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Existence results for some nonlinear and noncoercive anisotropic elliptic equations with
Neumann boundary conditions
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ABSTRACT: The aim of this work is to prove the existence of renormalized solutions for the following
anisotropic elliptic problem with degenerate coercivity and Fourier boundary conditions

N
—ZDiai(x, w, V) 4 g(z,u, Vu) + a()|u|""tu = f in Q,
i=1

N

Z (z,u, Vu).n; + Au =0 on 09,
where Q is an open bounded subset of RY (N > 2), the data f belong to L'(2) and the Carathéodory
functions a;(z, s,€) and g(z, s, ) verify some nonstandard conditions.
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1. Introduction

In the last years, researchers have shown great interest in studying anisotropic elliptic and parabolic
problems. This is mainly due to the fact that these problems modeling physical processes in an anisotropic
continuous medium. (see [5,33]). The concept of anisotropic Sobolev spaces was first introduced by
Nikolskii [32] and Troisi [35]. Later, Trudinger [36] developed it further in the context of Orlicz spaces.
Note that the anisotropic Sobolev spaces are the spaces where the regularity vary in different directions.
This means that we treat the derivatives in each coordinate direction separately, with potentially different
orders of regularity for each direction.

An important result in this area is the work of Boccardo et al. [17] who have studied some anisotropic
equations with measures data on the right-hand side, of the type

—div (j(Du)) = f inQ,
{ uzOgn 09, (1.1)
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where j(£) is the vector field whose components are |&|Pi=2¢ (i = 1,...,N; p; > 1). They have
proved the existence of solutions to this equation in the anisotropic Sobolev space. In [23], Feng-Quan
has studied the existence of solution for the following anisotropic elliptic equation:

—div (a(x,u,Du)) = f in Q, (1.2)
u=0on 99, '
in the sense of distributions, where f € L™ () for 1 <m <m Np
) A\ — = A =
Np—N+p
Antontsev et al. have studied in [4] the uniqueness of weak solutions for elliptic equations of the form:
N
- Z —0p, (as(z,u)|0p,ulP™20,,u) + b(z,u) = f in Q, (1.3)
i=1

in a bounded Lipschitz domain of IR with mixed boundary conditions. Moreover, they have established
a similar result for the parabolic case.

Bendahmane et al. have applied Hedberg-type approximation in [13] to prove the existence of solutions
in the sense of distributions for some nonlinear anisotropic elliptic equations of the type

N

g , Ou ou
— (= pi727 — : Q
D g (g ) o) =1 in w
u =0 on 0,
where Q is an open subset of RN and the exponents p; > 1 for i = 1,...,N. The nonlinear function

g:Q X IR+~ IR is assumed to be Carathéodory function that verifying some growth and sign condition.
In [21], Di Nardo et al. have studied the existence and uniqueness of weak solutions for some classes of
anisotropic elliptic equations with homogeneous Dirichlet boundary conditions, giving by

N
o Z Oz, (ai(z,u)(e + |8€Eiu|2)(m_2)/28ﬁu) =f—059iinQ
i=1

u =0 on 09,

(1.5)

where f € LP>~(Q), and g; € LP (Q) for i =1,...,N.
Recently, Azroul et al. have studied in [6] the existence of entropy solutions for the anisotropic quasilinear
elliptic problems

. .1 luPo—2u
—div (a(z,u, Vu)) + [u]* tu = f + P e Q, (1.6)

u =0 on 02,

where —div (a(z,u, Vu)) is a Leray-Lions operator acted from Wol’ﬁ(Q,w) into its dual, 2 is an open
bounded subset of RN containing the origin, the datum f is assumed to be in L!(Q2) and merely inte-
grable and p is a positive constant, we refer the reader also to [2], [8] and [9] for more details.

The present paper extends the study of this class of problems, we apply the variational method and
some a priori estimates to establish the existence of at least one renormalized solution to the following
nonlinear and non-coercive elliptic problem:

Au+ g(z,u, Vu) + a(z)|u|fu=f inQ,

N
Zai(aj, u, Vu).n; + Au = 0 on 09, (1.7)
i=1
N
where Q is a regular bounded domain of IR", the data f belong to L*(f), and Au = — Z ai(z,u, Vu)
i=1
is the Leray-Lions operator acting from W1?(Q) into its dual. The nonlinear lower-order term g(z, s, &) :
Q2 x IR x RN — IRYN is a Carathéodory function that satisfying the sign and some growth conditions.
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This paper is organized as follows. In the section 2 we introduce some assumptions for which our
problem has at least one solution. The section 3 is devoted to study the existence of a solution in the sense
of distributions for the equation with right-hand side F(z) € L>(f2). In the last section, we establish the
existence of renormalized solutions for the non-coercive elliptic problem (1.7) with f(z) € L*(€).

2. Preliminaries

Let Q be an open bounded domain in IRY (N > 2), with smooth boundary 9.
Let p1,...,pn be N real constants numbers, with 1 < p; < oo fori=1,..., N.
We denote

Ou for i=1

..., N.
Bxi ’ ’

7= (1,p1,...,pn), Du=wu and Diu=

We set
p=min{pi,ps,...,pn}  and  p, = max{pi,p2,...,pN}.

We define the anisotropic Sobolev space W17() as follows :
WP(Q) = {u e WhH(Q) such that D'ue LP(Q) for i=1,2,...,N},

endowed with the norm

[l = llu

N
11+ Y 1D ull o - (2.1)
=1

The space (W'#(2),]| - [l1,5) is a separable and reflexive Banach space (cf [29]).
Let us recall the Poincaré and Sobolev type inequalities in the anisotropic Sobolev space.

Proposition 2.1 (c¢f [25], [34])
Let u € WHP(Q), we have
(i) Poincaré Wirtinger inequality: there exists a constant C, > 0, such that

N
lu = m(u) | oi @) < Cp > 1Dl Lo: 0,
=1

where

1
m(w) = g /Q fu(z)| dz,

1s the mean-value of u.
(ii) Sobolev inequality : there exists an other constant Cs > 0 such that

N
C, ou
= mlle < 530|551,
where N
_ Iz L
111 and (=p'=x_—= ¢ P<N,
=% : —-D
P im1 P q € [1, 400 if p>=N.

