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General and Optimal Decay Result for a viscoelastic Timoshenko beam fixed into a
moving base

Imane Djaidja and Ammar Khemmoud]

ABSTRACT: In this paper we consider a multidimensional thermoviscoelastic system of Bresse type where
the heat conduction is given by Green and Naghdi theories. For a wider class of relaxation functions, We
show that the dissipation produced by the memory effect is strong enough to produce a general decay results.
We establish a general decay results, from which the usual exponential and polynomial decay rates are only
special cases.
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1. Introduction

In this paper, we consider a cantilevered Euler-Bernoulli beam. It is fixed to a base in a translational
motion at one end and to a tip mass at its free end. The beam is made of a viscoelastic material. The
governing equations of the system are

m&(t) + p1 fo (et(t) +wie(w, 1)) doe +mp (& (t) + wie (L, 1) = (1), ¢ >0,
p1 (&t (1) + wu(x,1)) — k (Waa (2, t) + Yu(, 1) = 0, V(z,t) € (0,L) x [0, 00),
p2ee (T, 1) — bibgg (2,1) + k (W () + p(2,1) + [5 9(t = T)Yaa(T)dT =0, V(x,t) € (0,L) x [0,00),

subject to the boundary conditions

W(Ovt) = Q/J(Oat) =0, t=>0,
—k (wz (L, t) + w(L7t)) =mp (wu(L,t) + & (L, ), t>0, (1.2)
b (Lyt) — 7 g(t — T)u (L, 7)dT = — Tty (Lyt), >0,

and the initial data

{ €<0) = 507 §t(0) = 517"‘)(3370) = wo(x)> "/}(‘T70) = ¢O($)7 (1 3)
wi(r,0) = wh(z),Y(z,0) =1, x€(0,L). )

where ¢ denotes the times variable and z is the space variable along the beam of length L, £ is the
displacement of the translational base, w is the beam transversal displacement and 1 is the rotational
angle of the beam. The constants p1, ps, b and k are the mass density, the moment mass inertia, the
rigidity coefficient (of the crosssection) and the shear modulus of elasticity, respectively. The coefficients
m and mg denote, respectively, the mass of the translational base and the mass attached at the free end
of the beam with rotational J. ®(¢) is the input control.

In the third equation of (1.1), the convolution term represents the viscoelastic damping. This term
appears in the constitutive relationship between the stress and the strain according to the Boltzmann
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2 1. DjAaIDJA AND A. KHEMMOUDJ
Principle [23,15,16]. The kernel g is called the relaxation function and will be specified later.

Recently, several stability results of the Euler-Bernoulli beam have been obtained [38,40,44,45].
[21] investigated a similar problem to (1.1)-(1.3), with viscous damping;:

MS” (t) + fo (S” (t) + uge (z,t)) do + mp (S () + ug (L, t))
f(), t=0,

(S” (t) + uge (2, 1) + Elugpyy (2, t) + Buy (2, 1)

+Cugs (1) + Duggget (,6) =0, (z,t) € (0,L) x RT,

with the following boundary conditions:

u(0,t) =u, (0,t) =0, t>0,
Duggpi (L,t) + ETugyy (L, t ) =mg (uy (L,t) + 5" (), t>0, (1.5)
Dumt (L t) + Elum (L t) = —Juwtt (L, t) ; t> O7

where f(t) is an external force acting on the base. They obtained exponential stability results.
Regarding the works on translational Euler-Bernoulli beam with internal memory feedback, we would
like to mention here, the contribution of [10], [9] who studied the following system:

MS” (t)—i—fo (8" (t) + uge (z,t)) de + mp (S (t) + ug (L, 1))
f), t=0, , (1.6)
(S” (t) +up (2,1)) + Elugaas (2,t) — EI [ g (t — ) Upaee (5) ds
+CUgy (,t) + Duggpat (z,t) =0, (x,t) € (0, L) x RT,
with the boundary conditions
u(0,t) = u, (0,£) =0, t>0,
Dugyat (Lyt) + Elugy, (L t) — ET fo — 8) Uggz (L, s)ds
=mpg (uy (L, t) + 5" (t)), t>0, (1.7)

Dugyi (Lyt) + Elug, (L,t) — EI fg g (t — 8)ugy (L,s)ds
= _Ju:l;tt (Lat)y t207

and obtained the exponential decay.

The reader is referred to [46,47,63,27,28,29,26,18,20,19] and the references therein for results related
to stabilization of translational Euler-Bernoulli beam using different types of damping terms.

In [39], Khemmoudj and Djaidja considered the following translational viscoelastic Euler-Bernoulli
beam

MS(t) + / ’ p(S'(t) +ug(x, t))dm +mp (S‘(t) +ug(L, t))
— _Kug(0,1) — Kpu(0,6), >0,

1.8
p(8() + un(0)) + Elurera(t) — B /0 gt~ $)urara(s)ds = 0 "
V(x,t) € (0,L) x RT,
subjected to the boundary conditions
u(0,t) = u,(0,t) =0, ¢>0,
Eltgeo(L,t) — EI / gt~ $Ytan (L s)ds = mp (waelLot) + 5(1)).
0 (1.9)

t>0,

t
Elu,,(L,t) — EI/ g(t — $)uge (L, 8)ds = —Jugu (L, t), ¢>0,
0

and initial conditions

u(z,0) = ug (7)), u (x,0) =uy (z), S(0) =Sy, $'(0)=95;, x€(0,L), (1.10)



GENERAL AND OPTIMAL DECAY RESULT 3

where the dot ”.” denotes the derivative with respect to the time ¢, S(t) is the base motion, u(z,t) is
the beam transversal displacement with respect to the base. The coefficients p, L, EI, M and mg are
positive constants and represent the linear density of the beam, the length, the bending stiffness, the
mass of the translational base, the mass with rotational J attached at the free end of the beam. K and
K, are two positive constants. The expressions ug (z), uq (x), Sp and S; are given initial data.

The authors have invistigated the problem (1.8)-(1.10) for the relaxation functions satisfying

g'(t) < —H(g(t)), Vt=>0, (1.11)

where H is a nonnegative function, with H(0) = H’(0) = 0 and H is strictly increasing and strictly convex
on |0, k[ for some kg > 0. The authors showed a general relation between the decay rate for the energy
and that of the relaxation function g without imposing restrictive assumptions on the behavior of g at
infinity. On the other hand, a condition of the form (1.11) where H is a convex function satisfying some
smoothness properties, was introduced by [2] and used then by several authors with different approaches.
We refer to [43] where not only general but also optimal result was established by the authors.

Under the assumptions of wider classes of kernel functions, the authors established an optimal explicit
energy decay result from which they can recover the exponential and polynomial decay.

Our aim in this work, is to establish a control force f(t) capable of driving the beam displacement to
rest at a general decay rate for a class of kernels g satisfying the condition

g(t) < =C(H (9(t)), vVt =0,

where H is an increasing and convex function near the origin and ((¢) is a nonincreasing function with
only these very general assumptions on the behavior of gat infinity, we establish optimal explicit and
general energy decay results from which we can recover the optimal exponential and polynomial rates.

Our work is organized as follows. In section 2, we transform the system (1.8) — (1.10) into a simple
form to study the stability of the problem. Furthermore, we state, the well posedness of our problem and
we give some formules and lemmas, which will be used throughout this article. In Section 3, firstly, we
introduce some notations, some assumptions on the kernel g to prouve the main result.

