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On neutrosophic b-open sets and b-separation axioms
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ABSTRACT: In this article, we begin by presenting key findings related to neutrosophic b-open sets. The
concepts of neutrosophic b-closure and neutrosophic b-interior for a neutrosophic set are introduced, and
their various properties are explored. Subsequently, we introduce neutrosophic bTp-space, neutrosophic b77-
space, and neutrosophic bTs-space, provide illustrative examples and investigate their distinct properties. We
establish that a neutrosophic bTh-space (respectively, neutrosophic bTi-space) is a neutrosophic bT}-space
(respectively, neutrosophic bTp-space), but the converse is not necessarily true. Additionally, we investigate
the relationships between neutrosophic separation axioms and neutrosophic b-separation axioms. Furthermore,
we show that the property of a space being neutrosophic bTp-space (respectively, neutrosophic bT}-space,
neutrosophic bTh-space) is a hereditary property.
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1. Introduction

The idea of a fuzzy set was coined by L.A. Zadeh[19] in the year 1965 and a generalized version
of a fuzzy set, acknowledged as the intuitionistic fuzzy set, was uncovered by K. Atanassov [18] in 1986.
Afterwards, Florentin Smarandache[7,8,9] developed and studied the concept of a neutrosophic set. It had
been shown by Smarandache [9] that a neutrosophic set was a generalization of an intuitionistic fuzzy set.
A neutrosophic set is knotted with three membership functions which are the truth-membership function,
falsity-membership function, and indeterminacy-membership function and it is remarkable that all these
three neutrosophic factors are unbiased to one another. After Smarandache had added the thought of
neutrosophy, many researchers [26,1,2,16] across the globe studied and contributed for the upliftment of
this theory. There were some innate difficulties in the earlier techniques (classical or fuzzy) because of
the deficiency of parametrizing tools, and so, those techniques are inadequate to deal with several real-
life problems. These issues can be dealt with in a more general and appropriate way with the help of
neutrosophic theory. Different kinds of practical-based works such as decision-making problems [20,29],
clinical diagnosis[25,34], image processing [41], and many more had been carried out in a neutrosophic
environment.

In the year 2002, Smarandache [8] introduced the notion of neutrosophic topology on the non-standard
interval. Lupidfiez[10,11] investigated some properties of neutrosophic topological spaces. Salama &
Alblowi [1], in 2012, introduced neutrosophic topological space as a generalization of intuitionistic fuzzy
topological space which was developed by D.Coker [6] in 1997. Later, a range of notions related to
neutrosophic topological spaces had been developed by many researchers[17,35,21,27,40,12,13,2,28,3,5,
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14,15,32,30,33,31,23,36,38]. Ebenanjar et al. [22] introduced the concept of neutrosophic b-open sets in
2018. In recent years, separation properties had been studied by some researchers [4,24,37,39]. But the
separation properties using neutrosophic b-open sets have not been studied so far.

In this article, our primary motive is to study the separation axioms using neutrosophic b-open sets.
But, before that, we try to set up a few results on neutrosophic b-open sets. The article is organized
by conferring some basic concepts in section 2. In section 3, we establish some results on neutrosophic
b-open sets. In section 4, we define neutrosophic b1y, b17, bT5-spaces and study their various properties.
In section 5, we confer a conclusion.

2. Preliminaries

In this section we put forward some basic concepts.

Definition 2.1 [7] Let X be the universe of discourse. A neutrosophic set A over X is defined as
A = {{(z,Ta(z),Za(z), Fa(x)) : * € X}, where the functions Ta,Za,Fa are real standard or non-
standard subsets of |70,1%[, d.e., Ta : X — ]70,17[, Zy : X = 70,17, Fa : X — ]70,17[ and
0 < Ta(z) + Za(x) + Fa(z) < 3T.

The neutrosophic set A is characterized by truth-membership function 74, indeterminacy-membership
function Z4, falsity-membership function Fju.

Definition 2.2 [16] Let X be the universe of discourse. A single-valued neutrosophic set A over X is
defined as A = {{x, Ta(x),Za(x), Fa(z)) : x € X}, where Ta,Za,Fa are functions from X to [0,1] and
0 < Ta(z) +Za(z)+ Fa(z) <3.

The set of all single-valued neutrosophic sets over X is denoted by N (X).
Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.

Definition 2.3 [27] Let A,B € N(X). Then

(1) (Inclusion): If Ta(z) < Tp(x),Za(x) > Zg(x),Fa(z) > Fp(x) for all x € X then A is said to be a
neutrosophic subset of B and which is denoted by A C B.

(ii) (Equality): If AC B and B C A then A = B.

(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B = {{x, Ta(z) A
Te(x),Za(z)VIg(x), Falz)V Fp(x)):xze X}.

(iv) (Union): The union of A and B, denoted by AUB, is defined as AUB = {{z, Ta(z)VTp(z),Za(x)A
Ip(z), Fa(x) NFp(x)):xz € X}.

(v) (Complement): The complement of the NS A, denoted by A€, is defined as A® = {{x, Fa(x),1 —
Ta(e), Ta(@)) : = € X}

(vi) (Universal Set): If Ta(x) = 1,Za(z) = 0,Fa(x) =0 for allz € X then A is said to be neutrosophic
universal set and which is denoted by X.

(vit) (Empty Set): If Ta(z) = 0,Za(z) = 1,Fa(z) =1 for all x € X then A is said to be neutrosophic
empty set and which is denoted by (.

Definition 2.4 [1] Let {A; :i €A} CN(X), where A is an index set. Then
(i) UieaAi = {{z, VieaTa, (%), NicaZa, (2), NieaFa, (7)) : x € X}.
(’LZ) mieAAi = {<'T7/\i€A7j4i(x);\/i€AIAi (w)v\/’LGAFAl(x)> T e X}

Theorem 2.1 /3] Let f : X — Y be a function. Also let A,A; e N(X),ie€I and B,B; e N(Y),j € J.
Then the following hold.
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(i) Ay C Ay & f(A1) C f(A2), B C Bo & f71(B1) C f71(Ba).
(ii) AC [~(f(A)) and if f is injective then A = f~*(f(A >>
(i6i) F(f(B)) C B and if { is surjective then f~"(f(B)) =
(i) §-H(UB;) = Uf~(B;) and £~1("By) = nf~\(By).
(v) F(UA;) = Uf(A), F(NA:) CNF(A;) and if fis injective then f(NA;) = Nf(A).
(vi) 71 (Dy) =0x, f71(Y) = X.
(ii) f(bx) =0y, f(X)=Y if fis surjective.

Definition 2.5 [3] Let X and Y be two non-empty sets and f : X — Y be a function. Alsolet A € N(X)
and B € N(Y). Then

(1) Image of A under f is defined by
FA) =y, F(Ta) (W), f(Za)(y), A = f(1 = Fa))(y)) : y € Y}, where

sup{Ta(z) :x € f~1(y)} if f(y) #0
f(Ta)(y) = {0 if () =0
) inf{Za(z):x e fTHy)Y i fTHy) #0
fZa)y) = {1 iff ) =0
~ Jinf{Fa(@) iz e Uy iffNy) £0
(l_f(l_‘FA))(y)_{l iff_l(y):(b

(2) Pre-image of B under f is defined by
“NB) = {{z, fH(TB) (@), fH(ZB)(x), 1 (FB)(2)) : 2 € X}

Definition 2.6 [12] Let N(X) be the set of all neutrosophic sets over X. A NS P = {{z, Tp(x),Zp(z),
Fp(x)) : x € X} is called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) =
a,Zp(y) = B, Fp(y) =~ for y=x and Tp(y) = 0,Zp(y) = 1,Fp(y) =1 for y # x, where 0 < o <
LO0< B <1,0<vy<1 An NP P = {(z,Tp(),Zp(x), Fp(x)) : © € X} will be denoted by Py 5. or
P <z,a,B,7> orsimply byxap,. Forthe NPxy g, x will be called its support. The complement of the
NP Pg 5 will be denoted by (P 5. )¢ orbyag, 5. ANSP = {(z,Tp(x),Ip(z), Fp(x)) : x € X} is called
a neutrosophic crisp point (NCP, for short) iff for any element y € X, Tp(y) = 1,Zp(y) = 0, Fp(y) =0

fory=x and Tp(y) =0,Zp(y) =1, Fp(y) =1 fory # .

