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Common fixed-point for a pair of Hardy-Rogers F-contractions in Quasi partial b-Metric
space Style
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ABSTRACT: This paper aims to prove common fixed point theorems for a pair of Hardy-Rogers F-contractions
in the setting of quasi-partial b- metric space. The main theorem generalizes the results due to Wardowski
and many others in the literature. We also provide an illustrative example and an application to boundary
value problem to validate the results.
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1. Introduction and preliminaries

In 1922, Banach [20] introduced a significant and an outstanding principle called the Banach contrac-
tion principle that ensures existence and uniqueness of fixed point for a contractive self map in metric
space.

Theorem 1.1 [20] Let (M,d) be a complete metric space and let f : M — M be a contraction, that is,
there exists a number k € [0,1) such that for all u,v € M,

d(fu, fv) < kd(u,v).
Then f has a unique fized point w in M.

Since then, there has been a significant development in metric fixed point theory. In 1968, Browder
[6] gave a brief and transparent proof of the generalization of the classical Picard-Banach contraction
principle in its quantitative form through the following theorem:

Theorem 1.2 [6] Let M be a complete metric space, D a bounded subset of M , f a mapping of D into
D. Suppose that there exists a monotone non decreasing function (t) for t > 0, with 1 continuous on
the right, such that ¥ (t) <t for all t > 0, while for all u and v in A,

d(fu, fv) < ¢(d(u,v))

(where d is the distance function on M ). Then, for each ug € A, {f™uo} converges to an element & of
M, independent of ug, and

d(f"uo,§) < d(u,v)
where dy is the diameter of M, @™ is the n'" iterate of 1, and

dp, = Y (do) = 0, (n — +00).
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In 1997, Suzuki [30] introduced the notion of w-distance as follows:
Definition 1.1 [30] Let (M, d) be a metric space, then a functionp : M x M — [0, 00) is called w-distance
on M if the following are satisfied:
(1) p(u, w) < p(u,v) + p(u,w) for all u,v,w € M,
(2) For anyu € M, p: M — [0,00), is lower semi-continuous,
(8) For any € > 0, there exists 6 > 0 such that p(w,u) < § and p(w,v) < imply p(u,v) <.
Recently, Gautam et al. [19] investigated on some w-interpolative contractions of Suzuki-type map-
pings in Quasi-Partial b-metric space.

In 1969, Nadler [21] introduced the study of fixed points for multivalued mappings on complete metric
spaces by combining the ideas of multi valued mappings and contraction:

Theorem 1.3 [21] Let (M,d) be a complete metric space and let f : M — CB(M) be a multi valued
mapping satisfying
G(fu, fv) < k(d(u,v)),

for all u,v € M, where k € (0,1) and CB(M) denotes the collection of non-empty closed and bounded
subsets of M. Then f has a fized point v € M such that v = fv.

Recently, Wardowski [3] introduced the concept of F-contraction which is defined as follows:

Definition 1.2 [3] Let (M,d) be a metric space. A mapping f : M — M is called an F-contraction
if there exist T > 0 and F € F such that 7 + F(d(fu, fv)) < F(d(u,v)) holds for any u,v € M with
d(fu, fv) >0, where F is the set of all functions F: RT — R satisfying the following conditions:

(F1) F is strictly increasing: u < v = F(u) < F(v),

(Fz) For each sequence {ay }nen in RY, lim, o Flay) = —oo,

(F3) There exists k € (0,1) such that lim, o o*F(a) = 0.

Here, we denote by F the set of all functions satisfying the conditions (F;) and (Fz).

Example 1.1 [5] It is obvious that the functions, Fi(a) = lna, Fy(a) = —1, a > 0, F3(a) = —*
belong to F.

e—a_ea

Example 1.2 [3] Let Fy : (0,00) — R be given by Fy (1) = Inu. It is clear that Fy € F. Then each self
mapping f on metric space (M,d) satisfy Definition 1.2 is an F}-contraction such that

d(fu, fv) < e "d(u,v),
for allu,v € M, fu# fu .

Example 1.3 (Wardowski 2012) The following F' : (0,+00) are the elements of F

(1) Fa=a,

(2) Fp=lnp+p,
__ 1

(3) Fﬂ*_ﬁy

(4) Fp=In(u® + p).

Lemma 1.1 [16] It is well known that if F' € F, then for each sequence {a,} C (0,00), ap, — 0 if and
only if F(ay,) — —oo.

Remark 1.1 (/3]) Let f be an F-contraction. Then
d(fu, fv) < d(u,v)

for all u,v € M such that fu # fu. Also, f is a continuous map.
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In 2014, Wardowski and Dung [5] investigated existence and uniqueness of fixed point for F-contractions
as follows:

Theorem 1.4 [5] Let (M,d) be a complete metric space and let f : M — M be an F-contraction for
F € F. Then f has a unique fixed point u* in M and for each u € M, the sequence {f"u} converges to
u*. It is obvious that if F(a) = Ina, then from Theorem 1.1, we have

d(fu, fv) < e "d(u,v),
for all u,v € M.