2. Preliminary Results

We start by defining the total deflection of the beam as follows

oz, t) =& () +w(z,t), t>0, (2.1)

where
&(t) =€) =&, & >0, (2.2)
and &, is the point at which the been regulated. Thus, for all z in (0, L) and ¢ > 0, we have

61 (0) = FHEW), fza(t) = =€), 2
0(0,t) = &1(t), @e(0,t) = L& (1), @u(0,t) = 45£1(t),
t

@t(x ) dtﬁl( )ert(f t), P\ T t) = f;&(t) +th(30at)a (23)
Oz (T, t) = we (1),  Paz(T,t) = Wea(x, t),
@(2,0) = &2+ w(x) = p°(x),  @u(,0) = €' +wh(z) = ' ().

Now, using equation (2.1)-(2.3), the problems (1.1)—(1.3) are transformed into the following one

mp(0,1) — ke (0,t) = O(t), t>0,
P1Ptt — kj(‘pwa: + ’(/}:v) = 0; V(LU,t) € (OvL) X [0’ 00)7

ptht bwacx + fg %x( )dT + k (@x + d)) = 0’ V(x,t) € (O’ L) X [0’ OO),

(2.4)
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with the boundary conditions

¢(05 t) =0,
—k [pa (L, 1) + w(L t)] = mppwn(L,t), (2.5)
bipa(L,t) — [ g(t — )u (L, 7)dr = —Jihu(L.1), Vi € [0,00),

and the initial data

(p($70) = (po(x)7 1#(%0) = wo(x)7 Sﬂt($>0) = 901(33>7 %(%0) = ¢1($)7 S (OvL)' (2‘6)

Throughout this paper, we denote by [ the binary operator, defined by
t
(fOv)(t /f (t —7) (v(z,t) —v(z, 7)) dr, t>0.
0

By using the Faedo-Galerkin method (see e.g. Refs. [1,4,13,14,64,57,59,60]), we can prove the exis-
tence and uniqueness of a solution for our problem. Let

V={z2:2€ H(0,L), 2(0) =0},
where H1(0, L) is the usual Sobolev space.

Proposition 2.1 For(apo, <p1) € H*(0,L) x L*(0,L) and (1/J0, wl) € V x L%(0, L), under the control ®(t)
defined in (2.12), the closed-loop systems (2.4) and (2.5) has a unique global (weak) solution (p, 1)), such
that

o € C(RT; H(0,L)) x C*(RT; L*(0, L)),

Y€ C(RT; V) x CHRY; L2(0,L)).

Lemma 2.1 We have

2
57§77(52+Z—777 0, veR, n>0. (2.7)

We shall use the following inequalities.

Lemma 2.2 Let u be a function in H(0, L) that satisfies the boundary condition u(0) = 0, then, the
following inequalities hold:
lull3 < L?|luz 3 (2.8)

and
u?(z) < L|jugl|3 Ve €0, L], (2.9)

where |.||2 is the norm in L?(0,L).

Lemma 2.3 The classical energy of the problem (2./)-(2.6) defined by

2E(t) = me?(0,6) + mugA(L,1) + JO2(L 1) + prllorl3 + palliil2 (2.10)
t L
(b= [ otmrar | 10ally + kllos + 1+ [(D0.)da
0 0
satisfies
i o(t)
B0 = 5[40 - L 101 + 20000, 20, (211)
0

Our assumptions on the kernel g are the following:
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(A1) The kernel g is a continuously di erentiable nonnegative function satisfying

—+o0
b—1l:=b— /g(T)dT>O.
0

(A2) ¢'(t) <0, ae ¢>0.

(A3) There exists a C! function H : (0,00) — (0,00) which is linear or it is strictly increasing and
strictly convex C? function on (0,7], r < g(0), with H(0) = H'(0) = 0, such that

where ( is a positive nonincreasing differentiable function.

ts
Let t. > 0 be a number such that [ g(7)dr = g. > 0.

0
In order to stabilize the system (2.4)-(2.6) to the equilibrium state, we suggest the control ®(t) as
follows:

O(t) = —Kp:(0,t) + ¢(0,t), t>0, (2.12)

where K is a positive constant.

Remark 1 1. The well-known Jensen’s inequality will be of essential use in estabishing our main
result. If F is a convex function on [a,b], f : [0, L] — [a,b] and h are integrable functions on [0, L],
h(z) >0, and fo x)dx =k > 0, then Jensen’s inequality states that

/f 1 ;/LF[f(:c)]h(x)dx.

2. We easily deduce, by (A), that . ligl g(t) = 0. Hence, there is t; > 0 large enough such that
—+o0

glt)) =r=g(t)<r, Vt=t. (2.13)

As g and ¢ are positive nonincreasing continuous functions and H is positive continuous function
then, for all t € [0,4]

< <
o=l 2o 2 o) =ascwHEw) <b.

g (t) < —CHH(g(t)) < ———g(0) < ———g(¢). (2.14)

. If H is a strictly increasing and strictly convex C? function on |0,7], with H(0) = H'(0) = 0, then
it has an extension H, which is strictly increasing and strictly convex C? function on]0,00[. For
instance, if H(r) =a, H'(r) =b, H"(r) = ¢, we can define H, fort >r, by

H(t) = %tQ +(b—cr)t+ (a + g7‘2 - br) . (2.15)



6 I. DjAaIDJA AND A. KHEMMOUDJ

3. Asymptotic Behavior

Our aim, in this section, is to prove an arbitrary decay of solutions for the system (2.4)-(2.6) under

the control ®(t) applied at the base motion of the structure. To this end, we set
5

L(t) = B (1) + 5620, + SNL (1), 120

where \;, i = 1,...,5, are positive constants which will be chosen later and

I (t) = / pl@t@"'p?wt )dm—mnpt (O7t) (p(O,t) — ME®YL (Lvt) @(Lvt) - J'wt (Lvt) ¢(L»t)7 t> 07
0
L) = —p / () / gt — ) (4 (t) — o (r)) drde — Jyapur (L, 1) / ot —7) (e (Lo 1) — s (Lo7)) dr,
0 0 0
L) = pz/wt(wx )z + 222 /wthdw %/ /g (t — )ba () drde + Jn (Lo £) ) (L ).
0 0 0

0

I(t) = pg/wtm(x) (wa — /g(t—r)wm () dT) de, t>0

and

L
pl/m Jpoordz, t >0,
0

where m is a function in C* ([0, L]) satisfying m(0) = —m(L) = 2, e.g.; m(z) =2 — .
Now, the following proposition shows that E(t) + ¢*(0,t) and L(t) are equivalent.

Proposition 3.1 There exist two positive constants o1, oo such that

o1 (E(t) +¢*(0,1)) < L(t) < o2 (E(t) + %(0,¢)), ¢ >0,
provided that \;, 1 = 1,...,5, are sufficiently small.
Proof: By using (2.7), (2.8), (2.9) and Holder’s inequality, we get

P2 2 P2L
Ii(t) < ||90t||2 +2 ||<P||2 5 l1Wells +

a3 + % £(0,1) + 90 *(0,1)

mg J
+ 7@?(L,t) + 7¢2(L,t) + gw?(L,ﬂ + ng(L,ﬂ, t>0.

In view of (2.1), we see that p(x,t) = & (1) + w(x,t) = ©(0,t) + w(z,t). Therefore, using (2.8)
and (2.9) we get

lills < 2L (0,8) + 2|wll; < 2Lp?(0,) +2L7 ||ws i3, ¢ >0

and
(L, t) < 202(0,) 4 2w (L, t) < 20%(0,8) + 2L ||w. |3, > 0.

