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Summation formulas for the function R [u,d,d;v;v, T, 21, 22)

Yogesh M. Thakkar, Ajay K. Shukla*

ABSTRACT: In this paper, we obtain finite and infinite summation formulas for Appell-type extension
of pRq(v,7; 2) function, denoted as Ry [, d,d’;v;v, T, 21, 22] and confluent functions R®q [u, §;v; v, T, 21, 22],
R®5 [6,0";v; v, 7, 21, 22] and R®3 [6;v; v, T, 21, 22] -

Key Words: Gamma function, Beta function, Appell hypergeometric function, Mittag-Leffler
function.
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1. Introduction and preliminaries

The ,R,(v, 7; 2) function with p numerator and ¢ denominator parameters, introduced by Desai and
Shukla [2,3] is defined as
v, T; z)

! <a1> (a2)y.-(ap),, 2*
kZ:OP vk +7) (b1),,(b2),,---(b ): k! (1.1)

ai,a9,...,a

where v, 7 € C,R(v) > 0,R(7) >0,R(a;) >0,R(b;) >0forall i =1,2,...,pand j =1,2,...,¢q and
(a)g is a Pochhammer symbol [5] defined as

T(a+k) (k=0;a e C\{0})

1
(@) = I'(a) _{a(a+1)-~-(a+k_1) (k€ Nsa € C).

and T' is a Gamma function [5] defined as
o0
I'(z)= /uzflefzdz, R(z) > 0.
0

Here, we modify the restriction on parameter v as ®(v) > 0 instead of R(v) > 0, which satisfy the
convergence condition of the ,R4(v, T; z) function, as mentioned in [3].
For v =0 and 7 =1, (1.1) reduces to generalized hypergeometric function [4,5].

a1,0a2,...,0p . _ ai, az,...,ap
»Rq ( 0, 1,z> =,F, ( by b, ... b, z) . (1.2)

b1,bo, .oy by
Recently, authors defined and introduced [7,8,9] Appell-type extension of the ,R, (v, 7; z) function de-
noted as Ry [u,8,0';v;v,7,21,22) and its  confluent  functions R<I>1 [/L,é ViV, T, 21, 22
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R, [0,0";v; v, 7, 21, 20] and R®P3 [0;;v, T, 21, 22] which are listed below.

These functions are defined for u, §,6",v,v, 7, 21,20 € C,v ¢ Z7U{0} , R (v) > 0,R (1) > 0, |21] , | 22| < o0.

Ry (16,03 y: 0,7, 21, 2] ZZ (1)1 q(0),(0") 24P 209 (1.3)
S Twl+a+7) (V)i s

ROy [p, 0573 v, 7, 21, 2] pgo;) i g (M()s)ii(j) Z;;p Zq2| (1.4)

R®5[6,0";v;v, 7, 21, 22) ;;0 p—|—q 7 ((zipi(izqa;lfz;;] (1.5)

RY;3[6;v;v, 7,21, 22] = Z;)q;) DT ((ijqul!pj (1.6)

For v = 0 and 7 = 1, these functions reduce to the Appell function F(a,b,b’;c;w,z) and its conflu-
ent functions ¢4 [a,b; c;w, 2], ¢ [b,V;c;w, 2] and ¢3[b; ¢;w, 2], which are the part of Horn’s list [4] of
convergent hypergeometric series of order two.

2. Finite and Infinite Summation Formulas

Inspired by the work of Brychkov and Saad [1] and Wang [10], we establish some finite and infinite
summation formulas for the functions (1.3)-(1.6)

Theorem 2.1 The following finite summation formula for (1.3) holds true

> ( Z ) E:;kzl’“}h [+ k0,0 + k;y + kv, vk + 7,21, 20] = R [11,6,68" +m;50,7, 21,20 (2:1)
k=0 k

Proof: Applying Leibnitz formula for differentiation of a product of two functions on the left hand side
of the following result [8]

DZ; {226/+n_1R1 [/147 57 5/a YV, T, 21, 22]} - (6I)n225/_1R1 [/1'7 57 5/ + n;v,v, T, 21, 22] 9

we get

n

Z ( Z ) Dgz_k {225l+n—1} D,;z {Rl [u‘a 6a 6/7 ViV, T, 21, Z?]} = (5/),”226/_1R1 [/’(‘7 67 o + Ny Y, T, 2, Zg]
k=0