Lemma 2.1 Let Q be a bounded open subset in RN (N > 2), we set

then, we have the following embedding :

e if D< N then the embedding W P(Q) < L™(Q) is compact for any r € [1, 5],
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e if =N then the embedding W P(Q) < L™(Q) is compact for any r € [1,+00],
e if p> N then the embedding W1P(Q) —— L>(Q) N C°(Y) is compact.
The proof of this lemma follows from the Proposition 2.1.
Definition 2.1 Let k& > 0, we consider the truncation function Tj(-) : IR — IR given by
s if |s| <k,
Tiu(s) = { k20 |s| > k
5]
and we define
TYP(Q) := {u : Q — IR measurable, such that Ty (u) € WP(Q) for any k > 0}.

Proposition 2.2 Let u € T*P(Q). For any i € {1,...,N}, there exists a unique measurable function
v; : Q= IR such that _
vk >0 DlTk(u) = Vi-X{|u|<k} a.e. x €,

where x a denotes the characteristic function of a measurable set A. The functions v; are called the weak
partial derivatives of u and are still denoted D*u. Moreover, if u belongs to W1(Q2), then v; coincides
with the standard distributional derivative of u, that is, v; = D*u.

The proof of the Proposition 2.2 follows the usual techniques developed in [14] for the case of Sobolev
spaces. For more details concerning the anisotropic Sobolev spaces, we refer the reader to [13,21,22,4].

Moreover, we introduce the set Ttlf7 () as a subset of T17(Q) for which a generalized notion of trace
may be defined (see also [3] for the case of constant exponent). More precisely, TAP(Q) is the set of
function v in T17(Q), such that : there exists a sequence (u,), in WH7(Q) and a measurable function v
on 0f) that verifying

(a) up — wa.e. in Q,
(b) DTy (u,) — D'Ty(u) in L*(Q) for every k > 0.
(c) up, —> v a.e. on 9.

The function v is the trace of u in the generalized sense introduced in [3].
Let u € W1P(1), the trace of u on dQ will be denoted by 7(u), and for any u € TLP(Q), the trace of u
on 0N will be denoted by tr(u) or u, the operator ¢r(-) satisfied the following properties

(i) if u e TLP(Q), then 7(Tk(u)) = Ty (tr(uw)) for any k > 0.
(i) if ¢ € WLP(Q), then, for any u € TAP(Q), we have u — ¢ € THP(Q) and tr(u — @) = tr(u) — 7(p).
In the case where u € WHP(Q), tr(u) coincides with 7(u). Obviously, we have

WLP(Q) c TEP(Q) ¢ THP(Q).
Lemma 2.2 (see [2/], Theorem 13.47) Let (uy), be a sequence in L*(2) and u € L' () such that
(1) up — u a.e. in Q,

(i) unp >0 and u >0 a.e. in 9,

(iii) /un dac—>/uclac7
Q Q

then u, — u strongly in L'(Q).
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3. Essential assumptions

Let Q be a bounded open subset of IRYN (N > 2), with smooth boundary 99.
We consider the strongly nonlinear anisotropic elliptic problem

{ Au+ g(x,u, Vu) + a(x)|u]"tu=f inQ, (3.1)

a(x,u, Vu).i + du =0 on 02,

with 0 <7 < p—1, and A > 0. The data f(-) is assumed to be a measurable function in L'(2) and the
positive function a(-) € L () such that a(x) > ag > 0 a.e. in Q.
The Leray-Lions operator A acted from W17(Q) into its dual, defined by

N .
- Z D'a;(z,u, Vu),

i=1

where a; : Q x IR x RN — IR are Carathéodory functions for i = 1,..., N (measurable with respect to
x in € for every (s,€) in IR x IRV, and continuous with respect to (s,£) in IR x IRY for almost every z
in ), which satisfy the following conditions :

lai(w,5,6)| < BE(x) + [s|P 7+ |G 7Y for i=1,...,N, (32)
where the nonnegative functions K;(-) are assumed to be in LP(Q) for i = 1,..., N, with 8 > 0.
N
D (ai(z,5,€) —ai(w,5,8)(&—&) >0 for & #E, (3.3)
i=1
for almost every z € Q and all (s,€) in IR x IRY.
b
ai(z,5,€)& > b(|s)|&|P with ZTI%W§§MBD for any s € IR, (3.4)

such that b(| - [) : R — IR" is a decreasing function, with by > 0and 0 < <p—1.
The nonlinear term g(x, s,£) is a Carathéodory function which satisfies :

9(x,5,8)s >0, (3.5)

lg(z,5,€)] < d(|s|)(c +§:E

) (3.6)

where d(-) : IRT + IR is a continuous, nondecreasing function, and ¢ : Q — IR* with ¢ € L' (Q).
As a consequence of (3.4) and the continuity of the function a;(z,s,-) with respect to &, we have

ai(z,s,0) =0.
Now, we will recall the following technical Lemma, useful to prove our main results.

Lemma 3.1 (see [10]) Let k > 0, assuming that (3.2) — (3.6) hold true, and let (un)nemn be a sequence
in WHP(Q) such that u, — u weakly in WP (Q) and

/(|un|ﬁ_2un — |u|2_2u)(un —u) dx
Q

—|—Z/ ai(x, Tp(un), Vg ) — ai(z, Tr(un), V) (D'uy, — D) dz — 0,

then u, — u strongly in WP(Q) for a subsequence.
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4. Existence of weak solutions for L>*°— data

We consider the strongly nonlinear elliptic problem

N
- Z Dia;(x, Tn(u), V) + gn(z,u, Vu) + a(z)|u|"'u = F(z) in Q,
K (4.1)
Zai(:v,Tn(u), Vu)-n; + AT (u) =0 on 012,
i=1

where
|F(z)] < Cp, forany =z e, (4.2)

with Cj is a positive constant.