Since @y (x,t) = wy(x,t),using (2.8) and (2.9) and the fact

2 2 2
loally < 2ll0a + ¢l +2L% [ally, >0,

(3.1)
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we obtain

oL J
RO < Bledi+ 2 ol + (5 2+ mer? + 5 ) 1020,

m m m
+59/0,0) + §¢?<L,t) + (5 + L +me) @(0,6) + SR (L)

+(Lpy +mp) 2L s + |3

Similarly, using (2.8) and (2.9), we arrive at

t L
J L
b (1) < 22l T2 (L 1) + 5 (oL ) ( / gmm) [z, t=0
0

0

Now, we pass to I3(t),

L L t

L
I(t) = Pz/lbt (¢z + 1) d$+b%/@twmdx - /@t/g(t—T) (’l/)m(T)de.r
0

0 0 0

+JYu(L, t)p(L, t)
L

L t
= 1 / viea+0)da+ 2 [ / ot =) ((02(6) = (7)) drd

0
L

+JY (L, ) (L, t) P (b /g dr) /gotz/)wdx t>0.
0

0

Therefore, (2.8) and (2.9) imply that

t L
J
) < 2wl + 2 lles + i3+ ot (/gmm) [ @By do + Sut.

0 0

t 2
p1 2 p1 , JL 2
£ - L >0.
o 1+(b /gmm) el + (55 + 5 ) Il 20
0

For I,(t), we can write

L 2
L(t) < p2 Ith§+pz/<bwz g(t — 7)Y (1)d ) da
OL t t 2
< ||wt|§+/[/gt—f gl >>d7+(b—/g<7>d7) wx] da
0 0 0
t L t 2
< pallvells + 200 (/Q(T)dT> /(ngx)der (b—/g(T)dT> )2l t>0.
0 0 0

Finally, for I5(t), it holds that

2 2
150 < o (o3 + ol

2 2 2
< plleid3 + 20 (Il +wI3+ L2 el3) . ¢ 20,

(3.4)
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Gathering equation (3.2)-(3.6), we end up with
p 2

A
L(t) < 1+)\1+?3 1+ b—/g(r)dT +2Xs5 %H%Hg

0

1 m
+(1+ XM+ A2+ A3 +2\) % el + [2 + XM (5 +p1L +mE):| ©?(0,1)

m J
+(1+)\1)550§ (0,t) + (1+>\1) 2 @7 (L,t) + (14 A+ A2+ A3) 57#? (L,t)
r t
1 2
+ |5 (0= [ atrdr |+ B ol
L 0
[ L?> JL 7
1
+ 5 + )\2 (,022 + 2) l+ /\3 l+ 2/\4p2l:| / g|:”(b3L
B 0

k
+ |5 T Lo+ mpg)2L + Ag%z + 2A5p1} oz +ll5, t>0,

where

(D ), JI
B = )\ ( 5 +2p1 L* + 2mpL? + 2>L+)\3(2k+ 5
. 2
+2X4p2 b—/g(T)dT + 251 L2
0

On the other hand,

+ 2
)\3 2
2L(1) > 1= = = |1+ (b= [a()dr | | =2Xs 6 ol
0

+ (1= A = A2 = Az = 200) pa [l + [1 = Ma (m + 2p1 L + 2mp)] ©°(0, 1)
+ (1 = X)) mp? (0,8) + (1 = X\)mpe? (L, t) + (1 — A1 — Ay — A3) Jo? (L, 1)
L
+ (1= By) v ]3 + [1 — g (p2l? + JL) 1 - Ag%z n 4/\4,02[} / (g0, d
0
+ [k — 4\ L (Lpy +mp) — Aspz — 4dspi] lpw + 0I5, t>0.

Therefore,
o1 (E(t) +¢*(0,1)) < L(t) < o2 (E(t) + %(0,t)), t >0,

for some constants o1, oo > 0, provided that \;, i = 1, ..., 5 are sufficiently small.
This completes the proof.



GENERAL AND OPTIMAL DECAY RESULT 9
Lemma 3.1 Under the assumption (A1)-(A3), the functional I1(t) satisfies
2 2 2
L < =g =0 =nlllgally = prlieely = p2llvell — mpef (L;t)

- (m - 4177) 97 (0,8) = Jvi (L,t) = (1= nK?) ¢*(0,1)

L
Tk s + 2+ f/ (WOWa) dz, 7> 0, >0, (3.7)
0

for any 0 < a < 1, and where

and
Proof: Using the equations of (2.4) and (2.12), we get

L) = Ai+Az+ k‘/w (P +0) dx —mp; (0,8) = mug; (L,t) = pu |l (3-8)

—p2 ||7/’t||§ - J’wtz (L7t) - 902(07t) =+ KWt(Ovt)Qﬂ(O:t) - k@$(07t)§0(05 t)
—MEPt (L,t)(p(L,t) _J'(/Jtt (L,t)’(/)(L,t), t> O,
where

L

L t
Al = —k/gp (pzz + ) dz and Ag = — /w(t) (bwm - /g(t — T (T) dr) dz.
0 0

0

Integrating by parts twice, we get

L
Al = _k(@w (Lvt)+w(L7t))@<Lvt)+k<Pw (Ovt)(p(oat)"i'k/(pw (%4-1#)4337 tZO (39)
0
Similarly,
- (bd}x (L’ t) - /g(t - T)w:c (Lv T) dT) 1/’ (L’ t) (310)

L
+O/wr (bwf O/gtfw )dr) dz.

Next, substituting equations (3.9) and (3.10) in (3.8) and using the boundary conditions (2.5), we obtain

0 = —mgi (0,t) = mpei (Lt) = p1eells = o2 el — JuF (L,1) = °(0,1) (3.11)
t

ke + B2 + / () / ot = 7) (Y () — by (7)) drd
0

0

t
+ (b—/g(T)dT) 023 + Ki(0,8)0(0,8), ¢ > 0.
0
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Now, we estimate the terms in the right-hand side of expression (3.11). We start with the seventh

/ /tgt—T (t) — ¢ (7)) drdx

L t 2
Snnwmn%;/(/ <t—¢>(wm<>—wz<t>>d7> dz, 0.

0 0

Using Cauchy-Schwarz inequality, we get

(

( gt —1) \/ag(t—T) g (t—=7) (e (1) = %(t))dT) dx

\/ag t—7)—g (t—7)

(/ag jg dT) /L/t ag (t=7) (t—T)} (s (1) = s (1))* drda

0 0

L O~

gt —1) (W (1) — ¥ (1)) dT) dx (3.12)

O\h St~

IN

IN

L
ca/ hO,) () dz, ¢ > 0.
0

For the eighth term, using (2.7), we see
1
K (0,)p(0,t) < P —7(0,t) + nK*p*(0,t), n>0, t>0.

Combining all above estimates gives (3.7). O

Lemma 3.2 Under the assumption (A1)-(A3), for Is(t) of (2.4)-(2.6), it holds that

() < (/ gden) (b2 llenll3 + T2 (L,1)) +n llew + 13 (3.13)

0

t 2 L
+ (b—/g(T)dT> ¢l +C/(h5¢x)dx
0

0

for allt > 0 and position constants n > 0, where

cL 1 kJQLT cL
C=C, |1+ —=Q+L)+—+ +—=(1+1L).
{ 77( ) dn 4 77( )
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Proof: The differentiation of I (¢), yields

N——

1) = A3+A4—< / g<¢>dr) (o2 llall3 + 702 (L, (3.14)

where

and

Ay = / (/ gt — T)%gg(f)dr) (/g(t —7) (¥(t) — (7)) dT) dr, t>0.

