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Necessary Results for Spectral Theory Associated with the Numerical Range on
Hilbert Spaces
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ABSTRACT: This article examines aspects of the coupled numerical range for a linear relation and a linear
operator on Hilbert spaces. First of all, we start by giving the new definition of this concept, and we study
its properties. Additionally, necessary results for the spectral theory associated with the numerical range are
discussed.
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1. Introduction

The concept of numerical range of an operator on Banach and Hilbert spaces were considered by many
authors and studied in their work (e.g [2,7,8,9,10]). The classical definition of the numerical range of a
closed linear operator in a Hilbert space is the range of the restriction to the unit sphere of the quadratic
form associated with it. Among the most important properties of the numerical range proved by several
authors are that it is convex and that its closure contains the spectrum of the operator.

Since we do not have the adjoint of non densely defined operators and the inverse of linear operators, we
interest to study the theory of linear relation (or said to multivalued linear operator). In this case, each
operator have an inverse and an adjoint. For more details, we refer the reader to [2,6].

Throughout this paper, H and K are infinite dimensional separable Hilbert spaces with inner product
(-,-). A linear relation T': H — K is a mapping from a subspace D(T) = {z € H : Tz # ()}, the domain
of T, into the collection of nonempty subsets of K such that

T(onxy + asxs) = T (x1) + T (x2),

for all nonzero scalars oy, o and 1,2 € D(T'). Denote by LR(H, K) a class of all linear relations from
H to K. If T maps the points in its domain to singletons, then 7T is said to be an operator.

The graph, the null, the range space and the multivalued part of T' € LR(H, K) are, respectively, denoted
by

G(T) = {(z,y)e Hx K :2eD(T)},
N(T) = {zeD(T): (z,0)e G(T)},
R(T) = {y:(z,y) € G(T)}, and
T(0) {y:(0,y) e G(T)}.

The inverse and the adjoint relation of T are denoted by T—! and T™* respectively, which are defined by

G(T™) ={(y,2) : (v,9) € G(T)},
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and

G(T*) = {(x,y) € K x H:(y,z) = (x,t), forall (z,¢)¢€ G(T)}. (1.1)

A linear relation T' € LR(H) is said to be a self-adjoint relation if T = T™*.
For T € LR(K,H) and S € LR(H, K) where R(T) N D(S) # 0, we define ST by

G(ST) ={(z,y) e K x K : (z,2) € G(T) and (z,y) € G(S5) for some z € H}. (1.2)

Denote by BR(H, K) (respectively CR(H, K)) a class of all bounded (respectively closed) linear relations
from H into K, by L(H, K) (respectively C(H, K)) a class of all bounded (respectively closed) linear
operators from H into K. If H = K, then LR(H, H) = LR(H), BR(H,H) = BR(H), CR(H,H) =
CR(H),L(H,H)=L(H)and C(H,H) = C(H). The closed and the open disc of C centred at A\g and with
radius 7 denoted respectively by: D()g,7) and D(Xg, 7). If A\g = 0, then D(0,7) = D,. and D(0,7) = D,..

In this paper, we introduce the new concept of the numerical range of a linear relation and a linear
operator on Hilbert spaces and study its properties. After that, we establish some relationship between
the various concepts of spectral theory and the numerical range.

We organize our paper in the following way: Section 2, the numerical range of a linear relation and
a linear operator on Hilbert spaces is introduced and studied. After that, some results of the spectral
theory associated with the numerical range is established.

2. Main Results

Let T € LR(H,K) and let A: D(A) C H — K be a linear operator on Hilbert spaces H and K. To
study the properties of the numerical range, coupled numerical range for a linear relation 7" and a linear
operator A, we are need to define this notion, which is done in the following definition.

Definition 2.1 Let H and K be Hilbert spaces. Let T € LR(H,K) and A : D(A) C H — K be a linear
operator. The numerical range of T associated with A is defined as the set

W(T, A) = { (y, Az) : 2 € D(A) ND(T),y € Tz and || Az|| = 1}. &
Proposition 2.1 Let H and K be Hilbert spaces.
(¢) If T € LR(H) and A =1, then
W(T,A) = W(T) = { (y.2) : (2,) € G(T) and |z = 1},

where I is the identity operator on H.