Definition 1.3 [2] Let (M,d) be a metric space and « : M x M — (0,400) U {—00} be a symmetric
function. The mapping f: M — M is said to be an p-type F-Suzuki contraction if there exist F € D and
T > 0 such that for all u,v € M with fu # fov

d(u, fu) < d(u,v) = 7+ a(u,v)F(d(fu, fu)) < F(d(u,v)).

Remark 1.2 [2] Every u-type F-Suzuki contraction is an F-Suzuki contraction with u(u,v) = 1, for all
u,v € M. But the converse is not necessarily true. For example, see (Budhia et al. 2016, Example 3.2).

In 2016, Chang et al. [22] introduced the notion of a generalized F-contraction as follows;

Definition 1.4 [22] Let (M,d) be a complete metric space.

(1) A mapping f : M — M is said to be a generalized F-contraction of type (1), if there exists T > 0 such
that for all u,v € M,
d(fu, fv) > 0= 74+ F(d(fu, fv)) < F(D(u,v)),
where F' € F and
D(u,v) = maz{d(u,v),d(u, fu),d(v, fv),d(u, fv),d(v, fu)}.

(2) A mapping [ : M — M is said to be a generalized F-contraction of type (II), if there exists T > 0
such that for all u,v € M,

d(fu, fv) > 0= 7+ F(d(fu, fv)) < F(E(u,v)),
where F € F and E(u,v) = maz{d(u,v),d(u, fu),d(v, fv), $d(u, fv),d(v, fu)}.

In 2015, Kumam et al. [18] generalized the contraction condition by adding four new values d(f?u,u),
d(f?u, fu), d(f*u,v), d(f?u, fv) and introduced F-Suzuki contraction mappings in complete metric space
while Luambano et al. [11] established a fixed point theorem for F-contraction mappings in partial metric
spaces. The Suzuki-type generalization may have many applications, as in computer science, game theory,
bio sciences, and in other areas of mathematical sciences such as in dynamic programming, integral
equations, and data dependence. Wangwe and Kumar [12] proved fixed point results for interpolative
1-Hardy-Rogers type contraction mappings in quasi-partial b-metric spaces.

Definition 1.5 [}]. Let (M,d), be a metric space, F : (0,00) = R and ¢ : (0,00) — (0,00) satisfy the
following;

(1) F is strictly increasing, i.e u < v implies F(u) < F(v) for all u,v € (0,00),

(2) limaos o Fla) = —oo,

(3) lim, .+ info(p) >0 for all s > 0.

A mapping f: M — M is called an (¢, F')-contraction on (M, d) if

¢(d(u,v)) + F(d(fu, fv)) < F(d(u,v)),

for all u,v € M for which fu # fv.
In 2014, Piri and Kumam, [9] introduced the notion of F-Suzuki contraction as follows:
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Definition 1.6 [9] Let (M,d) be a complete metric space. A mapping f : M — M is said to be an
F-Suzuki contraction, if there exists T > 0 such that for all u,v € M with fu # fov,

S, fu) < dw,v) = 7+ F(d(fu, fv)) < F(d(u,v),

where F' € F.

The following theorem, which is a modified version of the Suzuki F-contraction in the Definition 1.6, was
also proven by Piri and Kumam [9].

Theorem 1.5 [9] Let (M, d) be a complete metric space and let f : M — M be an F-Suzuki contraction.
Then f has a unique fized point u* € M and for each u € M, the sequence {f™u} converges to u*.

Wardowski [3] introduced Hardy-Rogers-type F-contraction as follows:

Definition 1.7 [3] Let (M,d) be a metric space. A self-mapping f on M is called an F-contraction of
Hardy-Rogers-type if there exist ' € F and 7 € RY such that

T+ F(d(fu, fv)) < F(ad(u,v) + Bd(u, fu) +vd(v, fv) + dd(u, fv) + Ld(v, fu)),
for all u,v € M with d(fu, fv) >0, wherea++~v+2=1,v#1 and L > 0.

Wardowski [3] introduced Hardy-Rogers-type F-contraction that is restricted to some conditions as fol-
lows:

Definition 1.8 [3] Let (M,d) be a metric space and f : M — M an F-contraction of Hardy-Rogers
type. Assume that f satisfies with ==L =0 and F : RT™ — R given by F(u) = Inu. It is clear that
F satisfies (F1), (Fy). From

T+ F(d(fu, fv))) < F(d(u, v))

for allu,v € M, fu# fv, we obtain
d(fu, fv) < e d(u,v)
for allu,v e M | fu# fo.

The following theorem gives a condition for existence and uniqueness of fixed point for Hardy-Rogers
F-contraction in a complete metric space as follows:

Theorem 1.6 [1/] Let (M,d) be a complete metric space, and let f be a self-mapping on M. Assume
that there exist a continuous function F € F and 7 € S such that f is an F-contraction of Hardy-Rogers
type, that is, Definition 1.7 holds for all u,v € M with fu # fv. Then f has a unique fized point.

Corollary 1.1 [14] Let (M,d) be a complete metric space, and let T be a self-mapping on M. Assume
that there exist an upper semi continuous F' € F and 7 € S such that

T+ F(d(fu, fo)) < F(Bd(u, fu) +vd(v, fv)).