Definition 2.7 [13] An NPz, 5.~ € N(X) is said to be quasi-coincident with an NS A € N'(X), denoted
by Ta, 8 ~GA, iff a > Tac(x) or B < ZLae(z) ory < Fac(x), i.e., @ > Fa(x) or B <1-Tx(x) ory < Ta(z).
An NS A is said to be quasi-coincident with an NS B at x € X, denoted by AqB at x, iff Ta(x) > Tpe(x)
or Za(xz) < Ipe(z) or Fa(x) < Fpe(z). If the NP x4 5~ (resp. the NS C) is not quasi-coincident with
an NS A, we shall denote it by x p~GA (resp. CGA).

Definition 2.8 [27] Let 1 C N(X). Then 7 is called a neutrosophic topology on X if
(i) O and X belong to .
(ii) Arbitrary union of neutrosophic sets in T is in T.

(iii) Intersection of any two neutrosophic sets in T is in 7.

If 7 is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic topological space
(NTS, for short) over X. The members of 7 are called neutrosophic open sets (7-open NSs or open sets,
for short) in X. If for an NS A, A° € 7 then A is said to be a neutrosophic closed set (7-closed NS or
closed set, for short) in X.
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Definition 2.9 [27] Let (X, 7) be an NTS and A € N(X). Then the neutrosophic
(i) interior of A, denoted by int(A), is defined as int(A) = U{G : G € 7 and G C A}.
(i) closure of A, denoted by cl(A), is defined as cl(A) = N{G: G € T and G D A}.
Theorem 2.2 [/0] In an NTS
(i) Every neutrosophic open set is a neutrosophic pre-open(NPO) set.

(i) Every neutrosophic closed set is a neutrosophic pre-closed(NPC) set.

Definition 2.10 [22] Let (X,7) be an NTS and G be a NS over X. Then G is called a
(i) neutrosophic b-open (NBO, for short) set iff G C [int(cl(G))] U [cl(int(G))].
(i) neutrosophic b-closed (NBC, for short) set iff G 2 [int(cl(G))] N [cl(int(G))].

If G is an NBO (resp. NBC) set in (X, 7) then we shall also say that G is a 7-NBO (resp. 7-NBC)
set.

Theorem 2.3 [22] Let (X, 7) be an NTS.
(i) If G € N(X) then G is an NBO set iff G¢ is an NBC set.
(i1) If G € N(X) then G is a NBC set iff G¢ is an NBO set.
(i) In (X,T), every NPO set is an NBO set.
(iwv) In (X, 1), every NPC set is an NBC' set.

Definition 2.11 [22] Let (X, 7) be an NTS and A € N(X). Then the neutrosophic

(i) b-interior of A, denoted by bint(A), is defined as bint(A) = U{G : G is an NBO set in X and
G C A}.

(i) b-closure of A, denoted by bel(A), is defined as bel(A) = N{G : G is an NBC set in X and G D A}.

Definition 2.12 [37] Let (X,7) be an NTS. Let 0 Y C X and 7 |y={G |y: G € 7}. Then (Y, 7 |y)
is an NTS. The topology T |y 1is called the neutrosophic relative topology of T on'Y or the neutrosophic
subspace topology of Y or the neutrosophic induced topology on'Y and the NTS (Y, 7 |y) is called a

neutrosophic subspace (or a subspace, for short) of the NTS (X, 7). Members of T |y are called T |y -open
setsinY. A NS AeN(Y) such that A® € T |y is called a T |y -closed set in'Y .

Definition 2.13 [37] A property of an NTS (X, T) is said to be hereditary if whenever the space X has
that property, then so does every subspace of it.

Definition 2.14 [37] Let (Y, 7 |y) be a neutrosophic subspace of an NTS (X,7) and A € N(Y). Then

(i) neutrosophic interior of A, denoted by inty (A), is defined as inty(A) = U{G : G € 7 |y and
G C A}.

(i) neutrosophic closure of A, denoted by cly (A), is defined as cly (A) = {G : G € T |y and G D A}.
Proposition 2.1 [37] Let (Y, 7 |y) be a neutrosophic subspace of an NTS (X, 7). Then

(i) cx(G) |y=cly (G |y) for every G € N(X), where cly (G |y) is the T |y -closure of G |y and clx(G)
is the T-closure of G.

(i) intx (G) ly= inty (G |y) for every G € N(X), where inty (G |y) is the T |y -interior of G |y and
intx (G) is the T-interior of G.
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Definition 2.15 [37] An NTS (X, 7) is called a neutrosophic

1) Ty-space or (NTy-space, for short) iff for any two NPs x, and Yo g1~ T F Yy, there exists a
By By
U €7 such that xo.3~ € U, yYor g ¢ U or there exists a V € T such that xa.g ¢V, Yar gy € V.

1) Th-space (NTi-space, for short) iff for any two NPs x, and Yo' g~ , T F Y, there exists a U € T
By By
such that xo. g~ € U, Yo g ¢ U and there exists a V € T such that a5y ¢V, Yar,g/ v € V.

(iii) To-space or neutrosophic Hausdor(f space (NTy-space or Hausdorff space, for short) iff for any two
NPs xq08~ and Yo g, T # Yy, there exist U,V € T such that vapg~ € U, Yo gy € V and

Uunv = .

3. Some results on neutrosophic b-open sets

Here we establish some results related to neutrosophic b-open sets which will be used in the next
section.

Proposition 3.1 In an NTS
(i) Every neutrosophic open set is an NBO set.

(i) Every neutrosophic closed set is an NBC set.

Proof: Obvious from the theorems 2.2 and 2.3. O

Proposition 3.2 Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X,7) and A € N(Y). Then A is
a T |y-NBC set inY iff A® is a 7 |y-NBO set in Y.

Proof: A is a 7 |y-NBC set & [inty (cly (G))] N [cly (inty (G))] € A < A° C [[inty(cy(G))] N
ly (inty (GY]]° = [inty (cly (G))Ulely (inty (G)]* = )
U [inty (cly (A°))] & A€ C [cly (inty (A))] U [inty (cly (A°))] & A€ is a 7 |y-NBO set. m]

Proposition 3.3 Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X, 7). Then
(i) Gly is a 7 |y-NBO set in'Y for every 7-NBO set G in X.

(i) Gly is a 7 |y-NBC set in'Y for every T-NBC set G in X.

Proof: (i) G is a 7-NBO set in X = G C [intx(clx(G))] U [clx (intx(G))] = G |y C [(intx (cIx(G))) U
(cx(intx(G)))] ly= G [yC [(intx(clx(G))) |y] U [(clx(intx(G))) |v] = G |yC [inty(cx(G) |y
)] U [ely (intx (G) |y)] [by prop. 2.1] = G |y C [inty (cly(G) |y)] U [cly (inty (G) |y)] [by prop. 2.1]
=G|y isar7t|y-NBO setin Y.

(ii) G is a T-NBC set = G° is a 7-NBO set = G° |y is a 7 |y-NBO set [by (i)] = (G |y)¢is a
7 |y-NBO set = G |y is a 7 |[y-NBC set in Y [by prop. 3.2]. O

Proposition 3.4 In an NTS, union of an arbitrary collection of NBO sets is an NBO set.

Proof: Let (X,7) be an NTS and {G; : ¢ €A} be an arbitrary collection of NBO sets in X, where
A is an index set. Now G; is an NBO set for each i eA= G; C [int(cl(G;))] U [cl(int(G;))] for each
i €A= UjeaGi C Uiea[(int(cl(Gy))) U (cl(int(G;)))] C [int(cl(UieaGi))] U [cl(int(Uic s Gi))] = UieaGi C
[int(cl(UieaGi))] U [cl(int(UieaGi))] = Uiea G is an NBO set. O

Proposition 3.5 In an NTS, intersection of an arbitrary collection of NBC' sets is an NBC' set.
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Proof: Let (X,7) be an NTS and {G; : i €A} be an arbitrary collection of NBC sets in X, where A is
an index set. Now G; is an NBC set for each i €A= GY is an NBO set for each i €A= U;c,G¥ is an
NBO set [by prop. 3.4] = (N;caG;)¢ is an NBO set = N;c,G; is an NBC set. O
Proposition 3.6 Let (X,7) be an NTS and A € N(X). Then the following hold.

