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Existence and stability for a boundary value problem of Ambartsumian equation with
=-Hilfer generalized proportional fractional derivative

S.Manikandan, D. Vivek, K. Kanagarajan and E. M. Elsayed*

ABSTRACT: In this paper, we prove the existence and uniqueness of solution for the mixed boundary value
problem of Ambartsumian equation using Z-Hilfer generalized proportional fractional derivative(PFD). The
main principles applied to investigate our results are based on the standard fixed point theorems. We do well
in detail on some results concerning the Hyers-Ulam type stability. We verify our result with an illustrative
example.
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1. Introduction

Fractional differential equations (FDEs) are being used in various fields of science and engineering
such as control system, electrochemistry, electromagnetics, viscoelasticity, physics, biophysics, porous
media, blood flow phenomena, electrical circuits, biology, fitting of experimental data etc. Due to these
features, models of fractional order become more practical and realistic than the models of integer-order.
Recently, non-singular fractional operators have a significant role in the modelling of real-world problems.
For more details, see [1,10,15].

The existence and uniqueness (EU) of solutions belong to the most important qualitative properties
of FDEs. The EU of solutions to FDEs that include different types of fractional derivatives and ini-
tial/boundary conditions were tackled by several mathematicians, see [2,18,19,23]. Initially, the stability
concept was developed by Ulam and Hyers-Ulam in [9,24]. In [7,25], the authors consider the stability
of FDEs.

Motivated by the Hilfer and the Hilfer-Katugampola fractional derivative [13,14], the authors in
[22] introduced a new Hilfer generalized PFD, which unifies the Riemann-Liouville (RL) and Caputo
generalized PFD. More details about this derivative are given in [3,11,12,17,21].

Ambartsumian derived the standard Ambartsumian equation (AE). The absorption of light by inter-
stellar matter has been defined in this equation. In the theory of surface brightness in the Milky Way,
the Ambartsumian delay equation is used. The authors in [4,5,6,16,20] discussed about AE.

In this work, motivated by the research going on in this direction, we study a new class of boundary
value problems of AE on =-Hilfer generalized PFD with some mixed nonlocal boundary conditions of the
form,

{Dgf,aﬁ () =0 (t A(t), A (%)) tel0,1], n>1, W
A) =0, I GiA(s) + 5y @ Zgt S A0) + Yy MDEET AW = @
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where, @ (1, (1), A(£)) = $A(%) = A1), D= is the =Hilfer generalized PFD of order u =

{p,pr}t with 1 < pp <p <2, 0<p< l,Igi’g’E is =-RL fractional integral with §; > 0, for j =
1,2,3...,n,w,0;,wj, A\, € R are given constants, the points «;,6;,(; € [0,T] = J,i =1,2,3...,m, j =
1,2,3,..m, k=1,2,3,..,rand Q: J x R x R — R is a continuous function, and J = [0,T],T > 0.

2. Auxillary Results

In this section, we investigate some notation, spaces, definitions and fundamental lemmas which are
useful to the entire paper.

Let C = C(J,R) denote the Banach space for all continuous functions from J into R with the norm
defined by

Q[ = sup {|Q(#)[}.
teJ
On the other hand, we have n-times absolutely continuous functions given by
AC™(J,R) = {Q L J = R;QMD € AC(J, R)} .

Definition 2.1 [17] If o € (0,1] and p € R*. Then the left-sided generalized proportional fractional
integral of order p of the function Q with respect to the another function Z is defined by

o
~ 0"T(p)

Definition 2.2 [17] If o € (0,1] and p € R*, and E € C(J,R) where E (s) > 0. Then the left-sided
generalized PFD of order p of the function Q with respect to the another function = is defined by,

/

/O t e EO-E6D(5(1) — 5(5))P1E (s)Q(s)ds, ¢ > 0. (2.1)

(z2=Q) )

DmQ’E ¢ o=l (=()—F(8)) /— —_ n—p—1m—'
T . ¢ T O ED ) e, >0

(Pp=Q) (1) =
where T'(.) is the gamma function and n = [p]+ 1, where [p] denotes the integer part of the real number p.