Also, a version of the Chatterjea [24] fixed point is obtained from the Theorem 1.6 by putting o = =
y=0and §=L=3.

Wangwe and Kumar [13] studied the common fixed point for generalized F-Kannan contraction in
metric space as follows:

Definition 1.9 [13] Let F be a mapping satisfying (F'1) — (F3). A pair of two self-mappings f,g: M —
M s said to be an F-Kannan -mapping if the following holds:
(FK1)fgu# fgy = fgu # u orfgv # v,

(FK2) There exists v > 0 such that v+ F(d(fgu, fgv)) < F[d(fu’fg“);rd(f”’fgv)],
Yu,v € M, with fgu # fgv.
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The following example illustrates how to choose an appropriate mapping F which allows us to obtain
specific classes of contractions that are well-known in the literature.

Example 1.4 [3] Let F : Rt — R be given by F(u) = lnu. It is clear that F satisfies (F1) — (F2) and
(F3) for any k € (0,1). Each mapping T : M — M satisfying Definition (1.7) is an F-contraction such
that

d(fu, fv) < e "d(u,v),

for all u,v € M, fu # fv. It is clear that for u,v € M such that fu = fv the previous inequality also
holds and hence f is a contraction.

Proposition 1.1 [1/] Let (M,d) be a complete metric space and let f be a self-mapping on M. Assume
that there exist F' € F and T € S such that

rd(u, fu) + Fd(fu, fu?) < F((a 4 B)d(u, fu) + vd( fu, f2u) + éd(u, f>u))

for all u € M with fu # f?u , where a, 3,7,8 € [0,+00),a+ B +~v+25 =1 and v # 1. Then the
sequence {d( " Lug, fMug)} is decreasing and d( " tug, fug) — 0 as n — +oo for all ug € M.

Arshad [15] introduced the concept of F-contraction of rational-type:

Definition 1.10 [15] Let (M,d) be a metric space and f : M — M be a self mapping. Then f is said
to be generalized I'-contraction of rational-type A if there exists T > 0 such that for all u,v € M

d(fu, fv) > 0= 74+ F(d(fu, fv)) < F(D(u,v)),

where
d(u, fu) +d(v, fu)

(u, fu) +d(v, fo) +1

where F : RT — R is a mapping satisfying the following conditions:

D(u,v) = maz{d(u, v), d(u, fu),d(v, fv), ( ), d(u,v)},

(Fy) F is strictly increasing i.e, Yu,v € RT such that u < v implies F(u) < F(v);
(F3) For each sequence {an, 152, of positive numbers, lim, _, oo i, = 0 if and only if lim, o0 F(un) = —00;
(F5) F is continuous on (0, 00).

We denote by F, the set of all functions satisfying the conditions (Fy) — (F3).

The concept of an F-contraction has been generalized by Several authors, e.g. [5,7,28].

A revolutionary idea centered on searching for ways to prove existing theorems in spaces that are
generalized from the normal metric space emerged along with the research of contraction mappings.

The idea of b-metric space was first suggested by Bakhtin in 1989. This idea generalized the axiom of
triangle inequality by adding a variable s > 1 to the definition of metric space. Kumar [26] studied on

coincidence points for a pair of ordered F-contraction mappings in ordered partial metric spaces as well
as [27] in metric space.

Definition 1.11 [10] A b-metric space on a nonempty set M is a function d : M x M — [0,00), such
that for all u,v,w € M and for some real number s > 1, it satisfies the following;

(i) If d(u,v) =0, then u = v,

(i) d(u,v) = d(v,u),

(iii)  d(u,v) < s[d(u,w) + d(w,v)], then a pair (M,d) is called b-metric space.

Example 1.5 [31] Let M ={0,1,2} and d: M x M — R, defined by

d(0,0) = d(1,1) = d(2,2) = 0,
d(1,0) = d(0,1) =
d(0,2) = d(2,0) =
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where, m is given real number such that h > 2. It is easy to check that for all u,v,w € M

d(u,v) < =(d(u,w) + d(w, v)).

| >

Therefore, (M,d) is a b-metric space with a coefficient s = g The ordinary triangle inequality does not
hold if h > 2 and so (M, d) is not a metric space.

Example 1.6 [17] Let (M,d) be a metric space and

p(u,v) = (d(u, )",
where k > 1 is a real number. Then p is a b-metric with s = 2F~1.

Definition 1.12 [10] Let M be a b-metric space and u € M, then

(i) A sequence {u,} is convergent and converges to u in M if, for every e > 0, there exists no € N such
that dp(un,u) <€, for all n > ng is represented as limy, oo Uy, = U OT Uy, —> U AS N —> 0.

(i) A sequence {u,} is Cauchy sequence in M, if for every ¢ > 0, there exists ng € N, such that
dp (Un, ) < €, for all m,m > ng or equivalently, if limy, m— 0o db(Un, U ) = 0.

(iii) A b-metric space M is a complete b-metric space if every Cauchy sequence in (M, dy) is convergent
m M.

It was further asserted that the self distance of a point is no longer required to be zero as stated in the
definition of metric space in the work of Matthews [23].