Definition 4.1 A measurable function w is called a solution in the sense of distributions for the
strongly nonlinear anisotropic elliptic equation (4.1), if u € WHP(Q) and |u|" ™! € L*(), such that
u verifies the following equality

N
Z/ai(x,Tn(u),Vu)Div dx+/gn(x,u,Vu)vdx
=179 Q (4.3)

+/ afx)|u|™ 1uvdx—|—)\/ vda—/Fde
Q

for any v € WHP(Q) N L>(Q).

Theorem 4.1 Assuming that (3.2) — (3.6) and (4.2) hold true. Then there exists at least one solution
in the sense of distribution u € WYP(Q) for the strongly nonlinear elliptic equation (4.1).

Proof of Theorem 4.1

Step 1 : Approximate problem
We consider the following approximate problem for the strongly nonlinear elliptic equation (4.1), giving
by

N
- Z Dia;(x, Tn (), Vi) 4 G (2, U, Vi) + (@) T ()™ T (1)
i=1

1
+— |t 22U, = F(z) in Q, (4.4)
m

a;(x m)y V) -1y + AT, (uy,) =0 on 0.

P&

i=1

We define the operator A,, and R, acted from W17(Q) into its dual (W'7(Q))" giving by :

A, v) Z/ ai(z, T,(v), Vu)D'v dz + — / Jult™%uv dz + /\/ u)v do, (4.5)
and
(Rmu,v) :/gn(x,u,Vu)v dach/ o) | Ty (w)|" " T (w)v der, (4.6)
Q Q

for any u,v € WHP(Q).
In view of Holder’s type inequality we have

K&M@|:A(NT(HMM+/MMUVWMM

< fle(@) || oo () /|v|dz+n/ |v] da
Q
< Cilollyp-

(4.7)
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Lemma 4.1 The bounded operator B,, = A, + R, acting from WYP(Q) into (W1P(Q))’ is a pseudo-
monotone operator. Moreover, B,, is coercive in the following sense:

B,

(Bmv,v) — 00 as ||v]j1,5 — o0, (4.8)
[oll1.5

for any v € WHP(Q).

The proof of Lemma 4.1 is similar to the arguments in [7] ( see also [8] and [9]) with very few modifications.

In view of Lemma 4.1 (cf. [25], Theorem 8.2) there exists at least one weak solution u,, € W?(Q) for
the approximate problem (4.4), i.e.

N
Z/ ai(x,Tn(um),Vum)Div der/gn(z,um,Vum)v d:L'Jr/ a(a:)\Tm(um)\rfle(um)v dx
—Ja Q 0

) (4.9)
—&-—/ U |22 U0 diz + )\/ T (v do = / F(z)v dx,
mJja o0 Q
for any v € WHP(Q).
Step 2: Weak convergence of the sequence (un,)m
Let m > n > 1, by taking v = wu,, as a test function for the approximate problem (4.4), we have
N .
Z/ ai(x, Ty, (Um,), Vi) D up, dx—l—/ Gn (T, Uy Vg )y dm—l—/ a(x)| T (um)|™ |um| dz
i=17% Q@ Q (4.10)

1
Jr—/ |um|3dx+)\/ T (U ), da:/F(:c)um dz.
mJa 0 Q

Thus, in view of (3.4) and (3.6) we obtain

N
Z/ b(|Tn(um)|)|Dium|pi(z) dx—l—/ |9n (25 Uiy V)| [t dx—l—ao/ T (um)[" || da
=179 Q Q (4.11)

1
—|——/ |t |2 dx + )\/ T (U )ty do < C [ || d.
m Ja f[9) Q

For the first term on the right-hand side of (4.11), by applying Young’s inequality we have

Co [ | da ch/ |um|dx+C’o/ | dt
o {lum|<C1} {lum|>C1}
<Ch+ 2 T ()" 11| da (4.12)
2 ‘unL‘>Cl}

<Co+ — |Tm(u7n)|r ‘um‘ de,
2 Jo

2 T
g
By combining (4.11) and (4.12) we conclude that

N
o 3o, P e+ | 3 /
—_ D'u,,|P* do + — T ()™ |ty | dx + — U |2 dx + A T () ||t | do < Cy.
st 2o, Pt ot G [ i)l [ [Tl do < C4
(4.13)
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Moreover, we deduce that

N N
lumllis = llumllL @) + Z | D" || 21 () + Z | D" v || Lo ()
=1

i=1

N
§/|um|dx+22/|Dium
Q — Ja

N
§/|Tm(um)|r|um|dm‘+22/ Dy,
Q = Ja

S Cﬁa

Pi dz + N(meas(Q) + 1) (4.14)

pzdl‘-FCg,

with Cg is a constant that doesn’t depend on m. Thus, the sequence (u,), is uniformly bounded in
WLP(Q), and there exists a subsequence still denoted (). such that

U — U weakly in W17(Q),
Um —> U strongly in  L2(Q2) and ae. in €, (4.15)
U — U weakly in  L(99).

