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On Characterization of Inclusion Properties for Grand Lorentz Spaces on a Finite Measure

Cihan Unal* and Hulya Kodal Sevindir

ABSTRACT: In this paper, we give some well-known results and investigate some inclusion theorems of the
spaces LP9) and Apy,w- Also, we consider equivalence assertions for these spaces. Finally, we present the
approximation identities in Ay , by the boundedness of maximal operator.
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1. Introduction

Let (X,3,p) and (X, %, v) be two finite measure spaces. It is known that I (X) C [?(X) for 0 <
p < ¢ < co. Subramanian [25] characterized all positive measures p on (X, ) for which L? (u) C L9 (u)
whenever 0 < p < ¢ < oo. Also, Romero [23] investigated and developed several results of [25]. Moreover,
Miamee [22] obtained the more general result as L? (u) € L7 (v) with respect to p and v. Aydin and
Gurkanli [2] proved some inclusion results for which LP() () € L90) (v). Moreover, these results was
generalized by Gurkanli [14] and Kulak [19] to the classical and variable exponent Lorentz spaces. The
classical Lorentz spaces were introduced by Lorentz [20] and [21]. The Lorentz spaces with power and
logarithmic weights have had extensive use in many sectors of analysis, particularly in the theory of
function spaces and interpolation. Nevertheless, the theory of classical and weak Lorentz spaces has so
far not been finished even in the sense of characterization of all embeddings between them, see [6].

In 1992, Iwaniec and Sbordone [16] introduced grand Lebesgue spaces LP) (Q) (1 < p < o) on bounded
sets @ C RY. Later, Greco, Iwaniec and Sbordone in [13] obtained a generalized version LP)¢ (Q).
Recently, these spaces have intensively studied for various applications including harmonic analysis,
interpolation-extrapolation theory, analysis of PDE’s etc. For more details, we can refer the reader to
(3], [4], [10], [11], [12]. Gurkanli [15] studied the inclusion LP? (1) € L9Y (v) under some conditions
for two different measures p and v on (X, ¥), and proved that LP)¢ (1) has no an approximate identities.
Jain and Kumari [17] generalized the classical Lorentz spaces to grand ones. They gave some basic
properties of the grand Lorentz spaces and investigated the boundedness of maximal operator for these
spaces.

In this paper, we consider some properties of grand Lorentz spaces L) (2, ) and Ay ,. We also
give the relationship between these spaces in the sense of [17]. Moreover, we investigate the inclusion
theorems for LP® (Q, u) and A,y ., and obtain more general results than [14]. Finally, we will discuss the
approximate identities of A,y ., regarding the boundedness of the maximal operator.
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2. Notations and Preliminaries

The space L}, (Rd) is the space of all measurable functions f on K such that f.xx € L' (Rd) for
any compact subset K C R? where yx is the characteristic function of K. A Banach function space
(shortly BF-space) on R? is a Banach space (B, |.||3) of measurable functions which is continuously
embedded into L}, (R?), i.e. for any compact subset K C R? there exists some constant Cc > 0 such

that || f.xxl 2 < Ck.||f||g for all f € B.

Definition 2.1 (see [5]) Let (X, %, 1) be a finite measure space and let f be a measurable function on
X. The distribution function of f is defined by

Ar(y) =plr e X [f (2)] >y}

for all y > 0. Moreover, the rearrangement of f is defined by
ff@)=inf{y >0: s (y) <t} =sup{y > 0: A (y) > t}, t>0

where inf ) = 4+-o00. Also, the average function of f is defined by

o~ | =

t
ft) = f*(s)ds, t>0.
/

It is clear that Ay (.), f*(.) and f** (.) are non-increasing and right continuous on (0,00). Moreover, it
1s known that f* < f**.

Definition 2.2 (see [17]) A measurable and locally integrable function w : X — (0,00) is called a
weight function. We say that wi < wa if only if there exists ¢ > 0 such that wi(t) < cwa(t) for allt € X.
Two weight functions are called equivalent and written wy ~ wo if w1 < ws and wy < wy. The classical
Lorentz space Ap ., consists of all measurable functions such that
1
1 P
10, = | [ @y wtoar ] <o,

0

where 0 < p < 0o and w s a weight function, see [17].