Definition 1.13 /23] Let M # 0. A partial metric is a function p: M x M — RY satisfying
(Z) p(u,v) :p(vvu)f

(it) If 0<p(u,u)=p(u,v) =p(v,v), then u=v,

(iii) plu,v) — plw,w) < plu,w) + p(w,v) for all u,v,w € M.

Then a pair (M,p) is called partial metric space. It is clear that, If p(u,v) = 0, then u = v however,
if u=wv, then p(u,v) may not be zero.

Example 1.7 [17] Let M = R" and p: M x M — R" given by p(u,v) = max{u,v} for all u,v € RT.
Then (R™,p) is a partial metric space.

Example 1.8 [17] Let M = {[o, 8] : o, 8 € R, < B}. Then p([e, 8], [6,7]) = max{B,6} — min{a,§}
defines a partial metric p on M.

In 2013, Shukla [25] introduced the concept of a partial b-metric space as follows:

Definition 1.14 [32] Let M be a nonempty set and s > 1 be a given real number. A function pb :
M x M — [0,1) is called a partial b-metric if for all u,v,w € M the following conditions are satisfied:

(i) w=wvif and only if pb(u,u) = pb(u,v) = pb(v,v),
(it)  pb(u,u) < pb(u,v),

(iii)  pb(u,v) = pb(v, u),

(iv)  pb(u,v) < s[pb(u, w) + pb(w,v)] — pb(w, w).

The pair (M, pb) is called a partial b-metric space. The number s > 1 is called the coefficient of
(M, pb).

Remark 1.3 [32] Since a partial metric space is a special case of a partial b-metric space, the class of
partial b-metric space (M, pb) is actually bigger than the class of partial metric space since it is a partial
metric space when s = 1. Also, the class of partial b-metric space (M, pb) is effectively larger than the
class of b-metric space, since a b-metric space is a special case of a partial b-metric space (M, pb) when
the self distance p(u,u) = 0.
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The following example shows that a partial b-metric on M need not be a partial metric, nor a b-metric
on M see also [25,32].

Example 1.9 [25] Let M = [0,1). Define a function pb: M x M — [0,1) such that
pb(u,v) = [maz{u,v}]* + |u — v|?

for all u,v € M. Then (M, pb) is a partial b-metric space on M with the coefficient s =2 > 1. But, pb is
not a b-metric nor a partial metric on M.

Proposition 1.2 [25] Let M be a nonempty set, and let p be a partial metric and d be a b-metric with
the coefficient s > 1 on M. Then the function pb: M x M — [0,1) defined by

pb(u,v) = p(u,v) + d(u, v)
for all u,v € M, pb is a partial b-metric on M with the coefficient s.

Proposition 1.3 [32] Let (M, p) be a partial metric space and k > 1. Then (M, pb) is a partial b-metric
space with coefficient s = 25~1 where pb is defined
by

pb(u,v) = [p(u, v)}k.

On the other hand, Mustafa [32] improved the Definition 1.14 in order that each partial b-metric pb
generates a b-metric d as follows:

Definition 1.15 [32] Let M be a nonempty set and s > 1 be a given real number. A function pb :
M x M — [0,1) is called a partial b-metric if for all u,v,w € M the following conditions are satisfied:
(i) w=wvif and only if pb(u,u) = pb(u,v) = pb(v,v),

(i) pb(u,u) < pb(u,v),

(iii)  pb(u,v) = pb(v,w);

(iv)  pb(u,v) < s[pb(u, w) + pb(w,v)] — pb(w, w) + (155)(pb(u7 u) + pb(v,v)).
The pair (M,pb) is called a partial b-metric space. The number s > 1 is called the coefficient of
(M, pb).

Example 1.10 [32] Let M =R is the set of real numbers. Consider the metric space (M,d) where d is
the Euclidean distance metric
d(u,v) = |u— v

for all u,v € M. Define
pb(u,v) = (u—v)* +5

for all u,v € M. Then pb is a partial b-metric on M with s = 2, but it is not a partial metric on M. To
see this,
Letu=1,v =4 and w = 2. Then

pb(1,4) = (1 —4)% + 5 = 14 # pb(1,2) + pb(2,4) — pb(2,2) =6+ 9 — 5 = 10.
Also, pb is not a b-metric since pb(u,u) # 0 for all uw € M.

In 2018 Kunzi et al. [8] dropped symmetry condition in the definition of a partial metric in order to
obtain another type of partial metrics, namely partial quasi-metrics. Partial quasi metric was defined as
follows:

Definition 1.16 [8] A quasi partial metric on a nonempty set M is a function qp : M x M — [0, 00)
such that;-

1. gp(u,u) < gp(u,v) whenever u,v € M,
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2. gp(u,u) < gp(v,u) whenever u,v € M,

3. qp(u,w) + gp(v,v) < (gp(u,v) + gp(v,w)), whenever u,v,w € M,

4. uw=v if and only if gp(u,u) = gp(u,v) = gp(v,v) whenever u,v € M.
A pair (M, qp) is called a quasi partial metric space .

