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Degree of Convergence of Functions Using Hausdorff-Matrix Operator

H. K. Nigam

ABSTRACT: In this paper, we review the works of the authors ([10], [23]) etc. and establish two theorems on

degree of convergence of a function g and conjugate of a function § in generalized Zygmund (Z,(})7 r > 1) space
using Hausdorff-Matrix (AT') operator of its Fourier series and conjugate Fourier series respectively based on
the findings of the review. Our results generalize several earlier results. Some important corollaries are also
deduced from our main theorems.
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1. Introduction

Degree of approximation of a function g and conjugate function g in different function spaces has been

of great interest among the researchers in recent past. Recently, Nigam and Sharma [18], Singh and Sri-
vastava [21], Albayrak et. al. [1], Lal [8] and Singh and Singh [24] have studied degree of approximation
of a function ¢ in Lipschitz and weighted Lipschitz classes. In last few years, the studies on the degree of
approximation of conjugate of a function g in the different Lipschitz and weighted Lipschitz classes have
been made by Rhoades [20] Singh and Srivastava [22]|, Kranz et al. [7], Nigam [14,15] and Nigam and
Sharma [16,17].
The investigators like ([10], [23]) etc. have obtained the results on the degree of approximation of a
function g in generalized Zygmund space. In each of the papers ([10], [23]) etc., the second theorem
has been proved by considering l>;\12((ll)) as non-increasing function ¢ in addition to the condition i‘;gg is
non-decreasing, which is considered in their first theorems.

But, since the modulus of continuity \; is subadditive function, whence AlT(l) is non-increasing function

of [, the second theorem in each of the earlier work follows from the first theorem without any additional
condition. Thus, the second theorem in each of the earlier work is superfluous. Moreover, since A; and
Ao are moduli of continuity of second order, then second theorem in each of the earlier work should have
been a corollary.

Furthermore, we observe that the degree of approximation of functions of Fourier series and conjugate
Fourier series only give the degree of polynomial with respect to the functions but the degree of con-
vergence of functions of Fourier series and conjugate Fourier series give convergence of polynomial with
respect to the functions.
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Therefore, in this paper, we resolve this issue by dropping second theorem for the condition li\g((ll)) as non-

increasing and obtain the degree of convergence of a function g and conjugate function ¢ in generalized

Zygmund class ZTO‘), r > 1 using AT means of its Fourier series and conjugate Fourier series respectively.
The results obtained in the paper generalizes the results of ([1], [8], [12]-[15], [18] and [21]).
We denote the d** partial sum of Fourier series as

1 [7 sin(d + )1
/0 ap ()22t 3)t

T sin(L)

sa(g;w) — g(x) dl.

The d** partial sum of conjugate Fourier series is given by
1 " cos(d + 3)!
sa(g;x) — gz) = — () ——2dl,
@0 9 = 5 [ 807

where g is the conjugate function of g and is given by

g:—%/o B, (1) cot <é> dt.

Note 1. The conjugate Fourier series is not necessarily a Fourier series for example: The series

S, Silr;(g”s) conjugate to the Fourier series y .-, C?zénf) is not a Fourier series ([27], p. 186).

Hausdorff [5] proved the following theorem:
Theorem 1.1. Given the sequence (jy)% 1, defines
LAy ‘
APpg = Z ( i ) (=1)"Bays-
i=0
Then the matriz with elements,

Amd = d

( m )A’”dud ford<m
0

ford>m

is reqular if and only if u, is the moment sequence

pa= [ atix() (1.2)

where, X, known as mass function, is a real, bounded variation function defined on the interval [0,1]
satisfying the conditions

X(04+) = x(0) =0 and x(1) =1 (1.3)
A sequence p,, thatl salisfies the condition (1.3) is known as a moment sequence, while a sequence that

satisfies both the conditions (1.3) and (1.4), is known as a Hausdor[f moment sequence. The matriz in
(1.2) that satisfies both (1.3) and (1.4) is known as a Hausdorff (\) matriz (method)

The Hausdorff means of the Fourier series are defined by
Am(g; x) :Z)\mdsd(g;x),mz0,1,2,3,... (1.4)
d=0

The Fourier series is said to be summable to s by Hausdorff (A)method if
Am(g;x) — s as m — 0.

