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A weak solution for a class of quasilinear elliptic Systems with nonstandard growth In
musielak-Orlicz space
Ouidad AZRAIBI, Badr EL HAJI* and Mounir MEKKOUR

ABSTRACT: Here we study existence of a weak solutions for some nonlinear elliptic systems like

—divo(z,u, Du) =f(z,u, Du) in Q
u(z) =0 on 09,

where QQ C R™ is a bounded open domain. The Term f satisfy the growth and sign condition. We establish
the existence solution by using the idea of Young measure.
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1. Introduction, Essential Assumptions And Main Result

Let © be a bounded and smooth open subset of R™, and consider, as a model, the following nonlinear
elliptic systems

(1.1)

—divo(z,u, Du) = f(z,u, Du) in Q
u(z) =0 on 99,

where u : Q — R™ is a vector-valued function. We denote by M"™*™ the real vector space of m x n
matrices equipped with the inner product F': G = Z (FiGyij

In some recent papers the problem (1.1) was studled when u :  — R by using different ideas. For
instance in [6] El haji et al. have been showed the existence of entropy solution in weighted Orlicz spaces.
In [18] the authors have been studied the existence result of sub-supsolution, nonlinear regularity theory
and strong maximum principle. A regularity results for weak solutions have been proved by Pucci and
Servadie (see [38])

The mathematical literature in the case u : 2 — R is massive; without the aim to be complete we
refer the reader to [1,2,3,4,5,6,8,9,10,18,13,19,41,42] and references therein.

However, in this paper we are interested in existence results by using methods of Young Measure in
order to identify weak limits. Furthermore, we get our solution under weak monotonicity conditions in
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the framework of Musielak-Orlicz space. the concept of Young measure is introduced by Young [39]. In
this sense, many applications and developments were presented in nonlinear partial differential equations,
optimal control theory and the calculus of variations.

Let P and ¢ two N-functions such that P < ¢. Therefore, let us summarizing the main hypotheses :

o QAXR™xM™*" — M™*" and f: QxR™ xM™*™ — R™ are Carathéodory’s functions (Continuity).

(1.2)
There exist 0 < dy(z) € L5(2),d2(z) € L' (2),0 < d3(z) € Lz(Q) and «a, 8,7 > 0 such that
o (2, u, F)| < di(z) + ¢~ P(z,7]ul) + ¢~ 'o(x, 7| F|) (Growth) (1.3)
(@, u, F)| < d3(x) + ¢~ Pa,v[ul) + ¢~ o(z, 7| F|) (Growth) (1.4)
|| s
o(z,u,F): F— f(z,u,F) > —da(z) + ap | x, 7 (coercivity). (1.5)
f(z,u, F)-u >0 ( sign condition ) (1.6)
o satisfies one of the following conditions:
(a) For any x € Q and u € R™, F + p(z,u, F) is a C! and monotone, i.e.
(o(z,u, F) —o(z,u,G)) : (F —G) >0 ( Monotonicity) (1.7)
forall z € Q,u € R™ and F,G € M™*",
(b) There exists a function
W:QxR™ x M™" — R such that o(z,u, F) = (0W/OF)(x,u, F) (1.8)
and F — W (z,u, F) is convex and C. .
(¢) o is strictly monotone, i.e. ¢ is monotone and
(o(z,u, F) —o(z,u,q)) : (F—-G)=0=F =G. (1.9)
(d) o is strictly M-quasimonotone on M™*™ i.e.
/ (o(z,u, \) — a(x,u, ) = (A= A)do(\) > 0, (1.10)
MmXﬂ,

where A = (vy,id) ,v = {vs},cq is any family of Young measures generated by a sequence in L, (f2)
and not a Dirac measure for a.e. x € ().

For almost every x € Q and u € R™, the mapping F +— f(z,u, F) is linear. (1.11)

The aim of this paper is to demonstrate the existence of solutions for (1.1), without using the classical
strict monotonicity. For example, the hypothesis (1.8) allows to take a potential W (z,w, F'), which is only
convex but not strictly convex in F' € M™*™ and to consider (1.1) with o(z,u, F') = (OW/0F)(z,u, F).
Notice that if W is assumed to be strictly convex, then o becomes strict monotone and the classical
monotone method may apply.

