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Metric Domains and Common Fixed Points with Application

Hakima Bouhadjera™ and Igbal H. Jebril

ABSTRACT: In this paper, in the first step, we prove the existence and uniqueness of common fixed points for
four occasionally weakly biased maps of type (A) in a dislocated metric (d-metric) space. In the second step,
we derive some results of one map, two and three maps. In the third step, we create two examples to clarify
the validity and credibility of our results. In the fourth and last step, we furnish an application for solving an
integral equation.
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1. Introduction and preliminaries

In 1985, Matthews introduced the concept of dislocated metric spaces under the notion of metric
domains in order to promote the notion of completeness in domain theory. Also, he pointed out that
there is a one to one correspondence between the class of metric domains and the class of metric spaces.
In order to justify his reformulation of metric spaces, he showed how the Banach Contraction Map
Theorem from elementary metric space theory can be used in metric domain theory as a tool for program
verification.

Definition 1.1 ([7]) A Metric Domain is a pair < D,d > where D is a non-empty set, and d is a
function from D x D to RT such that

1.Vz,yeDd(z,y)=0=>z =1y,

2.Vz,y€Ddy)=dyz),

3. Vux,y, z€Ddx,y) <dz,z)+d(zy).

After many years, precisely in 2012, Amini-Harandi introduced a new generalization of partial metric

spaces which is called metric-like spaces. Then, he gave some fixed point results in such spaces which
generalize and improve some well-known results in the literature even in the case of partial metric spaces.

Definition 1.2 ([1]) A map o : X x X — RY, where X is a nonempty set, is said to be metric-like on
X if for any x, y, z € X, the following three conditions hold true:

(o1) o(z,y) =0=x =y,
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(02) o(z,y) = o(y, ),
(93) o(z,y) < o(z,2) +o(zy)

The pair (X, 0) is then called a metric-like space. Then a metric-like on X satisfies all of the conditions
of a metric except that o(x,z) may be positive for z € X.

Remark 1.1 Closely looking at the two above definitions, we see that they are identical, only their names
are different.

Mention that several authors proved the existence and uniqueness of common fixed points in dislocated
metric spaces using different conditions (see for example: [2,3,5,6,9,10]).

In a few months, we put in a new definition called occasionally weakly biased maps of type
(A) and we asserted that our notion has an edge over weak and occasionally weak compatibility; that is,
weakly compatible and occasionally weakly compatible maps are subclasses of occasionally weakly biased
maps of type (A).

Definition 1.3 ([}]) Let M and M be self-maps of a non-empty set X. The pair (MM, N) is said to
be occasionally weakly M-biased of type (A) and occasionally weakly 9-biased of type (A),
respectively, if and only if, there exists a point p in X such that Mp = Np implies

d(OM9Mp, Np) < d(NMp, Mp),
d(MNp, Mp) < d(MNp, Np),

respectively.

Now, in their paper [8], Panthi and Jha established a common fixed point theorem for pairs of weakly
compatible maps in a dislocated metric space which generalizes and improves similar fixed point results.

Theorem 1.1 Let (X,d) be a complete d-metric space. Let A, B, &, T : X — X be continuous maps
satisfying,

1. T(X) CA(X), 6(X) C B(X),
2. the pairs (6,2) and (T,B) are weakly compatible and
3. d(6z,%y) < a[d(™Uz, Ty) + d(By, Szx)] + B[d(By, Ty) + d(Ax, Sx)] + vd(Az, By)

1
forallx, y e X wherea, B, 7> 0 and0 < a+p+v< 1 Then A, B, &, and T have a unique common

fixed point.

In this work, we will improve the above theorem and other similar results by deleting some conditions;
in one hand by letting constants a, 8 and 7 as they are and in other hand by extending them to real
functions.