An infinite matrix T = [epg];m,d = 0,1, ..... is called a regular matrix (method) if it transforms any
convergent sequence into convergent sequence with the same limit.
Toeplitz [26] presented the following equivalent conditions for regularity:
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Theorem 1.2. The matriz T = [cma] is regular if and only if
(1) Yd > 0limy,— 00 Cma = 05

(44) limm—so0 Yo Cmd = 1;

(¢ii) IM > O0Vm > 0,357 lemal < M.

The matrix (T') method of the Fourier series is given by
:Zcmdsd(g;x),m:O,1,2,3,... (1.5)

Fourier series is said to be summable to s by 7" method if T}, (g; ) — s as m — oo.
By superimposing Hausdorff (A) method on Matrix (T') method, Hausdorff-Matrix (AT") method is ob-

tained, which is defined as
gz Z Ad.k Z Chwsu(g; @
v=

If M)T(g;x) — s as d — oo, then the Fourier series is said to be summable to s by Hausdorff-Matrix
(AT) method.
Similarly, we can define

d k
PT@r) = Xk > crosu(Fix
k=0 v=0

If M)T(g;2) — s as d — oo, then the conjugate Fourier series is said to be summable to s by Hausdorff-
Matrix (AT) method.

Remark 1.3. It is worthwhile to mention here that Hausdorff matrices represent a wider class of summa-
bility matrices. Cesaro (C,1) and the Euler matriz (E,q);q > 0 are Hausdorff matrices and their products
are also Hausdorff matrices. Moreover, Hausdorff-Matriz (ANT) product means, which is considered in
the present paper, is more powerful than the individual operators such as Hausdorff (N) and Matriz (T')
means.

Remark 1.4. Particular cases of Hausdorff-Matriz (NT') method:
Hausdorﬁ—Matrz’x (AT) means reduces to

) or NH means if ¢ma = 7= d+1 log(m + 1).

(i) A (H,
1
(1) A (C Dor AC' means if cma = 777 -
117 N, pm) or NN, means if ¢pqg = B—d wphere P, = pq = 0.
P, 0
(iv) A (N p,q) or A Np 4 means if ¢pmg = p”}%—dqd where Ry, = Y 0 o PmGm—d-

(v) A (N pm) or A N, means if ca = 11;:1.

m
(vi) A(E,q)or ANEy means if ¢yq = (1_1q)m < n )qm_d.

(vii) Cesaro-Matriz((C,m)T) or C,, T means if the mass function x(z) = m [, (1 — )™ dl.
(viii) Holder-Matma:((H, m)T) or Hy,,T means if the mass function x(z) = [

(log 1) 1.

(iz) Buler-Matriz((E, q)T) or E{T means if the mass function x(z) = {

whereb— ,q>0

Remark 1.5. In view of Remark 1.4(vii) to 1.4(ix), Hausdorff-Matriz (NT') means also reduces to
(1) CmN_p.(u) CouNp.q- (ii1) CryNp.(iv) HyyNy.(v) HpNp o (vi) HpyNy.(vii) EgN,. (viii) EyNp.,.
(tx) EgNy. means for m,q > 0.

Remark 1.6. Our Theorems 2.1 and 2.2 also hold for all the cases mentioned in Remarks 1.2 and 1.3
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Remark 1.7. Since Cesdro and Euler means and their product are again Hausdorff means ([19]), our
Theorems 2.1 and 2.2 also hold for Cp, E, and E,C,, means for m,q > 0.