0 \0
Integration by parts in As and A4, we get

= =, (L,1)

o

gt —71) Y(L, T))d (3.15)

gt—T Yo (T ))dea:

!
|
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A = (/ g(t—ﬂww(w)dr) ( / g(t_r)w@,t)_w@,f))df)
0

0

L t t
- / ( / g(t—fmmdr) ( / ot - 7) wx(t)—wx(r))dr) dz, >0,
0 0

0

Substituting (3.15) and (3.16) in (3.14) using the boundary conditions (2.5), we arrive at

Lt) = (/ gde) (e llwells + 72 (L)

L t
/ (¢ + ) /g(t —71) (W(t) — (1)) drdx
OL t 0
/ () / 9t = 7) (Wa(t) — 0y (7)) drde
0

0

_P2/¢t/tg/(t_7—) (¥(t) = (7)) drdx

LO t ’ t
- / ( / g(t—ﬂwxmm) ( / ot —7) wz(t)—z/}z(ﬂ)ch) dz
0 0

0
t

—Je (L, t) /g’(t —7)((L,t) — (L, 7))dr, t>0.

0

Or

(3.16)

(3.17)
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For n > 0, we estimate the terms on the right-hand side of expression (3.17).We start with the third term

L t
K / (62 + ) / ot —7) ((t) — $(r)) drde (3.18)

,  K2L?
<allgr + 013+ 5 Co [ (W00 )z, 20,
0

Similar to equation (3.12), we have

t L t
(b - / gde) / () / ot = 7) (Yat) — () drdla (3.19)

t L
Ca
< <b— [ ot ) el + 52 [00wde, e>0.
0

0

Using (2.8), the last two terms on the right-hand side of equation (3.17) are estimated by

- [ [t =) (00) - 0))rs (320)

Py / ag(t —T) (w(t) - ¢(T))d7dac
0

?7H1/)t||2—|—f/ (/\/ht—T Wh(t — 1) (v ( 111(7')>dr) dx

IN

IA
=
&
m:

IN
=
&
Y
+
_
=+
Q
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and
(L, 1) /g th )fw(L,T))dT (3.21)
/ht—T )—qp(L,T))dT

—ae(L,1) [ g t—T W(L, 1) —w(L,T))dT

o\“

L
< ﬂi/J?(L»t)‘F%(1+Ca)/(hm%)d% (>0,
0

Collecting the previous estimates (3.12) and (3.18)-(3.21) in (3.17), (3.13) is established for ¢t > ¢, > 0.

O
Lemma 3.3 Under the assumption (A1)-(A3), assume that the coefficients p1, pa2, b and k are such that
p_k
p2 b
Then, the time derivative of I3(t) satisfies the estimate
p1 plg( )
) < pallls +n(1+g(t) "’ lpells = & llpa + 3 + Jo7 (L,t) + lall; — (3.22)

+i (bmm) - / ot - ﬂ%(m)m)

¢
+ (bww((),t) —/g(t—T ¥z (0,7)d
0

L
[+ 2000 + S0+ € /hmwm >0,
0

for some constant n, n; > 0.
Proof: Direct computations yields

L

b
Lo = / Yulipat + 00z~ kllpn + 913+ 22 [ oupade

0

L t L
+/ (b%(L t) _/g(t_T)wx(LvT)‘h_) (@x+¢) dx+b0/¢x (‘px J’_w)x dx

0

L t
/ o + ) / ot — T)a(r)drda + T2 (L, 1) + Jiby (L, )0(L, 1)
0

L t
pkl %(/g (t — 7)he(T)dT + g(0 )df)dx, t>0,
0

0



GENERAL AND OPTIMAL DECAY RESULT 15

and by integration by parts

L

Iyt) = [(bww - /g(t—T)ww(T)dT) (o +w>] — ke + 05 + p2 [ell5 + T07 (L, t)
0
L

0

L t
o(t) [nbado+ B [ [t =) (0a(0) ~ walr) drdo
0 0

0

L
+Jwtt(Lat)w(L?t) + (bgl - P2) /@twmtdl‘v t Z 07
0
or
+ L
I3(t) = [(b% - /g(t - T)%(T)d7> %] — kw4 915 + p2 ll9ll3 (3.23)
0 0

L

L t
302 (L) = Bglt) [ewsado B [ [ 46— ) 0a(t) = alr)) drd.
0 0

0

Now, by using the following estimates

¢ L
Kbm - / g(t - ﬂ%(v)w) som] < m[2(L,t) + ¢2(0,1)] (3.24)
0

0
t 2
+4L771 (bw$([’7t) _/g(t_T)wa:(L’T)dT)

0

1 / :
+4771 (wa(oat) _O/Q(t_7)¢m(077)d7) )

and for n >0

L

1
/ putsde <nllel3 + 1 el £2 0, (3.25)
0
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/L<pt/tg/(t_7—) (wx( ) _wz( )) drdx (326)
0
= /wt/tht—f Yo (T ))drdm+/L<pt/t g(t — 7) (u(t) — Vp (7)) drdz
0 o 0

IN

n||sot2+/(/¢ht—wht—7 (alt) - wmmm) da

t

+;; / ( [ott=n .0 %(TW)QdI
<0ftT> f O‘QCQ/L (Wi, d

/ (R, daz +

2n
0 0
L

< nlledls + S+ Ca /thm
0

IN

2
n lleells +

Collecting the previous estimates (3.24)-(3.26) in (3.23), (3.22) is established. O

Lemma 3.4 Under the assumption (A1)-(A3), for any n, na > 0, we have

t

I < - {(bzﬁm(L,t) —/g(t—T)wm(Lm)dT) + (wa(o,t) —/g(f—T)¢m(07T)dT> ](3.27)

0 0

szg( ), (b /tg(T)dT)z (nl + j)] 213
0

205 [b+ 1 (14 go)] vl +

L
Ca
20k 0z + 13 — pabi? (L1) + W(ucawn} [ o ds, =0,
2
0

where go = g(0) since g(t) is decreasing.
Proof: Clearly, using equation (2.4), we have

e = - |:<bwm(L,t) /g(tT)”L[)I(L,T)dT) + (b't/)m(O,t) /g(tT)wx(O,T)dT) ]

0 0

L t t
0/ e (bww - / g(t_Tm(T)dT)I(b%(t)_ / g(t—rm(r)ch) da

0

k / (@) (9o + ) (b%(t) - / olt - Tmmdr) da

L ¢
—|—p20/m(x)1/)t (wat(t) — 0/g'(t — 7)), (T)dT — g(O)d)x(t)> dr, t>0,
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or

nt = - |:<b1/)x(L,t) /g(tT)’l/)m(Lﬂ')dT) + (ln/)m((),t) — /g(tT)i/)x(O,T)dT) ](3.28)

0 0

L t 2
—mwﬂaw+§/(www—/mw¢mmwﬁ do+ oo ol

0 0

L t L
—k!mux@fum(wmw—zﬁu—TWAﬂmJdx—mmw!m@wme

t

L
—|—p2/m / (t = 7) (6 (7) — wu (7)) drdz, > 0.
0

Now, the last term in the right-hand side of (3.28), Using (2.7), will be estimated as

L t
k/m(év) (pa + 1) (bwm(f) - /g(t —T)lﬂm(T)dT) dx (3.29)

0

t

L 2
1
S%MW%+W%QW/G%®/Nﬂ%@w)M,m>Qt2Q
0

0

L
pa0() [ mie)isade < 20a90m il + ”“W%m,n>mt20 (3.30
0
and
L t
D / m(e / (t = 7) (u(7) — u (7)) drda (3.31)
0
L
< 2pan il + 221 /hw%w7n>at20
0

Recalling that

t 2
bpu(t) = | gt = T)pa(T)dr | dx
(o o)
{/g(t—ﬂ (Vo (t) = Yo(T)) dT + (b—/g(T)dT) %(t)} dzx
0 0

t 2 L/t 2
< 2(b—/g(7)d7) ||¢w|§+2/(/ (t—7) (Ya(t) — %(T))df) dx
0 0 0
t 2 L
< 2|b- g(T)dT) [¢ells +2Cy | (ROW,)dz, > 0. (3.32)
-/ /

0
Collecting the previous estimates (3.29)-(3.32) in (3.23), (3.27) is established. O
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Lemma 3.5 The time derivative of I5(t) satisfies the estimate

L) < —k[p2(L,t) +¢2(0,0)] — p1 [¢(L, 1) + ¢} (0,1)] (3.33)

P1 2 2, 3k 2
22 lleally + Lk all3 + 2 lally s ¢ 2 0.