A special case of the space A, ,, denoted by LP+? (X, ut) (or shortly L”9), 0 < p < oo and 0 < ¢ < oo,
consists of all measurable functions f on X such that
1

Wl = <g:fot2—1[f*(t)]th)q, 0<q<oo

sup {t%f" (t)} , =00
0<t<oo

is finite. The Lorentz space LP? is a Banach space with respect to the norm |.[[, ,. It is known that
L? (p) = LP9 (X, ) whenever p = ¢ where LP (i) is the Lebesgue space. Moreover, the space LP? is a
subspace of LP>® for ¢ < s. Let 0 < ¢ < p < s < 00. Then, we have

LP9 C LP () C LP® C LP™,
see [5].

Definition 2.3 (see [16]) The construction of the Lorentz space L9 seems to be inspired by the Lebesgue
space LP, where f is replaced by its non-increasing rearrangement. A generalization of Lebesque space



ON CHARACTERIZATION OF INCLUSION PROPERTIES FOR GRAND LORENTZ SPACES 3

is the so-called grand Lebesque space denoted by LP), which for 1 < p < oo consists of all measurable
functions f defined on (0,1) such that

1
p—¢

1
£,y = sw e [lF@P i) <
e<p—
0

This norm makes the space LP) a BF-space. Moreover, we have LP C LP) C LP~¢ for e € (0,p—1), see

[16].
Now, we are ready to give the definition of grand Lorentz space LP9).

Definition 2.4 (see [17]) Assume that 1 < p,q < oo and X = (0,1). The grand Lorentz space
LPD (X, ) (shortly LP9 or LPD (1)) is the space of all measurable functions f on X such that

1

sup (Eftp qsdt) , l<g<oo
/] Pa)ip O<e<q—1
sup {t”f*( )} , q=00
0<t<1

is finite. It is note that these spaces coincide with the grand Lebesque spaces LP) whenever ¢ = p. Also,
the space LP*? s a BF-space under the condition 1 < g < p < cc.

Throughout this paper, we will accept that (X,X) is a o-finite measurable space where X = (0,1).
Moreover, we will assume that 1 < p,q,7, s < co. Also, if two measures y and v are absolutely continuous
with respect to each other (denoted by p<<vand v u), then we will use the symbol u ~ v. We shall

denote throughout the paper W (¢ f w(s)ds and V (¢ f 9 (s)ds for t > 0.

3. Inclusion Theorems of Grand Lorentz Spaces L9

In this section, we will discuss and investigate the existence of the inclusion L9 (X, ) € L™ (X, v)
where p and v are different measures.

Theorem 3.1 Let 1 < q < p. If (fn), ey converges to f in LP9) (X, ) then (fn)pen converges to f in
measure.

Proof: Let (f,),cy convergences to f in LP9 (X, ). Then, for € € (0,q — 1) we have

1
1 q—«¢

e / T ((fa— ) du )] < 1fa— gy — 0 (3.1)

as n — co. Since the space LP0) (X, u) is a BF-space, we have

/ o (@) = £ @) dt (@) < Cx Ifon = 000 (3:2)

y (3.1) and (3.2), we get that (f,), oy converges to f in L' (X). This completes the proof. O

Theorem 3.2 Assume that 1 < p,r < co and 1 < ¢,s < co. Then the space L0 (X, 1) is a subspace of
L") (X, v) in sense of equivalence classes if and only if u ~ v and the space LP9 (X, 1) is a subspace of
L") (X,v) in sense of individual functions.
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Proof: The sufficient condition of the theorem is clear. Now, we assume that LP9 (X, u) C L™ (X, v)
holds in the sense of equivalence classes. Let f € LP9 (X, p) be any individual function. This implies
f € LP9 (X, ) in the sense of equivalent classes thus f € L™ (X, v) in the sense of equivalent classes
by the assumption. Hence we have f € L™ (X,v) in the sense of individual functions. This shows that

P9 (X, p) C ms) (X,v)

in sense of individual functions. Now, let us take any A € ¥ with u(A) = 0. Then x4 = 0 p-almost
everywhere. By LP9 (X,u) C L™ (X,v), it is easy to see that ya = 0 v-almost everywhere. This
implies that v (A) = 0. Hence, we obtain that v < p. One can prove that p < v with the similar
method. This completes the proof. O

Theorem 3.3 The space LP9 (X, 1) is a subspace of L™ (X,v) in sense of equivalence classes if and
only if p~ v and there is a C' > 0 such that

/]

sy < ClUflpg) (3-3)

for every f € LP9 (X, ).