Proposition 2.1 [17] If p > 0 and q > 0, then for any o > 0, we have,

(i) (Tpe=e T EO=0)(=0) — 2(0))) () = R

o—1

e T EO-E0) (=) — 5(0))rta1,

. E_e=L(2(t)—E(0) (= = - i EM-20) (= = —p—
(ii) (Dhe=e T EO=00 (1) - 2(0)171) (1) = Frdhe T EO=O0 (= () - 2(0) .

Theorem 2.1 [17] Suppose o € (0,1],p > 0 and q > 0. Then, if Q is continuous and defined for t > 0,
we have

7= (730°Q) (1) = 732 (T02%Q) () = (T7"%Q) ().
Theorem 2.2 [17] Suppose ¢ € (0,1],0 <n < [p] +1 withn € N. If Q € L,(J,R), then
Dje= (=) 0 = (7*2Q) O (2.2
In particular, for n=1, hence by using the Leibnitz rule, we have

D= (T27Q) (0 = s | €7 B0 =D @0 — 2@y e (23)

Corollary 2.1 [17] If p € (0,1],0 <n < [p] <1 withn € N and Q € L*(J,R). Then we have

D= (7025Q) (1) = (T %) (). (2.4)
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Definition 2.3 [17] Let J be an interval and Q,Z € C™(J,R) be two functions such that Z is positive,
strictly increasing and Z (t) # 0,Yt € J. The E-Hilfer generalized PFD of order p and type q of Q with
respect to the another function = are defined by

(Dgf”g’EQ> (t) = (IgJ(rn—p%@E (D2 Iéi—q)(n—p),Q»EQ> (t), (2.5)

wheren —1 <p<n,0<q<1withn €N and o € (0,1]. Also D*EQ(t) = (1 — 0)Q(t) + 92’8 and Zy+

is the generalized proportional fractional integral defined in Eq.(2.1).
In particular, if n =1, then 0 <p <1 and 0 < g < 1, so Eq.(2.5) becomes,

(Dae2) () = (3= (Do) D0 22g) ()

Remark 2.1 [17] From the Definition 2.3, we can view the operator Dgf’g’g as an interpolate between
the RL and Caputo generalized PFDs respectively, since

Dn’g’EIéz_p)’g’EQ, if ¢=0,

DPBEEQ — _ A
0+ Q {Igin—P%Q;—fDn,g,:@, ’Lf q= 1.

Property 2.3 [17] The Z-Hilfer generalized PFD Dgf’Q’E@ is equivalent to
(Dg’f’g’EQ) (t) = (Igin*p),g,i (Dn,g,E) Iéi*q)(n*p),e»EQ> (t) = (Igﬁnfp),g,ipﬂ,ga@) ),
where, ¥ = p + q(n — p).
Property 2.4 [17] Assume that p,q,9 satisfying the relations as
V=p+qn-p)n—-1<pd<n0<qg<l,
and
9 >p,0>qgn—9<n-—q(n—Dp).

Proposition 2.2 [17] If p,q € R with p > 0,q > 0 then for any 0 > 0 and n = [p| + 1, we obtained,

g_e=1(5(s)~E(0)) /= = - oPL(q)  e=1(=()-=(0) 1= = —p—
(ODpe=e T ED =0 () - 2(0)) (1) = T EOEO (1) — (o))

For k=0,1,2,........ ,n-1, we have

o—1

(cpgfvEeTG(S)*E(O))(5(3) - 5(0))k) (1) = 0.

In particular, (CDgf’Eeg;l(E(s)’E(o))) (t) = 0.