The space of all functions (27-periodic and integrable) be
2T
L"[0,27] = {g : [0, 27] — R;/ | g(z) ["dx < oo} s> 1.
0
We define || - || by

1
L o) 17 da} 1< < oo
loll, =

ess sup |g(z)|,r = oo.
0<z<2m

As defined in Zygmund [28], A; : [0,27] — R be an arbitrary function with A; (1) > 0 for 0 < < 27 and
—

We also define

ZT(,Al) =<{g€eL"0,2n]:r > 1,sup g€+ 0 +9(— 1) = 26()ll- < 00
10 A1)

and

lg(-+0 +9g( =1 —29()llr
A1 (1) ’

‘S)\l).

gl =gl +sup P>
1£0

Hence, the space ZT()“) is a Banach space under the norm |||

The completeness of the space of L",r > 1 implies the completeness of the space Zf()‘l).

Remark 1.8. Throughout the paper A1(l) and \y(1) denote moduli of continuity of order two ([28]) such
that i;g; be positive and non-decreasing in 1, then

A1(2m)
(A2) < 1. 2L (A1) )
o < mae (1,387 ) g1 < oc

We also observe that
zM) c zPD) Lt r > 1.

Remark 1.9. In addition to the conditions of moduli of continuity of order two, further condition is
defined as

Ai(nl) <n?A(l) for 1>0andn € N,
which follows from the condition that for non-negative functions
(D)
2

Thus, in view of Remark 1.7, [6] and [27], in this paper, we drop the second theorem established in the
papers ([10], [23]) etc.

is non-increasing on (0, +00) ([3]).

Remark 1.10. (3) If we take r — oo in ZT()“) then ZT()“) reduces to Z),

(ii) If we take My (1) = 1% in ZPOY) then ZY) reduces to Z,.

(iii) If we take A1 (1) = 1% in Z™M then ZM reduces to Zay.

(tv) If we take r — oo in Zy,» then Z, , reduces to Z,.

(v) Let 0 < 63 < 61 < 1, if A\i(1) = 1% and \o(1) = 1°2 then i;gg is increasing, while lA)\lg((ll)) is decreasing.
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Degree of Convergence:
The degree of convergence of a summation method to a given function g is a measure that how fast I

converges to g and is given by
1
lo = tall = 0( ) (11,

where k, — o0 as a — 0.
We use the following notations:

b)) = gz +1) + g(x = 1) — 29();

Vi) = g(z +1) — g(z = 1);

A i Vs, sG]
Dy(l) = 27T/O {2( ) (1—u) }{;0 i (i2) } dry(u);
<1 (< Y - . cos (k+ 1) 1] 0):
Dut) = 5- [ {2_%( Jua-u }{;0 W) } )

1 1
T (Integral part of 7) = [7} .

2. Main Results

Theorem 2.1. Error estimation of a function g (2r-periodic) in generalized Zygmund class ZT()“), r>1,
by AT means of its Fourier series is given by

' N o) A [logme(d+1) [T Ai(l)
AZLJ; M4 (z) — g(@)]|**) = O [m/ lAg(l)dll

Ai(l)

where A1(1) and Aa(l) P ()

Theorem 2.2. Error estimation of conjugate of a function g (2w-periodic) in generalized Zygmund class

Zr()\l),T > 1, by AT means of its conjugate Fourier series is given by

. ~ ~ logm(d+1)% [T \(l)
inf |M47T (z) — g(z)| P =0 7/ |,
) =30 e D) Lo o)

M " .
A;El; is positive and non-decreasing.

where A1 (1) and Aa(1)

3. Lemmas

Lemma 3.1. Forl € (0, d%rl) | Da(l)] = O(d + 1)

Proof. Forl € (oﬁ) ,sindl < dl, sin(i/2) > /7 and sup |y (u)| =N

0<u<1
1 d Y sin 1
Dat) =5 | [ HZ( ¢ ) —u)d”} {;k%ﬂ () (3.1)
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First, we solve the following

v
§ Co k™ 777av

k=0

sm k—i—
sin l/2

Using (3.2) in (3.1), we have

|Da(l)

d
where h(u) = >
v=0

Now, solving

27r

H. K. Nigam
sm k—i— )l
Z sin l/2)
z”: l
=0

{ch,k(2k + 1)}
0

:g {Z Cuk + 2Zk Cv,k}
k=0 k=0

:g {1+2(cp1+2ch2+coi1+...vcu)}

Sg {1+ 2(ve,q +veyo+veys+...ve, )}

Sg {1+2v(cvy+evo+cos+ ..o}

Sg {1+ 2v(cho+cvi+evo+...con) —2ve, o}

=0(v +1)

3Ip>
=i7r / h(u)dy ()

( ! )u”(l—u)d_”(u+1).