2. Main results
2.1. Existence and uniqueness of common fixed point for quadruple maps

Theorem 2.1 Let M, N, O and P be self-maps of a complete d-metric space X satisfying the following
condition
d(Mz,Ny) < aldOz,MNy) + d(Py, Mz)] + B[d(Py, Ny) + d(Oz, Mz)]
+yd(Oz, By)
for all x, y € X, where a, B, v > 0 and 2« + 408 + v < 1. If the pair (M, O) as well as (N, R) is

occasionally weakly D-biased of type (A) and occasionally weakly B-biased of type (A), respectively, then
M, N, O and P have a unique common fixed point.
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Proof: By hypotheses, there are two points v and v in X’ such that 9u = Ou implies d(OOu, Mu) <
d(MOu, Ou) and Nv = Po implies d(PPv, Nv) < d(NMPw, Po).

First, we are going to prove that 9u = JNv. We have

d(Mu, Nv) < ald(Ou, M) + d(Po, Mu)] + B[d(Pv, Nv) + d(Ou, Mu)]

+yd(Ou, Po)

= a[d(Mu, Nv) + d(Nv, Mu)] + B[d(Nv, Nv) + d(Mu, Mu)]
+yd(Mu, No)

< a[dMu, M) + d(Nw, Mu)] + vd(Mu, No)
+B[d(Mw, Mu) + d(Mu, Nv) + d(Mu, Nv) + d(Nv, Mu)]

= [200 448 + ~]d(DMu, Nv)

< d(Mu, Nv)

a contradiction, hence u = Nv.

Now, we assert that MMMNu = NMu. If not, then we have

dOMMu, Nv) < a[d(OMu, Nv) + d(Pv, MMu)] + Sld(Pv, Nv) + d(OMu, MMu)]
+yd(OMu, Pv);

i.e.

dOMMu, Mu) <  a[d(OOu, Mu) + d(Mu, MMu)] + Bld(Mu, Mu) + d(OOu, MMu)]
+vd(OOu, Mu)
< a[dOMMOu, Ou) + d(Mu, MMu)] + vd(MOu, Ou)
+B[d(Mu, MMu) + d(MMu, Mu) + d(ONOwu, Ou) + d(Mu, MMu))
= [2a+ 46 + 7]d(ONMu, Mu)
< d(OMMtu, Mu)

a contradiction, thus 99y = Mu and so OMu = NMu.

Suppose that 99w # No, then, we obtain

d(Mu, NMNv) < ald(Ou, NMNw) + d(PNw, Mu)] + B[d(PNv, NNw) + d(Ou, Mu))
+vd(Ou, PNv);

dMv, NMNv) < aldDv, NN) + d(PNw, Nv)| + B[d(PNv, NNw) + d(Nw, )]
+yd (D, PANw)

= a[dMNv, NNw) + d(PPv, Nw)| + Bld(PPv, NNw) + d(Nv, Nu)]
(T, PPv)
ald(Nv, M) + d(MPv, Po)| + vd(Po, NPw)
+8[d(NPo, Po) + d(DNv, NNw) + d(Nv, NINw) + (NN, Nv)]
= [2a+48 + v]d(Dw, NNw)
< d(Mv, NNw)

IN

which implies that 99t = 9w and so PMNv = Nv; i.e., NMu = Mu and PMu = Mu. Put Mu = Ou =
Nv = Pv = w, therefore w is a common fixed point of maps M, N, O and P.
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Finally, let w and w be two distinct common fixed points of maps 9, I, O and P. Then, w = Mw =
Nw = Ow = Pw and w = Mw = Nw = Ow = Pw. We have
dMw, Nw) < a[dOw,Nw) + d(Pw, Mw)] + B[d(Pw, Nw) + d(Ow, Mw)]
+7d(Ow@, Pw);

dlw,w) < ald(w,w)+dw, @)+ Bldw,w) + d(w, w)]
+yd(w, w)
< ald(w,w) + d(w, w)] + yd(w,w)
+ld(w, @) + d(w,w) + d(w,w) + d(w, @)]
= [20+46 4+ v]d(w,w)
< d(w,w)

which is a contradiction, this implies that @w = w. O

Theorem 2.2 Let M, N, O and P be self-maps of a complete d-metric space X satisfying

dMz, Ny) < ald(Oz, Py))[d(Ox, Ny) + d(Py, Ma)] (2.1)
+8(d(Oz, By))[d(By, Ny) + d(Oz, Mx)]
+7(d(Oz, Py))d(Oz, Py)
for all x, y € X, where a, B, v : [0,+00) — [0,1) are non-decreasing functions which satisfying the

following condition
da(t) +26(t) +v(t) <1Vt > 0.