Our main existence result is the content of the following theorem whose proof will be given in Section

ot
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Theorem 1.1 Under the hypothesis (1.2)-(1.10), the Dirichlet problem (1.1) has a weak solution u €
W4 L, (3 R™) satisfying

/ o(z,u, Du) : Dwdx = / f(z,u, Du) - wdx
Q Q

for allw € WL, (;R™).

This paper is organized as follows. In section 2, we mainly give the most important and necessary
properties and notations of Musielak-Orlicz spaces. In section3, we give the definition of Young measures
and some useful general properties Then the section 4 is devoted to the Galerkin approximating sequences,
and to identify the limit of gradient sequences by means of Young measure. Finally in section 5 we manage
to prove theorem 1.1.

2. Preliminaries

In this subsection, we shall recall only the most important and necessary properties and notations of
Musielak-Orlicz spaces, and we refer the reader to (see [7]) for more details. Let 2 be an open subset of
RY, a Musielak-Orlicz function ¢ is a real-valued function defined in Q x R* such that
a) ¢(x,.) is an N-function for all x € Q (i.e. convex, nondecreasing, continuous, ¢(z,0) =0, ¢(z,t) > 0
for all £ > 0 and lim sup ) =0and lim inf ) = 00).

t—=0 2 t—o0 xeQ
b) ¢(.,t) is a measurable function for all ¢ > 0.
For a Musielak-Orlicz function ¢, let ¢, (t) = ¢(z,t) and let p, ! be the nonnegative reciprocal function
with respect to t, i.e. the function that satisfies

o, (p(z,t) = ¢ (z,90, (1) =t.

The Musielak-Orlicz function ¢ is said to satisfy the As -condition if for some k& > 0, and a nonnegative
function h, integrable in €2, we have

o(x,2t) < ko(z,t) + h(z) for all z € Q and t > 0. (2.1)

When (2.1) holds only for ¢t > ¢y > 0, then ¢ is said to satisfy the Ag-condition near infinity. Let ¢ and
v be two Musielak-Orlicz functions, we say that ¢ dominate v and we write v < ¢, near infinity (resp.
globally) if there exist two positive constants ¢ and tg such that for a.e. x € Q:

y(z,t) < @(x,ct) for all t > tg, (resp. for all t > 0 i.e. tg =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity) and we write v << ¢ if
for every positive constant ¢ we have

t t
lim <sup v, )> =0, (resp. lim <sup v, )) =0).

=0 \zeq (p(l‘,t) =00 \zeQ (p(.%‘,t)

For a Musielak-Orlicz function ¢ and a measurable function u : @ — R, we define the functional
o) = [ o ua)) do.

The set K,(Q2) = {u : @ — R measurable/ p, o(u) < oo} is called the Musielak-Orlicz class (or gener-

alized Orlicz class). The Musielak-Orlicz space (the generalized Orlicz spaces) L, (f2) is the vector space
generated by K, (1), that is, L,(€) is the smallest linear space containing the set K, (2). Equivalently

L,(Q) = {u : 2 — R measurable/ p, o (%) < 00, for some A > O}
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For a Musielak-Orlicz function ¢ we put:
@(1'7 S) - Sup{St - (p(:ﬂ, t)}v
>0

Note that @ is the Musielak-Orlicz function complementary to ¢ (or conjugate of ) in the sense of Young
with respect to the variable s. In the space L,(f2) we define the following two norms:

Hub@:hﬁ{A>0AA@<%hﬁm)dx<1}

which is called the Luxemburg norm and the so-called Orlicz norm by:

o= s [ o) de
’U
where p is the Musielak-Orlicz function complementary to ¢. These two norms are equivalent (see [7]).
The closure in L,(£2) of the bounded measurable functions with compact support in € is denoted by
E,(Q), It is a separable space (see [7], Theorem 7.10).
We say that sequence of functions u,, € L,(Q2) is modular convergent to u € L, () if there exists a

constant A > 0 such that
I ) =0
i pea (T3 ) =0

The Musielak-Orlicz space W' L, (€; R™) is the set of all u € L, (; R™) such that Du € L, (€; M™*™),
where Du is a matrix-valued function in which all components are distributional partial derivatives of w.
It is a Banach space endowed with the norm

||UHW1L¢(Q;R’”) = HUHLLP = Hu||L¢(Q;R’") + ||Du||Lgo(Q;MmX")'

