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On quasi-ternary hyperideals and bi-ternary hyperideals in ternary hypersemirings

Salim Masud, Dharitri Sinha and Kostaq Hila™*

ABSTRACT: In this article we introduce the notion of quasi-ternary hyperideal in ternary hypersemirings
which is the generalization of one-sided hyperideal and study some properties of it. Also, we obtain some
characterizations of quasi-ternary hyperideals in a ternary hypersemiring. Again, we introduce the notion
of bi-ternary hyperideals of ternary hypersemiring and relation between quasi-ternary hyperideals and bi-
ternary hyperideals is established. We characterize regular ternary hypersemirings in terms of of quasi-ternary
hyperideals and bi-ternary hyperideals. Lastly, we introduce the notions of prime quasi-ternary hyperideals
and semiprime quasi-ternary hyperideals in a ternary hypersemiring.

Key Words: Ternary hypersemirings, quasi-ternary hyperideal, minimal left (right, lateral) hyper-
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1. Introduction

In the beginning of 19th century a new branch of mathematics was opened by the pathfinder F. Marty
[17], which was known to be Hyperstructures Theory. After that many mathematicians and researchers
like Corsini [3,4,5], De salvo [9], Dehkordi et al. [10], Krasner [14] introduced and studied different type
of hyperstuctures. These days an astounding progression of algebraic hyperstructure theory has been
observed. The theory of hyperstructure has many applications. In [6], P. Corsini and V. Leoreanu-Fotea
and in [8] B. Davvaz and V. Leoreanu-Fotea points out their applications in different fields like theoretical
physics, computer science etc. In 1982, R. Rota [20] introduced a special type of hyperstructure (H, +, ®)
in which + : H x H — H is a binary mapping and ® : H x H — P(H) is a binary hyperoperation
satisfying the following conditions: (1) h1 ® (he®hg) = (h1®ha)®hs, (2) (h1+ha)Q@hs C hi@hs+h1®hs
(3) h1 ® (ha + h3) C h1 ®hg + h1 ® hs, (4) (—hl) Rhy =h1® (—hg) = —(h1 ® ho) for all hy, ho, hg € H,
is called multiplicative hyperring. In [7], U. Dasgupta studied multiplicative hypersemirings in his Ph.D
thesis, which is a generalization of multiplicative hyperrings. Ternary semiring were introduced by Dutta
and Kar [12], which is a generalized concept of ternary ring introduced by W. G. Lister [15]. In 2015,
Salim et al. [22] presented the class of multiplicative ternary hyperring, which is a generalization of
multiplicative hyperring. Again, in [26], Tamang et al. generalized the concept of multiplicative ternary
hyperring and bring up ternary hypersemiring.

In [25], Steinfeld introduced the notion of quasi-ideals. Quasi-ideals of semirings were studied by
Donges in [13], Sionson [24] and Dixit et al. [11] studied some properties of quasi-ideals and bi-deals of
ternary semigroups. Naka and Hila [18], studied the structure of ternary semihypergroups in terms of
quasi-hyperideals and bi-hyperideals. Many other reserachers like T. Changphas and B. Davvaz [2], S.
Omidi and B. Davvaz [19], S. Abdullah et al. [1], Rao [21], Shao [23] also studied the quasi-hyperideals in
ordered semihypergroups, ordered I'-semihypergroups, I'-semihypergroups and ordered semihyperrings.
In this paper, we raise special type of hyperideals in ternary hypersemirings which is a generalized notion of
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one-sided hyperideal, called quasi-ternary hyperideal and bi-ternary hyperideal in ternary hypersemirings
and investigate their properties. We obtain some characterizations of quasi-ternary hyperideals and bi-
ternary hyperideals in ternary hypersemirings. Also, we prove that in a regular ternary hypersemiring
the notions of quasi-ternary hyperideal and bi-ternary hyperideal are equivalent. Finally we mention the
prime quasi-ternary hyperideal and semiprime quasi-ternary hyperideal and characterize them.