_f {142v(1—c,0}

(1 +2v)

l\.')

(3.2)

< ) u’ (1 — )" (v + 1)dy(u)

(3.3)

u

)

1—u

/

1—u
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Now, solving

‘We know that

e =|(§ )+ (5 )pt (g

Differentiating (3.6) with respect to p on both sides,

d(1+p)*~t = K Cll ) +....+d( Z >pd1]

Using (3.7) in (3.5), we get

Using (3.8) in (3.4), we get
h(u) =(1 —u)? [pd(1 + p)*~ + (1 + p)?]

- (25) (29 ()]

=ud+1

1Da(1))] :% H/Ol(um 1)duH

=0(d +1)

From (3.3) and (3.9), we get

Lemma 3.2. Forl e [#,W} ,|Da()] =0 (7)

Proof. For | € [ﬁ,w] ,sin(1/2) > /7 [28] and sup |y (u)| =N

0<u<1
1 1
Dy(D)] < —
Dl < 5= [ [

First, we solve

sin (k + %) l
D vk sin(1/2)

k=0

S (0)wa-ur d(w)

v=0

IN

Y in(k+ 1)1
Zcu,k in(l 2)
Pt sin(l/

1%
? > cvr Im ei(kt3)!
k=0

174
§E ch,,k Im ei*!| |¢is
l k=0
T—1 v
§E ZCV!’“ Im ™| + il Z cyk Im ekl
! k=0 ! k=1

(3.7)

(3.11)

(3.12)
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Now, considering the first term of (3.12), we get

- T—1
T E Cy i Im etk
k=0

m ikl
=7 ||

T—1
§ Cu.k
k=0

T—1
m
<7D vk (3.13)
k=0
Now, considering the second term of (3.12) and using Abel’s lemma, we get
TI% | TN iml
z <
; Z ek Ime =7 Cu ki ogln?}g(k ‘e ‘
k=1 k=1
T v
I3 e (3.14)
k=T
Combining (3.12), (3.13) and (3.14), we get
- sin (k+ )1 e T —
T . /174N <_ 1 1
k;c”’k sin((/2) |~ 1 kzzoc 7 k;c a

—0 G) (3.15)

o {/Olé ( ! ) W (1 - u)d—vczuH
=0 [% {/Ol(u—I—l—u)dduH
—0 G

Lemma 3.3. Forl e (0, d%rl) ,|Da()] =0 (7)

From (3.11) and (3.15), we get

|Da(l)] =0

o~

N—

Proof. Forl € (0, ), sin(1/2) > 1/, |cosdl| <1 and sup ’y,u =N
d+1

0<u<1

1 /b d cos(k—i—l)l
Dy <— 2
a0l <5- | [

k=0

Ed: < I ) W (1= w)t

w(1- u>d—”dv<u>}‘

] dry(u)

/Olj(u)du} , (3.16)
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d

where j(u) = Y < IC/Z ) u? (1 —u)d=v.
v=0

Now, considering

ooz (D))
=(1— ) Ed:( ‘Vi ) p"‘| ,where p = lfu

From (3.16) and (3.17), we get

Lemma 3.4. Forl e [#,W} |Da(l)] =0 (1)

Proof. For | € [ﬁ,w] ,sin(1/2) > /7 and sup |y (u)| =N

0<u<l
- 1 !
Dy(l)] < —
| d<>|2ﬂ/0[

d v 1
k+35)1
§ < d ) UV(]. o u)dfu COS( 2)
v
First, we solve

D vk sin(1/2)

k=0

] dy(u)

v=0

Y cos(k—i—%)l

Y cos (k + %) l
kT (1/2)