If ¢ satisfies the Ao-condition, then there exists # > 0 such that for all u € W L, (;R™),

/ |mdx<9/ 2, |Dul)d (2.2)

The symbol C5° (€2; R™) means the space of all C*°-functions v :  — R™ with a compact support in
Q. Note that if |}] < co and ¢ satisfies the Ag-condition near infinity, then

Wy L, (Q;R™) = C° (G R™)W'L, (;R™)

and W 'Ls (Q;R™) = (WL, (2 Rm))*. Moreover, if ¢, € A, then the spaces WL, (;R™)
and W_IL (Q;R™) are reflexive and separable. If we consider p(t) = [¢t|P for p € (1,00), then

W4 L, (Q;Rm) = Wy? (4 R™). We say that ug converges to u for the modular convergence in
WL, (Q;R™) if for some 3 > 0,

Do — Do
/(p(:U,W)dm—)Oask—)oo,Vod <1.
Q

Furthermore, if ¢ satisfies the Ag-condition (near infinity only when € has finite measure), then modular
convergence coincides with the norm convergence. For two complementary Musielak-Orlicz functions ¢
and @, let u € L,(Q2) and v € L(2), then we have the Hélder inequality (see[7]):

/u(a:)v(x) dx| <
Q
Lemma 2.1

Let uy, : Q — R™ be a measurable sequence. Then uy converge in modular to w in Ly, (§;R™) if and only
if ur, = w in measure and there exists some v > 0 such that {¢ (x,yuy)}, is uniformly integrable, i.e.

(2.3)

lim sup

/ ¢ (x,yug) dz = 0.
L=oo & J{ze:|p(z,yur)|>L}
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3. A Review on Young Measures

In the following, Cy (R™) denotes the closure of the space of continuous functions on R™ with compact
support with respect to the || - [[o-norm. Its dual space can be identified with M (R™), the space of
signed Radon measures with finite mass. The related duality pairing is given by

(. f) = [ F(N)dv(A).

RmM

We mean by supp v, the support of the Young measure v. Note that if f = id then (v,id) = Adv(A).
R‘NL
For more details on this notion, the readers are requested to see [15,22,35,43] and other references therein.

Definition 3.1
Assume that the sequence {f;},, is bounded in L> (€;R™). Then, there exists a subsequence {fx}, and
a Borel probability measure v, on R™ for a.e. x € Q, such that for almost each g € C (R™), we have

g (fx) =" g weakly in L>(2),

where

o) = [ 9Ndes(N).
We call {vy},cq the family of Young measure associated with the subsequence { fi},,.

Remark 3.1
The notion of gradient Young measures arises when we replace fi in the above definition by Vuy
where uy : @ — R™. In this case, Vuy take their values in M™*",
We are now ready to begin state the fundamental lemma on Young measures as following:

Lemma 3.1 [16]

Let Q C R™ be Lebesgue measurable (not necessarily bounded) and w; : Q@ — R™, j =1, .. be a sequence of
Lebesgue measurable functions. Then, there exists a subsequence wy, and a family {v, } of nonnegative
Radon measures on R™, such that

€N

(i) lvall pymomy = /Rm dv, <1 for almost z € Q.
(i) ¢ (wi) —=* @ weakly in L (Q) for all p € Co (R™), where ¢(x) = (v, ¥).
(#i) If for all R >0
Llim sup [{z € QN Br(0) : |wk(x)] > L} =0, (3.1)
—00

then ||vz]| = 1 for a.e. x € Q, and for all measurable Q' C Q there holds ¢ (w) = @ = (vy, @) weakly
in L' (') for a continuous function ¢ provided the sequence o (wy,) is weakly precompact in L* (Q').

Remark 3.2
(a) In [16], it is shown that under hypothesis (3.1) for any measurable A C €,

9 (s u) = (vz,g(x,.))  in L'(A),

for every Carathéodory function g : A x R™ — R such that {g (., ux)} is sequentially weakly relative
compact in L(A).