It follows that

1 ’
*|Um|£72u7n —0 strongly in L2 (). (4.16)
m

Moreover, in view of (4.13) we conclude that (T}, (tm))m is uniformly bounded in L™1(£2), and since
T (t) — u almost everywhere in €, we get

T () —u  weakly in - L™ TH(Q). (4.17)
Furthermore, we have u,, — u almost everywhere in 052, it follows that
T () = T (w) a.ein 09,
and |Ty, (U )| < n, then

To(um) = Ty (w) weak —x in  L%™(99). (4.18)

Step 3 : The convergence almost everywhere of the gradient
By taking v = u,, — u as a test function for the approximate problem (4.1) we obtain

N

;/Qai(:c,Tn(um),Vum)(D’um—Dzu) dx—l—/ggn(:c,um,Vum) (U — u) dz
r_luu—uxiug_Quu—ux U ) (U, — 1) do

+ [ @) ) =) o o [ 2 =) a3 [ T =)

= ] F(z) (up —u) dz,
. (4.19)
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it follows that

N . .
E:jé(mtmihﬁwﬂ,Vum)Awu@;IL@MJ,Vu»(IVum—7IYu)dm
a(z) (IT ()" T () = T (W)™ T () (g — ) dx

+)\/ —Th(u) (um —u)do

Q

o))

Mz

a;(x m), V) (D', — D) do — / 9 (X Uy Vg ) (U, — u) dz
7 Jo Q

= | @) T )" Ty )t — ) = /Q i 22t (10, — 0) (4.20)
_]\j\ /BQ T (u) (um — u) do + /Q F(x)(up —u) dz
Z /2 lai(x, Tn(tm), V)| | D"y, — D'u| dz + /Q |G (2, Uy V) ||t — 1| d

- 1
+/ a(z)| T (w)|” |t — u| de + —/ |um|E*1 |t — u| dx
Q m Jo
(0 () [t — ] da—i—/ F(@)| [t — 1] da
Q Q

3

IN

For the first term on the right-hand side of (4.20), we have T),(u,) — Ty (u) strongly in LPi(£2) then
la;(z, Ty, (um), Vu)| — |a;(z, Ty (u), Vu)| strongly in LPi(Q), and since D'u,, — D'u weakly in LPi({2),
it follows that

Z/ |lai(z, Ty (um), V)| | Dy, — Diul dz — 0 as m — oo. (4.21)
Concerning the second term on the right-hand side of (4.20), we have u,, — u strongly in L(£2), then
/ |Gn (@, Uy V)| [t — u| do < n/ |th, — u| dx — 0 as m — oo. (4.22)
Q Q

For the third term on the right-hand side of (4.20), we have |T,,(u)|" € L () and since u,,, — u weakly
in L"T1(Q), it follows that

/ ()| T ()| [ty — u| dz — 0 as m — oo. (4.23)
Q
Similarly, in view of (4.16) and (3.6), we deduce that
1
—/ [t |27 |ty — u| dzz — 0 as m — 0o, (4.24)
m.Jja
and
/ |F(z)| |ty — u| dx — 0 as m — oo. (4.25)
Q

Furthermore, we have T, (u) belongs to L (91), and since u,, — u weakly in L!(9Q) it follows that
/\/ |T ()] |t —u| do — 0 as m — oo. (4.26)
19)

We have u,, — u strongly in L2(Q2), and y combining (4.20) and (4.21) — (4.26) we conclude that

m—r o0

N
lim (z; /Q (ai(@, T (), Vi) — @i, T (), Vo)) (D — D) da (4.27)

—|—/ ([t |2 2w, — [ul22u) (up — ) d:c) =0.
Q
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In view of Lemma 3.1, we conclude that

{ Uy — u  strongly in - WHP(Q),

D'u,,, — D'u a.e.in Q for i=1,... (4.28)

N.

)

Thus, a;(z, Tn(tum), V) = a;i(z, Tn(u), Vu) and g, (2, Um, Vi) = gn(x,u, Vu) almost everywhere in
Q, and since (a;(, T, (tm ), Vit ) )m is uniformly bounded in LP:(Q), it follows that

a;(z, Tp,(um), V) = a;(z, Tn(u), Vu) weakly in L (Q), (4.29)
for i =1,..., N. Moreover, in view of Lebesgue dominated convergence theorem, we obtain
Gn (T, U, V) = gn(z, u, Vu) strongly in L2 (Q). (4.30)

Step 4 : Passage to the limit
By taking v € WP(Q) N L>(Q) as a test function for the approximate problem (4.1) we have

Z/ az x, Ty (um) Vum)D ’de“r/ gn(l’ uWVum)v dx—&-/ﬂa(x”Tm(Um)V_ Tm(um)v dx (431)

—/ |t |2 0 dx—l—)\/ n(um)vdo = | F(z) vdz.
Q

In view of (4.16) — (4.18), (4.29) and (4.30), then letting m tends to infinity we conclude that

N
Z/ ai(x,Tn(u),Vu)Divdm—F/ gn(a:,u,Vu)Uda:—l—/
=179 Q

Q

a(x)|u|r71uvdm+z\/Tn(u)vdae:/F(a:) vdx.
o

Q

(4.32)
Thus, the proof of the theorem 4.1 is concluded.

5. Main result

Let f(x) € L'(Q2), we begin by introducing the definition of renormalized solution for the non-coercive
elliptic equation (3.1).

Definition 5.1 A measurable function u is called a renormalized solution for the strongly nonlinear
and non-coercive anisotropic elliptic equation (3.1), if u € TLP(Q), with g(z,u, Vu) € L'(Q) and
|u|""tu € L}(Q), such that

N

1 .
lim — / ai(z,u, Vu)D'u dz = 0, (5.1)
h—oo h ; {lu|<h}

and wu verifies the following equality

N 4 ] .
;/Qai(x,u,Vu)(S (uw)eD'u+ S(u)D'p) d$+/99($,u7VU)S(u)<p de

(5.2)
—|—/Qoz(1:)|u|7’7 uS(u)p dx—|—)\/8Q uS(u)p do = /Qf S(u)p dx,

for every o € WHP(Q) N L>(Q) and any smooth function S(-) € W1 (IR) with a compact support.

Theorem 5.1 Assuming that (3.2) — (3.5) hold true and f € L'(Q), then there exists at least one
renormalized solution u for the strongly nonlinear and non-coercive anisotropic elliptic Neumann problem

(3.1).

Remark 5.1 In the case of g(z,s,£) = 0 and a;(z, s,&) = a;(z, s)|&|Pi-2&;, the uniqueness of renor-
malized solution for the problem (3.1) can be obtained, we refer the reader to [1], [15], [21] and
[22] for more details.
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6. Proof of Theorem 5.1
Step 1: Approximate problems
We set f,(-) = T(f()), then f,(-) is a bounded sequence in L>(2) N L*(Q), such that :
fn—7 strongly in ~ L*(Q).