Proof: Let 1 < ¢, s < co. Assume that L9 (X, ) C L™* (X,v) in sense of equivalence classes. More-
over, we define the sum norm on LP9 (X, p)

= 1111, g+ 1117 ),00 -

The space L% (X, ;1) is a Banach space with respect to |||.|||. To prove this, we assume that ( Jn)pen 18
a Cauchy sequence in LP*9 (X, u1). Then for all 8 > 0 there exists N (8) > 0 whenever n,m > N () such
that

1
1 q—¢
q 4_q * q—e¢
n— fm = su —e | tr n— fm) (t dt <
1= b=, 52| / [ = fun)” 0] 5
and
1 =
S s_1 * s—e
||fn - fm”r’s),l, = sup —e [ tr [(fn - fm) (t)] dt < p.
O<e<s—1 \ T

0

This yields that (fy,),, oy is also a Cauchy sequence in LP9 (X, ) and L™ (X, v), and (fn)pen converges
to functions f € LP% (X, ) and g € L™® (X, v), respectively. By the definition of the norm of Lorentz

space, we have
LPD (X, ) — LP97 (X, ) (3.4)

for e € (0,¢ — 1) and
L™ (X, v) < L™ 7% (X, v) (3.5)

for e € (0,5 —1). If we use (3.4), then we obtain that there is a subsequence (fy,);cy Of (fn),ey such
that f,, — f (p-almost everywhere). Moreover, it is easy to prove that (f,,),cy converges to g in

L") (X,v) and f,, — g (v-almost everywhere) due to (3.5). Hence, one can find a subsequence ( fmk)

of (fn;) such that f,, — g (v-almost everywhere). If we consider the space LP9 (X, ;1) as a subspace
of L") (X, v) in the sense of equivalence classes, then we have p = v by Theorem 3.2. This implies that

(@) = 9@)| < | £@) = Fasy @) + | fr, (2) = 9(2)]

so that we have f = g (u-almost everywhere). Since pu ~ v, we obtain f = g (v-almost everywhere),
and f, — f in L»9 (X, ) with respect to the norm |[||.|||. Now, we define the unit function I from

(L2 (X, ), 1]} into (L9 (X, )

o M-llpq), ) - Since

Mgy = IS

vy < AN
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then I is continuous. If we consider the Banach’s theorem, then I is a homeomorphism, see [7]. This
yields that the norms |||.||| and ||. are equivalent. Thus there exists a constant C' > 0 such that

|p7q)7u

A< CHLF Nl g 0
for all f € LP9 (X, uu). Finally, we have

[l sy, < W< CAS gy, -

This completes the necessity part of the proof. Now, we suppose that p &~ v and the inequality (3.3)
holds for f € L9 (X, ). Then, we have LP9 (X, ) € L™ (X, v) in the sense of individual functions.
By Theorem 3.2, the space LP9) (X, ) is a subspace of L) (X, v) in the sense of equivalence classes. O

Theorem 3.4 The following statements are equivalent.

(i) The inclusion LP9 (X, ) C LP9 (X, v) holds.

(i) p~v and there is a constant C' > 0 such that
v (4) < Cp(A)
forall A € X.
(i) L' () € L} (v).
Proof: (i) = (ii): By Theorem 3.3, we have p =~ v and there is a C' > 0 such that

1y < Coll gy (3.6)

for all f € LP9 (X, ). Let A € ¥. In particular, if we consider in (3.6) the function f = y, we have

=

(q—1) (v (A)F < Cy (g—1) (n(A)7

This implies
v(A) < Cpu(A)

where C' = C? > 0.
(i) = (iii): This proof is an immediate result of [22, Proposition 1].
(#i) = (i): By the assumption, there exists a C; > 0 such that

1Ally, < Culinlly,,, (3.7)

for all h € L'(p). Let f € L»9 (X, i) be given. Therefore, we obtain

1
1 q—e

Zfo/tf’l (f* () du(t) S Nl gy, < 20

for all 0 < ¢ < ¢ — 1. This yields x(o,1) (t)%_1 (f* )" e L' (p) forall 0 < e < g—1. By (3.7), we get
X ()71 (f* (£)" " € L' (v) and

1
Ik
0

R~

)T A (t) < Cl/t%_l [f @1 du(2).
0
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This implies

1 1
q—¢ q—e¢

1 1
Le [y | <o (e [0 @ T (3.9
0 0
where C' = C’f%i. If we take the supremum over 0 < & < ¢ — 1 in (3.8), then we have
1y < ClFllp, gy < 00
for every f € LP9 (X, ). O

Theorem 3.5 Let 1 < ¢ < p <r < s < oo. If the inclusion LP? (X, ) C L™ (X, 1) holds, then there
is a constant M > 0 such that u(A) > M for every u-non-null set A € X.