On using D7, {z2™} = (m —n+1),2™ " and derivative formula [8] for function (1.3) in the left hand
side, we get

n , 5
Z ( ’Z ) (6/+k)n7kz26 +k—1(u)(’:;())kR1 [M+k7676/+k;7+k;y7yk+7—7217z2]
k=0 k

= (6/),”226/_1}{]_ [/’(" 67 6/ + n;v,v,T,z1, 22]

On applying the simple transformation (8"), (6’ + &), _, = (8'). , we get desired result. a
k n—=k n
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Similarly, we can also prove the following finite summation formulas for (1.3)-(1.6)

Z< K ) (’u)kzlle [:u+k75+k75,;7+k;’/ayk+7_721322] :Rl [,[L,§+n,($/;’}/;u,7',21,2'2] (22)

0 k) ()
Z( >(: 21°R®y [+ K, 6+ k;y + kv, vk + 7, 21, 20 = ROy [, 6 + n; ;5 0,7, 21, 22)] (2.3)
k=0

2 PR [§ 4+ k,6"s v + kv, vk + 7,21, 20) = RO [§ + 1,8y 1, T, 21, 2] (2.4)

> ()
2

k=0

21" RDs [0+ kv + k;v, vk 4+ 7,21, 20] = R®3 [0 + n;v; v, 7, 21, 29) (2.5)

o

Theorem 2.2 Fort € C and |t| < 1, the following infinite summation formula for (1.3) holds true

> 3

ZL)| Ry[u+k, 8,8 vv,7 21,200 = (1 —t) "Ry |, 6,8; 'y,ulelt 12—2t (2.6)
k=0
Proof: We have, > (‘;)!k thRy [+ K, 0,0 v; 0,7, 21, 22)
k=0

N i i . (1) (14 F) 5 (0), (67),, m ok

lpl (1), L (v (4 p) +7)

On applying the simple transformation (u), (1 + k),,, = (),,, (it + m), and Newton’s generalized binomial

m

theorem [5], 1 Fp ﬁ 2| = (1—2)"", we get
5),.(¢
S S et e
m=0 p= Omp ( (m+p)+7-)
z z
=(1-1t) ”Rl{,u?éé ViU, T, 1t 1_24
O
Similarly, for ¢ € C and |t| < 1, the following infinite summation formula for (1.4) holds true
ZM—)' t"R®y [+ k,8;v;v,7,21,22] = (1 — t) " RPy [u,é ViU, T, IZIt 122 J (2.7)
k=0
Theorem 2.3 Fort € C and |t| < 1, the following infinite summation formula for (1.3) holds true
) _
2(7)' Ry [p, 6+ k, 85y v, 7,21, 20) = (1 — t) 'Ry [,uﬁ, &y V,T,:lth,ZQ:| (2.8)

k=0
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Proof: We have, Z (5)’“th1 [, 6+ k,0";v; 0,7, 21, 22]
k=0

— (9), (0 +K),,(5),

- m+P
Zgz 'm'p F'(v(m+p)+71)

m-HD

m, ptk

21

On applying the simple transformation (9), (6 + k),,, = (9),,,(0 +m), and Newton’s generalized binomial
z} =(1-2)"" we get

o — (1) 1 p(6),, (07), m sem
Z Z m!p!(’y)mﬂ} (v (m +p) —|—T)Z1 2"(1-1)

theorem [5], 1 Fy [ ﬁ

= (1 - t)75R1 |:/1'7 57 5/; ViV, T, 127_1t7 22:|
O

Similarly, for ¢t € C and [t| < 1, the following infinite summation formulas for (1.3)-(1.6) also hold true

> /
6')kth1 [/1’7576/"_]{:;7;1/;7_;21,22] :(1_t) Rl |:/1'76 5 YV, T, 21, 122 t:| (29)
k=0 N
o (O 1 - _ -3 [ 1
Z?t R, [ﬂ55+k5’77’/77721;z2] - (lit) R, u7577a VvTvﬁVZQ (210)
k=0 L B
- (5)k k / -0 [ /.. 21
Z x —Et"RO [0+ K, 05y v, T, 21, 22) = (L —t) "RPo (6,8 v; v, 7T, -2 (2.11)
k=0 -
o~ (0 - _ -3 [ . A1
Z?t R(I)S [5+ka77y77721az2] - (1_t) R(I)?) 57771/a7aﬁa22 (212)
k=0 L -

