h(ion)+ione Z(N) forall i € J,n € N, (3.46)

Since i oin = i(ion) for all i € I,n € N, replacing n by in in (3.46), we obtain
h(i)h(ion) 4+ h(i)(ion) +ih(ion) +i(ion) € Z(N) forall i€J,neN. (3.47)
Thus
h(i)(h(ion)+ion)+i(h(ion)+ion) € Z(N) forall i€I nelN. (3.48)
Using (3.46), we get

(h(ion)+ion)(h(i)+i) € Z(N) forall i€J,neN. (3.49)
By Lemma 2.1 (iii) we have
h(ion)+ion=0 or h(i)+i€ Z(N) forall i€J,nel. (3.50)

Suppose there is an element iy € I such that h(igon) +ipon = 0 for all n € N. Then, by recurrence we
prove that
h*(igon) + (=1 ligon =0 forall ne N, ke N*. (3.51)

Since h is zero-power valued on N, there exists an integer k(ip o n) > 1 such that
RFGoem) (o on) =0 for all n e N.
Replacing k by k(ip o n) in (3.51), it follows that
igon=0 forall neN. (3.52)

Substituting ip instead of n in (3.52), we get 2(ig)? = 0. Using the 2-torsion freeness of N, we obtain
(ig)? = 0. Substituting ign in place of n in (3.52), we get ignig = 0 for all n € N, so igNig = {0}. Thus,
io = 0 by the 3-primenesse of N. In this case, (3.50) implies that h(i)+i € Z(N) for all i € J. By Lemma
2.11, we conclude that N is abelian. [l
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