2. Preliminaries

Definition 2.1 Let A be a nonempty set and a mapping ® : A X A x A — p*(A) is called a ternary
hyperoperation on A, where p*(A) is the set of all nonempty subsets of A. The image of (a1,as,a3) €
A X Ax A will be denoted by a; ® ag ® az (which is known to be ternary hyperproduct of a1,as,a3 € A).

Definition 2.2 [26] Let (T, +,®) be a ternary hypersemiring, that is, a commutative semigroup (T,+)
together with a ternary hyperproduct ‘®’ satisfying the following conditions:

(i) (1@t @) Rty ®t; =t ® (Lo ®lsBly) D5 =11 Dby @ (L3 Bty ®t5)
(i) (1 +to) ®tz @ty Sty @tz @ty + 1o @ty ®ty;
(iii) t1 ® (o +13) Bty Sty ®to @ty + 1 Btz ®ly;
(iv) t1 ®to® (L3 +1t4) Ct1 Rlo ®tg +t1 Rlo ® iy for all ty,ta,t3,te,t5 €T,

Instead of ‘T’ if ‘=" holds, then (T,+,®) is called strongly distributive ternary hypersemiring.
We have the following remark.

Remark 2.1 [22] Forty,to,ts € T such that |t ®ta®ts| = 1, then the concepts of ternary hypersemirings
and ternary semirings are identical.

Thus from the above remark we can say that the class of ternary hypersemirings is the generalized
concept of the class of ternary semirings.

Example 2.1 Consider the ternary semiring (Z; , +, ) of the set of all negative integers with respect to
the usual addition and multiplication of integers. Corresponding to any subset A of the set of negative
integers, there exists a ternary hypersemiring induced by A is (Z7,+, ), where Z; C Zg and for any
x,y,%2 € L, + is the usual addition of integers and c @ y®z={z-a-y-b-z:a,bec A}.

Definition 2.3 [26] Let (T,+,®) be a ternary hypersemiring and 0’ be an additive identity element
of T. Then 0’ is called a zero(strong zero) if 0 € t1 ®ta ®0 =1t ®0@ts = 0® t] ® toy (resp.{0} =
L®0Rt=0®t Rty =1t ®ta®0) for all t1,t2 € T.

Definition 2.4 [26] An additive subsemigroup S of a ternary hypersemiring (T, +, ®) is called a ternary
subhypersemiring of T if s1 ® so ® s3 C S for all 1,592,583 € 5.

Definition 2.5 [26] An additive subsemigroup A of a ternary hypersemiring (T,+,®) is said to be a
right hyperideal (a lateral hyperideal or a left hyperideal ) of T, if a®t; ®ta C A (resp. t1 ®a®ta C A
orty ®ta®a C A) for alla € A and for all t1,ta € T.

An additive subsemigroup A which is a right hyperideal, a lateral hyperideal and a left hyperideal of
T, then A is called a hyperideal of T.

Let T be a ternary hypersemiring. If I, J and K are nonempty subsets of T, then I ® J ® K =
U{ Z a; ®b; ®c; 1a; € 1,b; € J, ¢ GK}

finite
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Proposition 2.1 [26] Let ¢’ be an element of a ternary hypersemring (T,+,®). Then the principal
right hyperideal generated by ‘¢’ is denoted by (t),, defined by

t)yy=t®@T®T+{kt:keZ}
The principal lateral hyperideal generated by ‘t’ is denoted by (t),, defined by
B =T®t®T+T®T®t®T®T + {kt : k € Z{ }
The principal left hyperideal generated by t’ is denoted by (t);, defined by
th=Te®T®t+{kt:kecZf}
The principal hyperideal generated by ‘t’ is denoted by (t), defined by
B=TeTot+teT®T+T@®t@®T+TO®T®t®T®T + {kt : k € Z}}
Proposition 2.2 Let A be a nonempty subsets of a ternary hypersemiring (T,+,®). Then,
e The principal right hyperideal generated by A is defined by

(A, =A®@T®T+ A.

o The principal left hyperideal generated by A is defined by

(Ay=Te®T®A+ A.

e The principal lateral hyperideal generated by A is defined by

(A =T®AST+TRTRA®T ®T + A.

e The principal hyperideal generated by A is defined by
(A) =AT®TH+T®TRA+TRARTH+TR®T®A®T®T + A.
Definition 2.6 [26] Let (T,+,®) be a ternary hypersemiring. Then t € T is said to be idempotent if
t®t®t = {t}.
Throught this paper, T will be a ternary hypersemiring with zero.