(i) bcl(A) is an NBC set.

(i) A Cbcl(A).

(iii) A is an NBC set iff A =bcl(A).

(iv) bel(D) = 0

(v) bel(X) = X

(vi) bel(bel(A)) = bel(A)
Proof: (i) Since bcl(A) is the intersection of all NBC sets, so by prop. 3.5, bcl(A) is an NBC set.

(ii) Since bcl(A) is the intersection of all NBC sets containing A, so A C bel(A).

(iii) Since A is an NBC set and since A D A, so bel(A) C A. Again by (ii), A C bcl(A). Therefore,
A =bel(A). Conversely, if A =bcl(A) then by (i), A is an NBC set. Hence proved.

(iv) Since 0 is an NBC set [by prop. 3.1(ii)], so by (iii), bel(0) = 0.

(v) Since X is an NBC set [by prop. 3.1(ii)], so by (iii), bel(X) = X.

(vi) Since by (i), bel(A) is an NBC set, so by (iii), bel(bcl(A)) = bel(A). O
Proposition 3.7 Let (X,7) be an NTS and A, B € N(X). Then the following hold.

(i) AC B = bcl(A) Cbel(B)

(ii) bel(A U B) D bel(A) U bel(B).
(iii) bel(AN B) C bel(A) Nbel(B).
Proof: (i) AC B and B C bel(B), so A C bel(B). Since bel(B) is an NBC set such that A C bel(B), so
bel(A) C bel(B).

(i) AC AUB = bcl(A) C bel(AUB) [by (i)]. Similarly bcl(B) C bel(AUB). Therefore, bel(AUB) 2
bel(A) U bcl(B).

(i) ANB C A = bcl(ANB) C bel(A) [by (i)]. Similarly bel(ANB) C bel(B). Therefore, bel(ANB) C
bel(A) N bel(B). O
Proposition 3.8 Let (X,7) be an NTS and A, B € N(X). Then the following hold.

(i) bint(A) is an NBO set.
(i1) bint(A) C A
(ii) A is an NBO set iff A= bint(A).
(iv) bint(0) =0
(v) bint(X) =X

(vi) bint(bint(A)) = bint(A)
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Proof: (i) Since bint(A) is the union of all NBO sets, so by prop. 3.4, bint(A) is an NBO set.
(ii) Since bint(A) is the union of all NBO sets contained in A, so bint(A4) C A.
(iii) Since A is an NBO set and A C A, so A C bint(A). Again by (ii), bint(A) C A. Therefore,
A = bint(A). Conversely, if A = bint(A) then by (i), A is an NBO set. Hence proved.
(iv) Since () is an NBO set [by prop. 3.1(i)], so by (iii), bint() = 0.
v) Since X is an NBO set [by prop. 3.1(i)], so by (iii), bint(X) = X.
vi) Since by (i), bint(A) is an NBO set, so by (iii), bint(bint(A)) = bint(A). O

—~

Proposition 3.9 Let (X,7) be an NTS and A,B € N(X). Then the following hold.
(i) A C B = bint(A) C bint(B)
(#) bint(AU B) D bint(A) U bint(B).

(#11) bint(A N B) C bint(A) N bint(B).

Proof: (i) Since A C B and bint(A) C A, so bint(A) C B. Since bint(A) is an NBO set such that
bint(A) C B and since bint(B) is the largest NBO set contained in B, so bint(A) C bint(B).

(i) A € AU B = bint(A) C bint(AU B) [by (i)]. Similarly bint(B) C bint(A U B). Therefore,
bint(AU B) D bint(A) U bint(B).

(ii) ANB C A = bint(AN B) C bint(A) [by (i)]. Similarly bint(A N B) C bint(B). Therefore,
bint(AN B) C bint(A) Nbint(B). O

4. Neutrosophic b-separation axioms

Here we define neutrosophic b7}, neutrosophic b7T7, and neutrosophic b7, spaces with examples and
investigate various properties. But, before that, we put forward a few definitions.

Definition 4.1 Let (X,7) and (X,7*) be two NTSs. If every 7-NBO set in X is a 7*-NBO set in X
then T is said to be b-coarser than T or T is said to be b-finer than 7.

Example 4.1 Let X = {a,b}, 7 = {@,f(} and T = {@,X,A}, where A = {(a,1,0,0),(b,0,1,1)}.
Obviously, both (X,7) and (X,7*) are NTSs. It is also clear that every T-NBO set is a 7*-NBO set.
Therefore, by the definition 4.1, T is b-coarser than 7%, i.e., 7" is b-finer than 7.

Definition 4.2 Let f be a neutrosophic function from an NTS (X,T) to another NTS (Y,0). If f(G) is
a 0-NBO set in'Y for every T-open NS G in X then f is called a neutrosophic b-open function.

Example 4.2 Let X = {a,b},Y = {z,y},7 = {0, X, A} and 0 = {0, X, B}, where A = {(a,0.6,0.7,0.2),
(b,0.8,0.4,0.3)} € N(X) and B = {{(2,0.8,0.4,0.3),(y,0.6,0.7,0.2)} € N(Y). Obviously, both (X,7) and
(Y,0) are NTSs. It is also clear that f(G) is a 0-NBO set for every T-open NS G in X. Therefore, by
def. 4.2, f is a neutrosophic b-open function.

Definition 4.3 A neutrosophic function f from an NTS (X, 7) to another NTS (Y, o) is called a neu-
trosophic

(i) b-continuous function if f~*(G) is a T-NBO set in X for every o-open NS G in'Y .
(ii) b*-continuous function if f~1(G) is a T-NBO set in X for every o-NBO set G in'Y .
(iii) b**-continuous function if f~1(G) is a T-open NS in X for every o-NBO set G inY .

Definition 4.4 An NTS (X, 7) is called a neutrosophic bTy space (N BTy-space, for short) iff for any
two NPs xq. 8, and Yo' g, T # Y, there exists an NBO set U in X such that o8~ €U, Yo g ¢ U
or there exists an NBO set V in X such that xa g~ €V, Yo prr € V.
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Example 4.3 Let X = {a,b} and 7 = {@,X,A,B}, where A = {{a,1,0,0),(b,0,1,1)} and B =
{{a,0,1,1),(b,1,0,0)}. Clearly the NTS (X, 1) is an N BTy-space.

Proposition 4.1 Let 7 and 7 be two neutrosophic topologies on a set X such that T is b-finer than T.
If (X, 7) is an NBTy-space then (X, 7*) is also an N BTy-space.

Proof: Let x5~ and yas g4, © # y, be two NPs in X. Since (X, 7) is an N BTy-space, so there exists
a 7-NBO set G in X such that x4 5~ € G, Yo' g, ¢ G or there exists a -NBO set H in X such that
Tapy ¢ H, Yo p~ € H. Since 7* is b-finer than 7, so every 7-NBO set in X is a 7*-NBO set in X.
Thus for any two NPs 2, g and ya’ g4 in X such that x # y, there exists a 7*-NBO set G such that
Zagy € G, Yar,p~ ¢ G or there exists a 7*-NBO set H such that x4 5, ¢ H, Yor,p,, € H. Hence
(X,7*) is an N BTy-space. a

Proposition 4.2 Let (X,7) be an NTS. If X is NTy-space then X is an N BTjy-space.