We consider the approximate problem :

N

- ZDiai(x,Tn(un), V) + gn(®, tn, Vug) + o) [t u, = fo(z)  in Q,

N (6.1)
Zai(sc, T (tn), Vug).n; + AT (uy) =0 on 01},

i=1

where ga(w,5,€) = Tu(g(x,5,€)). )
In view of theorem 4.1, there exists at least one solution in the sense of distributions u,, € W1?(2) for

the strongly nonlinear elliptic problem (6.1), i.e

N
Z/ai(x,Tn(un),Vun)Div d:r:—l—/gn(x,un,Vun)v dx
=179 Q

- (6.2)
—|—/ (@) |un " upv do + )\/ T (up)vdo = / fovdx for any v € WHP(Q) N L2(Q).
Q 9] Q
Step 2: Weak convergence of truncations.
By taking v = Ty (u,) € WHP(Q) as a test function for the approximate problem (6.2), we have
N .
Z/ ai(z, Tp(un), Vun ) DTy (uy) dx —|—/ In (X, Un, Vg )Tk (uy) dx
=17 Q (6.3)

—&—/Qa(x)|un|r_1unTk(un) d:r—i—)\/a T (wn) T (wr) doz/ﬂfnTk(un) dz.

Q

In view of (3.4) and (3.5), we conclude that

Pidx +/ ()| un " un T (uy,) d

N .
S KCATSILE TN

+/\/ ()| [T () |da</ £ (2) Tk ()| e

Thus, we conclude that

|D Tk un | r
boz ; W dz + o A [tn ™| Tk (un)] dz + A - | T (un)| [Ty (un)| do < K| fllor).  (6.4)

It follows that

N

bO / 1 . / 1 / 2

—_— D'Ty.(u,) P do + « Ti(un)|" Tt de + X T (uny) | do < k . 6.5
TG ;:1 Q| ke (un)| 0 Q| e ()| aQ| ko (n)| £z @) (6.5)
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Therefore, we conclude that
N
[T (un)llp = [Tk (un)ll12 + Z 1D Tk (un) I,

/|T;c un|d:v+2/\DTk Up, |dm+Z(/|DTk )|p1dx)i (6.6)

< k- meas(Q) + 2 Z/ | DTy (u,)|P? dz 4+ N + N - |Q]
—1 /0
< CL kMO for any &k >1,
where Cy is a positive constant that does not depend on k and n. Thus, the sequence (Ty(up)), is

uniformly bounded in W?(Q), and there exists a subsequence still denoted (T (u,)), and a measurable
function v, € W1P(Q) such that

{ Tr(un) — v, weakly in  WHP(Q),

Ti(up) — g, strongly in - L'(Q) and aein Q. (6.7)

Let k£ > 1, thanks to (6.4) we have

/ [T (uy)|do < measF((?Q)—i—/ | T (uy)|do < measr(89)+/ | Ty (un)| [Tk (un)|do < Cq, (6.8)
o9 { o0

|un|>1}
and

/ " da < meas(Q) +/ " d < meas(Q2) + / i 7T ()| dt < Cs. (6.9)
Q {lun|>1} Q

with C5 and C5 are two positive constants that doesn’t depend on k and n.
Thus, for any h > 0 we obtain

h" - meas({h < |un|}) < / |t |” dx < / lun|" dz < Cs,
{lun|>h} Q

it follows that s
limsup meas({h < Ju,|}) < — —0 as h — . (6.10)

n— oo hr

Now, we will show that (u,), is a Cauchy sequence in measure.
For all o > 0, we have

meas{|un — upm| > 0} < meas{|u,| >k} + meas{|um| >k} + meas{|Ty(un) — Ti(um)| > 0}

Let € > 0, using (6.10) we may choose k = k() large enough such that

meas{|u,| > k} < % and meas{|u,| > k} < % (6.11)
On the other hand, thanks to (6.7) we have Ty (u,) — v strongly in L*(2) and a.e. in Q. Thus, we

have (Tx(un))n is a Cauchy sequence in measure, it follows that : for all £ > 0 and €, o > 0, there exists
ng = no(k, €, o) such that

meas{|Ty (un) — Tk(um)] > 0} < for all m,n > ng(k, ¢, o). (6.12)

Wl m

By combining (6.11) — (6.12), we conclude that

Ve,0> 0 there exists ng =ng(e,0) such that meas{|u, —u,| > 0} <e for any n,m > ng(e, 0).
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We conclude that (u,), is a Cauchy sequence in measure, then converges almost everywhere, for a

subsequence, to some measurable function u. Consequently, we have
Tr(un) — Ti(u) weakly in  WHP(Q),
Ti(un) — Tk(u) strongly in  L'(Q) and a.ein €,
Ty (uy) = T(u) weakly in  L1'(0Q) and aein Q.
In view of Lebesgue’s dominated convergence theorem, we obtain

Ti(uy) = Ti(u) strongly in  LP*(2) and ae.in Q for i=1,...,N.

Moreover, thanks to (6.5) it’s clear that : for any i =1,..., N

k(14 k)°
/|DTk dr < Il fllzr k(1 + k) 0 as k- oo,
bokpi
and in view of (6.10) we have ? L) — 0 as k tends to infinity, then
T
H kun) < lim o] Teltn)
k—o0 L1(0%) k—o00 k WL1(Q)
. Tk(un) D? Tk un
<
- Cklglgo ‘ k LY(Q) CJEECZH L1()
. Tk(un) ’ D* Tk un
<
- Cklglgo ‘ k LY(Q) +C klggoz H LPi ()
=0.

We conclude that

% —5 0 weak —x in L(9Q).

Step 3 : Some a priori estimates.