Lemma 2.1 [11] Letn—1<p<n withn € N;0<¢q<1,p¢€ (0,1] with ¥ =p+ g(n — p) be such that
n—1<9<n. IfQeC[JR], and I}7">=Q € C"[J,R], then

"t EO-EO) (= (p) - 5(

_ _ 0%z =(0))7—F -
(Ze=ppre2e) () =00 - X —— i g 1)0)) (7772%Q) (0. (26)
k=0

Lemma 2.2 [8/(Banach contraction principle) Let D be a non-empty closed subset of a Banach space
E. Then any contraction mapping T from D into itself has a unique fixed point.

Theorem 2.5 [8](Krasnoselskii’s fized point theorem) Let B be a non empty bounded, closed, convex
subset of a Banach space X. Let N, M : B — X be two continuos operators satisfying:
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e Nz + My € B whenever z,y € B,
e N is compact and continuous,
e M is contraction mapping.

Then, there exist u € B such that u = Nu + Mu.

Now we have to show that the equivalence relation between the mixed boundary value problem (1.1)
and the Volterra integral equation.

Lemma 2.3 Let Q€ C(J,R),1 < <p<2,0<¢g<1,0€(0,1],9=p+q(2—p),i=1,2,...m, j=
1,2,...,n k=1,2,3....,7 and m,n,r # 0. Suppose that Q € C. Then A € C? is a solution of the problem
(1.1) if and only if A satisfies the integral equation

_ p.0= t A 21 (=(1)-E(0))
a) =72 (6404 (£)) + e (

< |- o= (an At A4(2)) +ijz”“3“@’“ o(ra00.4(%)) e
=1
+Z)\kl.g;“k’g;5@ <Ck7 (Ck) <€;€)>> ) te Jv

k=1

0l
=
!
Jul
=
S

L

where,

m - (E(@)=E00) (=(n.) — =(0)) =1 (2(0,)—E(0)) N =) 81
L_vyg.° (E(ei) — E(0)) + w0 _( E(0;) — £(0))
2 Z T 1 5)

T EG)-20) (5(¢,) — ())ﬂfﬂm

[I]

2.
* g 0V~ IT (0 — pug) 28)
k=1
Proof: Let A € C be a solution of the problem (1.1). By using Lemma 2.1, we have
= T Em-= MEURE 0))"
t) =I=Q (¢t -
AW =hot ( AwA(5))+* ) “
(E(H)—E(0)) (2(t) — 2(0) )
e T =
+ oI (0) Cca, (2.9)
where, c1,c2 € R are arbitrary constants.
For t = 0, we get co = 0 and thus
= t e =) (=(t) — =(0))" "
_ JPoE z . 2.1
A = 732=0 (1) A (1)) + pe= ‘ (210)

(1]
[I]

Taking the operators Dgi’p’gﬁ and Igi’Q’E into (3.1), we obtain
(t) —E(0)" "

Hk D, 02 Pk, 0, t 7( (t)—=(0)) (
D= Alt) =1 Q(t,A(t),A<n>) + oY

=L(E(t)- 0)) = = 9+ —1
Bj,0,E _ +p+Bj,0.E l (“(t) - “(0))
002 () =174 5Q <t,A(t),A(n)> + BT .

C1,

—
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Applying the second boundary condition in (1.1), we have

. zm:de%(E(m)—E(O)) (E(ci) — 5(0))19*1 N iw.e%(ﬁ(f)g)—ﬂo)) (2(6;) — E(O))’Hﬁjfl
1 i 91911(19) J Q19+5]T(19 + ﬁ])

=1
(Sumeafoaon 4 (2)
i=1

# Y wz 02 (0,404 (%)) + oz (A4 (£)) ) ==,
j=1

n k=1

- e
+ A
2 (0~ )

which gives

c1=A lw - <Z 52'16);9’5 (ai,A(ai) A (?;))
i=1

+Yw e (ej,ij) A (‘;)) 2 NI (Ck’f‘“k) A <<77>> ’
= k=1

where % defined by Eq.(2.8). By the substitution of the value of ¢; in Eq.(2.10), we get Eq.(2.7).
Conversely, it is easily to shown, by a direct calculation, that the solution A given by Eq.(2.7) satisfies

the problem (1.1). Hence the Lemma is proved. O

3. Existence and Uniqueness

Now, we present the existence result to the considered problem (1.1) by using Theorem 2.5. For the
sake of convenience, we use the following notations:

=L (2(x)—E(0)) (2(x) — 2(0))”
_ece E(x) —E(0))
a(T,p) + =(T,9 — 1) [Al (25 16i] (e, p) (3.2)
1= n r .
X il @052+ B) + iy Ml 2(Gep — ) -
In view of Lemma 2.3, an operator 7 : C' — C' is defined by
IDe=Q (tA(t), A (%)) + Azt 9 — 1)
X |w — (S0, 6Z0H02Q (g, Aley) , A (%
+Zj:1 wiZoy 7T Q (‘gij(aj) A (#))
+ Sha MTEPEQ (G AG) A (2)))] st e
Theorem 3.1 Assume that Q: J x R x R — R is a continuous function such that:
(Hy) : There exist a constant Ly > 0 such that
|Q (t,u1,v1) — Q (¢, ur,v1)| < Ly (Jur — uz| + v — v2), (3.4)
for any u;,v; €R, i=1,2 andt € J.
If
WL < 1. (35)

Then, the problem (1.1) has a unique solution on J.
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Proof: Firstly, we transform the problem (1.1) into a fixed point problem A = T A, where the operator
T is defined in Eq.(3.3). Applying the Banach contraction mapping principle, we shall show that the
operator 7 has a unique fixed point, which is the unique solution of the problem (1.1).

Let sup,c; |Q(t,0,0)| :== My < co. Next we set By, :={A € C: ||A]| <ri} with

QM + (Jo| A 2(T,9 — 1))
T1 Z )
1-— QlLl

where +, (T, 9 — 1),y are given by (2.8),(3.1) and (3.2) respectively.

Observe that B, is a bounded, closed and convex subset of C'. The proof is divided into two steps:
Step:1 We show that 7B,, C B,,.

For any A € B, , we have

A0 <ze=|@ (1. A@) A D))+ Inar0 1) =1
+ i 16, 722 |Q (ai7A(ai) LA (2)) ‘
Frmrloan (%)

(e a(3))

+ Z |)\k| Ig;mc,@;p,u
k=1

It follows from the condition (H;) that

‘c@ (t,A(t),A (;)) ’ < ‘@ (t,A(t),A (;) - Q(t,0,0)’ +1Q(t,0,0)|
anfn sl ()}

Then we have

|TA(t)|§(L1{lQ|A()|+cQ‘ (n)‘ +M1) K Q;:f?(f(fl))_a(o)w

}

AT — 1) {|w| < {ZQ|A |+CQ’A(;>‘}+M1)
=) -
1)

m (E(ai)—E(0))
(St
I+

i=1

=0IEO) (2(0;) ~2(0)"
+ ZWJ "B (9 + B; + 1)

7( (¢k)—E(0)) (2(¢) (0))19 Bk
+Z)\k 0?1 (9 kuk+1)
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m

A1 <1 {1 A0] +eo |4 (1)} {M,p) FINHT,0 - 1)+ (Z 1] (o, p)

i=1

k=1

+le3|w 0,0+ B;) +Z|x\k\x Cerp — uk))}Jr{x(T,pHAlw(Tﬂ?l)

=1

(ZINSE 5, p) +Z|wj|:c 0j,p+ B;) +Z|x\k|x Csp — M))}M

+ Al @l 2(T, 9 - 1)
<014 {ZQ + CQ} r1 4+ QM7 + ‘/\| |w| I(T,ﬁ — 1) <r, ZQ,CQ > 0,

which implies that 7T B,, C B,,.
Step:2 We show that 7 : C' — C'is a contraction.
For any A, A € C and for each t € J, we have

o(ram.a(L)) o <;>>’+|Ax(T,ﬁ—1)
(iwilfé’f’E@(% A(5))-e(wdw A ()
+3 bl (a0, (%)) -2 (000 A (%))
+;|Ak|zg:”k"’;p5@<<k, ( )) (C’“ (), A <%>)D