In 2015 Gupta et al. [1] introduced the concept of quasi partial b—metric space as follows:

Definition 1.17 [1] A quasi-partial b-metric on a nonempty set M is a function qpy : M x M — [0, 00)
such that for some real number s > 1, it satisfies the following:

(i) If gpy(u,u) = gpp(u,v) = qpp(v,v) then u = v (indistancy implies equality),
(ii)  qpp(u,u) < gpp(u,v) (small self-distances),

(iii)  qpy(u,u) < gpp(v,u) (small self-distances),

(iv)  qpy(u,v) + qpp(w,w) < slgpy(u, w) + gpp(w,v)] (triangularity).

Then a pair (M, qpy) is called a quasi partial b-metric space.

The purpose of this paper is to introduce the concept of F-contraction of Hardy-Rogers type and study
the existence and uniqueness problems of common fixed points for a pair of self-contraction mappings
in the setting of complete quasi partial b-metric space. As an application, we use our results to study
the existence of solutions for boundary value problems. The results presented in the paper extend and
improve the Banach contraction principle [20], Suzuki contraction theorem [29], and the corresponding
main results in Wardowski [3] and Piri and Kuman [9].

2. Main Results

To establish our first main results, we start by extending Definition 1.7 using quasi partial b-metric
space concept.

Definition 2.1 A pair (f,g) of self commuting maps on complete quasi partial b-metric space M are
called F-contractions of Hardy-Rogers type if there exists 7 > 0 such that for all u,v € M,

apo(fg(u), fg(v))) >0 = 7+ F(gps(fg(u), fg(v)))
< F(agpy(gu, gv) + Baps(gu, fu) +vaps(gv, fv) + dqps(gu, y) + Lapy(gv, fu)),

where F' : RT — R is an increasing mapping, «, (3,7, and § are non-negative numbers, § < %,'y <
La+f+v+20=1,0<a+d+L<1.

Now, we introduce and prove our main theorem.

Theorem 2.1 Let (f,g) be a pair of self commuting maps of a complete quasi partial b-metric space M.
Suppose there exists T > 0 such that for all u,v € M, if

apo(fg(u), fg(v)) >0 = 74 Flgpe(fg(u), fg(v)))

< Flagps(gu, gu) + Baps(gu, fu) + vaps(gv, fv) + dapy(gu, fv) + Laps(gv, fu)),
where F : Rt — R is an increasing mapping, o, 3,7, and & are non-negative numbers, § < %,'y <
La+8+~v+20=1,0<a+d+ L <1. Then f and g have a unique common fized point u* € M.

Proof: Let ugp € M be an arbitrary point and construct a sequence {u,}n,eny € M, that satisfies the
following:

gui = fg(uo), gus = fg(ur) = fg*(uo), o gun = fg(un—1) = fg"(uo),¥n € N.
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Then, if there exists n € NU 0 such that

qpb(guru fgun) =0. (2"1)

Thus, u, is a common fixed point of f and g and the proof is complete. Hence, we assume that

0 < apy(gun, fgun) = qps(fgun—1, fgun), (2.0)
Vn € N. By the hypothesis and the monotony of F', we have for all n € N.

Now, let
(apv)n = qpb(gtin, guni1) (2.1)

Vn € N. Now, By the hypothesis and the monotony of F', we have for all n € N

7+ F(qpo(fun, gunt1)) = 7+ F(app(fgun—1, fgun))

F(aqpy(gtn—1,gun)

+Bapy(gun—1, fgun—1) +vqpo(gun, fgun) + 0gps(gun—1, fgun)
+Lagp, (gun, fgun—1)

F(aqpy(gun—1,gun) + Bape(gun—1, gun) + ¥qps(gtin, glini1) +
Sqpy(gun—1, gunt1) + Lapo(gun, gun)).

IN

Since , qpp(gtn, gun)) > 0 we consider two cases:
Case(i) When ¢pp(gun, gu,)) =0 and s =1,

F(aqpy(gun—1,9un) + Baps(gun—1, fgun—1) + Yqps(gtin, fgun)
+ 0qpy(gUn—1, fgun) + Lap, (gun, fgun—1)

F(a(gpy)n—1 + B(app)n—1 + v(qpp)n + 6qpp(gun—1, gtni1))-
F(a(gpy)n—1 + B(aps)n—1 +7(qpb)n

+0[gpp(gun—1, gun) + qpo(gtn, gunt1)])

F(a(gpp)n—1 + B(qpo)n—1 + Y(qp)n

+6[(qp)n—1 + (qpb)n])

= F((a+B+0)(qpe)n-1+ (v+6)(qps)n).

IN

It follows that ,

F((gpo)n) < F((a+B+0)(gpo)n—1+ (v +0)(qpp)n) — T
< F((a+B+0)(qpp)n—1+ (v +5)(gps)n)

so from the monotony of F, we get

(qpe)n < (4 B +06)(aps)n—1 + (v + ) (qpo)n,
for all n € N. Since v # 1 and a+ S+ v+ 26 = 1, we deduce that 1 — vy —§ > 0 and so

a+pB+90
n<  ——— = n—1,

(apv) - (ap)n—1

for all n € N. Thus, we conclude that the sequence (gps ), is strictly decreasing, so there exists lim,,—, oo (gpp)n =

d. Suppose that d > 0. Since I’ is an increasing mapping there exists lim,_, gp, )+ F'(z) = F(d +0) , so

taking the limit as n — oo in Inequality 2.2 we get F'(d 4+ 0) < F(d 4+ 0) — 7, which is a contradiction.