If the pair (M, O) as well as (N,P) is occasionally weakly O-biased of type (A) and occasionally weakly
PB-biased of type (A), respectively, then M, N, O and P have a unique common fized point.

Proof: As in the proof of Theorem 2.1, there exist two elements u and v in X such that Mu = Ou
implies d(OOu, Mu) < d(MOu, Ou) and Nv = Po implies d(PPo, Nv) < d(NMPv, Po).

First, we are going to prove that Mu = 9. From inequality (2.1) we have
d(Mu, Nv) < a(d(Ou,Po))[d(Ou, Nv) + d(Pov, Mu))
(O, o)) [d(Bo, o) + d(Ou, Mu)]
(

+v(d(Ou, Pv))d(Ou, Po)
(d(Mu, Nw)) [d(Mu, Nv) + d(Dv, Mu)]

|
Q

+5(d(Mu, Nw)) [d(Ntw, Nw) + d(DMu, Mu))
+7(d(DMu, Nw))d(Mu, Nv)
< a(d(Mu, M) [d(Mu, No) + d(Tv, Mu)]
+8(d(Mu, NMw))[d(Dv, Mu) + d(Mu, Nv) + d(Mu, Nv) + d(Dv, Mu)]
+v(d (DM, Nv) )d(Mu, Nv)
= [2a(d(DMMu, M) + 48(d(Mu, Nw)) + ~(d(DMMu, Nw))|d(DMu, Nv)
< d(Mu, Nv)

a contradiction, hence Mu = Nv.
Now, we assert that 99y = Mu. If not, then the use of condition (2.1) gives
d(OMMu, Nv) - < a(d(OMu, Po)) [d(OMu, Nv) + d(Pv, MMu)]
+8(d(OMu, Po)) [d(Pv, Nv) + d(OMu, MMu)]
+7(d(OMu, Po))d(OMu, Po);
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ie.,

d(MMu, Mu) < a(d(OMu, Mu))[d(OMu, Mu) + d(Mu, MMu)]
+B(d(OMu, Mu) ) [d(DMu, Mu) + d(ONMu, MNMu))
+7(d(OMu, Mu) )d(OMu, Mu)
(d(ODu, Mu))[d(ODOu, Mu) + d(Mu, MMu)]
B(d(OOu, Mu)) [d(Mu, Mu) + d(OOu, MMu)]
Y(d(OOu, Mu))d(OOu, Mu)
(d(MOu, Ou))[d(MOu, Ou) + d(Mu, MMu)]
)

IA I
L2t i

B(d(MOu, Ou)) [d(DMu, MMu) + d(IMMu, NMu)
d(MOu, Ou) + d(Du, MMu)]
~y
(d

+ +

(d(MOu, Ou))d(MOu, Ou)
(OMMtw, Mu)) [d(OMMu, Mu) + d(DMu, MMu)]
B(d(OMMu, Mu)) [d(DMu, MMu) + d(IMMu, Mu)
(MM, Mu) + d(Mu, MMu)]
+y(d(OMNtw, Mu) ) d(OMNtw, Nu)
2a(d(MMu, Mu)) + 46(d(OMMMu, Mu))
+y(d(OMMu, Mu))|d (MM, Mu)
< d(OMMu, Mu)

I
Q

+ +

a contradiction, thus, 99Mu = Mu and so OMu = NMu.

