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Quotients of Bounded Linear Operators on Non-Archimedean Banach Spaces

J. Ettayb∗

abstract: Let X,Y, Z be non-Archimedean Banach spaces over K and let A ∈ B(X,Y ) and B ∈ B(X,Z).
In this paper, we define the quotient of bounded linear operators A and B on non-Archimedean Banach spaces
with N(A) ⊆ N(B) as the mapping Ax 7→ Bx for all x ∈ X. We show some results about it. Majorization,
range inclusion and factorization are studied, open mapping theorem for quotients of bounded linear operators
is investigated and examples are given on non-Archimedean Banach spaces.
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1. Introduction and Preliminaries

In the classical operators theory, the proof of range inclusion theorems need to use Hahn-Banach
theorem. Moreover, in general non-Archimedean normed spaces, Hahn-Banach theorem does not hold
[19]. Ingleton [8] showed that a non-Archimedean normed space has the extension property if and only
if it is spherically complete.

In the classical setting, Izumino [10] introduced the notion of a quotient of bounded linear operators
on a complex Hilbert space and he showed explicit formulae for computing the quotients which correspond
to the sum, product, closure, adjoint and weak adjoint of given quotients. For more details on quotients
of bounded linear operators on complex Hilbert spaces, we refer to [9], [10], [11], [12] and [13]. Recently,
Barnes [1] studied the majorization, range inclusion and factorization for bounded linear operators on
complex Banach spaces.

Throughout this paper, X,Y and Z are non-Archimedean Banach spaces over a non-Archimedean
complete valued field K with a nontrivial valuation | · | and B(X,Y ) denotes the set of all bounded linear
operators from X into Y. If X = Y, we write B(X,X) = B(X). For A ∈ B(X,Y ), R(A) and N(A)
denote the range and the null space of A, respectively. Qp is the field of p-adic numbers (p ≥ 2 being
a prime) equipped with p-adic valuation |.|p. For more details, we refer to [2] and [15]. We begin with
some preliminaries.

Definition 1.1 [2] Let X be a vector space over K. A non-negative real valued function ∥ · ∥ : X → R+

is called a non-Archimedean norm if:

(i) For all x ∈ X, ∥x∥ = 0 if and only if x = 0;

(ii) For any x ∈ X and α ∈ K, ∥αx∥ = |α|∥x∥;

(iii) For each x, y ∈ X, ∥x+ y∥ ≤ max(∥x∥, ∥y∥).

Definition 1.2 [2] A non-Archimedean normed space is a pair (X, ∥ · ∥) where X is a vector space over
K and ∥ · ∥ is a non-Archimedean norm on X.

Definition 1.3 [2] A non-Archimedean Banach space is a vector space endowed with a non-Archimedean
norm, which is complete.
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For more details on non-Archimedean Banach spaces, see for example [2].

Proposition 1.1 [2] A closed subspace of a non-Archimedean Banach space is a non-Archimedean Ba-
nach space.

Example 1.1 [17] The spaces

c0(K) = {(x1, x2, · · · )|xi ∈ K, lim
i→∞

|xi| = 0}

and
l∞(K) = {(x1, x2, · · · )|xi ∈ K, sup

i
|xi| < ∞},

equipped with the norm ∥(x1, x2, · · · )∥ = supi |xi| are non-Archimedean Banach spaces over K.

For more details on non-Archimedean operators theory, we refer to [2], [18] and [19].

2. Quotients of bounded linear operators on non-Archimedean Banach spaces

We start with the following definition.

Definition 2.1 [17] Let X,Y, Z be non-Archimedean Banach spaces over K, let A ∈ B(X,Y ) and B ∈
B(X,Z). Then A majorizes B, if there exists a constant M > 0 such that

for all x ∈ X, ∥Bx∥ ≤ M∥Ax∥.

We have the following example.

Example 2.1 Let (αn)n ⊂ K such that lim
n→∞

αn = 0 and let A,B ∈ B(l∞(K)) be given respectively by

A(x1, x2, x3, · · · ) = (α1x1, α2x2, α3x3, · · · ) for all (x1, x2, x3, · · · ) ∈ l∞(K),

and

B(x1, x2, x3, · · · ) =
( ∞∑

i=1

αixi, 0, 0 · · ·
)
for all (x1, x2, x3, · · · ) ∈ l∞(K).

It is easy to see that for all (x1, x2, x3, · · · ) ∈ l∞(K),

∥B(x1, x2, x3, · · · )∥ ≤ ∥A(x1, x2, x3, · · · )∥,

thus A majorizes B.