Therefore,
lim (gpy)n = 0.

n—oo
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Case (ii) We now consider that, gpy(gun, gu,) > 0 and s > 1, then

F(agqpy(gun—1,9un) + Baps(gun—1, fgun—1) + vqpu(gun, fgus)
+ 8qpu(gun—1, fgun) + Lap, (gun, fgun—1)

= F(agpp(gun—1,gun) + Bapy(gtin—1, gun)
+vqpy(gtn, gun1)

+0qps(gtin—1, gUns1) + Lapy(gun, gun))
F(a(gpp)n—1 + Blape)n — 1+ v(qpp)n
+50[(qpp)n—1 + (qPb)n — qPb(gUn, gun)]),

IN

where s > 1.
= F((a+ B+ 50)(qpo)n—1 + (qpo)n(y + 86) — s0qpy(gun, gun))-
It follows that,
F((qpo)n) < F((a+ B+ 86)(qps)n—1 + v(qpp)n)- (2.2)

Assuming that, v = 0 and s = 2, and using monotony of F', we get

(qpp)n < (o + B +26)(qpp)n—1 + ¥(qP)n

a+f+20

- (qpy)n—1 = (qpp)n—1-

(qpo)n <

To complete, we follow the same steps as in Case 1.
We claim that {u,} is a Cauchy sequence. Arguing by contradiction, we assume that there exists ¢ > 0
and a sequences p(n), .y and q(n), .y of natural numbers such that p(n) > q(n) > n,

apy(Up(n)s Ug(n)) > € qPb(Up(n)—1, Ugn)) < €, VN € N.

Then, using triangle inequality, we have

€ < apy(Up(n), Ug(n))

< s[ape(up(n)» Ug(n)—1) + aPb(Ug(n)—1, Uq(n))
— qpy(Up(ny—1,p(n) — 1)]

< slgpy(tg(ny—1, Ug(n)) + €

where s > 1. It follows from the relation 2.3 and the above inequality that

lim gpy, (Up(n), Ug(n)) = €. (2.3)

n—oo

Since
apy(Up(n)—1, Ug(ny—1) > € > 0.
By the hypothesis and monotony of F', we have

T+ Fqpo(fgupn)—1, fgUgqn)-1)) < F(agpp(gUpm)—1, 9Uqn)—1) + Bapp(gUpm)—1, fugm)—1)
+YqPu(gUp(n)—15 frgny—1) + 0P (gUp(n)—1, [Uq(n)—1)
+Lapy (frupn)—1, JUgn)—1),

= F(aqp(Upm)—1,Ug(n)—1) + B (Up(n) =15 Ug(n)—1)

+yapy (Up(n)—1, Ug(n)—1)

+0gpy (Ug(n)—1, Up(ny—1) + Laps(Ug(n)—1, Upn)=1)),

F(alqpp)piny—1 + Bapo) pny—1 + L(aPb) p(n)—1) (2.4)

IN
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F(aqpo(fgupmny—1, fguqmy-1)) < F(agpe(gupm)—1, JUqm)—1) + Baps(gupm)—1, fugn)—1)
+Yapo(gUp(n)—15 fugn)—1) + 3P (gUp(n)—1, [Uq(n)—1)
+Lapy (fupn)—1, JUqg(n)) — T- (2.5)
Taking the limit as n — oo in the inequality 2.5, we get F'(e+0) < F(e+0) — 7, which is a contradiction.
This shows that {u, }nen is @ Cauchy sequence. Since (M, ¢py) is a complete quasi partial b- metric space,
we have that{x, }nen converges to some point u* in M.
If there exists a sequence {p(n)}nen of natural numbers such that
GUp(n)+1 = fgup(n) = fQU*v
then
nhango GUp(n)+1 = fu”.
Otherwise, there exists N € N such that
Gup(n)+1 = fGUpm) = foun # fga*. (2.6)
Assume that
fgu® # gu”.
By the hypothesis, we have
7+ F(gpo(fgun, fou™)) < F(agpy(gun, gu™) + Bapy(gun, fu™)
+yapy(gu”, fu*) + 6qpy(gun, fu™) + Laps(fun, gu™)),

SO

T+ F(qpo(fgun, fgu®)) < F(agpy(gun, gu™) + Bapy(gtn, funi1)
+yapy (gu™, fu™) 4+ dqpe(gun, fu™) + Lapy(gunt1, fu™)).