In this section, we will show that :

N
1 )
hm lim sup E /{| - ai(z, Ty (un), Vup)D'uy, dz = 0.
up | <

Th (un

~

By taking v = as a test function for the approximate problem (6.2), we obtain

. T (u,
— / ai(z, T (up), V) DTy (uy,) dx —|—/ In (T, U, Vuy,) h(un) dx
h Q Q h

T T T
+/ a($)|un|r—1unM dx + )\/ Tn(un)M do = / an dz,
Q h 50 h o h

using (3.4) and (3.5), we conclude that

H
M= =

. T
/ ai(z, Tn(up), Vun)D* Ty (uy,) dz + / |gn (2, U, Vug,)| M dx
{lun|<h} Q h

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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[T (un) |
h

Thanks to (6.10) we have : meas {|u,| > h} — 0 as h tends to infinity, thus

L>(Q). Thanks to Lebesgue’s dominated convergence theorem, we get

— 0 weak—=x in

Th(un
hm lim sup/ |f|M dx = 0. (6.18)
X0 n—soo h
Thus, by letting h tends to infinity in (6.17) we obtain
N
- 1 .
lim limsup — Z/ a;(x, Tp,(un), Vuy,) D'y, dz = 0. (6.19)
oo noo {lun|<n}
Moreover, we conclude that
N
lim lim supZ/ |gn (2, Up, Vuy,)| dz = 0, (6.20)
70 n—=oo T S{|un|>h}
lim lim 5up/ a(x)|uy|" dz =0, (6.21)
h=00 nsoo J{|un|>h}
and
hm lim bup/ |7, (u,)| do = 0. (6.22)
h—=oo n—oo J{|u,|>h}NoQ
Step 4: Strong convergence of truncations.
In the sequel, we denote by €;(n), i = 1,2,..., some various real-valued functions of real variables that

converges to 0 as n tends to infinity. Similarly, we define €;(h), and €;(n, h).

In this step, we will show the convergence of the sequence (Du,,), to D'u almost everywhere in  for

any t=1,...,N.

We set

| Ton () = Th(7)] _ s
. .

Sp(r) =1~

IEIC((SID H , note that ¢'(s) —~]e(s)| > > for any s € IR
k

here = [
where v b 5

By taking v = (T (uy) — Tk( ))Sh(un) as a test function for the approximate problem (6.2), we have

N
Z/ ai(x, T (un), Vup) (D T (un) — DTy ()@ (Th(tn) — Ti(w))Sh () dz

_Z /h<un<2h} 2, To(un), Vitn) D'utn | @( T (un) = Ti(w))| de

+ / G (@ s Vet ) (T () — To(w)) S (un) der
Q

+ [ (@) un|" Mo (T (wn) — T (w))Sh () do + )\/ T (un)o(Ti(un) — Tk (w))Sk(uy) do

[219]

/nfnsO Ti(up) — Ti(w))Sk(uy,) dz.
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We have a;(z,7,0) = 0, and Sp(u,) = 1 on the set {|u,| < h}. Moreover, (T} (un) — Tk(u)) have the
same sign as u, on the set {|u,| > k}. By using (3.4) and (3.5) we obtain

N
Z/ ai(x, T (un), V() (D' Ty () — DT (w)) @' (Th (un) — Ti(u)) da

_Z/{k<|u |<2n} ai(@, Tn(un), Vun) D' T (w) ' (Ti(un) — Tio(w)) Sh(un) d
+/ « l')lun‘ Un(p<Tk(Un) - k(u)) dz +/ a(x)\unm(p(Tk(un) _ Tk(u)>|sh(un) de
{k<|un|<2h}

Jun| <k}
/ |90 (@, tns Vun)| [o(Th (un) = Ti(u))] da
{lun] <k}

+ |gn (@, uny Vun)| [@(Tr(un) — Ti(w))|[Sh(un) dz
{k<lun|<2h}

{lun|<k}NOQ

+A f{k<|un|<2h}ﬁ¢9§2 T (un)| |o(Tk(un) — Tic(w))|Sh(un) do

»(2k) )
/|fn||<ﬂ Tio(un) — Ti(w))| da + 272 Z/ ai(x, Tn(un), Vuy) D, dz.

h<\un|<2h}

In view of (3.6) we conclude that

=

> [ e Til1). VTl (DT ) = DT} (i) = Tew)

=1

+ /{u”<k} () |un]" T une(Tk(un) — Ti(u)) dx

A / T, () (T (1t) — Th() do
{lun|<k}NOQ

©(2k) )
/ [ fulle (T (un) — Tk (w))| de 4 AR Z/ (z, Ty (un), Vg ) D'y, do

h<|un\<2h}

+/{un<k} AT () ( +Z|DTk I”’) | o(Th(un) — Tio(u))| da

/(2k) Z/ s (2, T (1), Vi) || D T ()| e

{k<|un|<2h}
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it follows that

N
Z /Q a;i(z, T (un), VI (un)) (D" Tk () — DT (w))@' (T (un) — Th(u)) d

Pi

N .
—Z/Q ([T (un ) )| D T (un ) [P |p(Th(un) — Ti(u))| d

+/ (@) (| T (un) "™ Tho(un) = |Tio(w) "~ T (w)) (T (wn) — Ti(w) da
{lun‘<k}

+A (Tn(un) = Tn(u)p(Th (un) — Ti(u)) do
{lun|<k}noQ

< / (17 @) + d(k)e(@))] (T (un) — Ti(u)) de + (g /{ i, T (1), V) Dy, dit

h<|un|<2h}

'(2k) Z/ s (2, T (1), Vi) || D T ()| dae

{k<|un|<2h}

n / (@) [T ()| (T (1) — Ti(u0))] i + A / T ()] 10T (1) — ()| dor
{lun| <k} {lun|<E}NOQ (6.23)