Proof: Let x4~ and yar g4, T # y, be two NPs in X. Since X is an NTy-space, so there exists a
7-open NS G such that z4,5, € G, yar,p,4 ¢ G or there exists a 7-open NS H such that z, 5, ¢ H,
Yo' 'y € H. Since every neutrosophic open set is an NBO set [by prop. 3.1(i)], so for any two NPs
ZTa,8,y a0d Yor g7 4, T # y, there exists a 7-NBO set G such that x4 g € G, yor,5/ 4 ¢ G or there exists
a 7-NBO set H such that x4 g, ¢ H, yor g/, € H. Hence (X, 7) is an NBTj-space. O

Remark 4.1 Converse of the proposition 4.2 is not true in general. We establish it by the following
counter example.

Let X = {a,b} and 7 = {0, X} Clearly (X, 7) is not an NTy-space.

We now show that (X, 7) is an NBTy-space. Let aq g~ and by g 4+ be any two NPs in X such thar
a #b. Also let A = {(a,1,0,0),(b,0,1,1)}. Obviously, A € N(X), an,p~ € A but by g ¢ A. Now
int(cl(A)) Ucl(int(A)) D int(cl(A)) = int(X) = X D A. Therefore, A is an NBO set in X. Thus for any
two NPs aq 5,4 and by g/ 47, a # b, there exists an NBO set A in X such that an g, € A but bor g 4 ¢ A.
Therefore, (X, 7) is an N BTj-space.

Hence the NTS (X, 7) is an N BTp-space but not an NTp-space.

Proposition 4.3 Let (X,7) be an NBTy-space. Then every neutrosophic subspace of X is an NBTy-
space and hence the property is hereditary.

Proof: Let (Y, 7 |y) be a neutrosophic subspace of (X, 7). Let x4 5, and ya’ 3 be two NPs in ¥ such
that z # y. Then x4 g, Yar,5,4 € X,  # y. Since (X, 7) is an N BTj-space, so there exists a T-NBO set
U such that 24,8, € U , Yar g, ¢ U or there exists a -NBO set V such that a5 € V, yar g+ € V.
Then (o~ €U |v, Yarp v € U ly) or (Zapy €V |y, Yar,pv €V |y). Also by the prop. 3.3(i),
U ly,V |y are 7 |y-NBO sets in Y as U,V are 7-NBO sets in X. Thus for any two NPs z, 5, and
Yo' .3 > T F Y, there exists a 7 |[y-NBO set U |y such that x4 8, € U |y, yor,p/ ¢ U |y or there exists
a7 |y-NBO set V' |y such that a8, € V |y, Yo7,y € V |y Therefore, (Y, 7 |y) is an NBTj-space and
hence the property is hereditary. O

Proposition 4.4 Let (X, 7) be an NTS. Then X is NBTy iff for any two neutrosophic crisp points 10,0
and y1.0,0 1 X, (71,0,0)4bcl(y1,0,0)] or (y1,0,0)4[bcl(21,0,0)]-

Proof: Necessary part: Suppose that the statement (x1,0,0)4[bcl(y1,0,0)] or (¥1,0,0)q[bcl(z1,0,0)] is false.
Then both (21,0,0)q[bcl(y1,0,0)] and (y1,0,0)q[bcl(1,0,0)] are true. Now (21,0,0)q[bcl(y1,0,0)] = T100 ¢
[bel(y1,0,0)]¢ = ®1,0,0 ¢ [M{G : G is an NBC set and y1,00 € G}|° = 21,0,0 ¢ U{G® : G° is an NBO set
and y100 ¢ G°} = 21,00 ¢ G° for all NBO sets G° in X such that y;,0,0 ¢ G°. This implies that every
NBO set containing y1,0,0 must contain z1,,0. Similarly (y1,0,0)g[bcl(z1,0,0)] will imply that every NBO
set containing 10,0 must contain y; 0,0. Thus every NBO set containing one of x99 and y;,0,0 must
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contain the other. But this is a contradiction to the assumption that X is an N BTy-space. Therefore,
(21,0,0)4[bel(y1,0,0)] or (y1,0,0)4[bel(21,0,0)]-

Converse part: T4 3,4 and yp ¢, be two NPs in X such that z # y. By hypothesis, (x1,0,0)q[bcl(y1,0,0)]
or (y170)0)(j[bcl(x170)0)]. NOW, if ($1)070)Q[bcl(y170)0)] then Z1,0,0 € [bcl(yLo)o)]c, which implies LTa,B,y S
[bel(y1,0,0)]°. Obviously ypqr ¢ [bcl(y1,0,0)]° Since bel(y1,0,0) is an NBC set, so [bel(y1,0,0)]¢ is an
NBO set. Thus there exists an NBO set [bcl(y1,0,0)] in X such that x4 5~ € [bcl(y1,0,0)]° but ypqr ¢
[bcl(y1,0,0)]¢. Similarly if (y1,0,0)G[bcl(21,0,0)] then there exists an NBO set [bcl(21,0,0)]¢ in X such that
Za,By ¢ [0cl(21,0,0)]° but yp q.r € [bel(z1,0,0)]¢. Therefore, (X, 7) is an N BT,-space. O

Proposition 4.5 Let f be a bijective neutrosophic b-open function from an NTS (X, 7) to another NTS
(Y,0). If (X,7) is NTy then (Y, o) is an N BTy-space.

Proof: Let y;w and yg,,q,’r, be two NPs in Y such that y' # y2. Since f is bijective, so there exist
two NPs x}]ﬁﬂ and xi,ﬁ/ﬂ,, ! # 22, in X such that f(x(llﬁﬂ) = yp 40 and f(mi,ﬁ,ﬂ,) = yg’,q’,r"
Since X is NTp, so there exists a 7-open NS G such that z}, 5, € G and x2, 5, _, ¢ G or there exists
a 7-open NS H such that xiﬁﬁ ¢ H and wi/,g/,y € H. Suppose G exists. Since f is a neutrosophic
b-open function, so f(G) is a 0-NBO set [by def. 4.2] such that y, . = f(z} 5.) € f(G) and y2. ,, .. =
f(@2 g ) & f(G). Similarly if H exists then f(H) is a 0-NBO set such that y, . . = f(z}, 5.,) ¢ f(H)
and y2, .+ .o = f(x2 5 ) € f(H). Thus for any two NPs y, . and 42, ., ., y* # y*, in Y there exists
a 0-NBO set f(G) such that y, , . € f(G), y2 ., & [(G) or there exists a 0-NBO set f(H) such that
y}),q,r ¢ f(H), ygqu € f(H). Therefore, (Y, o) is an N BTy-space. Hence proved. O

Proposition 4.6 Let f be a one-one neutrosophic b-continuous function from an NTS (X, 7) to another
NTS (Y,0). If (Y,0) is NTy then (X, 1) is an N BTy-space.

Proof: Let xi)ﬁﬁ and xi,,ﬁ,ﬁ, be any two NPs in X such that x' # 22. Since f is one-one, so there
exist two NPs ;. and y2,7q,)r,, y' #92, in Y such that f(méﬁv) =Yp 4 and f(xi,yﬁ/’,y,) = y§,7q,)r,, ie.,
x}yﬁ’,y = Yy, ,.r) and xi,ﬁ,ﬁ, = f_l(yg,,q,yr/). Since Y is NTjp, so there exists a o-open NS G such
that y;7q7r €@, yg/7q,,r, ¢ G or there exists a o-open NS H such that yzl),q,r ¢ H, y§,7q/7r, € H. Suppose G
exists. Since f is a neutrosophic b-continuous function, so f~(G) is a T-NBO set [by def. 4.3(i)] in X.
Alsoyy . € G= f N ypqer) € fTHUG) = a5, € fTH(G)andyy 0 EG= [y ) & fHG) =
zi,ﬁ,ﬁ, ¢ f~1(@G). Similarly if H exists then f~!(H) is a 7-NBO set in X such that Ii/,ﬁw/ e f~Y(H),
miﬁﬁ ¢ f~Y(H). Thus for any two NPs :C}MM and xi,ﬂ,ﬂ, in X such that 2! # 22, there exists a 7-NBO
set f~1(G) in X such that x}],ﬁﬂ € ffl(G),xi,ﬁ,ﬁ, ¢ G or there exists a 7-NBO set f~(H) in X such
that z, 5 ¢ f~'(H), 22, g, € f~'(H). Therefore, (X, 7) is an N BTp-space. Hence proved. O

Proposition 4.7 Let f be a one-one neutrosophic b*-continuous function from an NTS (X, 7) to another
NTS (Y,0). If (Y,0) is NBT, then (X, 1) is an N BTy-space.