Proof: Clearly,

L L L
IL(t) = pl/m gomtgotdw—i-k/m cpxcpxmdx+k/m Yz dT
0 0 0

= %Wmﬁﬁ—%/m@>M+§wwdﬁ

L L

k
_5/ da:+k/m Yoz d,
0

Therefore, by using (2.7) with n = %, we obtain

IL(t) < —k[Q3(L,t) +@2(0,8)] — p1 [€F (L, 1) + 07 (0,1)]

P1 2 9 3k 2
I leelly + LE (1925 + A llozllz, t>0.

This completes the proof. O

Lemma 3.6 The functional Ig(t) defined by

L t
:O/O/f(t—T)z/;g(T)dex, t>0,

where f(t) = [ g(T)dr, satisfies
t

L
Ii(t) < %/(gﬂwx)dx +31 .2, t>0. (3.34)
0

I
|
—=
Q
=
I
2
—
<
8
—
|
hSa
8
—
U
\]
IS
8
_l’_
~
—
~—
=
&
=
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But
t
/ /gt—T (1) — (1)) drdx
0
t
fg Ydr L ¢
< 20 s |2+ & — / 9t = 7) (Va(r) — 62(t))* drda, ¢ > 0.
0
Then, as f(t) < f(0) =1 and jg(T)dT <, we get (3.34). O
0

Using the previous lemmas we now give the proof of our main result.

Lemma 3.7 The functional L satisfies,

L'(t) < —o19}(0,t) — 0297 (L,t) — 0392 (0,1) — o4 || el (3.35)
2 2 2
—05 |[¢e]l2 — o6vF (L, t) — o7 o + ¥l — 0 ||va 3
L

+5 [ GO ds, 120,

0

where
B Az (Lpa 1 1
A L
g2 = Fg <mE+g1>7
A
g3 = Eg(l_KQU)_Qna
1
o4 = )\3[)1 |:9 —Z(2+90):| )
5
o5 = {/\2 (g« —m) = A3 { Tk [b+n(1+go)]}}ﬂz7
5  9pob
og = [)\2(9*77))‘3 <6kaQJ)] J,
B 2 18 2X9m
o7 = [A3<3—k772>— k]k’
agg = %_347
and
B, — —q 2 pP190 | 1N

9 1 p290| | kL?
B G P50 M
+ Lk [772 (b= g.)" + 2n + 36
Proof: We differentiate L defined in equation (3.1), substitute equation (2.12) into equation (2.11), take
into account lamma 3.1-lamma 3.5 and the following estimate

Pr0.0(0.0) < 00 + 10,0, 7>0, (3.36)
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recalling that ¢'(t) = ag(t) — h(t), we obtain, for ¢t > ¢, >0

A 1
L/(t) < - (K + Aim+ Asp1 — ﬁ — 47’) (p% (O,t) — (AlmE + )\5/)1) (p? (L,t)

— [ (1= Kn) — 2] 92 (0,) — {M - [Azn (1+g0) + 225] } pilledl
—{M + A2 (g« = 1) = [A3 +2Aa [b+ 71 (1 + go)]]} p2 ||¢t||§

Agp2b
A —AS] JY} (L, t>+Ar 5 a2

—[A1+Az(g*—n)+

2
|:>\3 _ <)\1 + )\2?77 + 2)\4]@7}2)] k ”9093 + ng

g
~ (2 = B2) Il = (kAs = dam) [02 (L) + 22 (0,0)]
t 2
(A4 ) (bww (1)~ [ gl =y (L0 dT)
0
2
+ (bi/}m g(t - T)% (O t) )
L L
+5 / g,) da (—Bg) / hOW,) da, >0,
0 0
where
A3p190 1 P290
By = — Yx — Yx 2 T - — Yx L
s=M(M+b—g)+X(b—g.) n+ 1her + M\ 772 (b—g.)°+ 22 o + kL5
and
c L2 1 o?L? ¢l cL
By = >\1%+A2 [Ca <1+4n+4n+ o T 277) +277(1+L)]
Co
+A3E (14+Cq)+ M\ {sz(l +Co) + } .
n n 12
For small n < g, we choose A\; = %3, A= 2731, A5 = ’\3’“, m = @ and the fact that

2 2 2
lpally < 2llpx + ¥l + 202 Il
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imply that

[ As (L 1 1 A L
v < - |Ke g (Fraeme g - |00 - % (me+ )G @
A3

1
-5 (1-K?n) — 27]} ©? (0,1) — A3p1 {9 —2(24‘90)} el

_{Ag(g* 0 - Ag[ +Lk[b+n(1+go>]}}p2||wt|§

[ b
et -na (5= )| et

/2 18 201
- e (- ) - 222 ke +vit

k

L L
_ (%0 _ 34) ||¢I||2 ( )/ (hp,) dx + %/(9D¢m)d$, t>0,
0 0

+b—g. 9 |1 2 | P290 kL?
B, =\ b_*z A P19 N Ll Zb-g P290 KL~
1= dan g)+3{4kn+ 6 Ik ng( g)+2n T

where

and

L? 1 o?L? c¢L cL
Bs = A w14+ —+ — — (1+ L
’ 2[C<+477+4+2n 2n)+2(+)]

+A3{;(1+Ca) +L9k{ p2(1+C)+2ﬂ}.

At this point, we choose Aa, A3 7 and 75 small enough and K large enough, so that
K+%(Lpl+m—ﬁ)—ﬁ>0
2(1-K)-21>0

s—2(2+g0)>0

A2 (g —m) = As [§ + 15 b+ 1 (1+g0)]] > 0

N (9o 1) — Ao (3 - 22) >0

As (5= m) — >0

9 _ B4 >0

5 — B5 > 0.

o

So we arrive at

[ L 1 1 L
v s - |k (B arme L) - @00 - 3 (me s B 2

[ 0w - ) 2 0.0 da [ - L )] el
et = =2 [+ e n ]| fon ol

[ 5  9p2b
e m - (5 1) et

[ 2 18 2\
e (G- ) - 2 kton v

L

— (L - Ba) Ial3+ 5 / (¢0,) de., 30,

0

21
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This completes the proof. O

The main result of the present work is to establish the general decay rate of the energy, which is given
by the following theorem.