(ii) If T € LR(H,K) and A: D(A) C H — K is a linear operator, then

W(T,A) = W(TA™Y).

(#i7) If T € CR(H,K) and A € C(H, K) are everywhere defined, then
VV(T7 A) C EHTA_IH‘ &

Proof: (i) For A = I, we have

W(T,I) = {{y,Iz)y:2€DI)ND(T),y € Tx and ||Ix||:1}

{¢

= {y,x xzeD(T )yETxandeH:l}
{ y) € G(T) and ||x||:1}
W (

)



NECESSARY RESULTS FOR SPECTRAL THEORY ASSOCIATED WITH THE NUMERICAL RANGE ON HILBERT SPACES3
(#4) Suppose that A € W(T, A). Then there exist © € D(A) N D(T') and y € Tz satisfying
A= (y,Ar), ||Az|=1. (2.1)

The fact that (Az,z) € G(A™!) and (z,y) € G(T) implies from (1.2) that (Az,y) € G(TA™!). This
implies from (2.1) and (i) that A\ € W(T A™!). Hence,

W(T,A) CW(TA™Y).
Conversely, let us assume that A € W(T'A=1). Then there exist (x,y) € G(TA™!) satisfying
A=(y,z), [af =1 (2.2)

It follows from (1.2) that there exists 2 € D(A) N D(T) such that (z,2) € G(A™!) and (z,y) € G(T).
This implies that © = Az and (z,y) € G(T'). Hence, there exist z € D(A) N D(T) and (z,y) € G(T)
satisfies from (2.2) that

A=y, Az), [|Az] =1.

This is equivalent to saying that A € W(T, A).

(iii) Let A € W(T, A). From (ii), we get A € W(TA~1'). Hence, there exists (z,y) € G(TA™!) satisfying
A = (y,x), where ||z|| = 1. This yields from Cauchy-Schwarz inequality that

A

[(y,z) |

< lylli=l
<yl (as [lz]| = 1). (2:3)

Since y € TA™ 'z, by using [6, Proposition I1.1.4 (d)] , we infer that

TA 'z|| = inf :
| x| ye%g_lwllyll

Using the definition of the lower bound, for any given n > 0, we obtain that
lyll < ITA™ || + . (2.4)

Since A71(0) = N(A) = D(T), by [6, Corollary 11.3.13 (2)], we obtain ||TA™|| < ||T|| ||A~!||. Based on
the hypothesis D(T') is closed and T' € CR(H), we infer that ||T|| < oo. The fact that y(A) > 0 implies
from [6, Theorem I1.2.5] that ||A~!|| < oo. Hence, |[TA™}|| < oco. For any given 1 > 0, we deduce from
(2.3) and (2.4) that

Al < ITA 2|+
< |TAY + .

By arbitrariness of 77, we conclude that |A| < [|[TA~||. This equivalent to saying that W (T, A) C Dypa-1y.
O

Remark 2.1 LetT € LR(H,K) and A: D(A) C H — K be a linear operator such that N(T) ¢ N(A).
Then,

0eW(T,A).

Indeed, since N(T) ¢ N(A), AT~1(0) # 0, which yields that TA™! is not injective. This implies that
there exist x € D(TA™Y) such that ||z]| = 1 and 0 € TA  x. Thus, (z,0) € G(TA™) with ||z| = 1.
Hence, (0,z) € W(TA™Y). Consequently, 0 € W(TA™1). Finally, the use of Proposition 2.1 (ii) allows
us to conclude that 0 € W(T, A).
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Proposition 2.2 Let T,S € LR(H,K), A: D(A) C H — K be a linear operator and oy, s, a3 € C
such that |as| = 1. Then,

(i) W(auT, A) = a, W (T, A).

(i) W(a1S + aoT, A) C a1 W(S, A) + aoW (T, A).