Proof: Let x5 and x2, 5, be any two NPs in X such that z' # 2. Since f is one-one, so there
exist two NPs g} . and y;,’q/’r,, y' # 42, in Y such that f(gc}lﬁ’,y) =y o and f(mi,ﬂ,,,y,) = y}%,yq/’r,, ie.,
ah 5= Ypgr) and a2, 5 o = f7'(y2 ). Since Y is N BTy, so there exists a 0-NBO set G such
that y;,q,r e G, yz,’q,’r, ¢ G or there exists a 0-NBO set H such that y;,q,T ¢ H, yf),yq,’r, € H. Suppose G
exists. Since f is a neutrosophic b*-continuous function, so f~1(G) is a 7-NBO set [by def. 4.3(ii)] in X.
Also g}, € G = ful,,) € FUC) = ady € FHG) andy g € G = F L0, 0) £ 11(C) =
22 g & [7H(G). Similarly if H exists then f~!(H) is a 7-NBO set in X such that 2?2, 5, € f~'(H),
xaﬁﬁ ¢ f~Y(H). Thus for any two NPs xaﬁﬁ and xi,ﬁ,ﬂ, in X such that z! # 22, there exists a —-NBO
set f1(G) in X such that z}, 5 € f~1(G), 22 5, ¢ G or there exists a T-NBO set f~'(H) in X such

that x}lﬁﬁ ¢ f~Y(H), xi,ﬁ,ﬁ, € f~Y(H). Therefore, (X,7) is an N BTy-space. Hence proved. O
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Proposition 4.8 Let f be a one-one neutrosophic b**-continuous function from an NTS (X, 7) to an-
other NTS (Y, o). If (Y,0) is NBTy then (X, 1) is an NTy-space.

Proof: Let x}]ﬁﬁ and xi,ﬁ/ﬂ, be any two NPs in X such that x! # 22. Since f is one-one, so there
exist two NPs y, . and y2, ., ., y' # y*, in Y such that f(z} 5.) = yp ., and f(22, 5 1) = Yo g1 o
ie., x}!ﬁﬁ = [~ (yp ) and 36,21,75,’,7/ = f_l(y;,’q,}r,). Since Y is NBTy, so there exists a 0-NBO set
G such that yzl,’q’r € G, y§,7q,7r/ ¢ G or there exists a 0-NBO set H such that y;.,q,r ¢ H, yZ’,q/,r’ € H.
Suppose G exists. Since f is a neutrosophic b**-continuous function, so f~1(G) is a T-open NS [by
def. 4.3(iii)] in X. Alsoyp,,. € G = [ (yp,.) € T (G) = z,5, € fTHG)and y2 . ¢ G =
FY ) & F7HG) = 220 5 & fH(G). Similarly if H exists then f~'(H) is a 7-open NS in X
such that 2, 5, € f~'(H), z}, 5., ¢ f~'(H). Thus for any two NPs z} ;5 and 27, 45 , in X such
that #' # x?, there exists a 7-open NS f~!(G) in X such that =}, 5 € f~'(G),22, 5, ¢ G or there
exists a 7-open NS f~'(H) in X such that z}, , ¢ f~'(H), 22, 5, € f~'(H). Therefore, (X, 7) is an
NTy-space. Hence proved. O

Definition 4.5 An NTS (X, 7) is called a neutrosophic bT) space (NBT)-space, for short) iff for any
two NPs o8~ and Yor g 4,  # Yy, there exists an NBO set U in X such that xo.p, € U, Yor gy € U
and there exists an NBO set V in X such that xop~ ¢V, Yo g €V.

Example 4.4 Let X = {a,b} and 7 = {@,X,A,B}, where A = {{a,1,0,0),(b,0,1,1)} and B =
{{a,0,1,1),(b,1,0,0)}. Clearly, the NTS (X, 7) is an NBT;-space.

Proposition 4.9 Let 7 and 7" be two neutrosophic topologies on a set X such that 7 is b-finer than 7.
If (X, 1) is an NBTi-space then (X, 7*) is also an N BT -space.

Proof: Let x5, and yas g4, © # y, be two NPs in X. Since (X, 7) is an NBTi-space, so there exists
a 7-NBO set G such that x4 € G, Yor.5/ ¢ G and there exists a 7-NBO set H such that z, 5~ ¢ H,
Yor,8 v € H. Since 7" is b-finer than 7, so G and H are 7*-NBO sets. Thus for any two NPs x4 g
and Yo g+, T # Y, there exists a 7*-NBO set G such that 245~ € G, yar,5,,» ¢ G and there exists a
7*-NBO set H such that z4 5~ ¢ H, Yo' g, € H. Hence (X, 7*) is an N BT;-space. O

Proposition 4.10 Let (X,7) be an NTS. If X is NT;-space then X is an N BT -space.

Proof: Let 24,3, and yo 4, * # y, be two NPs in X. Since X is an NTj-space, so there exists a
T-open NS G such that x4 8 € G, Yo g/ ¢ G and there exists a 7-open NS H such that z, 3., ¢ H,
Yo'~ € H. Since every neutrosophic open set in X is an NBO set in X, so for any two NPs z, g, and
Yo' .8~ T F Y, there exists a 7-NBO set G such that 24,5, € G, yor,5, ¢ G and there exists a -NBO
set H such that x4 3 ¢ H, yar,p~ € H. Hence (X, 7) is an NBT;-space. O

Remark 4.2 Converse of the proposition 4.10 is not true in general. We establish it by the following
counter example.

Let X = {a,b} and 7 = {0, X} Clearly (X, ) is not an NT}-space.

We now show that (X, 7) is an NBTi-space. Let aq g, and bo g, be any two NPs in X such that
a #b. Alsolet A= {{a,1,0,0),(b,0,1,1)} and B = {{a,0,1,1),(b,1,0,0)}. Clearly A and B are two
NBO sets in X. Thus for any two NPs aq g~ and by g/, a # b, there exists an NBO set A in X such
that an,g € A, bar g ¢ A and there exists an NBO set B in X such that an g, ¢ B, bo g+ € B.
Therefore, (X, 7) is an N BTj-space.

Hence the NTS (X, 7) is an N BTj-space but not an NTj-space.

Proposition 4.11 Let (X,7) be an NBT;-space. Then every neutrosophic subspace of X is an NBT;-
space and hence the property is hereditary.
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Proof: Let (Y, 7 |y) be a neutrosophic subspace of (X, 7). Let 24,5, and ya’ g be two NPs in ¥ such
that z # y. Then xq g, Yar 5,4 € X,  # y. Since (X, 7) is an N BTj-space, so there exists a -NBO set
U such that 4.8, € U, yor g,y ¢ U and there exists a 7-NBO set V such that 248, ¢ V, Yo g1 € V.
Then (za8y €U |y, Yor,pr,y € U ly) and (za gy € V |y, Yar,pr,y €V |y). Also by the prop. 3.3(i),
Uly,V |y are 7 |y-NBO sets in Y. Thus for any two NPs z, g, and ya g/,  # y, there exists a
7 |y-NBO set U |y such that x4 5~ € U |y, Yo g+ ¢ U |y and there exists a 7 |y-NBO set V' |y such
that a8~ € V |y, Yo 8+ € V |y Therefore, (Y, 7 |y) is an NBTi-space and hence the property is
hereditary. O

Proposition 4.12 Let (X, 7) be an NTS. Then every neutrosophic crisp point in X is an NBC set iff
X is an NBT;-space.

Proof: Necessary part: Let 3, and yar g 4 be two NPs in X such that x # y. By hypothesis,
neutrosophic crisp points 10,0 and y1,0,0 are NBC sets in X. Then (x1,0,0)° and (y1,0,0)¢ are NBO sets
in X such that zo 8. € (¥1,0,0)¢, Yar,8/ v ¢ (Y1,00)¢ and za g ¢ (21,0,0)% Yo' 37,y € (21,0,0)¢. Therefore,
(X, 7) is an N BT}-space.