Theorem 3.1 Assume that (A1)-(A8) holds. Then there exist positive constants k1 < 1 and kg such
that the energy functional satisfies

E(t) < koH[? (kl /tl( )((T)dT) , (3.37)

where Hy (t ft TH, T dr.
Here, H1 is strictly decreasing and convez on ]0,r], with }irr(l) Hy(t) = 4o0.
—

Proof: We start using (2.11) and (2.14) to conclude that, for any ¢t > t; > 0

/9(7) / (ta(8) = o (t = 7)) dwdr — 31 (0,8) 9 (0, 1) (3.38)
0

L
<- L (W (t) — o (t — 7)) dadr — 3¢, (0,1) ¢ (0, 1)

< —c (E(t) (O’t))

Now, use addition and subtraction 6¢; (0,t) ¢ (0,t) in the right-hand side of (3.35) and using (3.36), we
obtian

L) < —(01—2?;7) 7 (0,1) — 03 (L, 1) — (05— 67) &2 (0,1)

2 2 2
—ou|letlly = o5 [0ell; — o6v? (L,t) = o7 0w + ¥
L

«
“oslnl3+ G [ (@Dvn) o~ 601 (0,00 01), t20
0

imply that
Ag Lpl 1 7
L'(t) < K+ —|— —— ) = —|¢?(0,¢
0 < -k (B em- ) - o] e

—0207 (L,t) — D,g (1-Kn) - 777] ©* (0,1)

2 2 2
—oalleelly = o5 1ell; — o6vF (Lot) = o7 0w + I3
L

o
ol + 5 [ (90 de — 66 (0.0¢ (0.1), £ 0
0

At this point, we choose 7 small enough and K large enough so that

npl_ﬁ_l>0
2k dn  4n

K+ Am+ A3

and
A (1= K?n) — > 0.
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So we arrive at

L
L'(t) < —m (E (t) + ¢*(0,1)) + ¢ (/ (90¢s) dz — 6 (0,) ¢ (0, t))
0
< —m (E(t) + ¢*(0,1)) — ¢ (E (t) + ©2(0,1))’

t L
+e (/9(7')0/(%(15) — u(t —7))" dedr — 3 (O,t)so((),t)) , 20,

then take F(t) = L(t) + ¢ (E (t) + ¢*(0,t)), which is clearly equivalent to (E (t) + ¢2(0,t)), to get, for
some constant m > 0,

F'(t) < —m (E(t) + *(0 (/g / — 1y (t — 7)) dfch—S%(07t)<P(07t)), t>0,
S (3.39)
| F'(t) < =m (E (1) + ¢*(0,1)) (t) — ¢ (E (1) + ¢*(0,1))" (1). (3.40)

We consider the following two cases:
H(t) is linear Multiplying (3.40) by ((¢), we obtain
COF (1) < —mC(t) (B (1) +9%(0.8)) (1) — e(t) (B (8) +*(0.0))' (),
which gives, as ( is nonincreasing,
[COF() +c(E(#) +¢*0,1)] < —mC(t) (E (t) + *(0,)), ¥Vt>1; > 0.
Hence, using the fact that ((t)F(t) + ¢ (E (t) + ¢2(0,t)) ~ (E (t) + ¢*(0,t)) (t), we easily obtain
(E(t)+¢*(0,1) < e ™ Jiy Sy
H(t) is nonlinear First, we use (2.11) and (3.34) to deduce that
L(t) = LI+ Is(0),

is non-negative and satisfies, for suitable choice of A\g and for all ¢t > t;

L) < —0192(0,1) — 02p? (L 1) — 03¢0 (0,8) — o ||oel5

2 2
—05 |9y — 067 (L, t) — o7 [|pa + I3
L

)\ _
62 a/(ngx)dx

0

— (0% — 3X6l) [|v]|3 —

Now, for small A\¢ and «, we have

L't) < —b(E(t)+¢*0,t), t=>0,

where b is some positive constant. Therefore,

b/t (E(t) +¢*(0,1)) (1) dr < L(t1) — L (t) < L(t1).



24

I. DjAIDJA AND A. KHEMMOUDJ

This implies that
/ (E(t) + ¢*(0,1)) (1) dT < o0. (3.41)
0

Now, we define I(t) by

—u// (6 (8) — b (t — 7)) derdr,

where (3.41) allows for a constant 0 < 1 < 1 chosen so that, for all t > t;
I(t) < 1. (3.42)

We also assume, without loss of generality that I(¢t) > 0, for all ¢ > ¢;, otherwise (3.39) yields an
exponential decay.
Also, we define A (t) by

t L
A(t) = — / J(7) / (6 (t) — alt — 7))? dadlr.

t1 0
Using (2.11) and (3.36) with n = %, we get

L
(E®+¢0.0) <5 [Woe)ae - 2w i - T 0.0+ 2200, 120 @34

0

Then, we select K large enough such that

K 2 3 2
72@1‘, (Ovt) + ?90 (Ovt) <0.

Therefore,

(BE®) +¢*0.1) (9'Tpy)d < 0, (3.44)

IN
DO =
O\h

implies that
A(t) < —c(E(t) +¢%(0,1) .
Since H is stictly convexe on ]0,7] and H(0) = 0, then
H (0x) < 0H (x),

provided 0 < 6 < 1 and z €]0,r]. The use of this fact, hypothesis (A1)-(A3), (3.42) and Jensen’s
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inequality leads to

j / (W (8) = st — 7))? dadr
> / O/Lu — u(t —7))? dadr
zc)/ O/Lu o (t— 7)) dudr
> Uy I(lt/f O/Lu —ult =) dm)
e / o(r / (=)’ dccch)
e u!g / gl =)’ da:dr)7

where H is in extension of H such that H is strictly increasing and strictly convex C? function on
10, oo.
This implies that

t

L
2 1——1 [L)\(t)
/Q(T) »0/ (d’z(ﬂ - 1/1m(t - 7)) dxdr < pH <C(t)> s (3.45)

and now, use addition and subtraction 3¢y (0,t) ¢ (0,¢) in the right-hand side of (3.35) and using
(3.36) then we choose n small enough and K large enough, we obtian

L'ty < —m(E®)+¢°(0,1))

+

| R

L
[ (60w ds =30 0.000.0), t>0
0

At this point, we use (3.38) so that

t

L
F(t) < —m (E () + ¢2(0,1)) + ¢ / o) / (6 (t) — alt — 7))? dadr,
0

ty

clearly, using (3.45), we have

F'(t) < —m (E(t) + ¢*(0,t)) + cH ' (’?é?) ,t> 1. (3.46)

For gy < r, using (3.44) and (3.46), and the fact that H > 0and H > 0, we find that the
functional F7, defined by

€0

F(t):=H (E (E (1) + ¢(0, t))) F(t)+ E(t) + ¢*(0,1),
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where

Fy is equivalent to E (t) + ©2(0,t) and

HO = 2 (B0 +P00)T (E< 1)+ 40 t>>) F) 3.47)
( "0, )) { #(0,1))
< (B +e0,0) T (Ei <E<t>+sa2<o,t>>)
H(E° o) (G)
E(t) +¢(0.1))".

Let H' be the convex conjugate of H in the sense of Young (see Arnold [6] [p. 61-62],
Daoulatli, Lasiecka and Doundykov [22], Lasiecka and Doundykov [41], for more information),
then

A1 [y -1
(n=r(A) -H {(H ) (7)] , (3.48)
and H satisfies the following Young’s inequality

AB < H'(A) + H(B), (3.49)

at

2 (B () +e20,0) <1,
H (3 (B0 +¢*0.0)) = B (3 (B0 +20.1)).
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to get

C)F{(t) < —m( (t) (B (t) + ©*(0,1))

5‘1\3’ E?\o

e (B(t) +¢ ©2(0,1))

E,
+epA(t) + ¢ () (B (

< —m(¢ (t) (E () + +¢%(0,1))

\o Fj\c“?

+eX (BE(t) +¢ ©2(0,1))

E,
—c(B@®+ <P2(07t>) -

Consequenly, with F5 (t) = ¢ (t) Fi (t) + ¢ (E (t) + ¢%(0,t)), which satisfies, for some a1, as > 0

=
N—— N——

S

a1 Fp(t) < (E(t) +¢*(0,1)) < azFy(t), (3.50)

and with a suitable choice of £g, we obtain, for some constant k& > 0

B < —k<<t><<E“’f(0’“)>H’ (2 @Eo+s0) (351)

—k¢(t)Hz <(E 9 J;;@Q(O’t))> , >t >0,

where Hy(t) = tH'(got).
Since Hj(t) = H'(eot) + ot H (ot), then, using the strict convexity of H on ]0,r], we find that
H(t), Ha(t) > 0 on ]0,1]. Thus, with

- alFQ(t)
taking in account (3.50) and (3.51), we have
R ~ E (1) + ¢%(0,1) (3.52)

and, for some k1 > 0,
R(t) < —kiC()H2 (R(t), t=>t.