Suppose that 9Nv # . Using inequality (2.1) we obtain

dMu, M) < a(d(Ou, POMw))[d(Ou, NINw) + d(PIw, Mu)]
+8(d(Du, PNW)) [d(PIw, NMNw) + d(Ou, Mu)]
)

[
+y(d(Ou, PNw))d(Ou, PNv);
ie.,

dMu, NMNv) < a(d(D, PONWw))[d(Dv, NDW) + d(PNw, Nv)]
+8(d(9, PNw)) [d(PNw, NNw) + d(Nw, Nw)]
y(d(Nwv, PNw))d(Nv, PHw)
(d(Nw, PPv)) [d(Nw, NIW) + d(PPv, Nv)]
B(d(Nw, PPR)) [d(PPv, NIWw) + d(Nw, Nv)]
)
[
)

|
e+

_|_

(

7(d(Nw, PPo))d(Nv, BPPv)

(d(Pv, NP))[d(Nw, NIMw) + d(NPv, Po)]

+B(d(Bv, NPB)) [d(NMPv, Po) + d(Nv, NNw)
+d(9v, NINW) + d(NIw, Nw)]
+7(d(Bo, NPv))d(Pv, NPo)

= [ a(d(Mw, MOW)) + 46(d(Nv, NNw))

+7(d(Nw, NOW))]d(Dw, NIW)
< d(Dw, Nw)

IA
Q-l—

which implies that 99t = 9w and so PNv = Nv; i.e., NMu = Mu and PMu = Mu. Put Mu = Ou =
Nv = Pv = w, therefore w is a common fixed point of maps M, N, O and P.
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Finally, let w and w be two distinct common fixed points of maps 9, I, O and P. Then, w = Mw =
Nw = Dw = Pw and w = Mw = Nw = Ow = Pw. From (2.1) we have
dMw, Nw) <  a(d(Ow,Pw))[d(Ow, Nw) + d(Pw, Mw)]
+B(d(Dw, Pw))[d(Pw, Nw) + d(Ow, Mw)]
+7(d(Dw, Pw))d(Dw, Pw);

i.e.

IA
2
A
8
€

— Rofd
< d(w,w)

which is a contradiction, this implies that @w = w. O

2.2. Some results
Corollary 2.1 Let 9 be a self-map of a complete d-metric space X satisfying the following condition
d(Mz, My) < ald(z, My) + d(y, Mx)] + B[d(y, My) + d(z, Mx)]
+yd(z,y)
forall x, y € X, where o, B, v >0 and 2a+ 48 + v < 1, then M has a unique fized point.

Corollary 2.2 Let 9 and O be two self-maps of a complete d-metric space X satisfying the following
condition

dMz,My) < ald(Oz, My) + d(Oy, Mx)] + Bld(Oy, My) + d(Ox, Mx)]
+yd(Ox, Oy)

forallz, y € X, where o, B, v >0 and 2o+ 48 +~v < 1. If M and O are occasionally weakly O-biased
of type (A), then M and O have a unique common fixed point.

Corollary 2.3 Let M, 9 and O be three self-maps of a complete d-metric space X satisfying the following
condition

dMz,Ny) < afd(Dz,Ny) + d(Oy, Mx)] + B[d(Dy, Ny) + d(Ox, Mx)]
+yd(Dx, Oy)

forallz, y € X, where o, B, v > 0 and 2a+48+~ < 1. If M and O as well as N and O are occasionally
weakly O-biased of type (A), then M, N and O have a unique common fized point.

Corollary 2.4 Let O be a self-map of a complete d-metric space X satisfying
dMz, My) < old(z,y))[d(z, My) + d(y, Mz)]
+B(d(z, y))|d(y, My) + d(z, Mz)]
+y(d(z, y))d(z,y)

forallz, y € X, where o, B, v : [0, +00) — [0,1) are non-decreasing continuous functions which satisfying
the following condition
da(t) +28(t) +~v(t) <1Vt >0,

then M has a unique fized point.
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Corollary 2.5 Let MM and O be self-maps of a complete d-metric space X satisfying
dMz,My) < o(d(Oz, Oy))[d(Oz, My) + d(Oy, Mz)]
+8(d(Dz, Oy))[d(Dy, My) + d(Oz, Mz)]
+7(d(Dx, Oy))d(Ox, Oy)

for all x, y € X, where o, §, v : [0,400) — [0,1) are non-decreasing functions which satisfying the
following condition

da(t) +28(t) +v(t) <1Vt > 0.
If M and O are occasionally weakly O-biased of type (A), then M and O have a unique common fized
point.
Corollary 2.6 Let I, M and O be self-maps of a complete d-metric space X satisfying
d(Mz,Ny) < a(d(Oz,Oy))[d(Oz, Ny) + d(Oy, Mx)]
+B(d(Oz, Oy))[d(Oy, Ny) + d(Oz, Mx)]
+7(d(Oz, Oy))d(Oz, Oy)

for all x, y € X, where a, B, v : [0,+00) — [0,1) are non-decreasing functions which satisfying the
following condition

da(t) +28(t) +~(t) <1Vt > 0.