Sufficient part: Let x10,0 be an NCP in X. Also let y, 4, € (21,0,0)° be any NP. Then obviously
x # y. Let us consider an NP z, g, with support xz. Since X is a NBIj-space, so for y,,, and
Za,8,, there exists a 7-NBO set G such that y,,, € G and 244, ¢ G. Since for all «a, 3,y with
0<a<1,0<B<1,0<L vy <1, onesuch G exists, therefore we must have a 7-NBO set H such
that y, ¢, € H and 21,00 N H = 0. Therefore yp 4, € H C (21,0,0)°. S0, (21,0,0)¢ is a 7-NBO set and
consequently, 1,0, is a T-NBC set.

Hence proved. O

Proposition 4.13 Let (X, 1) be an NTS. If (X, 7) is an NBT;-space then it is an N BTy-space.

Proof: Let z,5,, and Yo/ g4, T # ¥y, be two NPs in X. Since X is NBTj-space, so there exists a
7-NBO set U such that x4 g4 € U, yor g, ¢ U and there exists 7-NBO set V such that x4 5, ¢ V,
Yor,3 v € V. Hence (X, 7) is an N BTy-space. O

Remark 4.3 Converse of the proposition 4.13 is not true in general. We establish it by the following
counter example.

Let X = {a,b} and 7 = { ,X,A}, where A = {{(a,1,0,0),(b,0,1,1)}. Clearly the NTS (X, 7) is an
N BTy-space.

We now show that (X, 7) is not an N BTj-space.

We first establish that the NCP a4 o is a not an NBC set. We have int(cl(a1,0,0)) Ncl(int(a1,00)) =
Znt(X) N Cl(A) = X N X = X Therefore i’ﬂt(cl(aLo,o)) N Cl(int(a17070)) ,:Q_ @1,0,0, i.e., the NCP @1,0,0 is
not an NBC set. Therefore, by the prop. 4.12 (X, 1) is not an N BT}-space.

Thus NTS (X, 7) is an N BTp-space but not an N BT]-space.

Proposition 4.14 Let f be a bijective neutrosophic b-open function from an NTS (X, 1) to another NTS
(Y,0). If (X, 7) is NT; then (Y,0) is an N BTj-space.

Proof: Let yll,)qyr and yg,,q,’r,, y' # y2, be two NPs in Y. Since f is bijective, so there exist two NPs
2y 5 and x2, 5, x' # x?, in X such that f(z} 5.) = vy, and f(z2 4 /) = y2 0o Since X is
NTy, so there exists a 7-open NS G such that x}],ﬁﬂ €@, xi,ﬁw, ¢ G and there exists a 7-open NS H
such that x}, , ¢ H, x2, 5 ., € H. Since f is a neutrosophic b-open function, so f(G) is a 0-NBO set
such that y, , . = f(z} 5.) € f(G) and 42, . ., = f(z2, 5 /) ¢ f(G). Similarly f(H) is a 0-NBO set
such that y} , . = f(:vi”@ﬁ) ¢ f(H) and yg/7q,,r/ = f(xi,)ﬁw,) € f(H). Thus for any two NPs y} . and
Y2 o in Y such that y* # 42, there exists a 0-NBO set f(G) such that v} , . € f(G), y2 . .. ¢ (G)
and there exists a 0-NBO set f(H) such that y, . ¢ f(H), v ., € f(H). Therefore, (Y,0) is an
N BTi-space. Hence proved. O
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Proposition 4.15 Let f be a one-one neutrosophic b-continuous function from an NTS (X, 1) to another
NTS (Y,o0). If (Y,0) is NTy then (X, 7) is an NBT-space.

Proof: Let z), £
exist two NPs ypq - and yp q .yl #y?, inY such that f(z) B 7) y;7q7T and f(z2, ) = yz,7q,7r,,

(11,(3,«, = f"Yyp4,) and 22, N Y(y2 40)- Since Y is NTy, so there exists a o-open NS G such
that yzl)’qm € G, yz/,q’,r’ ¢ G and there exists a o-open NS H such that yzl)q - ¢ H, yg o~ € H. Since
f is a neutrosophic b-continuous function, so f~1(G) and f~1(H) are T- NBO sets in X. Also Yp.ar
G= [ Wpgr) €FTHG) = a5 5, € fTHG) and yp, 0 € G = [T H Y g 0) £ F ( ) = T2 ¢
f~YG). Similarly xi,”@,ﬂ, € f~Y(H) and 1'1117/377 ¢ f~1(H) . Thus for any two NPs xaﬁﬁ and z2, oo
in X such that z' # 22, there exists a -NBO set f~'(G) such that =, 5 € f~1(G), 22, 4, & (G )
and there exists a 7-NBO set f~'(H) such that ), 5 ¢ f~'(H), 22, 5, € f~'(H). Therefore, (X, )
is an N BTj-space. Hence proved.

and xi, B be any two NPs in X such that z! # 22. Since f is one-one, so there
ie.,

Proposition 4.16 Let f be a one-one neutrosophic b*-continuous function from an NTS (X, 1) to an-
other NTS (Y, o). If (Y,0) is NBTy then (X, 1) is an NBTi-space.

Proof: Let x}, B .
exmt two NPs y, . and yp U F y in Y such that f(z} g L) = Yp.qr and f(x2, ) = Y2 g s 1€

(x,ﬂ,'y = "' (yp ) and 22, sy =1 (yp q'.m)- Since Y is NBT1, so there exists a 0-NBO set G such
that y;qu € G, y§,7q/7r, ¢ G and there exists a 0-NBO set H such that y;q - ¢ H, yf, . € H. Since
f is a neutrosophic b*-continuous function, so f~1(G) and f~!(H) are 7-NBO sets in X. Also y o
GZ}fil(y;,q,r)efil(G):>x(1x,ﬁ,'y€f71( )andypqr/¢G$f (ypqr)¢f ( ):>xo¢,8”¢
f7HG). Similarly a2, 5 € f7'(H) and z, 5 ¢ f~'(H) . Thus for any two NPs z}, ,  and z?, 0
in X such that z' # 22, there exists a 7-NBO set f~'(G) such that =, , € f~1(G), 22, 4 ., & f7H(G )
and there exists a 7-NBO set f~!(H) such that z} 5 ¢ f~'(H), wi,ﬁ,ﬁ, € f~Y(H). Therefore, (X, )
is an N BTi-space. Hence proved.

and xi By , be any two NPs in X such that z' # 22. Since f is one-one, so there

Proposition 4.17 Let f be a one-one neutrosophic b**-continuous function from an NTS (X,7) to
another NTS (Y, o). If (Y,0) is NBT; then (X, 7) is an NTj-space.

Proof: Let x), ﬁ and xi By be any two NPs in X such that z! 7é x2. Since f is one-one, so there
ex1st two NPs ypq » and yp s yt # y in Y such that f(z} Biy) = yp’qr and f(z2, By ) = yg/yq/’,,,, ie.,

aﬁﬁ = [ yp.4,) and z2, g =1 (yp q')- Since Y is NBT7, so there exists a 0-NBO set G such
that y, , . € G, y§,7q,’r, ¢ G and there exists a 0-NBO set H such that y, . . ¢ H, yfj,)q,’r, € H. Since
[ is a neutrosophic b**-continuous function, so f~'(G) and f~!(H) are T-open NSs in X. Also y, . . €
G= fﬁl(yzlmﬂ“) € fﬁl(G) = xtlx,ﬁﬁ € fﬁl(G) and yﬁ’,q’ﬂ“ ¢G6 = fﬁl(ygﬁq/ﬂ") ¢ fﬁl(G) = xi'ﬁ'ﬁ’ #
f7HG). Similarly 2, 5 ., € f7'(H) and z, 5 ¢ f~'(H) . Thus for any two NPs z, P and 2, 2o
in X such that z' # 22, there exists a T-open NS f~(G) such that z}, 5 € f~H(G), 2% 45, ¢ f~1(G)
and there exists a 7-open NS fH(H) such that ), 5 ¢ f~'(H), 22, 4, € f~'(H). Therefore, (X, 7
is an NTi-space. Hence proved. O

Definition 4.6 An NTS (X,7) is called a neutrosophic bTy space or neutrosophic b-Hausdorff space
(NBT,-space or N B-Hausdorff space, for short) iff for any two NPs xq 3~ and Yo' g~ , T # y, there

ezist two neutrosophic b-open sets U,V in X such that xo.3~ €U, Yar,pry €V and UNV =10

Example 4.5 Let X = {a,b} and 7 = {@JZ,A,B}, where A = {{a,1,0,0),(b,0,1,1)} and B =
{{a,0,1,1),(b,1,0,0)}. Clearly, the NTS (X, 7) is a neutrosophic N BTs-space.