Since F' is an increasing function, we deduce that

apy(fgrn, fgx™) < aqpy(gun, gu™) + Bape(gun, funi1) +yqpu(gu”, fu®)
+0qpp(guin, fu™) + Lapy(gunt1, fu®)

so letting n — oo, we get
aps(fgu™, fgu™) < vaps(gu®, fu®) + dapy(g2™, f2*) < qps(fgz™, fga™).
This is a contradiction. Therefore,
fgu* = gu™.
Now, we will show that a pair (f,g) have a unique common fixed point. Let u,v € M be two distinct
common fixed points of (f,g). Thus
fgu = gu # gu = fgu.
Hence |,
aps(fgu, fgv) = ape(gu, gv) > 0.
By hypothesis, since
O<a+d+L<1

we have

7+ F(gpo(gu, gv)) = 7+ F(gps(fgu, fgv))

F(agps(gu, gv) + Bapy(gu, fu) + vaps(gv, fv) + dqps(gu, fv))
+Laps(fov, fu))

F(agpy(gu, gv) + 6qpy(gu, gv) + Lapy(gu, gv))

F((a+ B+ L)gps(gu, gv))

F(gpy(gu, gv))-

I IN

INIA



12 SANTOSH KUMAR AND JONASI CHILONGOLA

This is a contradiction. Therefore, f and g have a unique common fixed point. O

We obtain the following Corollary by inserting L = 1 in Theorem 2.1 as follows:

Corollary 2.1 Let (M,qpy) be a complete quasi partial b metric space and let (f,g) be a pair of self-
commuting maps on space M. Assume that there exists F' : RT — R an increasing mapping and 7 > 0
such that

7+ F(qpy(fgu, fgv)) < F(agps(gu, gv) + Bapy(gu, fv) + vapu(gv, fv))

Yu,v € M, fu # fv and gu # gv, where a + 8 +~v=1,a > 0. Then f and g have a unique fixed point
m X.
We obtain the following Corollary by inserting a =1, § =~v=§ = L =0 in Theorem 2.1 as follows:

Corollary 2.2 Let (M, qpy) be a quasi partial b metric space and let (f,S) be a pair of self-commuting
maps on space M. Assume that there exist F: Rt — R an increasing mapping and that 7 > 0 such that

7+ Flaps(fgu, fgv)) < Flaps(gu, gv))
Yu,v € M, fu# fv and gu # gv. Then f and g have a unique fixed point in M.

Theorem 2.2 Let (f,g) be a pair of commuting-mappings from M to itself. Suppose there exists T > 0
such that Yu,v € M,

apy(fgu, fgv) >0 =7+ F(gps(fgu, fgv)) < F(qps(gu, gv)),

where F : RY — R is a mapping satisfying conditions (Fy) and (F3) in the Definition 1.2 and F is
continuous on (0, «), with a a real number. Then, f and g have a unique fized point u* and for every
u € M the sequence {fun,} = {gunt1} converges to u*.

Proof: We choose uyp € M and construct a sequence

gu1 = fgug, gus = fgui = fg°Uo, ..., Gy, = fgun_1 = fg"up,¥n € N.

Vn € N.
If there exists n € N U {0} such that

qpy(gun, fgun) =0,

then w, is a fixed point of f and g the proof is complete. Hence, we assume that 0 < ¢pp(gun, fgu,) =

qpo(fgun, fgun),Vn € N.
By the hypothesis we have

T+ Fgpo(fgun—1, fgun)) < F(qpe(gun—1,gun)),¥n € N
i.e

F(apo(fgun—1, fgun)) < Flaps(gu,_,,gun)) — 7
fgun—2, fgun_1)) — 7
JUp—2, GUp_1) — 2T
fGun sy Fgun—1)) — 27
JUp—3, GUn_2)) — 3T

fgun—3, fgun_2)) — 37

\
|

|
|

AT IA
el R e
=
o

[
bS]
S
A~ N~~~

I
|

F(qpy(guo, gr1)) — n7.

IAIA

This implies that

Jim_ F(gpy(gun, gunt1)) = lim F(gpy(fgun—1, fgun)) = =00,
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by (F») we obtain that

nh—>né<> Qpb(guTH gun+1) = O

Now, we claim that {u,}nen is a Cauchy sequence. Arguing by contradiction, we assume that there
exists 0 < € < a such that for any k& € N there exist my > ny > k such that

qpb(unkaumk) Z €,
Now, let us assume that:
Q,pb(unkflaumk) <e¢,

Vn € N. like in the proof of the Theorem 2.1 we obtain
Jim gpy (s Uy ) = 1l gpy (g -1, Uy —1) = €
By the hypothesis, we have

T+ F(qpo(fune—1, fum,)) < F(qpp(gUng—1;9Umy—1)),

Vn € N. This implies
T+ F(qpo (g, » 9tm, ) < F(qpy(ging, -1, gtm,—1)),

Vn € N.

By (F3) taking the limit as n — oo, we get 7 + F(e) < F'(e), which is a contradiction. Therefore the
{un}nen is a Cauchy sequence. By completeness of (M, gpy), it follows that {u,},n converges to some
point u* € M.

Now , we claim that u* is a common fixed point for f and g. Arguing by contradiction, we assume that

if there exists a sequence of natural {u,, } numbers such that

. o s
lim guy, = lim fu,, = fu
n—oo n—oo

then

lim fu,, = lim gu,,+1 = u®.
n—00 i n—00

This is a contradiction. Then, by hypothesis, we get

7+ F(qpo(gun+1, Tu")) < Flgps(gu,,, gu™)),
Vn > N. By (F3) , taking the limit as n — oo in the above inequality, we have
Jim F(gpy(gunt, fu") = —oc.
Hence, by (F») we get
Jim_gpy(gunt, fu”) =0

which implies that
apy(gu”, fu”) = 0.