2 e sin(1/2)

k=0

IN

k=0

1%
> ek Re e/ (ht3)!
k=0

IA
~13

-1
e'z

IA
~13

17
E cv.i Re ekl
k=0

T—1
E cvk Re ettt
k=0

Now, considering the first term of (3.19), we get

7—1
E cu i Re ekt
k=0

IA
~I3

LT
l

174
E ¢k Re ettt
k=T

m s i1
7 ST ‘elkl‘

T—1
E Cuk
k=0
T—1
§ Cu.k
k=0

s
<
1

(3.17)

(3.18)

(3.19)

(3.20)
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Now, considering the second term of (3.19) and using Abel’s lemma, we get

ikl

v
’]T .
<- E Cyl MAxX |e””l‘
l 0<m<k
=7

T v
<5 kz;cy,k (3.21)

Combining (3.19), (3.20) and (3.21), we get

Y cos(k—i—%)l

kZ:OCV,kW STkZ:O Cuk+ — Zcuk
=0 (%) (3.22)

From (3.18) and (3.22), we get

[Da(D)] =0

a {/Olé ( ! ) (1 - u)d—"duH

Further solving along the same lines of Lemma 3.3, we get

Da) =0 7)

Lemma 3.5. (i) Let g € ZT(AI), then for 0 <1 <,
1 6m 0+ 6 o0) — 200,0) o= O (=28,

where A\ (1) and \y(1) are moduli of continuity of order two.

(i) Let g € Z™) | then for 0 <1< m,
160500 — b0 =0 (a2 28),

where A\ (1) and \y(1) are moduli of continuity of order two.

Proof. This Lemma can be proved along the same lines of the proof of Lemma 3 of ([9], p.93). O

4. Proof of the Main Results
4.1. Proof of Theorem 2.1

The integral representation of s4(g; x) is given by [25] in the following form:

sm d—|— 31
sa(g; ) 27r/ ¢y (1) ———dl.

sm 2
Denoting AT transform of s4(g; x) by M"T| we get

Mp" () - g(x)

Vs | -ORES

=A 6D Dall) = pall) (say). (4.1)
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Let

pula) = M3 (@) = g(a) = [ 00O
Then,
puli )+ pulir = 2) = 204(0) = [ {0000 = 00 = 2600} Dut
Using generalized Minkowski’s inequality ([2]), we can write
| pa(- +2) + pal- — 2) = 2p4() |-
<[ T by 0) — Gny0) — 26051 ] Dull) |
4 [ Wo0is® = o) = 2000) I Da)
Y

Using Lemmas 3.1 and 3.5(i),

L =0 /Od_“ m(pnié% (d+1)dl

=0 |(d+ 1)A2(|Z|)/0 Ao (1)

el

—0 _AQ(IZI)M (#1)

>

=0 |(d+ 1)Xs(2])

Using Lemmas 3.2 and 3.5(i),

Combining (4.2) to (4.4), we have

>

Ma(l2]) = (1) +o

| pal-+2) + pal = ) = 204() =0

™ ()1

H
o

| pa(-+2) +pa(- —2) = 2p4() |I»
sup A () =0
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Again, using Lemmas 3.1 and 3.2; and || ¢((1) [[r= O (A1(l)), we have

I pal) Il [/_ / | 60y Ile] Dall) | di
—0 (d+1)/OT)\1() +0 /w All(”dzl
o (7)) o | [ 20l (15)

‘We know that

[ Pal +2) + pa( — 2) = 2p4() |l
)\2(2’)

I pa() 102=] pa(-) llr +sup
27#0

Combining (4.5) to (4.7), we get

| pa() [92)=0 [A(i)

()

In view of monotonicity of A2(l), we have

A () = :\\;8;)‘2(1) < da(m)3 =0 ( 1 ) for 0 < I < m. Hence

> X2() 2 (1
AL d+1 / ll
- (4.8)
)\2 } [ /\gl l

d+1

Ipa() 192)=0

i;gg is positive and non-decreasing, then

o M) o1, M)
/T Mlg(l)dl )y (d;) /_ 7= @logﬂw 1.

ie.