(b) A family {v,} satisfying (i)-(iii) always exists and v, is a probability measure if Eq. (3.1) holds.
The following lemmas are useful for us and can be considered as the applications of Lemma 3.2
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Lemma 3.2 [20]
(i) If || < 0o and vy is the Young measure generated by the (whole) sequence uy, then there holds

Up, —> U N MeAsuTe & Vg = Oy(y) for a.e. v € Q. (3.2)

(ii) If the sequences uj : Q — R™ and vy : Q@ — R? generate the Young measures Ou(z) and vy,
respectively, then (ug,vi) generates the Young measure 0y(z)y ® vg.

Lemma 3.3 (/28] Generalized Fatou’s Lemma)

Let F : QX R™ xM™*™ — R be a Carathéodory function and {uy} be a sequence of measurable functions,
where uy, :  — R™, such that up — w in measure and such that Duy generates the Young measure v,,.
Then,

lim inf F(x,u;wDuk)de// F(z,u, \)dvy(N\)dx
Q Jmmxn

k—o0 Q

provided that the negative part F~ (x,uy, Duy) is equiintegrable.

4. Existence of weak solutions
4.1. Galerkin approximation

Let V3 C Vo C -+ C W{L, (;R™) be a sequence of finite dimensional subspaces with the property
that U;enV; is dense in W Ly, (; R™). Note that (V;) exist since W Ly, (§; R™) is separable. We define
the operator

T:WyLy (QR™) — W Lg (Q;R™)
U (w — /Qa(a:,u(m),Du(x)) : Dw dz — Qf(x,u(x),Du(x)).w dx) ,

where (., . ) denotes the dual pairing of WLg (Q;R™) and W L, (; R™). The following assertions
allow the construction of the approximating solutions.

4.2. Step 1

: The operator T'(u) is linear, well defined and bounded for arbitrary u € W L, (€;R™)
Trivially T'(u) is linear. By the growth condition in (1.3), together with Holder inequality, we have
we get

/ o(z,u, Du) : Dwdz
Q

<2 (/Q o(x, a(z,u,Du)Dda:) (/Q o(z, Dw|)dx)

5 (2, da(2)) + P 7ul) +<p(aw|DUI)dm> ( [ et |Dw|>dx)

IN

o
VS
S~

and similarly
/Q F(x,u, Du) - wdz
<[ ¢wda@) + Plalul) + ptasDuias ) [ ptalulis)

where ¢ is a positive constant. Since u,w € Wy L, (;R™),p € Ay, P < ¢ and (2.2), we can infer from
the above inequalities that T'(u) is bounded.
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4.3. Step II

The restriction of T to a finite subspace V of W L, (€2;R™) is continuous.

Proof Let V be a subspace of W L, (€; R™) with dim V' = r and (w;);_; a basis of V. Let (uj, = ajw;)
be a sequence in V which converges to u = a‘w; in V (with conventional summation). Then on the one
hand the sequence (ay) converges to a in R” and so uy — u and Duy — Du almost everywhere. On the
other hand [[uk||,, o and [[Du|[,, yjmx~ are bounded by a constant C. By the continuity condition (1.2),
it follows that o (z,ug, Dug) : Dw — o(z,u, Du) : Dw and f (z,u, Dug). w — f(x,u, Du) - w almost
everywhere. Let ' C 2 be a measurable subset and w € W L, (€2;R™). From the inequalities in the
proof of Step 4.2 together with the Eq. (2.2), we obtain

lo (x, ug, Dug) : Dw|dx
Q/

< el + 01Dl + Dl o) ([ o IDute )

<c <c

and

/ |f (x, up, Duy) - w|dx
QI

< (el + 0Dl + 100 ) (| ot Do)

<c <c

by the Holder inequality. Note that ( fQ, o(z, |Dw|)dz) is arbitrary small if the measure of € is chosen
small enough. As a consequence, the sequences (o (z,ug, Dug) : Dw)

and (f (z,ug, Dug) - w) are equiintegrable. Applying the Vitali Theorem, it follows that for all w €
W4 Ly, (S R™) we have limy_yo0 (T (ug) , w) = (T'(u), w).