Theorem 2.4 Fort € C, the following infinite summation formula for (1.3) hold true

= (M)k((s)k Wk\Ok 4k gy

0 1+ k0+k & v+ kv, vk+7 21,20 = Ry [, 0,8y, v, 7, t + 21, 23] (2.13)
k=0 k

Proof: We have, > wth [+ k, 0+ k, 05y + k;v, vk + 7,21, 29]
k=0

kI
PR (1) (1 + k), (0), (0 + K),,(67),, m
*Zzzkvmlp( )e (v +E) T (v (mtp)+vktr) b = t*

0o 00 6o /
- Z Z Z (u)k+m+p(6)k+m(5 )p 2™ zoPth
p:O k!m'p'('y)k+m+pf (wk+m+p) +71)

k=0 m=0
_ i (1) p i i (14 D) ks ()b e
= p-(7 » - Em!(y +p) gyl (v (E+m) +vp+7)

On using addition formula [6] for the ,R,(v, 7; 2) function, we get

5
:Z‘ I ), Fal aRi(pntp, 6yt pivvpt it 4 21)

B mJr,,(5) (), m_p
sz'p oL (v (m+p)+7)(t+zl) 2

m=0 p=0
=R [u,5v5;v;v,7,t+zl722}
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Similarly, for ¢t € C, the following infinite summation formulas for (1.3)-(1.6) also hold true

Mthl [M+ka676/ +k;,y+k;l/7l/k+7—721522] = Rl [M7656/;7;Va7azlat+22]
k=0 N (y)y,
o (1), (8)
S Ok 5 Ry [+ 6+ ks + kv, vk + 7,21, 2] = ROy [, 8y v, ot 4 21, 2]
=0 KL ()y,
> 0)
st( k tFRDy [0+ k, 0"y + kv, vk + 7, 21, 20] = R® [6,8"; v; v, 7, t + 21, 20]
k=0
é
k(|<)]§ t"ROZ[6 + k;y + ks v, vk + 7,21, 25] = R®3 (03730, 7, + 21, 2]
— Tk
k=0

Theorem 2.5 For r € C, the following infinite summation formula for (1.3) holds true

Z(Z?k(;)kzlle [u+k,5,5/;’y+k’;u,uk‘—i—T,zth] :Rl [Ma5+7"a5/§73%7321a22]
— Uk
k=0

Proof: We have, > (‘;)(7())’“2' KRy [+ k6,8 y + kv, vk + 7, 21, 29
k=0
Elm!p!(y 7+k) ( (m+p)+vk+T) 2

k=0 m=0 p=0
= k+m+P(r)k(5)m(6/)P k+m . p
_ZZZ Im! SR
k=0 m=0 p= Ok:mp k+ mA+p I (v (k+m+p)+7)
)n+p( ) ( ) —’rl,?“

N Zzn'p V) papl (v (n+p) + )ZlnzszFl [ 1-6—n

n=0 p=0

m+p

|

e (W), (0+7),(67), 0 p
*ZZ ) + 21 22

"o P! Myl (v (2 4p) +7)

= Rl [/1’7 o + T, 6/777 V,T, 21, 2:2]

Similarly, for r € C, the following infinite summation formula for (1.3)-(1.6) also hold true

ZWZQle[/,L+k’5,6/;’y+]€;l/,l/k+7',2’1722]Rl[u,575/+7";’}/;1/77'721,2’2]
k=0 "Nk

Z WZlqu)l [M—'_ k757’7+ ka v, Vk+Ta 21,22] = Rq)l [N75+T;’Y;V7T; 21722}
k=0

o

9]
Z sz‘p)yl; Zlqu)2 [576/77+k1 I/,l/k—‘rT,Zl,ZQ] :R‘I)Q [5+r75l;7;ya7—321722}
k=0 k