A (e ™

7(‘1?) ~0 [1 (1d+1) / l)/\\l((ll))dl] (4.9)

Ao (d_+1) ogm 74 (A2
From (4.8) and (4.9), we get

[ ™ A (l) W)
N [(A2) — 1
I paC) I © logm(d+1) /#1 l)\g(l)dl O /#1 l)\g(l)dl

ol ™ )
-9 _<logw<d+ 0t 1) /;1 zw)d’]
~Jlogre(d+1) 7 M)
_O_logw(d—i-l)/

This completes the proof of the theorem 2.1.
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4.2. Proof of Theorem 2.2

The integral representation of s4(g;x) is given by

g c 1
salg5) ~ge) = 5 [ ) it )

21 sin 5

Denoting AT transform of s4(§; ) by M, we get
My () - g(x)
- d

LB ) (B o]

v=0 k=0

- / "y (1 Da(D).

Let

pulx) = N7 () — (z) = / "y () Dall).
Then,

e +2) =l =) = [ {0 = v} Dutl

Using generalized Minkowski inequality ([2]), we can write

I Pa(-+2) = pal- = 2) [l-< /Ow 1% @42y (1) = Y@y |l Dall)dl

< / T i@ = by @ o] Da®) | di
0

s

[ 0O = b @ 1 Dat) |

d+1

=J1 + Jo.

Jy =0 /OT Mm)i% G) dl]

Using Lemmas 3.3 and 3.5(ii),

Using Lemmas 3.4 and 3.5(ii),

o[ 0]
o [ 201

13

(4.10)

(4.11)

(4.12)

(4.13)
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Combining (4.11) to (4.13), we have

)V
)\: EZ:% log(d + 1)

Again, using Lemmas 3.3 and 3.4; and [| 1y (1) [[,= O (A1(1)), we have

aup L2a+2) — pa = 2) |

=0
240 Az([2])

+0

™ a1

1

a+1 7T
_|_
0 _1_

d+1

I 2a() llr< Iy @) | Da(l) | dl

/j All(l) dl] . (4.15)

‘We know that

[ Pa(+2) = Pal = 2) [Ir-

|24 11 2a() -+ 50p e (4.16)
Combining (4.14) and (4.16), we get
Mz ™ ()1
| 2a) 199 =0 (—jlogm bl +o|[ qa
Az (m) a2
1 ™ ()
+0 [Al (—) log(d + 1)] +0 / dl]
d+1 . l
In view of monotonicity of A2(), we have
(1) = 320 (1) < Aa(m)38 = 0 (34) for 0 < 1 < 7. Hence
A (7 ™ ()1
| 5a(*) H$/\2):O <71)10g(d+ nl+0 /1 Alglifdl . (4.17)
A2 (d_H) w2

Since A1 and Ag are moduli of continuity of order two such that i‘;gg is positive and non-decreasing, then

[ ) /. P o))

e T (#) L (#) log (d + 1).

i.e.

(2 "
A;Ez;% =0 [logw (1d+ ) /; ZAAQ((ZZ)) dl] . (4.18)

d+1
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From (4.17) and (4.18), we get

1 2a() 1) =0 +0

log(d+1) [™ M(D)
_logw(d +1) /;1 IA2(1) «

[/ 1ogd+ 1) ™ ()
w0 -0 | () [, zdl]

~ogmd+ 12 7M@)
=0 _logw(d—i—l) /; I (1) l] '

a+1

This completes the proof of the Theorem 2.2.

5. Corollaries

Corollary 5.1. Error estimates of the function g (2m-periodic) in the class Zq r,7 > 1, using NT means
of Fourier Series is given by

O {ferdi(@+ 1%} 0< 6, < by < 1
. ogm(d+1 ? —

inf |M}7 () — g(x)| ) = et

M3

log me(d+1)
0 7(#510;#(“1)} Gy =0,6, =1.