(ii7) W(T,asA) =asW(T, A).

Proof: (i) If oy =0, then
W(0T, A) = {(0, Az) : © € D(A) and || Az| = 1} = {0}.

This implies that W (a1 T, A) = ay W (T, A).

Suppose that oy € C\{0} and A € W(a;1T, A). Then, there exists z € D(A) N D(eyT) and y € anTx
satisfying
A= (y, Az) with ||Az| = 1. (2.5)

The fact that (z,y) € G(\T) implies from [6, Subsection 1.4.1 (6)] that aj 'y € Tz. This yields that
(ar'y, Az) € W(T, A). It follows from (2.5) that
A=m <afly, Ax) CaW(T,A).

Hence, W (a1 T, A) C ayW(T, A). Conversely, assume that o; € C\{0} and A € ayW(T, A). Then,
ay*\ € W(T, A). This implies that there exists z € D(A) N D(T) and y € T satisfying

ar' A = (y, Az) with ||Az| = 1.
Therefore,

A= aja;'A
= a1<y,AIL'>

The use of the hypothesis (x,y) € G(T) leads to deduce from [6, Subsection 1.4.1 (6)] that (x,ay1y) €
G(MT). Hence, by the fact that € D(A) N D(T), we conclude from (2.6) that A € W(ay T, A).

(#4) If a1 = ag = 0, it is clear that W(ay S+ T, A) C a1 W (S, A)+axsW (T, A). Now, assume that ag # 0
and ag # 0 and A € W (a1 S+asT, A). Then, there exist x € D(a1S+aT)ND(A) = D(S)ND(T)ND(A)
and y € (@15 + aoT)x satisfying

A= (y,z), with |[Az| = 1. (2.7)

The fact that (z,y) € G(a1S + a2T) implies from [6, Subsection 1.4.1 (5)] that there exists z € K such
that

(x,2) € G(ayS) and (x,y — 2) € G(a2T).
This implies from [6, Subsection 1.4.1 (6)] that (w,aflz) € G(S) and (x7a51(y — z)) € G(T). Since
x €D(S)ND(T)ND(A) and ||Az|| = 1, we can conclude that
(a7'z,z) e W(S,A) and {a;'(y—z),z) € W(T, A).
Thus, the use of (2.7) makes us deduce that
A = (-t
= (y—=zz)+ {z,z)

= o <af1z, ac> + o <a51(y — z)7m>
C aW(S,A) + axW (T, A).
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(79¢) Let A € W(T, agA). Then, there exist (z,y) € G(T), z € D(azA) = D(A) such that [|azAz| =1
and A = (y,asAz). Based on the assumption |as| = 1, we infer that

1= flazAz|| = |as| [|Az]| = [|[Az].

This implies that (y, Ax) € W(T, A). Moreover, we have A = @3(y, Az). Hence, A € asW (T, A). Con-
versely, let A\ € asW (T, A). Then, (a3)” ' A € W(T, A). This implies that there exist (z,y) € G(T) and
x € D(A) satistying

(@) ' A= (y, Az), with ||Az|| = L.
Consequently, A = as(y, Az) = (y,as(Ax)) = (y, (asA)z). Since z € D(A) = D(azA) and ||asAz| =
las| [[Az|| =1, A € W(T, asA). O

Proposition 2.3 Let T € LR(H) and A: D(A) C H — H be a linear operator such that D(A) C R(T)
and G(T) C S(G(A)), where the operator S is defined by

S: HxH — HxH
(,y) +— (y,2).

If T and A are self-adjoint, then W (T, A) is a subset of the real axis.

Proof: Let us assume that A € W(T, A). By referring to Proposition 2.1 (ii), we get A € W(TA™1).
Then, there exist (z,y) € G(TA™!) satisfying
A= (y,z), with |z] =1.