If the pair (M, O) as well as (N, D) is occasionally weakly O-biased of type (A), then M, N and O have
a unique common fixed point.

2.3. Illustrative examples
Example 2.1 Let X =R with the d-metric d(x,y) = max {|z|, |y|}. Define
0if x € (—o0,0] 0if z € (—00,0]
M = { —i if € (0,400), M = { —% if © € (0,400),
O — { —30:{0 if x € (—00,0] P — { —501}. if x € (—00,0]
40 if x € (0, 400), 100 if = € (0, +00).
First, it is clear to see that M and O are occasionally weakly O-biased of type (A) and N and P are
occasionally weakly B-biased of type (A). Take « = = 2—15 and vy = 7
1. for xz, y € (—o00,0], we have Mz =0, Ny =0, Oz = —30z, Py = —50y and
dMz,Ny) = 0

we get

% [—30z — 50y] + 2—15 [—50y — 30x] + % x max {—30z, —50y }
= ald(Oz,MNy) + d(Py, Mz)] + B[d(By, Ny) + d(Ox, Mxz)]

+yd(Ox, By),

1 1
2. for z, y € (0,4+00), we have Mz = T Ny = —3 Ox =40, Py = 100 and

1
< ! [40 + 100] + L [100—1—40]+3 x 100
- 25 25 4
_ s
5

= ald(Oz, Ny) + d(Py, Mz)] + B[d(Py, Ny) + d(Ox, Mx)]
+yd(Ox, Py),
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1
3. forxz € (—00,0], y € (0,4+00), we have Mz =0, Ny = ~3 Ox = 30z, Py = 100 and

A, y) =
< 2 302, 2 L 4 100] + = 1100 — 30
< 25[max{— x,3}+ ]+25[ — 30z]
Jrz x max {—30z, 100}
= ald(Dz,MNy) + d(Py, Mz)] + B[d(Py, Ny) + d(Ox, Mz)]
+yd(Oz, By),

1
4. for xz € (0,400), y € (—00,0], we have Mx = L Ny =0, Ox = 40, Py = —50y and
1

dMz,Ny) = -
< % [40 -+ max {50y, iH + % [—50y + 40]
+Z x max {40, =50y}
= a[d(Oz, Ny) + d(Py, Mz)] + B[d(Py, Ny) + d(Ox, Mx)]
+vd(Ox, By),

s0, all hypotheses of Theorem 2.1 are satisfied and 0 is the unique common fixed point of maps M, N, O
and ‘3.

1 1
Remark 2.1 Note that MX = {0, —4} ¢ PX = [0,+00) and NX = {O, —3} ¢ OX = [0, +00).

Example 2.2 Let X = [0, g} with the d-metric d(z,y) = x +y. Define

0ifze [Qﬂ 0ifre [o,ﬂ
M = BT e (2,7] e = L
50 47217 25 47217
zifxe [o,ﬂ v ifre [o,ﬂ
Dx: zf €<zz} ’Bx— 37.‘.‘ T T
SIAAVESIE ?foe(Z’i}'
First, it is clear to see that M and O are occasionally weakly O-biased of type (A) and M and P are
sin ¢ 3
occasionally weakly B-biased of type (A). Take a(t) = % = B(t) and y(t) = 7 e get
1. forx, y € {0,%}, we have Mz =0, Ny =0, Dx =z, Py =y and

dMz,Ny) = 0
sin (z + ) sin (z + y)
< —_—r " J/
< op @yl ——— [y +a]
+§><(x+ )
1 )