Proof. Putting A1 (1) = 1% and \o(l) = 1°2 in Theorems 2.1, the result follows. O

Corollary 5.2. If ., = log(m + 1) in Theorem 2.1, then error estimates of the function g (2m-

m— n+1
periodic) in generalized Zygmund class Zf(, 1),7' > 1, using A (H, m—+1) or N H means of Fourier Series

' N Ga) logme(d+1) [T M (I)
]VZIZALfHHMd () —g(@)[;"* =0 [1Ogﬁ(d+1) /d 1 ZAQ(Z)dl

is given by

where A\ (1) and \2(1) are moduli of continuity of order two such that ) is positive and non-decreasing.

Remark 5.3. Other corollaries for obtaining error estimates of the function g in the classes ZTO‘I), r>1,
and Z », v > 1, can be deduced for the particular cases of NT' defined in Remark 1.2 ((it) to (iz)), Remark
1.3 ((i) to (iz)) and Remark 1.5.

Corollary 5.4. Error estimates of the function § (2m-periodic) in the class Zq r,v > 1, using NT means
of conjugate Fourier Series is given by

O {lognldt L (j 4 )=l <5y <5, <1
. ~ ogm(d+1 ’ —
inf |M{7 (z) — §(x)| ) = grldr) }

~ T log w(d+1)
Mg O{ @it | 02 = 0.0 = 1
Proof. Putting A1 (1) = 1% and \o(l) = 1°2 in Theorems 2.2, the result follows. O

Corollary 5.5. If ap, = log(m + 1) in Theorem 2.2, then error estimates of the function g

m— n+1
(2m-periodic) in generalized Zygmund class Zf(, 1),r > 1, using A (H, #ﬂ) or N H means of conjugate
Fourier Series is given by

. ~ } logm(d+1)2 [T A(l)
NAH () — (A2) — 7/
g @) =310 = 0\ LS | i

A

where A1 (1) and \a(1) S s positive and non-decreasing.
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Remark 5.6. Other corollaries for obtaining error estimates of the function § in the classes ZT(M), r>1,
and Zo,r,v > 1, can be deduced for the particular cases of NT' defined in Remark 1.2 ((ii) to (iz)), Remark
1.3 ((i) to (iz)) and Remark 1.5.

Remark 5.7. (i) In our Theorems 2.1 and 2.2, if r — o0 in ZM) class then Z) class reduces to
ZM) class. Also putting Ay (1) = 1% and Xo(1) = 1P in our Theorem 2.1, ZX) class reduces to Z,
class then by putting B =0 in Z, class, Z,, class reduces to Lip a class.

6. Particular Cases

(i) Using Remark 5.3(1) and ¢, = ﬁ then in view of Remark 1.2 (case (ix)) for ¢ = 1, Theorem
1 of [12] becomes a particular case of our main Theorem 2.1.

(ii) Using Remark 5.3(i) and ¢y,,q = (m—}H) then in view of Remark 1.3 (case (viii)) for ¢ = 1, the result

of [18] becomes a particular case of our main Theorem 2.1.

(ili) ) Using Remark 5.3(i) and in view of Remark 1.2 (case (viii)) for m = 1, the result of [13] becomes
a particular case of our main Theorem 2.1.

(iv) Using Remark 5.3(i) and in view of Remark 1.2 (case (vii)) for m = 1, Theorem 1 of [21] becomes
a particular case of our main Theorem 2.1.

(v) Using Remark 5.3(i) and ¢y,q = (q+—ll)mq(m’d) then in view of Remark 1.2 (case (vii)) for m = 2,
the result of [1] becomes a particular case of our main Theorem 2.1.

(vi) Using Remark 5.3(i) and ¢pq = pm—da/Pm , where P, = 31" pp, then in view of Remark 1.2
(case (vii)) for m = 1, Theorem 1 of [8] becomes a particular case of our main Theorem 2.1.

(vii) ) Using Remark 5.3(i) and in view of Remark 1.2 (case (viii)) for m = 1, the result of [14] becomes
a particular case of our main Theorem 2.2.

(viii) ) Using Remark 5.3(i) and in view of Remark 1.2 (case (viii)) for m = 1 and ¢ = 1, the result of
[15] becomes a particular case of our main Theorem 2.2.
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