< {x(T,p) +[A[2(T,9 - 1) (Z 16i] (i p) + D lwi| 2(05,p + B;)

|TA(t) - TAt)| <TP:2=

i=1 j=1

+ki1|>\k|117(<k’,p:uk)>}L1{lQHA —Alt) "*C@HA< ) ( )H}
ot ) ()
<L, {IQ [A®) =A@ + o HA (fz) A <n> H} '

As QL7 < 1, hence the operator T is contraction. Hence, by the Banach contraction mapping principle,
the operator T has a fixed point and the problem (1.1) has a unique solution on J. The proof is completed.
O

|TA(t) — TA(t)

Theorem 3.2 Assume that Q : J xR xR — R is a continuous function and satisfying (Hi). In addition,
we assume that

(H2) :
Q(t,w,0)| < o), ¥(t,u,0) € I x RX R and o € C(J,RY). (3.7)
If
Ly [ —2(T,p)] <1, (3.8)

where, Q,x(T,p) are defined in (3.2) and (3.1) respectively, then the problem (1.1) has atleast one
solution on J.
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Proof: Fix sup,c;|o(t)| = ||o|| and B,, :={A € C : || Al < rs}, where

ro > |lof| Q1 + |A| || (T, 9 — 1).
We define the operators G and H on B,, by

t

GA(t) =IF2=Q <t, At), A (n)) :
HA(t) = A a(t,0— 1) (w - i 5I2=Q (a Ala), A ( )) ijzp%ew

o (05 400.4(%)) - S Ty (6044 (i))) el
k=1

Note that 7 = G + H. For any A, A € B,,, we have

Q(t,A(t),A(é))‘ A (0 — 1)

(gl
oo 3(3)

+§:LMV%TM@%EQ<@, (Ck) > A <@)>>},
k=1 n

<lloll {x(T7p)+|/\ (t, 9 —1) <ZI5 | (e, p)

|GA(t) + HA(t)| < sup {Ip’g’“

j=1 k=1

+Z lwj| z(0;,p + B;) + Z [ Akl z(Cr, p — uk)) } + A| || 2(T,9 — 1)
<llolf + [A[|@] (T, 9 — 1) < 7.
This implies that G A + HA € B,,, which satisfies the first assumption of Theorem 2.5

We show that the second assumption of Theorem 2.5 is satisfied.
Let A,, be a sequence such that A,, — A in C. Then for each t € J, we have

1GAL(t) — GA®)| <T2¢F |0 <f’ An (), An <;>) e (t’A(t) A (2))’

ciafo(aoa () -o(04()]

Since Q is continuous, this implies that Q (~, A(),A (ﬁ)) is also continuous. Hence, we obtain

[ (a0, (5)) ~ @ (4G, A(5))] = 088 = o0
Thus this shows that GA is continuous. Also the set GB,, is uniformly bounded on B,, as ||GA| <
z(T,p) o] ]
Next we show that the compactness of the operator G. Let sup(, , ,yesxpz |Q(t u,v)| = Q < oo,
s 2,
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then for each t1,t € J with 0 < t; <ty < T, we obtain
1

Q’T(W/o E/(s) {e

—efT E)=E®) (=4, — E(S))P—l] Q (S,A(s), A (:)) ds

+/ =/ (s)e 5 =) (F(1y) — 2(s)P 1 @ (S’A@M (n)) *

IGA(t) — GA(ty)] = T ER)EO) (Z(1y) — Z(s))P

[ —
“oPtT(p+1)

1 e Elt2)-=0) (Z(t2) — E(0))? — o7 (E(t1)-E(0) (2(t1) — 2(0))”

Obviously, the right hand side of in the above inequality is independent of A and tends to zero as to — t;.
Therefore Gis equicontinuous. So G is relatively compact on B,,. Then by the Arzela-Ascoli theorem, G
is compact on B, .