3. Quasi-ternary hyperideal in ternary hypersemirings

Definition 3.1 An additive subsemigroup @ of a ternary hypersemiring (T,4,®) is called a quasi-
ternary hyperideal of T if Q@ T @®TN(T@®Q@T+T@®T@®Q@T®T)NTO®T®Q C Q.

Remark 3.1 o In a ternary hypersemiring (T, +, ®), the improper hyperideal T and trivial hyperideal
(0) both are quasi-ternary hyperideals of T'.

e In a ternary hypersemiring (T, 4+, ®), every quasi-ternary hyperideal is a ternary subhypersemiring

of T.
Example 3.1 (Z;,+,) is a ternary semiring. Let A = {2,3}. On Z; , ‘®’ defined as follows 21 ® 20 ® 23 =
{z1-a1-22-az- 23 :a1,a2 € A} for all 21, 29,23 € Z5 . Then (Z5 ,+,®) is a ternary hypersemiring. Let

@ ={0,—2,—-3}. Then @ is a quasi-ternary hyperideal of Z; .

Lemma 3.1 Let T be a ternary hypersemiring, then
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(a) Every left, right and lateral hyperideal of a ternary hypersemiring T is a quasi-ternary hyperideal of
T.

(b) The intersection of ternary subhypersemiring S of T and the quasi-ternary hyperideal Q of T is
either empty or a quasi-ternary hyperideal of S.

(c) The intersection of family of quasi-ternary hyperideals of a ternary hypersemiring S is either empty
or a quasi-ternary hyperideal of S.

Proof: (a) It is obvious.

(b) Let QNS is a non-empty subset of S. Now ((QNS)®@S@®S)N(S®(QNS)®S+S®S®(QNS)®
SeS)NS@®S®(QNS) C (S@sSesS)N(SesSesS+Se@sSaSasSaS)N(Se@S®sS) CS@S®S C 5. Again
(NS YesSesS)N(Se@NS)@S+S@S®(@NS)®SeS)N(SasS®(QNS)) C(ReS®S)N(Se®Q®
S+S®S®QR®S®SN(S®I®Q) C (QATH®T)N(TH®Q®T+TR®T®Q®TH®T)N(T®T®Q) C Q.
Consequently @ NS is a quasi-ternary hyperideal of S.

(c) Let {Q; : @ € I} be a family of quasi-ternary hyperideal of T. Suppose that ﬂ Q; # ¢. Then

iel
(Q)eTeTnTe(Q)eT+TeTe((|Q)eTeT)NTeTe ((|Q:)<CQeTeTn(T®
i€l iel il iel
Qi®TH+TRTR®Q,®T®T)NTRT®Q; CQ, for all i € I. Thus ﬂ Q; is a quasi-ternary hyperideal
of T. < O

Remark 3.2 Quasi-ternary hyperideals of a ternary hypersemirings (T, +, ®) may not be a right hyper-
ideal or a lateral hyperideal or a left hyperideal of T.

To justify the above remark we give the following example.

Example 3.2 Consider the semigroup (Max2(Zg ), +), where Zg is set of all non-positive integers.

Let A = {((1) 8) , (8 (1)) } Let ® be a ternary hyperoperation on (Max2(Z, ),+) defined by

a®b®c={a-i-b-j-c:i,j € A} where a,b,c € (Max2(Zy),+). Then (Max2(Zy ), +,®) is a ternary
a 0
0 0

hyperideal, but @ is not a right hyperideal, a lateral hyperideal or a left hyperideal of (Max2(Zq ), +, ®).

hypersemiring. Let Q = ) ta €Zy ¢. Then we can easily verify that @ is a quasi-ternary

Theorem 3.1 Let Q be a ternary subhypersemiring of (T,+,®). If Q is the intersection of a right
hyperideal, a lateral hyperideal and a left hyperideal, then @ is a quasi-ternary hyperideal of T .