We obtain the following results.

Proposition 2.1 Let X be a non-Archimedean Banach space over K and let A,B,D ∈ B(X), we have:

(i) If A majorizes B and D, then A majorizes B +D;

(ii) If A majorizes B, then A majorizes DB.

Proof:

(i) If A majorizes B, then there exists a constant M > 0 such that

for all x ∈ X, ∥Bx∥ ≤ M∥Ax∥. (2.1)

Also, A majorizes D, then there exists a constant C > 0 such that

for all x ∈ X, ∥Dx∥ ≤ C∥Ax∥. (2.2)



Quotients of Bounded Linear Operators on Non-Archimedean Banach Spaces 3

Hence, there exists a constant L > 0 (L = max{M,C}) such that

for all x ∈ X, ∥(B +D)x∥ ≤ max{∥Bx∥, ∥Dx∥}
≤ max{M∥Ax∥, C∥Ax∥}
≤ max{M,C}∥Ax∥
= L∥Ax∥.

Consequently, A majorizes B +D.

(ii) If A majorizes B, then there exists a constant M > 0 such that

for all x ∈ X, ∥Bx∥ ≤ M∥Ax∥. (2.3)

Hence there exists a constant K > 0 (K = M∥D∥) such that

for all x ∈ X, ∥DBx∥ ≤ M∥D∥∥Ax∥ = K∥Ax∥. (2.4)

Then A majorizes DB.

2

Lemma 2.1 Let X be a non-Archimedean Banach space over K and let A ∈ B(X). If A majorizes B,
then N(A) ⊆ N(B).

Proof: Assume that A majorizes B, then there exists a constant M > 0 such that

for all x ∈ X, ∥Bx∥ ≤ M∥Ax∥. (2.5)

By (2.5), it follows that if x ∈ N(A), then x ∈ N(B). 2

Proposition 2.2 Let X,Y be two non-Archimedean Banach spaces over K and Z be a spherically com-
plete Banach space over K. Let A ∈ B(X,Y ) and B ∈ B(X,Z), then the following statements are
equivalent:

(i) A majorizes B;

(ii) There exists V ∈ B(Y,Z) such that B = V A.

Proof:

(i) Assume that A majorizes B. Define U : R(A) → Z by U(Ax) = Bx. The map U is well-defined
since N(A) ⊆ N(B). Hence ∥U(Ax)∥ = ∥Bx∥ ≤ M∥Ax∥. Thus U has a bounded extension, which
denoted as V from Y onto Z. From the definition of U , we get B = V A.

(ii) Assume that there exists V ∈ B(Y, Z) such that B = V A. It is easy to check that A majorizes B.

2

Proposition 2.3 Let X be a non-Archimedean Banach space over K and let A,B ∈ B(X) such that
AB = BA. If A majorizes B, then for all n ≥ 1, An majorizes Bn.

Proof: We show by induction that for all n ≥ 1 and for all x ∈ X, ∥Bnx∥ ≤ Mn∥Anx∥. By hypothesis,
this holds for n = 1. If for all x ∈ X, ∥Bnx∥ ≤ Mn∥Anx∥. Then for all x ∈ X, we have

∥Bn+1x∥ = ∥Bn(Bx)∥ ≤ Mn∥An(Bx)∥
≤ Mn∥B(Anx)∥
≤ MnM∥A(Anx)∥
≤ Mn+1∥An+1x∥.
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2

Let A,B ∈ B(X). The set G(A,B) = {(Ax,Bx); x ∈ X} is a subset of X⊕X, then G(A,B) is the graph
of an operator F defined on X, if for all x ∈ X, Ax = 0 =⇒ Bx = 0. It follows that G(A,B) is a graph,
if and only if N(A) ⊆ N(B). In this case, F is the mapping defined as follows:

for all x ∈ X, Ax 7−→ Bx.

Thus for all x ∈ X, Bx = FAx. We set F = B/A. We have the following definition.

Definition 2.2 Let X,Y, Z be non-Archimedean Banach spaces over K, let A ∈ B(X,Y ) and B ∈
B(X,Z) such that N(A) ⊆ N(B). The quotient B/A of two bounded linear operators A and B is the
mapping Ax 7−→ Bx for all x ∈ X.

We obtain the following remark.

Remark 2.1

(i) It is clear that R(A) and R(B) are, respectively, the domain and the range of B/A.