Moreover, it is easy to prove using the condition (3.7), the operator # is a contraction and thus the
third assumption of Theorem 2.5 holds.
Hence all the assumptions of Theorem 2.5 are satisfied. So the conclusion the Krasnoselskii’s fixed point
theorem implies that the problem (1.1) has atleast one solution on J. The proof is completed. m

4. Stability Theory

Next, we are developing Ulam-Hyers-Rassias (UHR) stable for the proposed problem (1.1).
Let € > 0 be a positive real number and © : J — RT be a continuous function. We consider the
following inequality

DPECEA(L) — Q (t, A(t), A (;)) ’ < €O(t), (4.1)

ppresan - (naw.a(t))| <ew. (42)

and the following condition,
(H3) : There exist an increasing function © € C(J,R") and there exists ng > 0, such that for any ¢t € J,
the following integral inequality

IDe=0(t) < neO(t). (4.3)

Definition 4.1 [23] The problem (1.1) is said to be UHR stable with respect to © € C(J,RY) if there
exists a real number Mg e > 0 such that for each € > 0 and for each solution z € C' of the inequality
(4.1), there exist a solution A € C' of the problem (1.1) with

l2(t) — A(t)] < Mg.eeO(t), te .. (4.4)

Definition 4.2 [23] The problem (1.1) is said to be Generalized Ulam Hyers Rassias (GUHR) stable
with respect to © € C(J,R") if there exists a real number Mg e > 0 such that for each solution z € C of
the inequality (4.1), there exist a solution A € C of the problem (1.1) with

|z(t) — A(t)] < Mge®O(t), te. (4.5)

Remark 4.1 [23] A function z € C(J,R) is a solution of the inequality (4.1) if and only if there exist a
function v € C (which depends on z) such that

(i) ()] < €O(t), Vte .

(i) Dye=2(t) = Q (12 (1), 2 (£)) +v(t), te.
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Lemma 4.1 Let p € (1,2],q € [0,1]. If z € C is a solution of the inequality (4.1), then z is a solution
of the following inequality

2(t) =R, — Igjf”E (t,2(t), z (;))‘ < Q2eneO(t), (4.6)
where,
Q=1+ a(@0 - DI [ S+ 3l + S 1Al | (4.7)
i=1 j=1 k=1
and

R. =a(t,0 - 1) ( Zﬂé’f“(@ (O‘“Z <n>)
e 0o (4)) - 0 (9)))

Proof: Let z be a solution of the inequality (4.1). So in the view of Remark 4.1 (i7) and Lemma 2.3, we

have _
{Dgf’g’:z(t) —Q (t,z (t),2 (%)) Fu(t), ted, n>1,
20)=0, I, Giz() + Xy 0Tyl T2 (05) + oy DR ET2(Gk) =
Thus, a solution of the problem (4.8) can be written by

2(t) =12 (Lz(t%z(é))-#ﬂc(tﬁ ( Z‘Sfé’f’“ (a“ ()Z@))

_ijl-p+5]QEQ(0j7Z(9j)’Z<9n>) Z)\ VN ”’“g’p’“Q(Ck, (Ck) 2 (%)))

k=1

+T5°Q (tv v(t),v <;>) —a(t, ¥ —1) (w ;5 IDSQ (ozqz, v(ag),v <C:7l>>

72 Triesg (gj,,,(gj)’l,(f;)) i)\I” “’“”“Q(C}m (Ck) v (%)))

Then by using Remark 4.1 (i4), it follows that

2(t) — R, — TPOE (t,z(t),z (f})) ’ _ |gppes (t, OR (f’)) (b0 — 1A
)

+ Zwﬂpw”g’“@ (93‘7 v(0;),v (i;))
+Z>\/Jp HeePEQ (C/w (Ck) v <%>>>|
< (1 +2(T,9 — 1) |A| (é |6;] + Zj; |w;| + g )\k|)) engO(t)

SQQGﬂ@@(t).