2 3
= (z+vy) %sin(x—ky)—ki

= a(d(Oz, Py))[d(Oz, Ny) + d(Py, Mx)]
+6(d(Ox, By))[d(By, Ny) + d(Ox, Mx)]
+y(d(Oz, Py))d(Ox, By),
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2. forx, y6(4 2},wehavemm:%,my:;—g, ,‘ﬁy —and
27w
d(Mz, Ny) = =0
. [T . (T
. (8) [2837r] . S (8) {28371
- 25 200 25 200
4 (2)
4 8
T
Sm( 8 ) 28371 21
- 25 [ 100 ] T3y
= a(d(Ox, Py))[d(Oz, Ny) + d(Py, Mx)]
+8(d(Oz, By)) [d(By, Ny) + d(Ox, Mx)]
+7(d(Oz, By))d(Oz, By),
3. forz e [0,%}, Yy € (Z,g} we have Mz =0, Ny = ;—g, Dz =z, Py = 3% and
d(Mz, Ny) = ;—g
us . 3T
- (j"+ 8 ) {H 1317r] . S <x+ 8 ) [ 13171
- 25 200 25 200
ix o+ )
4 8
= 2sm<x+37T> {x+1317} 4—§ X <x+?m>
25 8 200 4 8
= a(d(Ox, Py))[d(Oz, Ny) + d(Py, Mx)]
+B(d(Ox, By))[d(By, Ny) + d(Oz, Mx)]
+7(d(Ox, Py))d(Oz, By),
4. forz € (Z ;T] Y€ [O ;j, we have%xz%,%yz& szg,q&’yzy and
137
d(Mz, Ny) = %
_ sm [1977 ] sm<2+y) [197T+y}
- 5 25 25

(o
Bl [E] o

(O, By))[d(Ozx, Ny) + d(‘B% )]

(d [
+A(d(Oz,By))[d(By, Ny) + d(Oz, Mz)]
+7(d (Dx Py))d(Ox, By),

so, all hypotheses of Theorem 2.2 are satisfied and 0 is the unique common fized point of maps M, N, O
and P.
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Remark 2.2 Note that MY = { ,13”} ¢ px = |o, ﬂ U {?’g} and NX = { 7”} ¢ DX =
o.7]v {5k

2.4. Application

Now, we furnish an application for solving the following integral equation:

o) = / (¢, pla))da. (2.2)

where R:[0,1] x [0,1] x R — R is a nonnegative continuous function.
Let X = C[0, 1] be the set of real nonnegative continuous functions defined on [0, 1]. Take the d-metric
d: X x X — [0,+00) defined by

() = max (u(D)] + (D))

for all u, v € X. Take the operator F(p fo R(l,q,p(q))dq for all p € X and for all I € [0, 1]. Mention
that integral equation (2.2) has a umque solut1on 1f and only if operator § has a unique fixed point. We
present the following result.

Theorem 2.3 Suppose that there is v € [0,1) such that for alll, ¢ € [0,1] and p, o € X, we have

|81, q, p(@))| + [R(L, g, 0(9)| < v([p(g)] + |e(a)]),

then § has a unique fized point; i.e., integral equation (2.2) has a unique solution p € X.

Proof: For all [ € [0,1], we have

SO+ [§e@)] =

/1 ﬁ(l,qm(Q))dQ‘ + /1 R(l,q, Q(Q))dCJ‘

< /|mqp |dq+/|ﬁZq7 )l dg
_ / (1R(L g, p(a)| + |8, 0, 0())])dg

< 9 [ ot + o))

< d(p(0), o)

<

ald(p(l),§(e(1))) + d(e(1), 5(p(1))]
+8[d(e(), 8 (e(1))) + d(p(1), $(p(1)))] + ~d(p(D), o(1)),

therefore, all the conditions of Corollary 2.1 are satisfied. Hence, § has a unique fixed point; i.e., integral
equation (2.2) has a unique solution. O

3. Conclusion

We conclude this work by mentioning that our presented results extend and improve some existing
results in fixed point literature among them, for a few, the main result of [8]. Again, we know that
metric spaces yield partial metric spaces and partial metric spaces yield d-metric spaces, consequently,
our theorems improve and/or extend many similar results on the three mentioned spaces.
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