(ii) Let A ∈ B(X), we have A = A/I where I denotes the identity operator on X.

(iii) Let A ∈ B(X). If A is invertible, then A−1 = I/A.

(iv) The quotient of bounded linear operators on non-Archimedean Banach spaces over K can be
bounded or unbounded.

(v) One can see that the quotient of bounded linear operators is a generalization of linear operators.
We have the following examples.

Example 2.2 Let A ∈ B(c0(Qp)) be defined by

A(x1, x2, x3, · · · ) = (px1, p
2x2, p

3x3, · · · ) for all (x1, x2, x3 · · · ) ∈ c0(Qp).

One can see that A = A/I is a bounded linear operator on c0(Qp) and I/A is an unbounded linear operator
on c0(Qp).

Example 2.3 Let A,B ∈ B(Q2
p), set

A =

(
1 1
1 2

)
and B =

(
2 1
0 1

)
.

It is easy to see that N(A) ⊆ N(B) and B/A =

(
3 −1
−1 1

)
.

Example 2.4 Let A,B ∈ B(c0(Qp)) be two operators given by for all x = (x1, x2, x3, x4, x5, · · · ) ∈
c0(Qp),

Ax = (px1, p
2x2, p

3x3, p
4x4, p

5x5, · · · , pnxn, · · · )

and
Bx = (p1!x1, p

2!x2, p
3!x3, p

4!x4, p
5!x5, · · · , pn!xn, · · · ).

It is easy to see that N(A) ⊆ N(B) and B/A is a bounded linear operator on R(A).

Remark 2.2 Let A,B ∈ B(X) such that N(A) ⊆ N(B), the quotient B/A is the solution of the
equation XA = B.

We obtain the following proposition.

Proposition 2.4 Let X,Y be two non-Archimedean Banach spaces over K and Z be a spherically com-
plete Banach space over K. Let A ∈ B(X,Y ) and B ∈ B(X,Z), then the following conditions are
equivalent:
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(i) A majorizes B;

(ii) There exists V ∈ B(Y,Z) such that B = V A;

(iii) For all (xn)n ⊂ X such that ∥Axn∥ −→ 0, then ∥Bxn∥ −→ 0.

Proof: Obvious. 2

Proposition 2.5 Let X be a spherically complete non-Archimedean Banach space over K. Let A,B ∈
B(X) such that A majorizes B. If A is completely continuous, then B is completely continuous.

Proof: Since A majorizes B. From Proposition 2.2, there is V ∈ B(X) such that B = V A. Since the
product of a completely continuous operator and a bounded linear operator is completely continuous.
This completes the proof. 2

Remark 2.3 The Proposition 2.5 is valid for any non-Archimedean Banach space over a spherically
complete field with a nontrivial valuation.

If X and Z are non-Archimedean normed spaces over K. Let A ∈ B(X,Z) be fixed. Setting:

BA(X,Z) = {B ∈ B(X,Z) : N(A) ⊆ N(B)}.

Lemma 2.2 The set BA(X,Z) is a subspace of B(X,Z).

Proof: Obvious. 2

Remark 2.4 It is easy to see that BA(X,Z) is a closed subspace of B(X,Z).
We define the set of quotient operators as follows:

QA(R(A), Z) = {B/A : N(A) ⊆ N(B)}.

Let B/A, C/A ∈ QA(R(A), Z) and α ∈ K, the addition and the scalar multiplication in QA(R(A), Z) are
defined by

B/A+ C/A = (B + C)/A,

α
(
B/A

)
= αB/A.

Then QA(R(A), Z) is a linear space by satisfying the null space inclusions. Let A ∈ B(X,Z) be fixed,
set: Qb

A(R(A), Z) = {B/A ∈ QA(R(A), Z) : B,B/A are bounded}.

Definition 2.3 Let B/A ∈ Qb
A(R(A), Z), we define two norms of B/A on Qb

A(R(A), Z) as follows:

∥B/A∥ = sup
x∈X,Ax̸=0

∥Bx∥
∥Ax∥

and

∥B/A∥0 = sup
y∈R(A),∥y∥≤1

∥(B/A)y∥ = sup
x∈X,∥Ax∥≤1

∥Bx∥.

We continue with the following theorem.