=

Z kﬂ%; 2" R®s (057 + ks v, vk + 7, 21, 2] = R®3[6 + 13731, 7, 21, 22]
— Tk
k=0

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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For special values of parameters, one can easily obtain the following finite summation formulas

Elu)k (_Zl)le [l‘L + k,67 6/,7 + ka v, vk + T, 21, 22] = Rl [/’L’ 0 — n, 5/777 v, T, z1, Z?] (223)

> EZik (722)kR1 [,u + ka 57 5/; v+ k; v, vk + T, 21, ZQ] = Rl [/Lv 5; & — n;7y v, T, 21, 22] (224)

k=0 k
Z < Z ) Efy)k (=20) R®y [+ k, 837 + kv, vk + 7, 21, 20] = R®y [1,6 — sy v, 7, 21, 23] (2.25)
k=0 k
- n (*Zl)k
< k ) R®4 [0,0";v + kjv, vk + 7,21, 22) = R®2 [0 — n, 657y, T, 21, 22] (2.26)
k=0 (M
- n (_Zl)k
2 ( k ) o). syt ks vk 47z, 2] = RO [0 —niysv T 2, 2] (2.27)
— Yk
k=0

Theorem 2.6 For r € C, the following infinite summation formula of (1.3) holds true

> (II:?ECV(;)}C (—20) Ry [+ k, 0+ k, 85y + ks v, vk + 7, 21, 20) = Ry [, 0 — 1, 85730, 7, 21, 2] (2.28)
k=0 Nk

Proof: We have, Y %(—zl)klﬂ v+ k,0+Fk, 05y + kv, vk + 7,21, 2]

> W+ B (64 8),,(8),
k'm'p (K)o, U (v (m+p) + vk +7)

Mo
M8

(—1)k21k+m22p

ol
Il

om

0 p=0

3 k+m+p( ) (6 + k)m(él)p o kz k+m , _p
Opz::O Em!pl (7)ol (v (K +m + p) +7-)( )"z 2
|

[M]8

m

(1) 4(9),(9),,
PVl (v (0 +p) +7)

-n,r

5

12 10
M8

n
21" 2P o Iy {

n—=

()
o X0 <u>n+,, -, .
ZZ Ve, L n+p)+7) 0 2

|
=0 p=0 p’yn+17

=Ry [, 6 — 71,8 70,7, 21, 22]

Similarly, for r € C, the following infinite summation formulas for (1.3)-(1.6) also hold true

Zw( zg) Ry[p+k, 6,0 + k;v + kv, vk + 7,21, 22) = Ry [, 6,0 — r; 50,7, 21, 2] (2.29)

Z (]A:?k&(le)k]%@l w+k, 6+ kiy+ kv, vk 4+ 7,21, 20] = R®q (1,6 — ;v v, T, 21, 22) (2.30)

= = M
> /j@k (—21)"R®2 [6 + k, 83y + ks v, vk + 7,21, 2] = RO2 [6 — 7,85 v1v,7, 21, 2] (2.31)
k=0 N7k
Z Er)k (—21) R®3 [0 + k;y + ki v, vk + 7, 21, 9] = R®3 [0 — 1373 1, 7, 21, 2] (2.32)
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Theorem 2.7 Fort € C and |t| < 1, the following infinite summation formula of (1.3) holds true

oo

Z kthl k7675/;’7;l/77—7217z2] = (1_t) HRI M’6 0" Vs T ttZI]. ttiz].
k=0
Proof: We have, > (’Z)!kthl [k, 8,0 ;v;v,7, 21, 29]
k=0
o0 o0 oo !
Yy Z (1) (=k),1,(0),,,(0),, 2 g
2 2 2 Fmlpl(3),, 0 (v (m+p) £ 7)
[e’e) o0 6 [ee) 1 m+p
=2 i, ()r (<Zn+ EDREpY ((k; )m (u))ktk
m=0 p=0 p +p p k=m+p p

(
IRt ()45 (0 (), o sm CD" P+ m A )
_sz ()., :(v(m+p)+T a2’} Il H
(
(

=0

_ S ( )7n+ 5) ( ) oM P m+pq g\ —(pt+m+p)
- S e S

m=0 p=0 ( )m+p

— tZl tZQ
=(1-t""R 5,6"57; —
( ) 1|:/J’7 ? 771V7T7t_17t_1}

Similarly, for ¢t € C, the following infinite summation formula for (1.3), (1.4) also hold true