Proof: Assume that LP? (X, u) C L™ (X, u) . By Theorem 3.3, there is C' > 0 such that

1y < C U (3.9)

for all f € LP9 (X, u). Now, let A € ¥ be a p-non-null set. Since p < r, we have % — } > 0. If we

consider in (3.9) the function f = x4, we obtain

S

(s — D u(A)7 <Clg—1)u(A)

or equivalently

s—1 11
7§M A p T
Clg—1) )
If we set M = (qu;_ll)) 7 we get pu(A) > M. O

4. Inclusion Theorems of A,

In [17], the authors unified the concepts of the classical Lorentz space and the grand Lebesgue space
that would result in a new space A ., denoted as follows.

Definition 4.1 Assume that 1 < p < oo and w is a weight function. The grand Lorentz space Ay ., is
to be space of all measurable functions f defined on (0,1) such that

1
1 p—e

1 £1l sup 6/(f* ()P w(t)dt < 0o0.
0

Phe gce<p—1

The space Ay ., is a BF-space when w is decreasing integrable weight. Moreover, the following inclusion
holds

Ap’w — Ap),w — Apfe,w (4.1)

for all0 < e <p—1. Also, if we consider w (t) = t%_l, then we can say that the space L9 (X, ) is a

special case of Ay ., see [17].

It is easy to see that A, 9 — A,y if w < ). Moreover, as a direct result of the definition of w ~ 1, we

obtain A,y y = A, . Now, we will present several advanced inclusion theorems for grand Lorentz spaces.
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Theorem 4.1 Let 1 <p < q < oo. Then we have A,y ., — Ay o, if and only if

supW(aL“)q%E_Piis < oo (4.2)
>0

holds for 0 < e <p—1, where W (z) = [w (¢) dt.
0
Proof: The necessary part is trivial by substituting f = x|o,, in the inequality

1flls, . <Clfl,

where x4 (y) = 1 for y € A and x4 (y) = 0 for y ¢ A. Indeed, since the functions g7~ and e7¢ are
increasing for 0 < e < p—1 < ¢ — 1, we obtain

1 1
(g—1) sup /w(t)dt < C(p—1) sup /w(t)dt
0<e<g—1 0 0<e<p—1
1
T pP—¢€
< C(p—-1) sup /w(t)dt
0<e<q—1
0
This yields that
T ﬁfplfe
sup /w(t)dt < C < 0.
0<e<q—1

If we take the supremum over x > 0 in both sides, then the necessary part of the proof holds. Now,
let f € Ay, be given. By (4.1), we get f € A, .. Since (4.2) holds, we have A, . — Ay, for
0 <e<p-—1,see [6, Theorem 3.1]. This yields that there exists C' (¢) > 0 such that

1flla,_.. SCE NSl (4.3)

p—e,w
for f € Ay, and € € (0,p — 1). It is note that identity operator does not exceed g (X) + 1, see [18].
By (4.3), we have

q—e,w

q—e

Eo/ (f* ()" w(t)dt 32“6“0/ (f* ()" w(t)dt.

This obtain

p—e

1 q—e 1
e [ (FF (1) w(t)dt <2aec e e | (fF ()P S wlt)dt
/ /
or equivalently
1 T 1 s
e | e [ (f (1) w(t)dt <2|e | (f ()" wt)dt . (4.4)
/ /

If we take the supremum over 0 < e < p— 1 < ¢ — 1 in both sides of (4.4), then we get
1flla, . <C ISy, .

a—p .
where sup e®=—2 < co. This completes the proof. O
0<e<qg—1

By the similar method in Theorem 4.1, we have
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Theorem 4.2 Let 1 <p < q < oo. Then we have Ayy g — Ay ., if and only if

supW(:E)q%E V(m)fp%s < o0
>0

holds for 0 <e <p—1.

Theorem 4.3 Let 1 < g < p < oo and let r be given by i == — . Then we have Ap)y y — Ag) o

if

r—e T—€

(W Tewdt| <o (4.5)
/v

holds for 0 <e < q—1.