Then, the integration over |t1,t[ yields

t /(7_> t eoR(t1) 1 t
T p At 2 k T)dr = 7617’2/{3/ T)dr,
A AT AL R TR A
S0,
1 t
R(t) < ;H{l (k1 C(T)d7> : (3.53)
where H( ft H, dT Here, we have used, based on the properties of H; is strictly decreasing

function on ]0 7] and }ll’% Hy(t) = 4+00. A combination of (3.52) and (3.53), estimate (3.37) is
—
established.
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4. example

1. If g (t) = ae™*" pour 0 < @ < 1 and a chosen so that g satisfies (2.1), then

g (t)=—H(g(t)),

where H (t) = W, then the functions H satisfies hypothesis (A1)-(A3) on the interval (0, 7]
In($)|e

for any 0 < r < a. Therefore, we can directly use corollary 2.4 in [57] to get E (t) < k'e™*t".

. On the other hand, if g(¢) is another function that satisfies (A1) and the inequality ¢'(t) <

—H (g (t)) for the same H, then we should use (inequality 3.37) where
() = / Ly
I AT O
/'r‘ [In¢] =
= ds
: S [1fa+aln%]
1 In ¢
= 7/ ué_l |:1_au:| du
¥ Jin g = tu

[lngﬁ.

IN

So

wich implies
E(t) < akpe %",

Considering the function g (t) = m where 8 > 1 and a chosen so that (A1) is satisfied.

g(t) satisfies the conditions of Corollary 2.5 in [57], so we have the energy decay rates announced
in Corollary 2.4 in [57]. We have,

_ —[n(t+e)+ 4]

0= Gromuro?®

and

st _In(t+e)+8
E(t) < ke K o wreymare 48

k
[+ e)m(t+e))’

2

Acknowledgments

The authors would like to thank the anonymous referees for their valuable suggested comments. The

first author would like to express his gratitude to DGRSDT for the financial support. The authors are
grateful to the editors for their help.



10.

11.

12.

13.

14.

15.
16.
17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

GENERAL AND OPTIMAL DECAY RESULT 29

References

. Aassila M., Cavalcanti M. M. and Domingos Cavalcanti V. N., Existence and uniform decay of the wave equation with

nonlinear boundary damping and boundary memory source term, Calc. Var. Partial Differ. Equ. 15 (2002) 155-180.

. Alabau-Boussouira. F. and Cannarsa P., A general method for proving sharp energy decay rates for memory dissipative

evolution equations, C. R. Acad. Sci. Paris, Ser. I, 347 2009, 867—-872.

. Almeida Junior D. d. S., Santos M. L. and Munéz Rivera J. E., Stability to 1-D thermoelastic Timoshenko beam acting

on shear force, Zeitschrift fiir Angew. Math. und Phys. 65, 6 (2014), 1233-1249.

. Ammar-Khodja F., Benabdallah A., Munoz Rivera J. E. and Racke R., Energy decay for Timoshenko systems of

memory type, J. Differ. Equ. 194, 1 (2003), 82-115.

. Apalara T. A., Messaoudi S. A. and Keddi A. A., On the decay rates of Timoshenko system with second sound, Math.

Methods Appl. Sci. 39, 10 (jul 2015), 2671-2684.

. Arnold V. 1., Mathematical Methods of Classical Mechanics, vol. 60 of Graduate Texts in Mathematics. Springer New

York, New York, NY, 1989.

. Ayadi M. A., Bchatnia A., Hamouda M. and Messaoudi S. A., General decay in a Timoshenko-type system with

thermoelasticity with second sound, Adv. Nonlinear Anal. 4, 4 (2015), 263-284.

. Berkani A., Stabilization of a viscoelastic rotating Euler—Bernoulli beam, Math. Method Appl. Sci., 41 (2018), 2939—

2960.

. Berkani A., Tatar N. E. and Kelleche A., Vibration control of a viscoelastic translational Euler-Bernoulli beam, J. Dyn.

Control. Syst., 2018, 24(1) (2018), 167-199.

Berkani A., Tatar. N. E. and Khemmoudj A., Control of a viscoelastic translational Fuler-Bernoulli beam, Math.
Methods Appl. Sci., 40 (2017), 237-254.

Berkani A. and Tatar N. E., Stabilization of a viscoelastic Timoshenko beam fixed into a moving base, Math. Model.
Nat. Phenom. 14 (2019) 501.

Berkani A.; Tatar N. E. and A. Khemmoudj A., Control of a viscoelastic translational Euler-Bernoulli beam, Math.
Meth. Appl. Sci. 40 (2017) 237-254.

Cavalcanti M. M. , Ezistence and uniform decay for the Euler-Bernoulli viscoelastic equation with nonlocal boundary
dissipation, Discrete Contin. Dyn. Syst. 8 (2002) 675-695.

Cavalcanti M. M., Domingos Cavalcanti V. N. and Martinez P., General decay rate estimates for viscoelastic dissipative
systems, Nonlinear Anal. 68 (2008) 177-193.

[5] Christensen R. M., Theory of viscoelasticity: an introduction, New York/London: Academic Press (1982).
[6] Coleman B. D. and Noll W., Foundations of linear viscoelasticity, Rev. Modern Phys. 33 (1961) 239-49.

Dadfarnia M. , Jalili N., Xian B. and Dawson D. M., Lyapunouv based vibration control of translational Euler-Bernoulli
beams using the stabilizing effect of beam damping mechanisms, J. Vib. Control 10 (2004) 933-961.

De Querioz M. S., Dawson D. M., Agrawal M. and Zhang F., Adaptive nonlinear boundary control of a flexible link
robot arm, IEEE Trans. Rob. Autom. 15 (1999) 779-787.

Dafarnia M., Jalili N., Liu Z. and Dawson D. K., A Lyapunov-based piezoelectric controller for flexible cartesian robot
manipulators, Journal of Dynamic Systems, Measurement and Control, 126(2) 2004, 347-358.

Dafarnia M., Jalili N., Liu Z. and Dawson D. K., An observer-based piezoelectric control of flexible cartesian robot
arms: theory and experiment, Control Engineering Practice, 2004, 12:1041-1053.

Dafarnia M., Jalili N.; Liu. Z. and Dawson D. K., Lyapunouv based vibration control of translational Euler—Bernoulli
beams using the stabilizing effect of beam damping mechanisms, Journal of Vibration and Control, 10, 2004, 933-961.

Daoulatli M., Lasiecka I. and Toundykov D., Uniform energy decay for a wave equation with partially supported
nonlinear boundary dissipation without growth restrictions, Discrete Contin. Dyn. Syst., 2 (2009), 67-95.

Fabrizio M. and A. Morro A., Mathematical problems in linear viscoelasticity, STAM Stud. Appl. Math.

Feng B., On a semilinear Timoshenko-Coleman-Gurtin system: Quasi-stability and attractors, Dyn. Syst. 37, 9 (2017),
4729-4751.

Feng B. and Yang X. G., Long-time dynamics for a nonlinear Timoshenko system with delay, Appl. Anal. 96, 4 (2017),
606-625.

Ge S. S., Lee T. H. and Gong J. Q., A robust distributed controller of a single-link SCARA/Cartesian smart materials
robot, Mechatronics, 1999, 9:65-93.

Ge S. S., Lee T. H. and Zhu G.(1996), Energy-based robust controller design for multi-link flexible robots, Mechatronics,
1996, 6:779-798.