) t t
Z(l]?lkth‘I)l[ k,05v;v,7, 21, 22] = (1 — ) "Ry [“’6 e 211 tng
k=0

i’ik Ry, 8,850,720, 22] = (L 0) ¥ Ba |1, 6,0'3 7, -, 22

2 ] ) ’ t+1 t+1
o0 t t

S Wi () Ry [k, 51950, 7, 21, 22] = (1) Ry [“’5 T e ]
> t+1¢t+1

For special values of parameters, one can easily obtain the following finite sums

= n k . /.. . n . ’. tz1 tzo
k?_O(k)t Rl[ k75757’%y,7—721722]—(1+t) R1|: n7575777V77—7t+17t+1:|
5" n t* RD, [k, 0;v;v,7, 21, 2] = (L + )" R®y | —n, 85750, T ta
k ) 9 ) ) ) ) ) ) ) K ’t—"—l’t—"—l

~
Il

0

Theorem 2.8 Fort € C, the following infinite summation formula for (1.3) holds true

> 1+t -
Z(? - |:Mﬂ_k75I7Py7 V7T7;’—21722:| = (1+t) 5R1 [,LL,(57 6/;’7;V7 T, 21722]
k=0

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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Proof: We have, > %(—t)kR (1, =k, 85 vs v, 7, i 2y 2]
k=0

o - L 0)(8), (= k), (= 1)" (1 + )" th =z M 2o

m+p
R e

k=0 m=0 p=0

(Wi (O (), S (54 m),
_sz’p + (m+p)+’i’)(1+t 2:2 Z +

m=0 p=0 m+p (
. i@ (8, o
g:o;)m'p (V(m+p)+r)(1+t) 1" 22

= (14t Ry [0, 6’;7; U, T, 21, 22)

TL

Similarly, for ¢t € C, the following infinite summation formulas for (1.3)-(1.6) also hold true

o0

1+t

=0

00 k 1
) t 1+t

Z( )lk( +Zl) Rq)l |:/J’?_k‘l;7;l/77-5+31522 =

t+211

t+ 21

> (8), [t k 1+t 7
Z()lk( +21> Rq’s{ k;viv, T, * ——21,22| =
| t+ 21 ]

3. Concluding Remarks

1+t Y

Rl [M?é —k; ViV, T, 21, :_ zZ2 :(1+t) 5R1 [M7§75/;’Y;V7T7Z1a22]
= (6 1+t ] _
Z %(*t)kR@l [Ma —k; v, T, — | = (1+8) "R®y [, 0 viv, 7, 21, 2]
) 1+t T _
Z @(ft)kRQ)g {k, &iviv, T, TJrzl,ZQ =(1+1) 'R, [6,8";v;v, 7, 21, 22]
(oo} -

1) 1+t _
Z@(—t)km’?’ {_k?%”) T’%Zw& = (1+1) RO [5;7;,7, 21, 2]
i (6)k t+21 k / 1+t 1—21 J ,
Z | Rl Nla*ka(s;’ﬁyv’rvmzlsz = Rl [M7675;’Y;Va7_321722}
P !
> ((5,)]c t+ 29 k 14+t 1— 2 o ,
Z Ll Rl M?é k7’YaV Ty21, 77— n Zo2| = Rl [/1'7576 VIV, T, 21722]

R® [, 85730, 7, 21, 2]

Rq)d [5a YV, T, 21, 22]

0 k B 4
Z (6)|k <t+21> Ro, |:k75/777 VvTvizlsz = (1 - Zl) R®, [575/;7;1/373 21’22]

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

In present paper, we obtain some finite and infinite summation formulas for the functions (1.3)-
(1.6). By selecting values of parameters v = 0 and 7 = 1, we can deduce the results given by
Brychkov and Saad [1] and Wang [10] for the Appell function Fi(a,b,b’;c;w, z) and its confluent func-
tions ¢ [a, b; c;w, 2], 2 [b, V' c;w, 2] and @3 [b; ¢; w, z] . These formulas may be very useful in the theory

of classical analysis and special functions.
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