Proposition 4.18 Let 7 and 7 be two neutrosophic topologies on a set X such that 7* is b-finer than
7. If (X, 7) is an N BTy-space then (X,7*) is also an N BTs-space.



ON NEUTROSOPHIC b-OPEN SETS AND b-SEPARATION AXIOMS 13

Proof: Let 4,3~ and Yo/ g/, € # y, be two NPs in X. Since (X, 1) is an N BTs-space, so there exist
7-NBO sets G, H such that x4 3+ € G, Yo' g/ € H and GNH = (. Since 7* is b-finer than 7, 80 G and
H are 7*-NBO sets. Thus for any two NPs x4 5.4 and ya/ g/ in X such that x # y, there exist 7*-NBO
sets G, H such that x4 8y € G, Yo', g,y € Hand GNH = §. Hence (X, 7*) is an N BTy-space. O

Proposition 4.19 Let (X, 1) be an NTS. If X is NTy-space then X is an N BTs-space.

Proof: Let 24,5, and yo/ g4, ¢ # y, be two NPs in X. Since (X, 7) is an NTs-space, so there exist
T-open NSs G, H such that x4 5~ € G, Yo g,y € Hand GNH = 0. Since every neutrosophic open set
is an NBO set, so for any two NPs x4, 5~ and 4o/ g/ 4/, T # y, there exist 7-NBO sets G, H such that
ZTaBy €G, Yorpry € Hand GNH = (.. Hence (X,7) is an N BTy-space. O

Remark 4.4 Converse of the proposition /.19 is not true in general. We establish it by the following
counter example.

Let X = {a,b} and 7 = {0, X} Clearly (X, ) is not an NTy-space.

We now show that (X,7) is an NBT>-space. Let aq ., and by g, be any two NPs in X. Also
let A= {{(a,1,0,0),(b,0,1,1)} and B = {{a,0,1,1),(h,1,0,0)}. Clearly, A and B are two NBO sets in
X such that AN B = (). Thus there exist NBO sets A and B such that a5, € A, by g € B and
AN B = (). Therefore, (X, 7) is a N BTy-space.

Thus the NTS (X, 7) is an N BTs-space but not an NTs-space.

Proposition 4.20 Let (X, 7) be an NBTs-space. Then every neutrosophic subspace of X is an N BTs-
space and hence the property is hereditary.

Proof: Let (Y, 7 |y) be a neutrosophic subspace of (X, 7). Let 24,5, and ya’ g be two NPs in ¥ such
that © # y. Then x4 8+,Ya'.p v € X, * # y. Since (X,7) is an NBT,-space, so there exist 7-NBO
sets U,V such that Za5, € U, Yyar g €V and UNV = 0. Then 2o s~ € U |y, Yorprr € V |y and
U )NV |y)=UNV) ly=0|y= 0. Also by the prop. 3.3(1), U |y, V |y are 7 |y-NBO sets in Y.
Thus for any two NPs x4 5.~ and Yo g/ in Y such that x # y, there exist 7 |y-NBO sets U |y, V |y
such that a5y €U |y, Yor,pry €V |y and (U |y) N (V |y) = 0. Therefore, (Y, 7 |y) is an N BT,-space
and hence the property is hereditary. O

Lemma 4.1 In a neutrosophic co-countable topological space, every countable NS is an NBC set.

Proof: Let (X,7) be a neutrosophic co-countable topological space and let U be a countable NS in X.
Then U = (U€)¢ is a countable NS and so, U¢ is a 7-open NS [as (X, 7) is a neutrosophic co-countable
topological space], i.e., U is a 7-closed NS. Since every closed NS is an NBC set, therefore U is an NBC
set. U

Remark 4.5 From lemma 4.1, it is clear that in a neutrosophic co-countable topological space, an NBO
set is that NS whose complement is a countable NS. Therefore, in a neutrosophic co-countable topological
space, every NBO set is a neutrosophic open set.

Lemma 4.2 Let X be an uncountable set. Then the neutrosophic co-countable topological space (X, T)
18 not an N BT>-space.

Proof: Suppose that (X, 7) is an NBTs-space. Then for any two NPs x4 g, and Yo g, in X such that

x # y, there exist 7-NBO sets G, H such that z43~ € G, yar,p,,» € H and GNH = (). Since (X, 1)
is a neutrosophic co-countable topological space, so G, H are T-open NSs [by remark 4.5] and therefore,
their complements, i.e., G¢, H are countable NSs. Now GNH = = (GN H)* = (§)° = G°U H® = X,
which is not possible as X is an uncountable neutrosophic set and G°U H€ is a countable neutrosophic

set. Therefore, (X, 7) is not an N BTs-space. O
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Proposition 4.21 Let (X,7) be an NTS. If (X, 7) is an NBTy-space then it is an N BT;-space.

Proof: Let x4 3,4 and yas g be any two NPs in X such that « # y. Since (X, 7) is a NBTy-space, so
there exist 7-NBO sets H and K such that o5, € H , yor g € K and HNK = §. Since Tap~y €H
and HNK = 0, 50 20,5, ¢ K. Similarly yo g ¢ H. Thus for any two NPs 4 5. and yar g in
X such that x # y there exists a 7-NBO set H such that x4 5, € H, Yo’ . ¢ H and there exists a
7-NBO set K such that x4 g ¢ K, Yo' g/, € K. Hence (X, 7) is an NBT;-space. O

Remark 4.6 Converse of the proposition /.21 is not true in general. We establish it by the following
counter example.

Let R be the set of all real numbers and A (R) be the set of all neutrosophic sets over R. Also let
R = {(£,1,0,0) : 2 € R} and § = {(2,0,1,1) : € R}. Let 7 be the set containing () and all those
neutrosophic sets over R whose complements are countable. Then (R, 7) is a neutrosophic co-countable
topological space.

Since (R, 7) is a neutrosophic co-countable topological space, so by the lemma 4.2, (R, 7) is not an
N BT,-space.

We show that (R, 7) is N BTj-space.

Let x4,y and yar g, be two NPs in R such that « # y. Since [(21,0,0)°]° = 21,0,0, & countable NS,
50 (21,0,0)¢ is a T-open NS and therefore, a -NBO set. Clearly ya’ 5/, € (21,0,0)° and a5~y € (21,0,0)°-
Therefore, (21,0,0)¢ is a T-NBO set such that yo/ g € (21,0,0)¢ and T84 € (21,0,0)¢. Similarly (y1,0,0)¢
is a 7-NBO set such that yas g+ ¢ (¥1,0,0)¢ and 28,4 € (¥1,0,0)¢. Therefore, (R, 7) is an N BT;-space.

Thus (R, 7) is an N BTj-space but not an N BTs-space.

Proposition 4.22 Let (X,7) be an NBT5-space. Then for any two NPs x5~ and Ypq,r such that
x # y, there exists an NBO set G such that a8~ € G, Yp,qr € G and yp q.» € [bcl(G)]°.