The fact that (z,y) € G(TA™!) implies from [6, Subsection 1.1.3 (3)] that there exists z € D(A) N D(T)
such that (z,z) € G(A™!) and (z,y) € G(T). Based on the hypotheses G(T) C S(G(A)) = G(A™1),
R(A™1) = D(A) C R(T) and N(A™1) = A(0) = 0 € T71(0) = N(T), we infer from [6, Exercise 1.2.14
(a)] that

G(T)=G(A™h). (2.8)

Since T and A are self-adjoint, we deduce from (2.8) and [6, Proposition II1.1.3 ] that
G =G(T) =G (A™) =G (40 7) =6 ((a™)).

This implies that (z,z) € G(T™*) and (z,y) € G ((A’l)*) Again from [6, Subsection I1.1.3 (3)], we get
that (z,y) € G ((Afl)* T*). The use of [6, Theorem III.1.6] makes us to conclude that

(z,y) € G ((TA_l)*) .
It follows from the definition of the adjoint relation on Hilbert space (see (1.1)) that
(z,y) = (y,z), for all (z,y) € G(TA™").

Therefore, A = (y,z) = (x,y) = (y,r) = \. This is equivalent to saying that A € R. O

Proposition 2.4 If T € LR(H,K) and A : D(A) C H — K is a linear operator, then W (T, A) is a
convex set.

Proof: Let us assume that A; and Ay are two points in W (T, A). We divide this proof into two cases.

First case. If A\ = \g, then we can conclude that

thi+ (1=t =X e W(T,A), forallte]|0,1].
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This is equivalent to saying that W (T, A) is a convex set.

Second case. If Ay # X2 € W(T, A), then there exist x1, 22 € D(A)ND(T), y1 € Txy and y2 € Tas
such that ||Azq|| = ||Azs| = 1 satisfying

)\1 = <y1,A£L'1> and )\2 = <y2,A£E2> .

e Suppose that x; and x5 are linearly dependent, i.e., o = axj, for some o € C with |o| = 1. This
implies that (x1,y1) € G(T) and (ax1,y2) € G(T). The fact that G(T') is a vector subspace of H x K
implies that (axy1,ay;) € G(T), which yields that (0,ay; — y2) € G(T'). Hence, for all 8 € C, we have
(07/6(ay1 - 92)) € G(T) Thus7
(1, Blayr — y2) + y1) € G(T).
Based on the hypothesis (Az1,21) € G(A™!), we infer from [6, Subsection I.1.3 (3)] that
(Az1, Blayr —y2) +y1) € G(TA™Y), with [|Az| = 1.
This implies that (8(ay1 — y2) + y1, Ax1) € W(TA™L), which yields from Proposition 2.1 (ii) that
(Blayr — y2) + 1, Az1) € W(T, A), forall g €C.

As a result,
C = {(Blay1 — y2) + y1, Az1) : B € C} C W(T, A) C C.

Therefore, W(T, A) = C is a convex set.

e Suppose that z; and x5 are linearly independent. If A; and Ay are distinct points in W(T, A), then
there exist x1,29 € D(A)ND(T), y1 € Tx1 and ys € Txo satisfying

)\1 = <y1,A£L'1> and )\2 = <y2,A{E2>, with ||A£U1|| = ||A£L'2|| =1.

We must show that whenever X is a point of the line segment joining A; and As, there exists an element
20 € D(A)ND(T) and yo € Txo, for which

(yo, Axo) = A, with ||Azg] = 1.

We find ¢ as a linear combination of 21 and x5. For this purpose and based on the hypotheses D(A)ND(T)
and G(T) are vector subspaces of H and H x K, respectively, we can conclude, for all ay, as € C, that

(121 4+ aoxa, a1yr + asys) € G(T) and (11 + aoxa, Alarxy + asxs)) € G(A).
Hence, we can consider the binary forms B; : C x C — C where i = 1, 2 defined by

Bi(an,0) = ({oayr + aoye, Ala1w1 + aoxa))
By(ag,a0) = (Ao + ages), A1y + aszs)) .
It follows from the fact that | Ax;|| = ||Axz|| = 1 that
Bi(oa, ) = arai(yi, Az1) + oy, Aze) + aoq (ye, Az1) + et (ya, Axs)
= |Oé1|2)\1 + oz1ng<y1, A1‘2> + (12&71<y2, AZIJ1> + |042|2)\2,
and
Bo(ay,a9) = aqar(Axy, Azy) + anaa(Azy, Azs) + ason (Azs, Azy) + ason(Axs, Axs)