Now, let fix some k and assume that wi,...,w, is a basis of V; with dim V), = r. In the following
lemma, we write for simplicity >, ., ., a'w; = a'w; and we define the map

G:R"—R"
(al, e ar) — (<T (aiwi) ,wj>);:1
4.4. Step III

G is continuous and G(a) - a — oo as ||a|]|gr — oo (the dot - is the inner product in R").
Proof Let uy = alw;,ugp = ahw; € Vi. Then |lag|p. (vesp. [lao||g. ) is equivalent to Juklly , (resp.
[uolly,, ). On the one hand, by Holder inequality, we have

(G (ax) — G(a));

= (T (ahws) =T (apwi) s wy)]
<27 (ur) = T (uo)ll -y g lwilly ,

By vertue of Step 4.3, the continuity of G follows. On the other hand, consider
u = d'w; € Vi, then ||a|lg- — oo is equivalent to ||ul|1,, — oo and

G(a)-a= (T (a'w;),a'w;) = (T(u),u).

From the coercivity condition in (1.5), we obtain

G(a)-a={(T(u),u) = /Q(U(x,u,Du) : Du— f(x,u, Du) - u)dx

>a/9<p<x,|%“> dx—/ﬂdg(x)dx

> c||Dul[, pimxn + c.
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Therefore (T'(u),u) — oo as |lulj1,, — oo Now, we can construct the sequence of approximating solutions
in the following way: According to Lemma (4.2), there exists R > 0 such that for all « € 9Br(0) C R"
we have G(a).a > 0. Thanks to the standard method used in [36], we obtain the existence of x € Br(0)
such that G(z) = 0. Consequently, for all k there exists uy € V}, such that

(T (ug) ,w) =0 for all w € V. (4.1)

4.5. Weak limits by gradient Young measures

The following lemma is concerned with the weak limit points of gradient sequences by means of the
Young measure in Musielak- orlicz spaces.

Lemma 4.1
(i) If the sequence {Duy}, is bounded in L, (S;M™*™), then there is a Young measure v, generated by

{Duy} satisfying ||vs || pypam=ny = 1 and the weak L-limit of Duy, is / Adwg (A).
MTTLXTL
(ii) For almost every x € Q, v, satisfies

(vg,idy = Du(x)  for a.e. x € Q.
Proof:
(i) It is sufficient to show that {Duy} satisfies Equation (3.1) in Lemma 3.1 Putting

6(L) = ‘glirz(w(x,ﬁ)/lf\)-

We have (T'(u),u) = oo as |Jul|1,, — 00, then there exists R > 0 with the property, that (T'(u),u) > 1
whenever |[jul|1,, > R. Hence, for the sequence of the Galerkin approximations uj € Vj, constructed in
Section 3, which satisfy (T (ux) ,ux) = 0, we obtain the uniform bound

furll, , <R forall k (4.2)
Then there is ¢ > 0 such that for any r > 0,

c= / ¢ (z, [Duy|) dz 2/ o (z, |Dug|) dx
Q [teQN B (0):|Du (x)|>L}

> (1) | \Dug | de
{zeQNB,.(0):|Duy(z)|>L}

> Lo(L) {x € QN B-(0) : |Dug(z)| > L}|
Thus
_c
Ls§(L)
By Lemma 3.1 (iii), it follows that ||v,||,, = 1 (i.e. v, is a probability measure). As L, (£;M™*") is
reflexive (M™*™ = R™")_ then there is a subsequence (still denoted by {Duy} ) weakly convergent in
Ly (Q;M™*™) < L (;M™*™), thus weakly convergent in L' (Q;M™*"). Return to Lemma 3.1 and
take ¢ as the identity mapping, we obtain then

sup [{z € QN B,(0) : [Dug(x)] > L} < — 0 as L — oo
k

Duy, — (vg,id) = / Advg(A)  weakly in L' (Q;M™*™)
M"YLX"L

(ii) By (4.2), we have uj, — u in Wi L, (€ R™) and ug, — u in Ly, (;R™) (for a subsequence), thus
Dup — Du in L, (Q;M™*")

Or L, (Q;M™>™) C L' (Q;M™*™), then Duy, — Du in L' (£; M™*"). Owing to (i), we conclude by the
uniqueness of limit that
Du(z) = (vg,id)  for a.e. z € Q
The following lemma is the main technical to pass to the limit in the approximating equations and to
prove that the weak limit u of the Galerkin approximations uy is indeed a solution of (1.1).
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Lemma 4.2 (div-curl inequality):
The Young measure v, generated by the gradient Du uy is satisfying the following inequality:

/ / (o(z,u,\) — o(z,u, Du)) : (A — Du)dv, (N)dx < 0. (4.3)
Q MmXn
Proof: Let us consider the sequence
Iy, .= (o (z,ug, Dug) — o(x,u, Du)) : (Dug, — Du)

= o (x,u, Duy) : (Dug — Du) — o(x,u, Du) : (Dug — Du)

=: I + I 0.
By the growth condition in (1.3)

/ @(z, |o(z, u, Du)|)dz < C/ (@ (z,di(x)) + P(z,v]ul) + ¢(z,7|Dul)) dv < o0
Q Q

Since u € W L, (€;R™), P < ¢ and by the equation (2.2), it follows that o € Ly (£; M™*"). According
to a weak convergence defined in Lemma 4.1 ; we obtain that

liminf/ Iy, odz = / o(xz,u, Du) : </ Advg () — Du) dr =0
k—oo Jo Q Mmxn

We have (o (z,ug, Dug) : Du)” is equiintegrable (see the proof of Lemma Step 4.3 if necessary). The
sequence (o (x,ug, Duy) : Duy)~ is easily seen to be equiintegrable. Indeed, by the coercivity condition
in 1.5, we have

D
o (z,u, Dug) : Duy, > f (x,ug, Dug) - up + o (:107 g“) —da(z)

s (122) o

where we have used the sign condition f (x,uk, Dug) - ur > 0. Therefore

l |min (o (z, u, Dug) : Dug,0)| dx
Q

D
< |d2(as)\dx+oz/ @(x’ﬂm) dx < oo
Q/ ’

We have by (4.2), upy — u in L, (Q;R™), and by vertue of Lemma 2.1 , we get up — u in measure.
Hence, we may use lemma 3.3 which gives

I:= liminf/ Iy 1dz > / / o(xz,u,A) : (A = Du)dv, (N)dz.
k Q Q JMmxn

— 00

Now, we prove that I < 0. According to Mazur’s theorem (see, e.g., [[40], Theorem 2 , page 120])
there exists a sequence vy, in W L, (Q; R™) where each vy, is a convex linear combination of {us, ..., ux}
such that vy, — u in W{ L, (;R™). This significant that vy belongs to the same space Vj, as ug. By
taking up — vy as a test function in (4.1), we obtain

/ o (x,ug, Duy) : (Dug, — Duy) dax = / f (z,ug, Dug) - (ugp — vg) dx (4.4)
Q Q

From the growth condition in (1.4) and the Holder inequality, it follows that

/Qf (@, uk, Dug) - (up — vg) do

<o (/ﬂm,ds(x)) TP (o, k] +so<x,7|Duk|>da:) (/ﬂw, " —vk|>dx) .
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The right hand side of this inequality vanishes as k — 0o, since by the construction of v, we have

= vnll o < llux —ull g+ lox —ull,g =0 as ko0
Hence, the left hand side in (4.4) tends to zero as k — oco. Using this result and the fact
that vxy, — u in W L, (2; R™) to deduce the following

I= liminf/ o (z,ug, Dug) : (Dug — Du) dx
o

k—o0

= lim inf </ o (x,uk, Duy) : (Dug — Dug) dx +/
k—oc0 Q

o (x,ug, Duy) : (Dvg, — Du) d:v)
Q

k—o0

= liminf/ o (z,ug, Dug) : (Dvy, — Du) dx
Q

< liminf ¢ |l|o (a, u, Dug)|| 5 pgmxn

vk —ull; , = 0.

In view of Lemma 4.1, we have

/Q/MM o(z,u, Du) : (A — Du)dvy (N)da

= / o(z,u,Du) : (/ Advg () — Du) dx =0
Q M xn

and together with I < 0 we finish the proof of Lemma 4.2.
Remark 4.1 For almost every = € 2, we have

(o(z,u,A) — o(z,u, Du)) : (A — Du) =0 on supp ve.