Theorem 2.1 Suppose that X and Z are non-Archimedean Banach spaces over K. Then the set BA(X,Z)
of bounded linear operators B with N(A) ⊆ N(B) is a non-Archimedean Banach space.
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Proof: Let (Bn)n be a Cauchy sequence in BA(X,Z). Since B(X,Z) is complete, there exists B ∈
B(X,Z) such that Bn → B in the norm of B(X,Z) as n → ∞. It suffices to show that if x ∈ N(A), then
x ∈ N(B). Let x ∈ N(A), since for all n ∈ N, Bn ∈ BA(X,Z), we get Bnx = 0. By

∥Bx∥ ≤ max{∥Bnx−Bx∥, ∥Bnx∥}

and lim
n→∞

∥Bnx−Bx∥ = 0, we conclude that x ∈ N(B). 2

Set Bb
A(X,Z) = {B ∈ BA(X,Z) : B/A is bounded}, since 0/A is bounded, the set Bb

A(X,Z) is nonempty.

Remark 2.5 If B ∈ (Bb
A(X,Z), ∥ · ∥0), then

∥B∥0 = sup
x∈X,∥x∥≤1

∥Bx∥

and
∥B/A∥0 = sup

y∈R(A),∥y∥≤1

∥(B/A)y∥ = sup
x∈X,∥Ax∥≤1

∥Bx∥ are finite.

We have the following theorem.

Theorem 2.2 The space (Bb
A(X,Z), ∥ · ∥0) is a non-Archimedean normed subspace of (BA(X,Z), ∥ · ∥0)

(where ∥B∥0 = supx∈X,∥x∥≤1 ∥Bx∥ if B ∈ (B(X,Z), ∥ · ∥0)).

Proof: It is easy to see that (Bb
A(X,Z), ∥ · ∥0) is closed under linear space operations. Let B,C ∈

(Bb
A(X,Z), ∥ · ∥0), α ∈ K and x ∈ X such that ∥Ax∥ ≤ 1, we have

∥(B + C)x∥ ≤ max{∥Bx∥, ∥Cx∥}
≤ max{∥B/A∥0, ∥C/A∥0},

and

∥(αB)x∥ = |α|∥Bx∥
≤ |α|∥B/A∥0.

Hence

∥B/A+ C/A∥0 ≤ max{∥B/A∥0, ∥C/A∥0} < ∞,

and

∥α(B/A)∥0 ≤ |α|∥B/A∥0 < ∞.

2

Remark 2.6 Let B ∈ (Bb
A(X,Z), ∥ · ∥), then

∥B∥ = sup
x∈X,x̸=0

∥Bx∥
∥x∥

and

∥B/A∥ = sup
x∈X,Ax̸=0

∥Bx∥
∥Ax∥

are finite.

We have the following proposition.
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Proposition 2.6 Let X,Z be two non-Archimedean normed spaces over K. Then the space
(
Bb

A(X,Z), ∥·

∥
)

is a non-Archimedean normed subspace of (BA(X,Z), ∥ · ∥) (where ∥B∥ = supx∈X\{0}
∥Bx∥
∥x∥ if B ∈

(B(X,Z), ∥ · ∥)).

Proof: Let A ∈ (B(X,Z), ∥ · ∥) be fixed, B,C ∈ (Bb
A(X,Z), ∥ · ∥) and α ∈ K, we have

∥B/A+ C/A∥ = sup
x∈X,Ax̸=0

(
∥Bx+ Cx∥

∥Ax∥

)

≤ sup
x∈X,Ax̸=0

max

(
∥Bx∥
∥Ax∥

,
∥Cx∥
∥Ax∥

)

= max sup
x∈X,Ax̸=0

(
∥Bx∥
∥Ax∥

,
∥Cx∥
∥Ax∥

)

= max

(
∥B/A∥, ∥C/A∥

)
,

and

∥αB/A∥ = sup
x∈X,Ax̸=0

(
∥αBx∥
∥Ax∥

)

= |α| sup
x∈X,Ax̸=0

(
∥ Bx∥
∥Ax∥

)
= |α|∥B/A∥.

2

We have the following theorem.

Theorem 2.3 Suppose that Z is a non-Archimedean Banach space over K, if the set {x ∈ X : ∥Ax∥ ≤ 1}
is bounded in X, then (Bb

A(X,Z), ∥ · ∥0) is a non-Archimedean Banach space
(where ∥B∥0 = supx∈X,∥x∥≤1 ∥Bx∥ if B ∈ (B(X,Z), ∥ · ∥0)).