Proof: Since X is NBT5-space, so for any two NPs z, g~ and ¥y, 4, such that x # y, there exist two

NBO sets G and H in X such that z45 € G, Yp,qr € H and GNH = 0. Now GNH = 0= H C G =
Yp.qr € G Since HC is an NBC set and G C H®, so bel(G) € H® = H C [bel(G)]® = Yp.q.r € [bl(G)]°.
Hence proved. O

Proposition 4.23 Let (X, 7) be an NBT,-space. Then for every NP x4~ in X, xqp~ = N{bcl(G) :
Zagy € G and G is an NBC set }.

Proof: Let 2,3, be an NP in X. Let 1,00 be an NCP in X. Since X is NBT,-space, so there exist
two NBO sets G and H in X such that z4,5, € G, y1,00 € H and GNH = §. Now GNH =0 = H C
G° = y1,0,0 € G°. Since H¢ is an NBC set and G C H¢, so bcl(G) C H® = H C [bal(G)]® = y1,00 €
[bel(G)]® = yo,1,1 € bcl(Q), 1.e., YpgrNbl(G) = () for every NP with support y. Thus for every NBO set

G such that 2,5, € G, we have y, 4 » Nbcl(G) = 0 for all NP such that z # y. Obviously z4 5, € bcl(G)
for every G with 24,3, € G. Therefore, x4, 3, = N{bcl(G) : xa 5, € G and G is an NBC set }. Hence
proved. O

Proposition 4.24 In an N BTs-space, every NP is a NBC set.

Proof: Immediate from the prop. 4.23. |

Proposition 4.25 Let f be a bijective neutrosophic b-open function from an NTS (X, 1) to another NTS
(Y,0). If (X, 7) is NTy then (Y, o) is an N BTy-space.



ON NEUTROSOPHIC b-OPEN SETS AND b-SEPARATION AXIOMS 15

Proof: Let y;7q7r and y§,7q,7r,, y' # y2, be two NPs in Y. Since f is bijective, so there exist two NPs

g, 5., and z2, B T # 22, in X such that f(x aﬂv) *y;qr and f(x2, 5y = Y2 gy Since X is
NT5, so there exist 7-open NSs G, H such that x! apn € G, z2, g €Hand GNH = 0. Since fis
a neutrosophic b-open function, so f(G), f(H) are 0-NBO sets such that y, ., = f(z}, B 7) € f(GQ) and
Yoo g = F(@2 g 0) € f(H). Again since f is bijective, so f(G) N f(H) = f(GNH) = f(0) = 0. Thus
for any two NPs y},,qyr and yf},’q,m/ in Y such that y* # 32, there exist 0-NBO sets f(G), f(H) such that

Ypqr € F(G), y§,7q,,r, € f(H) and f(G) N f(H) = . Therefore, (Y, o) is an N BTy-space. Hence proved.
O

Proposition 4.26 Let f be a one-one neutrosophic b-continuous function from an NTS (X, T) to another
NTS (Y,0). If (Y,0) is NTy then (X, 7) is an N BTs-space.

Proof: Let z}, 8o and xi By be any two NPs in X such that z* ;é z?. Since f is one-one, so there
ex1st two NPs g, . and yp U F y in Y such that f(z} b)) = Yp.qr and f(a2, ) = Y2 gt

Th 5., =1 Y(ypqr) and 22, g =1 YW ) S~1nce (Y, o) is NT5, so there exist o-open NSs Hy, Hy
such that yllw’r € Hq, yf),’ql’r, € Hy and Hy N Hy = (). Since f is a neutrosophic b-continuous function, so
f~Y(Hy) and f~1(Hy) are 7-NBO sets in X. Now f~'(Hy)N f~Y(Hy) = f~Y(H1 N Hy) = f~1(0) = 0.
Also y} . . € H1 = [ Ypqr) € FTHHL) =zl 5., € f71(Hy). Similarly 22, 5, € f~'(Hz). Thus for
any two NPs z! 6 ,, and xi,ﬁ,ﬁ, in X such that x! # 22, there exist -NBO sets f~1(H;) and f~!(Hz)
in X such that xaﬁﬁ € f~Y(Hy), xi,ﬁ,ﬁ/ € f1(Hy) and f~Y(Hy) N f1(Hy) = (. Therefore, (X, 7) is
an N BT,-space. Hence proved. O

ie.,

Proposition 4.27 Let f be a one-one neutrosophic b*-continuous function from an NTS (X, 1) to an-
other NTS (Y, o). If (Y,0) is NBTy then (X, 1) is an N BTs-space.

Proof: Let x} £
ex1st two NPs ypq » and yp vy y' # 4%, in Y such that f(z} B v) = ypq , and f(z2, ) = yg/7q/7r,, ie.,

a,ﬁ,’y = "' (yp ) and 22, gy =17 Yy o 40)- Since (Y, 0) is N BTy, so there exist 0-NBO sets Hy, Ha
such that yzlhq’,, € Hl,yf},,q,)w € H, and H; N Hy = . Since f is a neutrosophic b*-continuous function,
so f~1(Hy) and f~1(Hy) are 7-NBO sets in X. Now f~'(Hy) N f~Y(Hy) = f~'(Hy N Hy) = f~1(0) = 0.
Also y) ., € H1 = [ Wpgr) € THHY) = 2l 5., € fH(Hy). Similarly 22, 5, € f~'(Hz). Thus for
any two NPs z} B , and x2, 5, in X such that 2! # 2?, there exist 7-NBO sets f~'(H;) and f~'(Hz)
in X such that z, , € f~'(Hy), 2 5, € 7 (H) and f~'(Hy) N f~'(Ha) = §. Therefore, (X, 7) is
an N BT5-space. Hence proved. O

and z2, 1By be any two NPs in X such that x! 74 x2. Since f is one-one, so there

Proposition 4.28 Let f be a one-one neutrosophic b**-continuous function from an NTS (X,T) to
another NTS (Y,0). If (Y,0) is NBT, then (X, 1) is an NTy-space.

Proof: Let z} 57 and xi B, be any two NPs in X such that z' # 22. Since f is one-one, so there
exmt two NPs y; . and yp g yl # y in Y such that f(z! b)) = Yp.qr and f(z2, ) = yg,7q,)r,, ie.,

a,B,’y = "' (yp ) and 22, sy =1 (yp ¢'.w)- Since (Y, o) is NBT>, so there exist 0-NBO sets Hi, Hy
such that yém € Hy, y§,7q,,r, € Hy and Hi N Hy = (. Since f is a neutrosophic b**-continuous function,
so f~Y(Hy) and f~1(Hsy) are 7-open NSs in X. Now f~Y(Hy)N f~Y(Hy) = f~1(H1 N Hy) = f~1(0) = 0.
Also y) . € H1 = [ Ypqr) € FTHHL) = x) 5., € f71(Hy). Similatly 22, 5, € f~'(Hz). Thus for
o B -, and xi,ﬁ,ﬂ/ in X such that 2! # 22, there exist 7-open NSs f~(H;) and f~1(H>)
in X such that z, ;€ f~'(Hy), 22, 5, € [~ (Ha) and f~'(Hy) N f~"(Ha) = (. Therefore, (X,7) is
an NTs-space. Hence proved. O

any two NPs !
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5. Conclusion

In this article, we have initially presented key findings grounded in neutrosophic b-open sets in section
3. Moving forward, Section 4 introduces and investigates neutrosophic b7}, neutrosophic b7T7, and neutro-
sophic 0T spaces, delving into their respective properties. Our exploration reveals that an N BT,-space
(resp. N BT;i-space) is indeed an N BTj-space (resp. N BTg-space); however, the converse does not hold
true. Additionally, we demonstrate that an NTj-space (resp. NTi-space, NTs-space) is an N BTj-space
(resp. N BTi-space, NBT5-space), but the reverse is not necessarily the case. A notable outcome of
our study is that in an NTS (X, 1), every neutrosophic crisp point is an NBC set if and only if X is
an N BTi-space. Furthermore, we have established the hereditary nature of the property of being an
N BTy-space (and similarly, an N BTj-space, N BTs-space).

In the coming future, we shall try to study some other separation properties in neutrosophic topological
space. Hope that the findings of this article will assist the research fraternity to move forward with the
development of different aspects of neutrosophic topology.
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