= || Az ||* + craa(Az, Aws) + aser (Axg, Axy) + |ao|?|| Azal|®
= |011|2 +a1072<Ax1,A:v2> +0520171<A$2,A$1> —+ |Ot2|2

= Jou? + |ao? + 2%(a2aﬁ<Am2, Ax1>). (2.9)
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We must show that B; assumes every values on the line segment joining A; and As while By = 1. First,
we introduce a binary form B(ag, as) as follows:

Bi(a1, a2) — Ao Ba(au, o)

B =
(0417012) )\1 — )\2
A simple calculation shows that
B(ar, ag) = |aq|* + @raghis + ar@zbs, (2.10)
where
b _ <y2,Al‘1> —)\2<A.131,A.L“2>
12 N
and

by — <y1, Al‘2> — )\2<A$1, A.’E2>
21 — .
AL — Ao

In order that B; should have the requisite behavior, it is necessary and sufficient that while By = 1, the
form B should take on every real value from 0 to 1 inclusive. We shall now exhibit values of a; and «xy
which bring about the desired result. Choose ¢ € C as follows:

+1 if by = E
§= bia — boy
|big — ba1]

So that R(£(Axs, Ax1)) > 0. Now, we will replace a; and ag respectively by f and g, where f,g € R.
On the one hand, we obtain from (2.10) that

B(f.€9) = f*+&fgbar + Efgbia
= f?+ Fg(Ebar + &) (2.11)

if byy # byg.

At this point, we need to calculate the value of @ = £by; + &b1o. Then, we will consider two cases:

o If by = by, then & = ¢ = £1. Tt follows from (2.11) that

B(f,&9) = f* % fg(bi2 + b12).

Hence, 6 = bis + bio € R, which yields that 6 = 6.

_ bia — b _ b1y — boy
o If boy # byo, then & = + 127721 ond &= 127 Hence,
|b12 — ba1] |b12 — ba1]
0 bo1(b12 — ba1) + bia(b12 — bay)
|b12 — bai|
_ bo1b12 — b21ba1 + bi2bia — bi2ba
|b12 — ba1]
b 2 _ b 2
= D=l g
|b12 — ba1]

Therefore, the real number 6 is defined as follows:

+(ba1 + b12) if by = b1o

9 pr—
|b12|* — [ba1|?

2l if b bis.
|b12 _ b21| 21 7& 12
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On the other hand, we get from (2.9) that

BQ(f7 gg)

12+ 16 + 2R(&g(Aa, Ann))

12+ 6+ 209 R(E(Aws, Aw1)), (as €] = 1).

Suppose that § = §R(§ (Axo, Az1>). We observe that 0 < § < 1. Indeed, by Cauchy-Schwarz inequality,
we infer that

|§(Aza, Azy)|

(€] [(Azz, Azy)]
(€] [[Aza || [[Az |
L (as [¢] = [[Azs|| = [[Az1[| = 1).

Solving for Ba(f,€g) =1, we get g = —0f ++/1 — (1 — 62) f2, which is a real valued for f € [—1,1]. Since
g is a function of f, we can let B(f) = B(f,&g), which yields from (2.11) that

81 = [ (&(Aws, Awn))|

(VAN VAN VAN VAN

~

B(f) = frof(-of+V1-(1-9)P)
= f2—00f2+0f/1—(1-02)f>
= (1-08)f*+0f\/1—(1—62)f2.

For f € [0,1], é(f) is evidently a continuous real valued function with B(0) = 0 and E(l) =1, so that
B(f) assumes all values between 0 and 1. This result shows that W (T, A) is a convex set. O

To discuss the results of the classical spectral theory associated with the numerical range, we need to
give the following definitions.