Proof
We have by Lemma 4.2

/ / (o(x,u,\) — o(x,u, Du)) : (A — Du)dvg(N)dz <0
o Jmmxn

We infer from the monotonicity of ¢ that the integrand in the above inequality is nonnegative. Thus,
must vanish with respect to the product measure dv,(\) ® dz. It follows that for almost every x € Q

(o(x,u,\) — o(x,u, Du)) : (A\— Du) =0 on suppuv,

5. Proof of Main result

This section is devoted to prove the existence result for (1.1). We consider the following steps
Step I: In this step we try to sow that

/(U(x,uk.,Duk):Dw—o(x,u,Du):Dw)dx—)() as  k — oo.
Q

By strict monotonicity and remark4.1 implies that supp v, = {Du(x)}, then v, = dpy(y) for almost
every x € . By using (3.2) we obtain Duy — Du in measure. Furthermore, since ux — u in measure,
we deduce that up — w and Duy — Du for almost every x € Q (for a subsequence). By continuity
condition (1.2), we have o (z,u, Dux) — o(x,u, Du) almost everywhere in Q. Since o (z, ux, Duy) is
equiintegrable (see the proof of Step II of section 4), the Vitali theorem give us

/(J(x,u;“Duk):Dw—U(Lu,Du):Dw)d:c—>0 as k — oo.
Q
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Step II: Suppose that v, is not a Dirac measure on a set x € Q' of positive Lebesgue measure
|| > 0. one has A = (v, id) = Du(x), it follows that

/men a(x,u, )+ (A — N)dvg (M)
:/ o(x,u,\) : AMdvg(N) —/ o(z,u,\) 1 Advg(N)
MTYLXTL M”TLXTL

=o(z,u,\) : / vy (\) — oz, u, \) /_\/ dvg(A) =0
Mm,Xn MWLXTL

We get by using the strict M-quasimonotonicity of o that

/ o(x,u, )t Adug(A) > / o(z,u, \) 2 Adog(N) (5.1)
MmXn Mmxn

Now by using Lemma 4.2 and integrating (5.1) over 2, we can have

/ / o(x,u,A) : Ao, (N)dz > / / o(x,u, ) : Mdvg (M) dx
Q Jmmxn o Jmmxn

> / / o(x,u, ) : AMdug (N)dez,
Q M'"LX’!L
which is a contradiction.

Hence v, is a Dirac measure and we can assume that v, = 0p,()-
Then

h(z) = /men AdSp () (N) = / Advz(\) = Du(r)

Mm Xn
Thus
Vg = 6Du(m)

By (3.2) It follows that Duy — Du in measure for k — oo. The remainder of the proof in this step is
similar as in step I.

Step III:

We claim that for almost x € Q2 and all F' € M™*"

o(z,u,\) : F =o(z,u,Du) : F + (Vo(z,u, Du)F) : (Du—\)
holds on supp v,.. By the monotonicity of o we have for all 7 € R
(o(z,u,\) —o(x,u, Du+7F)) : (A—Du—7F) >0 (5.2)
By vertue of remark 4.1 together with the following equality
o(x,u, Du+ 7F) = o(x,u, Du) + Vo(x,u, Du)TF 4 o(T)
we conclude from (5.2),
—o(z,u,\) : TF > —o(z,u, Du) : (A — Du) + o(z,u,Du+7F) : (A — Du—7F)
=7((Vo(z,u, Du)F) : (A — Du) — o(x,u, Du) : F) + o(T).

Since 7 is arbitrary in R, our claim follows. The equiintegrability of o (z,uy, Duy) implies that its
weak L!'-limit is given by

a(x) = /men o(x,u, A)dvg, (A)
_ / o (2, u, Du)dvs(\) + (Vo(z, u, Du))! / (Du — N)dvs(N)

Supp vz

=o(z,u, Du)
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where we have used our claim and Du(z) = [ymxn Advg(X). Since Lg (,M™*™) is reflexive, thus
o (x,ur, Duy) is weakly convergent in L, (,M™*™) and its weak Lgz-limit is also o(x,u, Du). For
arbitrary w € Wi L, (2;R™), we deduce that

/ (0 (z,ug, Dug) : Dw — o(x,u, Du) : Dw)dz — 0 as k — oo.
Q

Step IV :
We start by showing that for almost every x € Q, supp v, C K, where

Ky ={Ae M™" : W(z,u,\) = W(z,u, Du) + o(z,u, Du) : (A — Du)} . (5.3)
If A\ € supp v, then by remark 4.1
(1 —=7)(o(z,u,A) —o(z,u,Du)) : (A—Du) =0 forall 7€]0,1] (5.4)
Now, by thanking to 5.4 and using monotonicity condition, we have for 7 € [0, 1] that

0<(1—=7)(o(z,u, Du+7(A— Du)) —o(z,u,A)) : (Du—A)

thus,

i.e.