Proof: Setting: M = {∥x∥ : x ∈ X, ∥Ax∥ ≤ 1}. Let (Bn)n be a Cauchy sequence in (Bb
A(X,Z), ∥ · ∥0),

since (BA(X,Z), ∥ · ∥0) is complete, there exists B ∈ (BA(X,Z), ∥ · ∥0) such that Bn → B in the norm
of (BA(X,Z), ∥ · ∥0). Hence it suffices to show that B/A is bounded. Since (∥Bn∥0)n∈N converges, there
exists a constant C > 0 such that for all n ∈ N, ∥Bn∥0 ≤ C. Let N ∈ N such that for all n ≥ N,
∥(Bn −B)x∥ ≤ 1, hence for each x ∈ X such that ∥Ax∥ ≤ 1,

∥Bx∥ ≤ max{∥Bnx−Bx∥, ∥Bnx∥}
≤ max{1, CM},

for all n ≥ N. Then ∥B/A∥0 = supx∈X,∥Ax∥≤1 ∥Bx∥ is finite. 2

We have the following theorem:

Theorem 2.4 (Qb
A(R(A), Z), ∥ · ∥) is a non-Archimedean normed space.

Proof: Let B/A ∈ (Qb
A(R(A), Z), ∥ · ∥) such that ∥B/A∥ = 0, then for all x ∈ X such that Ax ̸= 0,

Bx = 0, whenever Ax = 0, due to N(A) ⊆ N(B), we have Bx = 0, hence B is the zero operator, thus
B/A = 0/A.
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Let B/A,C/A ∈ (Qb
A(R(A), Z), ∥ · ∥) and α ∈ K, we have

∥B/A+ C/A∥ = sup
x∈X,Ax̸=0

(
∥Bx+ Cx∥

∥Ax∥

)

≤ sup
x∈X,Ax̸=0

max

(
∥Bx∥
∥Ax∥

,
∥Cx∥
∥Ax∥

)

= max sup
x∈X,Ax̸=0

(
∥Bx∥
∥Ax∥

,
∥Cx∥
∥Ax∥

)

= max

(
∥B/A∥, ∥C/A∥

)
,

and

∥αB/A∥ = sup
x∈X,Ax̸=0

(
∥αBx∥
∥Ax∥

)

= |α| sup
x∈X,Ax̸=0

(
∥αBx∥
∥Ax∥

)
= |α|∥B/A∥.

2

In the next theorem, we will work with the space (B(X,Z), ∥ · ∥0) where ∥B∥0 = supx∈X,∥x∥≤1 ∥Bx∥ if
B ∈ (B(X,Z), ∥ · ∥0).
Theorem 2.5 Suppose that Z is a non-Archimedean Banach space over K and {x : ∥Ax∥ ≤ 1} is a
bounded set in X, then (Qb

A(R(A), Z), ∥ · ∥0) is a non-Archimedean Banach space.

Proof: Let (Bn/A)n be a Cauchy sequence in (Qb
A(R(A), Z), ∥ · ∥0). We show that (Bn)n is a Cauchy

sequence in (B(X,Z), ∥ · ∥0). Let ε > 0, there is N ∈ N such that for all n,m ∈ N, m, n ≥ N, ∥Bn/A −
Bm/A∥0 < ε

∥A∥0+1 . That is, for all n,m ≥ N, supx∈X,∥Ax∥≤1 ∥(Bn − B)x∥ < ε
∥A∥0+1 . Let x ∈ X such

that ∥x∥ ≤ 1, hence ∥Ax∥ ≤ ∥A∥0, then for all n,m ≥ N,

∥(Bn −Bm)x∥ = ∥(Bn −Bm)/A)Ax∥
≤ ∥(Bn −Bm)/A)∥0∥Ax∥
≤ ∥(Bn −Bm)/A)∥0∥A∥0
≤ ε

1 + ∥A∥0
∥A∥0

< ε.

Hence, for all n,m ≥ N, ∥(Bn − Bm)∥0 = supx∈X,∥x∥≤1 ∥Bnx − Bmx∥ < ε, then (Bn)n converges to B
in (B(X,Z), ∥ · ∥0) as n → ∞. Set M = sup{∥x∥ : ∥Ax∥ ≤ 1}. Using Theorem 2.3, we have B/A is
bounded. For a given ε > 0, there exists N ∈ N such that for all n ∈ N, n ≥ N, ∥Bn−B∥0 < ε

M+1 , hence
for all n ∈ N, n ≥ N, we have

∥Bn/A−B/A∥0 = ∥(Bn −B)/A∥0
= sup

x∈X,∥Ax∥≤1

{∥(Bn −B)x∥}

≤ sup
x∈X,∥Ax∥≤1

{∥(Bn −B)∥0∥x∥}

= ∥Bn −B∥0 sup
x∈X,∥Ax∥≤1

∥x∥

= ∥Bn −B∥0M
< ε.
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Thus (R(A), Z), ∥ · ∥0) is complete. 2

In the next theorem, we will work with the space (B(X,Z), ∥ · ∥) where ∥B∥ = supx∈X,x̸=0
∥Bx∥
∥x∥ if

B ∈ (B(X,Z), ∥ · ∥).