The resolvent set p(T, A) of T and A is defined as
p(T,A) ={A € C: ) A —T isinjective, open and has dense range }.
The spectrum o (T, A) of T and A is defined as
a(T,A) = C\p(T, A).

The point spectrum o,(T, A) of T and A is defined by

op(T,A) ={Ae C: NANA-T) # {0}}.
The approximate point spectrum o,,(T, A) of T' and A is defined as

oap(T, A) = {)\ € C:3(z,) € D(MNA —T) with ||z,|| =1 and nEIJIrlOO IAA —T)z,|| = O}.

The compression spectrum o (7, A) of T and A is defined as

oo(T,A) ={\eC: RN -T) & K}.

If A =1, then we recover the usual definition of the above spectra of linear relations, o(T,I) = o(T') and
oi(T,I) = 0;(T) for i =p,ap,O0.

Remark 2.2 Let T € CR(H,K) and A € L(H,K). Then,

p(T, A) = {)\ eC:(M-T)"" e L(K, H)} .
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Indeed, it is clear that {\ € C: (AMA —T)~ ' € L(K,H)} C p(T, A). Then, it is sufficient to show that
p(T,A)c{AeC: (M -T)"" e L(K,H)}.

let X € p(T, A). Then, NA —T is injective, open and has dense range. This implies from [6, Proposition
I1.3.2 (a)] that (AA — T)~' is a continuous operator. It remains to prove that D (M —T)7') = K.
Since T € CR(H,K) and NA € L(H,K) for all A\ € C, by using [6, Exercice I1.5.16], we infer that
M -T € CR(H,K). It follows from the openness of \A—T and [6, Theorem II1.4.2 (b)] that R(NA—T)
1s closed. Hence,

D(A-T)")=RM-T)=ROM-T) =K. &

Proposition 2.5 Let T € LR(H, K), A be an operator from H to K and A € C. Then, the following
statements are equivalent

(1) XA ¢ a4p(T, A).
(#4) There exists a constant ¢ > 0 such that ||(AA — T)z|| > ¢ ||z|| for all z € D(T) N D(A).
(iii) NA — T is injective and open.

Proof: This proof is analogous to proof of [3, Proposition 2.1]. O

Theorem 2.1 Let T € LR(H,K) and A:D(A) C H — K be a linear operator.
(1) If N(A) nD(T) = {0}, then 0,(T, A) C W(T, A).

(i1) 0ap(T, A) C W(T, A).
(13¢) If A is surjective and D(A) C D(T), then oo(T, A) C W(T, A).

Proof: (i) Let A € 0,(T, A). Then, the fact that D(AA — T') = D(A) N D(T) implies that there exists
T € <D(A) N D(T)) \{0} such that 0 € (AA — T)z. Since N(A) N D(T) = {0}, then we get = ¢ N(A).

This yields that Az # 0. By taking y = m, we obtain y € D(A) N D(T) and ||Ay|| = 1. We know
that G(T) is a vector subspace of H x K, we get (y,0) = Hffixﬂ’ 0) € GIAA=T). It follows from [6,

Subsection 1.4.1 (5) and (6)] that there exists z € K such that (y, z) € G(AA) and (y, z) € G(T). Hence,
(2, Ay) = (A y, Ay) = N[ Ay = X.
This implies from the above that A € W(T, A).

(73) Let us assume that A € 0,4,(T, A). Then, there exists (z,) C D(A) N D(T) with ||Az,| = 1 and
lim (M — T)x,|| = 0. The fact that (z,,) C D(T) implies that there exists (y,) C K such that

(Tn,Yn) € G(T). This implies that (y,, Az,) € W(T, A). On the one hand, we have

A= (W, Azp)| = [N (A, ATp) — (Yn, Azn)|
= ‘</\Axn — Yn, Azn>‘
Nz, — yn||| Ayl (by Cauchy-Schwarz inequality)

<
< Mz, —ynll (as ||Az,| =1). (2.12)

On the other hand, by using the fact that (z,,y,) € G(T) and (x,, AAx,) € G(AA), we infer from [6,
Subsection 1.4.1 (5) and (6)] that (z,, NAz, — yn) € G(AA — T'). Hence, for all £ > 0, we have

Az = ynll < [(AA = T)an|| + €.