Proof: Let f € A,y be given. By (4.1), we get f € A, .. Moreover, we assume that (4.5) holds.
Thus, we have Ap_. 9 — Ay, for 0 < e < ¢ —1, see [6, Theorem 3.1]. This yields that there exists
C (g) > 0 such that

1£1la

for f € Ap_.9 and ¢ € (0,p —1). It is note that identity operator does not exceed p (X) + 1, see [18].
By (4.6), we have

<C)Iflla (4.6)

q—e,w p—e, 0

pP—¢
q—e

80/ (f* ()" " w(t)dt <2ce

ya

= [y o,
0

Thus we obtain

1
p—e

1
<2 e [ (@) o (4.7)
0

1
qg—e

e / (F* ()" w(t)dt

If we take the supremum over 0 < & < ¢ — 1 < p — 1 in both sides of (4.7), then we get
1, <Clflly,,

P—q .
where sup e®=9—= < oco. This completes the proof. O
0<e<qg—1

Since the space LP'? (X, 1) is a special case of Ap).w» we have the following result.

Corollary 4.1 The following inclusions hold.
For q1 < p < s1, under the condition (4.2), we have

LPa1) — [P (1) C LPs1)
For sg < p < g9, under the condition (4.5), we have

Lre2) - [p) (1) C LPs2)
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5. Approximate Identities in A, ,

Let © C R? be a bounded and open set. It is well known that the classical Lebesgue space LP()
has a bounded approximate identity in L'(Q2). Gurkanli proved that L)-? (Q) does not admit a bounded
approximate identity in L'(2) in [15, Theorem 4], and also that [L? (2)],),0- the closure of C5°(2) in

L9 (Q), admits a bounded approximate identity in L'(Q) in [15, Theorem 6]. It is known that when
6 = 1 the space LP)!' (Q) reduces to the grand Lebesgue space L?) ().

For z € X and r > 0, we denote an open ball with center z and radius r by B(z,r). For f € L} _(Q),
we denote the (centered) Hardy-Littlewood maximal operator M f of f by

1
MIC) = Ripe / Ve
B(xz,r

where the supremum is taken over all balls B(x,r). In [17], the authors proved that the Hardy-Littlewood
maximal operator is bounded in A, .

Definition 5.1 Assume that ¢ is an integrable function defined on R? such that J ¢(x)dz = 1. For each
Rd

t > 0, define the function ¢, (x) = t~%p (£) . The sequence {p¢} is referred to as an approzimate identity.

It is known that for 1 < p < oo, the sequence {¢: * [} converges to f in LP (Q), i.e.

i [ige % £~ fll,0 =0,

see [24, p. 63]. If we impose additional conditions on @, then the entire sequence converges almost
everywhere to f. Define the radial majorant of ¢ as the function

p(x) = ‘ S|1>11|D ‘ lo(y)] -

If the function @ is integrable, then {@;} is called a potential-type approximate identity, see [8].
Theorem 5.1 (see [9, p. 31]) Let f € Li, . (X) be given. Then we have

loc

sup | * f (z)] < M f ().
>0
Theorem 5.2 If f € A, ., then we have oy * f — f in A, ., ast > 0.

Proof: Let f € A, ., and € > 0 be given. By Theorem 5.1 and the boundedness of maximal function in
A, ., we have

e * flla,, SCIMSlly,, <Clfll,, <0

and then ¢ * f € A, , for all ¢ > 0. If we use the similar method in [26], then it is easy to see that the
space C, (X) is dense in A, ,,. Therefore, there exists a function g € C, (X) such that

1f =gl << (5.1)

as t > 0. Moreover, for all ¢ > 0, we have ¢; x g € C§° (X), see [1, Theorem 2.29]. It is easily seen that
¢ * g — g uniformly on compact sets as t — 0*. Hence we have

et xg—glla,, <e (5.2)
Finally by using (5.1) and (5.2),

I =exflla,. < 1F =gl +lg—cexgly,  +loerg—eox sy,
< e&.

This completes the proof. O

Now, we are ready to present the main theorem of this section for the space A .
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Theorem 5.3 Let {p:} be a potential-type approxzimate identity. If p is finite, then we have

It f=Fflla,,, —0

ast — 0% for f e Ay ..

Proof: Let f € A, be given. By the boundedness of maximal operator in A, ., we have @+ f € A,
for all £ > 0. By Theorem 5.2, for every n > 0 there exists an & > 0 such that

lpe * f = flla,_.. <m

p—e,w

for all ¢ satisfying ¢ < h and 0 < ¢ < p — 1. This follows that

1
le* f—flla,  <mn sup er—==(p—1)n.
P 0<e<p—1

That is the desired result. O
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