Using the fact that ((s) is an increasing function, we conclude that

Z/ ai(2, Ti(un), VI3 (un)) (D' Tio(un) — D'Ti ()@ (T (un) — Ti(u)) da

N
BTN |~ | 0@ T, V(00 DT () () = Ti)| o

g/Q(If(r)l+d(k)c(:v))lcp(Tk(un)— i (u))| do +—Z/ 2, T (un), Vun) D'uy, da

h<|un|<2h}

'(2k) z / a5, Ton(1tn), VTon () 1D Te(w)| d

{k<|un|<2h}

o) /{ T Tin) = Tulw)

[un|<

A / T (u0)| [Tk (1) — Ti ()] dor
un |<k}NOD

(6.24)
For the first term on the right-hand side of (6.25), we have |f(z)| and d(k)c(z) belongs to L(£2), and
since (T (upn) — Tk (uw)) — 0 weak—x in L°°(2), it follows that

e1(n) = / (1£()] + d(F)e@)|o(Th(un) — Te(w) dz — 0 as 0 — oo, (6.25)

Moreover, in view of (6.19) we have

2 .
k) Z/ , Tn(un), Vg ) D'uy de — 0 as h — oo. (6.26)

h<|un|<2h}

Concerning the third term on the right-hand side of (6.25), thanks to (3.4) we have (a;(z, Ton(un),
VT5n(un)))r is a uniformly bounded sequence in LPi(€2), then there exists a measurable function 9,5, €

LPi(Q) such that a;(z, Top (un), VTon(un)) — 95, weakly in LPi() for any i = 1,..., N, we conclude
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that

a;(x, Top (un), VTop (un DT, dx
-y /;K.un%' ), V)| 1T ) .

—>Z/ 190 | DTy (u)| dz =0 as n — 0o.
{k<|ul<2h}

For the two last terms on the right-hand side of (6.25), in view of Lebesgue dominated convergence
theorem, we have [T (u,)|” — |Tk(u)|" strongly in L'(2), and since (T (un) — Tk (u)) — 0 weak—x in
L>(Q), it follows that

eq(n) = /{| - | Tk (wn)|"|0(Th () — T (u))|de — 0 as m — oo. (6.28)
Similarly, we have Ty (u) € L'(99), and since ¢(Tk(un) — T (u)) — 0 weak—x in L>(9S2), then
es(n) = /aQ [Tk (un)| |o(Tk(uy) — Ti(u))| do — 0 as n — oo. (6.29)
By combining (6.24) and (6.26) — (6.29), we conclude that

Z / 01( T (), VT (1)) (D T () — DTy (1)) (Ti 1) — Ti () dr

_H (1T (s)])
b(|T%(s)])
< 56(n,h).

N 6.30
Hm); [ s i), VT DT 9T ) = Ti) | d o

We have ~y it follows that

-
b(ITi(s)]) Iz’

N
Zé(ai(x»Tk(un)aVTk(un)) = ai(w, Ti(un), VI3 (w))) (D' Tio(un) — D'Ti(u))

% (' (T (1tn) = Ti(w) = 11T () = Te(w))]) da
N (6.31)
< calmah) + (/20 +90(28)) - [ Jos(o. Tlun). ITL@)] [D'Tia) = DTi(w)] da

N .
SEEO)Y / i, Ti (1), VT ()| | DT ()] dz.

For the second term on the left-hand side of (6.31), in view of (6.14) we have Ty (u,) — Tk (u) strongly
in LPi(Q), then

a;(z, Tr(un), VI (u)) = a;(z, T (u), VI (u)) strongly in LPQ(Q),

and since DTy (u,) tends to DT}, (u) weakly in LPi(£2), we obtain
N . .
n) < Z/ ai(x, Ty (un), VI () (DT (up) — D*Ti(u)) de — 0 as n — oo. (6.32)
Q

Concerning the last term on the left-hand side of (6.31), we have (|a;(z, Tk (un), VTk(un))|)n is bounded
in LP:(Q), then there exists a measurable function ¥, € L () such that |a;(z, Tx(un), VIk(un))| —
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¥y, weakly in LPi(Q), and since |D*Tx(u)| |o(Tx(un) — Th(u))| tends strongly to 0 in LP#(Q) for any
i=1,...,N, it follows that

N
eg(n) = Z/ |ai (2, Ti(wn), VT (un))|| D' Tr (w)| |p(Th () — Tie(u))|dz — 0 as n—oo. (6.33)

By combining (6.31) and (6.32) — (6.33), we conclude that

< %Z/ (2, T (), VT () — ai(x,Tk(un),VTk(u))>(DiTk(un) — DTy (u)) da
N
< Z/ (az , Ti (un), VT (un)) — ai(x,Tk(un),VTk(u)))(DiTk(un) — DTy (u)) (6.34)
% (' (T (utn) = Tw)) = LT (1) = Te(w)]) do
<eg(n,h) — 0 as n,h—0.

Having in mind Ty (u,) — Tk (u) strongly in L2(Q)), we conclude that

N
Z/Q (ai(l‘,Tk(Un)aka(un)) - ai(x’Tk(“n)vVT’“(“)))(DZT’“W") ~ D'T(w)) de (6.35)

+/ (1T ()" T () — | T ()" T () (T () — Tie(u)) dz — 0 as  n — oo.

Q

Thanks to Lemma 3.1, we obtain
Ty (un) — Ti(u)  strongly in ~ WHP(Q),
Diu, — D'u a.e. in Q for i=1,...,N, (6.36)
Tyi(up) — Tk(u) strongly in  L'(9Q) and a.e. on 9.