It follows from (2.12) that
[(Yns Azn) = A < [|AA = T)ap|| + e
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By arbitrariness of €, we deduce that |(y,, Az,) — A] — 0 as n — +oo. This yields that (y,, Az,) — A

as n — +o0o. This equivalent to saying that A € W(T, A).

(#i7) Let A € oo(T,A). Then R(M —T) ¢ K. Since every closed subspace of a Hilbert space is
topologically complemented by its orthogonal complement, we can conclude that

K=RMAA-T)®ROMNA-T)*.

This implies that there exists z € K such that ||z|| = 1 and z € R(AA — T)*. The fact that A is
surjective implies that there exists z € D(A) such that Az = z and ||Az| = 1. Based on the hypothesis
D(A) C D(T), we infer that there exists y € K such that (x,y) € G(T). Hence, by referring to [6,
Subsection 1.4.1 (5) and (6)], we get (z, A\Ax —y) € G(AA —T), which yields that AAz —y € R(AA—T).
This implies from the fact that Az € R(AA — T)* that

0 = (Mz—y, Ax)
MAzx, Az) — (y, Ax)
= A= (A7) (as [ Az] = 1).

Therefore, A = (y, Az). This is equivalent to saying that A € W (T, A). O

Lemma 2.1 Let T € LR(H,K) and let A € L(H, K) be non null operator.
(2) 0ap(T, A) is closed.
(1) If T is closed, then Oo(T, A) C 04p(T, A).

Proof: (i) Our purpose is to prove that C\og, (T, A) is open set. In order to show it, let us assume that
A € C\oyp(T, A). Then, by Proposition 2.5, we infer that there exists ¢ > 0 such that [[(AA—T)z| > ¢ ||z]|
for all x € D(T). Then, for u € C,

clle < N[(A=p) Az + (pA = T) ]
(A= pl ([ Az]| + ([ (pA = T) x|
A=l Azl + (A =T) 2| (as A € L(H, K)).

IAIA

This implies that
(c—x=nl [A]) =l < lI(nA—T) ] .
Assume that |\ — p| < ¢||A|~". This enables us to conclude from Proposition 2.5 that u € C\oop(T, A).
Hence, D ()\, c ||A||71) C C\ogp(T, A). This is equivalent to saying that C\o,, (T, A) is open.
(27) We assume that do (T, A) C C\oap(T, A). Then, 0o (T, A) NC\oap(T, A) # 0, which yields that there

exist

A € 00(T, A) N C\oap (T, A).

By referring to (i), we have C\og, (T, A) is open. Then, we can consider a connected Q of C\oy, (T, A)
containing A. The fact that 2 is open and A €  implies that 2 is a neighborhood of A. Consequently,
A€ 00(T,A)N Q. Thus, Q contains points of p(T, A). Hence,

p(T, A)NQ#0,

which yields that there exist u € p(T, A) N Q. Since T € CR(H,K) and pA € L(H, K), by using [6,
Exercice 11.5.16], we obtain uA — T € CR(H, K). This leads us to (uA —T)~! € L(K, H).

If A = p, then X € p(T, A), which is contradiction because A € 9o (T, A).

We assume A # p. The fact that A € C\og, (T, A) implies from Proposition 2.5 and [6, Proposition II.3.2
(a)] that (AA — T)~1! is a continuous operator. At this point, we shall prove that

D(AM-T)") =K.
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We assume that D ((AA—T)"') & K. Then, there exist y € K such that y ¢ D((AMA—-T)7') =
R(MA —T). This implies for all x € D(AA —T) = D(T) that (z,y) ¢ G(A—pwA+ pA-T)). It
follows from [6, Subsection 1.4.1 (5) and (6)] that (x, Az) ¢ G (A) or (z,y — (A — p)Az) ¢ G(uA—-T).
But, (z,Az) ¢ G (A) is impossible and y — (A — p)Ax ¢ R(pA—T) = K is also impossible. This
contradiction implies that D ((AA — T)~!) = K. Hence, A € p(T, A), which is contradiction. O

Remark 2.3 Let T € CR(H). Then, cqp(T) is closed and 0o (T') C 04p(T).