(4.8)
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From which inequality (4.6) is obtained. The proof is completed. |

Theorem 4.1 Assume that the function Q : J x R x R — R is continuous and (Hi) holds then the
problem (1.1) is UHR stable on J.

Proof: Let € > 0 and z € C be the solution of the inequality (4.1). Let A € C be the unique solution of
the problem (1.1). By the Lemma 2.3, we obtain

At) = Ra+I2= (t, At), A (:})) ,
where,
R4 =a(t, ) —1) A }:5ﬂ$“@(m, (@) A (%)) = Sz o= (0,404 (2))
i=1 j=1

_ ZAkIg:uk,g;p,EQ <Ck7 (Ck) (Ck))) -
k=1 n

On the other hand, if A(0) = 2(0), A (o) = 2z (« ),Igi’g TA0;) = Igi’g’gz(ﬂj) and DEY = A(() =
Dgﬁ’g;Ez(Ck), then it is easy to see that R4 = R..
Now applying |u — v| < |u| + |v| and Lemma 4.1, for any ¢ € J, we have

2(t) = Ra - I4°Q (tv“““) A (;)) ‘

2() — R, — T2 @J@,()N
(0 (3) -0 4 ()

<QoeneO(t) + Q12(T, p) Ly |2(t) — A(t)].

|2(t) — A1) <

IN

This implies that

QQ’I”L@
t) — < — t).
|2(8) = A(®)] < 7 —le(T,p)Lf@( )
By setting
QQ’I’L@
Mpeg=——"—"—"—"—
R Qx(T,p)Ly’
we obtain

|z(t) — A(t)] < Mg,eeO(t).

Therefore, the problem (1.1) is UHR stable. Further it is easy to check that the solution of the problem
(1.1) is GHUR stable. This completes the proof. O

5. An Example

Here to support our findings, we present the following example. Let consider the following FDE with
=Z-Hilfer generalized PFD as

2
30

D3
N 1 X . i 2
A0) =0, YL, (F5) AG)+ 5 (5) THA) + Xil, s

1

A -4
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Now comparing Eq. (5.1) with our proposed problem (1.1), we get

i+1 ,
_ 1 _ 1 _ 2 _ 3 _ _ _ 1 _ (=i _ (i1 _ -k
P=9, 4=7, 0= 73, 19—?, CL—O, b—l, w =35 61_(1-{-15 ,Wj—(j,+2),/\k_k+2
are in R are given constants, the points a; = %,9]' =2,G = % elo,1]=Ji=1,2,3, j=1,2, =

1,2,3, 4.
Also, Q: [0,1] x R x R — R. is a function defined by

Q (t,A(t),A (;)) — A(t) - éA (S) .

Clearly, Q is continuous function. For A (), A2(t), A1 (%) , Ao (%) € R and t € [0, 1], we have

e(eana (5)) e (aoa (G) =5 -l () -4 ()}

Hence the hypothesis (Hy) holds with @ = é.
Now choose =(t) = €', then it implies that Z(¢) is positive increasing and continuous in [0, 1].
Next substituting the values that we mentioned and find the value of |A[,€2, Q1 and Qo

IA| = [0.99152994855| < 1,
Q) = 2.5158265895,
Q, = 2.45428339635.

Hence
0L =~ 0.27954 < 1,

since all of the assumptions of Theorem 3.1 are satisfied, then the problem (1.1) has a unique solution
on [0,1].
In addition, by setting ©(t) = E(t) — Z(0) it is easy to calculate the value of Z\*=0(t).

IPO=0(t) ~ 0.28410(t).
Thus (Hs) satisfied with ng = 0.2841 > 0

QQTL(_)

Moo — 2o
R Maz(T,p) Ly

~ 1.0821369 > 0.

Hence by the Theorem 4.1, the problem (1.1) is UHR stable on J. And also GUHR stable on J.
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