Ge S. S., Lee T. H. and Zhu G.(1997), A nonlinear feedback controller for a single-link flexible manipulator based on
a finite element model, Journal of Robotic Systems, 1997, 14:165-178.



30

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.
55.

I. DjAIDJA AND A. KHEMMOUDJ

Ge S. S., Lee T. H. and Zhu G.(1998), Asymptotically stable end-point regulation of a flexible SCARA Cartesian robot,
IEEE ASME Transactions on Mechatronics, 3(2):138-144.

A. Guesmia and S. A. Messaoudi, On the control of a wviscoelastic damped Timoshenko-type system, Appl. Math.
Comput. 206, 2 (2008), 589-597.

Guesmia A. and Messaoudi S. A., On the stabilization of Timoshenko systems with memory and different speeds of
wave propagation, Appl. Math. Comput. 219, 17 (2013), 9424-9437.

Guesmia A., Messaoudi S. A. and Soufyane A., Stabilization of a linear Timoshenko system with infinite history and
applications to the Timoshenko-heat systems, Electron. J. Differ. Equations 2012, 193 (2012), 1-45.

Guesmia A. and Soufyane A., On the stability of Timoshenko-type systems with internal frictional dampings and
discrete time delays, Appl. Anal. 96, 12 (2017), 2075-2101.

Jalili N., Dadfarnia M., Hong F. and S.S. Ge, Adaptive non model-based piezoelectric control of flexible beams with
translational base, Proc. of the American Control Conference Anchorage, AK, May 8-1, 5 (2002) 3802-3807.

Jin K. P., Liang J. and Xiao T. J., Coupled second order evolution equations with fading memory: Optimal energy
decay rate, J. Differ. Equ. 257, 5 (2014), 1501-1528. d0i:10.1016/J.JDE.2014.05.018.

Kafini M., Messaoudi S. A. and Mustafa M. 1., Energy decay result in a Timoshenko-type system of thermoelasticity
of type IIT with distributive delay, J. Math. Phys. 54, 10 (2013), 101503.

Kafini M., Messaoudi S. A., Mustafa M. I. and Apalara T., Well-posedness and stability results in a Timoshenko-type
system of thermoelasticity of type III with delay, Zeitschrift fiir Angew. Math. und Phys. 66, 4 (2015), 1499-1517.

Khemmoudj A., General decay of the solution to a nonlinear viscoelastic beam with delay, Partial Differential Equations
and Applications, https://doi.org/10.1007/s42985-023-00238-y.

Khemmoudj A. and Djaidja 1., General decay for a viscoelastic rotating Euler-Bernoulli beam, Communications on
Pure and Applied Analysis, 19 (7) 2020, 3531-3557 .

Khemmoudj A. and Mokhtari Y., General decay of the solution to a nonlinear viscoelastic modified Von-Karman
system with delay, Discrete and continuous dynamical systems series A, Volume 39, Number 7, July 2019,
doi:10.3934/dcds.2019155.

Lasiecka I. and Doundykov D., Energy decay rates for the semilinear wave equation with nonlinear localized damping
and a nonlinear source, Nonlinear Analysis, 64, (2006), 1757-1797.

Lasiecka I. and Tataru D., Uniform boundary stabilization of semilinear wave equations with nonlinear boundary
damping, Differential and Integral Equations, 6, 1993, 507-533.

Lasiecka I. and Wang X., Intrinsic decay rate estimates for semilinear abstract second order equations with memory,
in: New Prospects in Direct, Inverse and Control Problems for Evolution Equations, in: Springer INdAM, Springer,
Cham, 10, 2014, 271-303.

Lekdim B. and Khemmoudj A., General decay of energy to a nonlinear viscoelastic two-dimensional beam, Applied
Mathematics and Mechanics, 39 (2018), 1661-1678.

Lekdim B. and Khemmoudj A., Ezxistence and general decay of solution for monlinear viscoelastic two-dimensional
beam with a nonlinear delay, Ricerche di Matematica, (2021), 1-22.

Luo. Z. H and Guo. B. Z., Shear force feedback control of a single-link flexible robot with a revolute joint,
emph IEEE Transactions on Automatic Control, 1997, 42 (1997),53-65.

Luo Z. H., Kitamura N. and Guo B. Z., Shear force feedback control of flexible robot arms, IEEE Transactions on
Robotics and Automation, 11 (1995), 760-765.

Malacarne A. and Munoéz Rivera J. E., Lack of exponential stability to Timoshenko system with viscoelastic Kelvin-Voigt
type, Zeitschrift fir Angew. Math. und Phys. 67, 3 (2016), 67.

Messaoudi S. A. and Mustafa M. 1.,0n the control of solutions of viscoelastic equations with boundary feedback, Non-
linear Anal: Real World Applications. 2009;10:3132-3140.

Messaoudi S. A. and Hassan J. H., General and optimal decay in a memory-type Timoshenko system, J. Integr.
Equations Appl. (to appear).

S. A. Messaoudi and M. I. Mustafa, A stability result in a memory-type Timoshenko system, Dyn. Syst. Appl. 18
(2009), 457-468.

Messaoudi S. A. and Mustafa M. 1., general stability result in a memory-type Timoshenko system, Commun. Pure 12,
2 (2013), 957-972.

Messaoudi S. A. and Said-Houari B., Uniform decay in a Timoshenko-type system with past history, J. Math. Anal.
Appl. 360, 2 (2009), 459-475.

Morgul O., Dynamic boundary control of the Timochenko beam, Automatica 28 (1992) 1255-1260.

Munoéz Rivera J. E. and Fernandez Sare H. D., Stability of Timoshenko systems with past history, J. Math. Anal. Appl.
339, 1 (2008), 482-502.



56.

57.

58.

59.
60.
61.

62.

63.

64.

GENERAL AND OPTIMAL DECAY RESULT 31

Munéz Rivera J. E.; Racke R. and al., Magneto-thermo-elasticity-large-time behavior for linear systems, Advances in
Differential Equations 6, 3 (2001), 359-384.

Mustafa M. 1., General decay result for nonlinear viscoelastic equations, J. Math. Anal. Appl. (2017).
doi:10.1016/j.jmaa.2017.08.019.

Mustafa M. I. and Messaoudi S. A., General energy decay rates for a weakly damped Timoshenko system, J. Dyn.
Control Syst. 16 (2010) 211-226.

Tatar N. E., Stabilization of a viscoelastic Timoshenko beam, Appl. Anal. Int. J. 92 (2013) 27-43.
Tatar N. E., Exponential decay for a viscoelastically damped Timoshenko beam, Acta Math. Sci. 33 (2013) 505-524.

Tian X. and Zhang Q., Stability of a Timoshenko system with local Kelvin-Voigt damping, Zeitschrift fiir Angew. Math.
und Phys. 68, 1 (2017), 20.

Timoshenko P. S., On the correction for shear of the differential equation for transverse vibrations of prismatic bars,
London, Edinburgh, Dublin Philos. Mag. J. Sci. 41, 245 (1921), 744-746.

Zhu G., Ge S. S. and Lee T. H., Variable structure regulation of a flexible arm with a translational base. Proc. of the
36th Conference on Decision and Control, San Diego, California, USA, 2 (1997) 1361-1366.

Messaoudi S. A. and Mustafa M. 1., A general stability result in a memory-type Timoshenko system, Commun. Pure
Appl. Anal. 12 (2013) 957-972.

Imane Djaidja and Ammar Khemmoudj

SD Laboratory, Departement of Mathematics,

University of Science and Technology Houari Boumedienne,
PO Box 32, El-Alia 16111, Bab Ezzouar,Algiers,
Algeria.

E-mail address: akhemmoudj@yahoo.fr



	Introduction
	Preliminary Results
	Asymptotic Behavior
	example