As a direct consequence of Theorem 2.1 and Lemma 2.1, we infer the following result:

Corollary 2.1 Let T € LR(H,K) and let A € L(H, K) be non null operator.

do(T, A) c W(T, A). o

Theorem 2.2 Let T € LR(H,K) and A € C(H,K). If A is injective and v(A) > 0, then

o(T,A) c W(T, A). %

Proof: Let A € o(T,A). To prove A € W(T, A), assume the contrary, i.e., let A ¢ W(T, A). Then,

r=d\W(T,A) = d\W(T,A)) > 0. This implies that there exist x € D(T) N D(A), y € Tz and
||Az|| = 1 such that

0<r < |A—{y,Az)]|
— \(Az, Az) — (y, A)
= |(AMz —y, Ax)]
< ||Mz — y||||Az| (by Cauchy-Schwarz inequality)
< Mz—y| (as ||Az] = 1). (2.13)

The use of [6, Subsection I.4.1 (5) and (6)] makes us to infer that (z, \Az —y) € G(AA —T). Hence, for
all eg > 0, we have
Az —y[| < [(AA = T)z|| + co.

Choose 0 < g9 < 1, we get
0 < (r—-eo)|lAz| < ||(AMA = T)z|. (2.14)

By using the hypotheses A is injective and y(A) > 0, we deduce from [6, Definition II1.6.1] that there
exists ¢ > 0 such that ||Az| > c||z||. This implies from (2.14) that

c(r = eo) [zl < [[(AA = T)|],

where ¢(r —e) > 0. Again from [6, Definition IIL.6.1], we conclude that AA — T is injective and open.
Now, we shall show that
ROA_T) =K.

By referring to [6, Proposition III.1.4 (a)], it is sufficient to prove that
N((A = T)) = {0},

Assume that (z, \t) € G(AA*) and (z, f) € G(T*), we infer from [6, Subsection 4.1 (5)] that (z, \t— f) €
G(AA* —T*). This implies from [6, Proposition II.1.5 (a)] that

(2,3 — f) € G((AA — T)%).

Hence, for all £; > 0, we have
%= Il < IOA = T)"2]) + e (2.15)
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The fact that (z, \Az — y) € G(T — AA) implies that (At — f,x) = (2, \Az — y). It follows from (2.15)
that

e+ IlAA=T) 2| > [[xt = f][[|Az]|
> c|xt—flll=|
> ¢ |(At = f,x)| (by Cauchy-Schwarz inequality)
= ¢ |(z, Az —y)|. (2.16)

The generalized Riesz representation theorem asserts that one can denote that @i,y (2) = (2, NAz —y),
where ¢ is a bounded linear functional defined on K and verifies the following property

loraz—yll = 1A Az —y]|. (2.17)
For all z # 0, we conclude from (2.16) that

a+[[AM=T)2 = c¢lprae—y(2)]

|<p)\A:v— (Z)l
c T””szn. (2.18)

Y

Using the definition of the upper bound, for any given €2 > 0, we obtain from (2.16) that

|SD>\Arfy(Z)|

2 [lpraz—yll — e2.
121 o

This implies that

e+ [|AA=T)2 = cllerac—ylllzl —ceal=|
> ez —yllzl - c sl (fom (2.17))
> c(r—e2) |lz|| (from (2.13)). (2.19)

In addition, if z = 0, we infer that (2.19) holds. Hence, by arbitrariness of £1, we deduce that (AA—T)* is
bounded below, which yields from [6, Definition ITI.6.1] that (AA—T")* is injective. Thus, R(AMA —T) = K.

This is equivalent to saying that A € p(T, A), which is a contradiction. Therefore, A € W(T, A). O
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