5.5
=1 -7)(o(z,u, Du+7(A— Du)) — o(x,u, Du)) : (Du — A). (5:5)
On the other hand, monotonicity condition implies that
(o(z,u, Du+ 7(A— Du)) — o(z,u, Du)) : 7(A\ — Du) >0
(o(x,u, Du+7(A— Du)) — o(x,u, Du)) : (1 —7)(A—Du) >0
since 7 € [0,1]. The reverse inequality on the right hand in 5.5 holds and we can deduce that
(o(z,u, Du+ 7(A — Du)) — o(x,u, Du)) : (A — Du) =0,
o(x,u, Du+ 7(\ — Du)) : (A — Du) = o(x,u, Du) : (A — Du) (5.6)

for all 7 € [0,1]. Integrating 5.6 over [0, 1] and using the following equality

o(x,u, Du+ 7(A— Du)) : (A — Du) = %—Vf(a:,u,Du +7(A = Du)) : (A= Du),

we may have
1
W (z,u,\) = W(x,u, Du) + / o(x,u, Du+ 7(A — Du)) : (A — Du)dr
0

= W(z,u, Du) + o(z,u, Du) : (A — Du)

Thus we may deduce that A € K, i.e. suppv, C K,. Using the convexity of W we can get

W(z,u,\) > W(x,u, Du) + o(z,u, Du) : (A — Du)

=:A(X) =:B(X\)

for all A € M™>™, Since the mapping A — A(\) is continuously differentiable, then for every F €

M’HLXTL77_ E R
AQHTF) =AY | BAHTF) =B o
T T
AQHTF) —AY) _ BA+TE) =B o

T T
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Hence DA = DB and we obtain

o(z,u,\) = o(z,u, Du) for all A € K, D supp v,
and thus
g(x) = / o(x,u, \)dv,(A) = o(z,u, Du).
M"YLX"L

Now we choose the following Carathéodory function
hz,p,A) = |o(z,p,A) —a(x)], peR™, XeM™ "

Since o (z,ug, Dug) is equiintegrable, then hy(z) := h (z, ug(x), Dug(z)) is equiintegrable and its weak
L'-limit is given by )
hy — hin L'(Q)
where
o) = | 0.9, A) = 5(@)|d0u o) () © dvs (V)
Rm xMmxn

/ lo(@,u, ) — 6(2)|dvs(\) =0 (by (13)).

Since hj > 0 it follows that
hy — 0 strongly in L(Q).

We can conclude from the previous steps that

klggO Qo (z,u, Duy) : Dw(x) = /Q(f(ac,u,Du) s Dw(z)dr Yw € U Vi.
k=1

Since uy — u and Duy — Du almost everywhere for k — co.

Furthermore, by continuity condition 1.2 we may infer that

[ (@, ug, Duy) - w(z) — f(x,u, Du) - w(z) for arbitrary w € W L, (€;R™). Thanking to the growth
condition 1.4, we get(f (z,u, Dug) - w(z)) is equi-integrable,

thus by using the Vitali Convergence Theorem we obtain that f (z, ux, Dug) -w(z) — f(z,u, Du)-w(x)
in L1(Q).

Consequently, we have

lim /f x, ug, Duy) - /f x,u, Du) - w(z)de Yw € U V.
k— o0 P
Now, if F — f(z,u,F) is linear, we argue as follows:
f (z,ug, Dug) — flz,u, N)dog(N) = o(x, u, .)0/ Advg (M)
an)(n M’VT'LX’VI
= o(x,u, Du)

where we have used Du(z) = (v, id) and the equii-ntegrability of f (x,ug, Duy).
Finally, since U2, Vj, is dense in W L, (;R™), the Dirichlet problem (1.1) admit a weak solution
u€ WiL,(Q;R™).
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