This is a contradiction therefore, ©* is a common fixed point of f and g. The uniqueness yield the same
results as in the proof of Theorem 2.1. O
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Example 2.1 Let M = {4, : n € NJU{B} and ¢p, : M x M — RT for all s > 1, such that
qapy(An, An) < qpy(An, B) and qpe(B, An) > qpy(An, An). Further more, gpy(An, An) = qpo(B, B) =
qpy(An, B) = 2 = A, = B, it is obviously that (M, gps) is a complete quasi partial b-metric space.
Let f,g : M — M be a pair of commuting maps, such that fA, = A,41 = g4dn+1 = An41 and
fB = gB = B. Let us suppose there exists F' : Rt — R satisfying the hypothesis of Theorem 2.1.
Taking u = Ap4i, v = Aptit1, we have Vn > 1 and ¢ > 0

apy(fAnti, fAntiv1) = qpo(Antis Antivr) > 0,

which implies that,
T+ F(qpb(fAn+1’a fAn+i+1)

1 1
= F < F .
O S PG
Thus, we get,
n—1 1 n—1 1
F(———)| < F
;[TJF (n-&—i-&—l)}*; G
where,
+F() < F(5)
nr 5,) S F ().
Hence 1 1 ) 1
—F(—)< ZF(= 2.7
T+ SF(5) < S F() (27)

Therefore, taking the limit as n — oo in inequality 2.7, we obtain 7 < 0, which is a contradiction. Hence,
F' cannot satisfy the hypothesis of Theorem 2.1.
But for, F: R* — R, F(x) = —1 is increasing and satisfies Corollary 2.2:

T+ F(qpp(Anti, Antit1))
)
n+i14+1
=7-n—i—1<-—n—1i,

=74+ F(

which implies that, 7 <1

3. An application to boundary value problem

In this section, we apply Theorem 2.1, to obtain the existence of solution to the boundary value
problem,

_% =g(u,v(u)), x€][0,1],
{U(g) =wv(l)=0. o

where ¢ : [0,1] x R — R is a continuous mapping. The Green-function associated with the boundary
value problem 3.1 is defined by

1

G(u,v):{u(l_v)’ Osus v (3.2)

Suswv<
v(l—u), 0<v<u<

Let C[0, 1] be the space of all continuous mappings defined on [0, 1] and
C= (0[07 1]7R+)7
we can define a, h € C. If we define the mapping gpy, : C x C — R, defined by

qpb(aa h) - Sup{|g(uv a) - g(uv h)‘ + |g(u7 a))|}7 (33)
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the pair (C, gpy) is a complete quasi partial b-metric space.
If f,g : C — C is a pair of maps, the boundary value problem 3.1 associated with this pair has the
following form;

fw(w) = g(v(uw) = /0 G(u, 8)g(s, u(s))ds = v(u), (3-4)

for u € [0, 1], note that the boundary value problem has a unique solution if and only if f and g have a
common fixed point.

Theorem 3.1 Let C = C([0,1],R) and the mapping g : [0,1] xC — R. Suppose that we have the functions
a,h € C such that g satisfies

-7

¢ w

l9(u, @) — glu, 1)] + |g(u, a)] < 8In(—)

where, v € [0,1], t,h € C and w = |gps(f(a), f(h))] = |aps(g(a),g(h))[,p > 0 and 7 > 0. Then the
boundary value problem 3.1 has a unique solution.

Proof: Note that u(u) € (C?[0,1],R) (say) is a solution of Equation 3.1 is given by the common fixed

point of f and g. i.e,
p(u) = f(p(w) = g(u(u)).

Let t,h € C and z € [0, 1] by using equation 3.4 , we get
[f(a(w)) = f(h(w)] +[f(a \/ G(u,s)[g(s, a(s)) — g(s, h(s))]ds)]]
+ / G, (s, a(s))ds|

1 1 e T w
< / G, 5)[|g (s, a(s)) — g(s. h(s)| + g(s,a(s))ds < [8 / Gl 5)n(“—)ds
= 81n(“—) (supucpo.n| /0 Glu, ))ds]).
Since
/Gus ——F ,Vu € [0,1],
we have )
sup{/o G(u,s)ds} = é,
which is obtained at u = %
This implies that
lam(f(@), F(0)] = [supucioy (1 (@) — F(h(w)] + Fla(u))] = in(E—2)

<eTw=e"Tqpp(f(a), f(R)],

since w = gpy(g(a), g(h)). This implies that
apo(f(a), f(h)) < e " (apo(9(a), g(h))).

By taking the natural logarithm both sides, we obtain;

I [gpy(f(a), f(R))] < Ine”7|(gpv(ga, gh))|.
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Define F(a) = In(a),Va € C and simplifying the last inequality, we have

7+ Flgpo(|f(a), f(R)]) < F(laps(g(a), g(h))])

in which Theorem 2.1 holds for a« = 1,5 = § = = L = 0. Hence, the application of Theorem 2.1 ensures
that a pair of maps f and g has at least one fixed point M (u) € C, that is,

which is a solution of the boundary problem 3.1. a
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