Theorem 2.6 Suppose that the valuation of K is dense, Z is a non-Archimedean Banach space over K
and {x : ∥Ax∥ ≤ 1} is a bounded set in X, then (Qb

A(R(A), Z), ∥ · ∥0) is a non-Archimedean Banach
space.

We have the following remark.

Remark 2.7 The condition {x : ∥Ax∥ ≤ 1} is a bounded set in X is sufficient but it is not a necessary
condition.

Example 2.5 Let K be a non-Archimedean valued field with a nontrivial valuation | · |. Consider the zero
map on K, then Qb

A({0},K) being singleton is a non-Archimedean Banach space but the set {x : |0x| ≤
1} = K is not bounded with the non-Archimedean metric.

By inspiration of the proof of (ii) of Lemma 2.1.18 of [18]. We prove the open mapping theorem for
quotients of bounded linear operators without using its boundedness, we have the following lemma.

Lemma 2.3 Let X,Y, Z be non-Archimedean Banach spaces over K, let A ∈ B(X,Y ) injective with
closed range, and B ∈ B(X,Z) with N(A) ⊆ N(B). If (B/A)(Br(0)) is open, then (B/A)(Br(0)) =
(B/A)(Br(0)).

Proof: It suffices to prove that ifBZ(0, s) ⊂ (B/A)(Br(0)) for some s > 0, thenBZ(0, s) ⊂ (B/A)(Br(0)).
Let ρ ∈ K such that 0 < |ρ| < 1, since z ∈ (B/A)(Br(0)), there is an element y0 ∈ Br(0) such that
∥z − (B/A)y0∥ < |ρ|s, then ∥ρ−1(z − (B/A)y0)∥ < s and again there is an element y1 ∈ Br(0) such that
∥ρ−1(z − (B/A)y0)− (B/A)y1∥ < |ρ|s, then ∥z − (B/A)y0 − (B/A)ρy1∥ < |ρ|2s, we inductively find, for
all n ∈ N, y0, · · · yn ∈ Br(0) such that

∥z −
n∑

k=0

ρk(B/A)yk∥ = ∥z −
(
B/A

) n∑
k=0

ρkyk∥ < |ρ|n+1s.

Since (

n∑
k=0

ρkyk)n∈N is Cauchy sequence and R(A) is complete, then

∞∑
k=0

ρkyk ∈ R(A) and ∥
∞∑
k=0

ρkyk∥ < r.

Set, for all k ∈ N, xk = ρkA−1yk. Using the open mapping theorem, A as a homeomorphism from X
onto R(A). From

∥x0 + · · ·+ xn∥ = ∥A−1
( n∑

k=0

ρkyk

)
∥

≤ ∥A−1∥∥
n∑

k=0

ρkyk∥,
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we conclude that (

n∑
k=0

xk)n is a Cauchy sequence in X, hence

∞∑
k=0

xk ∈ X. Continuity of A−1 and B give

∞∑
k=0

xk = A−1
( ∞∑

k=0

ρkyk

)
and B

( ∞∑
k=0

xk

)
=

∞∑
k=0

Bxk respectively, then

z =

∞∑
k=0

(B/A)ρkyk

=

∞∑
k=0

(B/A)Axk

=

∞∑
k=0

Bxk

= B
( ∞∑

k=0

xk

)
= (B/A)

(
A(

∞∑
k=0

xk)
)

= (B/A)
( ∞∑

k=0

ρkyk

)
,

thus z ∈ (B/A)(Br(0)). 2

The proof of the next theorem follows easily from the Lemma 2.3.

Theorem 2.7 Let X,Y, Z be non-Archimedean Banach spaces over K, let A ∈ B(X,Y ) be injective and
B ∈ B(X,Z) be surjective. If N(A) ⊆ N(B) and R(A) is closed, then B/A is an open mapping on R(A).
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