Moreover, we have a;(z, Ty, (ur), V) D'u, tends to a;(z, u, Vu) D'u almost everywhere in , and in view
of Fatou’s lemma and (6.19) we conclude that

lim fZ/al z, T (u), VT, (u) DTy, (u) da

h—oo h

< lim hmlnffZ/ ai(x, Tn(un), VT (un)) DTy (uy) d (6.37)

h—o00 n—o0

—00 n—oo

< hlim lim sup 7 ; /Q ai(x, Ty (un), VI () DTy (uy ) dz = 0.
Step 4 : The equi-integrability of the sequences (g, (x,un, Vuy))n-
In order to pass to the limit in the approximate problem (6.2), we shall show that
Gn (T, Up, V) — g(x,u, Vu) and o) |u,|"  u, — ax)ul""tu  strongly in L'(Q). (6.38)

and
To(un) — u strongly in  L'(99Q). (6.39)

Thanks to (6.36) we have
Gn (T, Uy, Vuy) — g(z,u, Vu) and @) [un|" "y — o) u|" a.e. in

and
To(un) — u a.e. on ONQ.
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Then, in view of Vitali’s theorem, it suffices to prove that the sequences (g, (z,un, Vug))n,
(a()|un|"tun)n and (T), (un))n are uniformly equi-integrable.
On the one hand, for any measurable subset £ C €2 we have

N
Z/ |gn(xaun7vun)|dx+/ a(x)|un\r dx
i=17E E

Si_zl/E|9n(x,Th(n)(un)7VTh(n)(un))|dx—|—/Ea(x)|Th(n)(un)|r di (6.40)

N
+Z/ |gn(x,un,Vun)|dx+/ a(x)|uy|" de.
i=1 7 {h(m)<|unl} {h(n)<|unl}

Thanks to (6.36), there exists 3(n) > 0 such that

N

r n
> /E |90 (25 Th) (n ), V(o (un))] doe + /E () Ty (un) [ dv < o, (6.41)
=1

for any E C Q with meas(E) < (n).
Moreover, in view of (6.20) and (6.21) we have : for all > 0, there exists h(n) > 0 such that

N .
3 / d((un ) Dt
{h(n)<|unl|}

i=1

Pidg —|—/ a(x)|up|" dr < 7 for all h > h(n). (6.42)
{h(m)<lunl} 2
Thanks to (3.5), and in view of (6.40), (6.41) and (6.42), one easily has
/ |gn (2, Un, Vuy,)| dz —|—/ a(x)|up|" dr <n for all E such that meas(E) < 8(n). (6.43)
E E
Then, the sequences (oz(x)|un|r_lun)n and (gn(z, un, Vuy)), are uniformly equi-integrable. In view of

Vitali’s theorem, the convergence (6.38) is concluded.
On the other hand, in view of (6.22) we have : For any n > 0, there exists h(n) > 0 such that

n)<lun|}N
Moreover, there exists 5(n) > 0 such that
/ |Th(n)(“n)| do < g for any subset U C 9Q with measp(U) < (n). (6.45)
U

Using (6.44) and (6.45) we conclude that : for any n > 0, there exists S(n) > 0 such that

/ | T (un)|do S/ |Th(n)(un)|da—|—/ [Ty (un)|do <n YU C 0Q with measr(U) < S(n).
U U {h(n)<|un|}NOK

(6.46)
Thus, we conclude that (7}, (uy)),, is a sequences uniformly equi-integrable in L' (9€2). In view of Vitali’s
theorem, the convergence (6.39) is deduced.

Step 5 : Passage to the limit

Let ¢ € WHP(Q) N L>(Q), and choosing S(-) a smooth function in W (IR) such that supp (S(-)) C
[-M, M] for some M > 0.

By choosing S(u,)e € WHP(Q) N L>(Q) as a test function in the approximate problem (6.2), we obtain

N
Z/ ai(z, Ty (un), Vun ) (S (un) D' uy, + S(un) D) do + / Gn (T, U, Vuy)S(up)p de
—Ja Q (6.47)

—|—/Qa(m)|un|sflunS(un)g0dx+)\/ Tn(un)S(un)ade:/anS(un)gadx.

o0
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In view of (6.36), we have (a;(z,Tar(tun),VTar(tun)))n is bounded in LPi(f2), and since
ai(x, Tar(un), VI (uy)) tends to a;(z, Tas(u), VI (u)) almost everywhere in €, it follows that

as(@, Tar (n), VTar () = ai(@, Tag (), VI (w)  weakly in - LP(Q),
and since S (u, ) DT (uy) + S(Tas(un))Dip tends strongly to S’(u)eD'Th(u) + S(Ta(u))Dip in
LPi(§2), we deduce that

N
lim Z/ ai(z, T (un), Vun) (S (un) o D'uy + S(un)Dip) da
i=1 7%

n—00 4

n—00 4

N
= lim Z ai(2, Tor (un), VT (wn)) (S (un) o D" Tas (un) + S(Tar (un)) Do) dz
i=179 (6.48)

N
= Z/Qai(m,TM(u),VTM(u)) (S’(u)LpDiTM(u) + S(TM(U))Di@) dx
i=1

N i .
— ;/Qai(:c,u,Vu) (S' (WD + S(u)Dip) da.

Concerning the second and third terms on the left-hand side of (6.47), we have S(u,)p — S(u)p weak—x
in L>°(Q), and thanks to (6.38) we deduce that

li_>m Gn (T, Up, Vg )S(uy ) de = / g(z,u, Vu)S(u)p de, (6.49)
and
ILm () [t | un S (un)p de = / o) u|"" uS (u)p dr. (6.50)
Moreover, we have
lim [ fpS(up)pdr = / fS(u)p dx. (6.51)

Similarly, we have S(u,)e — S(u)p weak—x* in L>°(9Q), and thanks to (6.39) we get

lim )\/8Q Ty (un)S(un)p do = )\/8Q uS(u)p do. (6.52)

n—oo

Hence, putting all the terms (6.47) and (6.48) — (6.52) together, we obtain

N | |
;/Qai(x,u, Vu) (8" (w)eD'u + S(u)D'y) d:z:+/Qg(:r,u, Vu)S(u)g dx

(6.53)
—&—/Qa(x)|u|’_1u5(u)<pdx+)\/a

uS(u)godJ:/fS(u)godx,
Q Q

which conclude the proof of Theorem 5.1.

Remark 6.1 Note that the existence of renormalized solutions for our equation (3.1) in the parabolic
case can be proved using similar arguments as in the Theorem 5.1.
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