Proof: Let @ be an additive subsemigroup of a ternary hypersemiring 7" and Q = I NJ N K, where [ is
a right hyperideal, J is a lateral hyperideal and K is a left hyperideal of T. Then by Lemma 3.1, we can
say that @ is a quasi-ternary hyperideal of 7. O

Remark 3.3 From Theorem 3.1, we can say that Q has an intersection property.

Lemma 3.2 Let (T,+,®) be a ternary hypersemiring and t be an element of T. Then the following
statements hold:

(i) T®T ®t is a left hyperideal.
(i) Tot@T+T®T®t®T ®T is a lateral hyperideal.
(iii) t® T ® T is a right hyperideal,

(iv) TeTet) N Tet®T+T@®T@®t®T®T)N(E®T ®T) is a quasi-ternary hyperideal.
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Proof: (i) SinceT®T®(T®T®t) C (T®T®T)®T®t CT®T®t, then T®T ®1 is a left hyperideal
of T

(#4) and (4i7) are similar to ().

(i) Tt follows from Theorem 3.1. O

Theorem 3.2 Let (T,+,®) be a ternary hypersemiring. An additive subsemigroup @ of ternary hyper-
semiring T is a minimal quasi-ternary hyperideal of S if and only if Q = INJNK, where I is a minimal
right hyperideal, J a minimal lateral hyperideal and K is a minimal left hyperideal of T .

Proof: Let Q = INJNK, where I is a minimal right hyperideal, J is a minimal lateral hyperideal and a
L is a minimal left hyperideal of T. Then by Theorem 3.1, we have that @ is a quasi-ternary hyperideal
of T. Now we show that @ is minimal. Suppose Q' C @ be any other quasi-ternary hyperideal of T
Then Q' ® T ® T is a right hyperideal of T and Q' ® T®T C QA®T®T CI®T ®T C I. Then we
have Q' ® T ® T = I, since I is a minimal right hyperideal of T. Again for a minimal lateral hyperideal
Jof T, weget T®Q' ®T+T®T®Q ®T ® T = J and for a minimal left hyperideal K of T we get
T®T®Q' = K. Therefore @ = INJNK = Q'@T®TN(T®Q' @®T+Te®T®Q' ®T®T)NT®T®Q' C Q'.
Thus @Q = @’ and hence the quasi-ternary hyperideal @ is minimal in 7.

For the converse, we have (Q@T ®T)N(T®QR®T+T®T®Q®T®T)N(TA&T®Q) C Q. Let
q € Q. Then by Lemma 3.2, I = q®T ® T is a right hyperideal, J = (T®¢®T+T®T@®¢®T ®T) is
a lateral hyperideal and K =T ® T ® q is a left hyperideal of T. Therefore by Theorem 3.1, INJ N K
is a quasi-ternary hyperideal of T. Now ¢ ® T® TN (T ®qR® T +T T R®qR®T®T)NT®T ® q C
QTRTNTRIQRITH+TRT®QR®T®T)NT®T ® Q C Q. By minimality of @, we obtain
TR TNTRqATH+TRIT®gRTA®T)NT®T ® q = Q. Now we show that ¢®T @ T is a right
minimal hyperideal of T, (T®¢®T+TR®T ®q®T ®T) is a lateral minimal hyperideal of T and T®T ®¢
is a left minimal hyperideal of T'. Suppose that I be any right hyperideal of 7" such that I C¢®T ®T.
Then I®TR®T CICqg®TR®T. Now I®I®TNT ®¢qAT+TRTR®¢qRT®T)NTA®T ®¢q C
qRT®TNTRgRITH+TR®TRqRT®T)NTR®T ®¢q = Q. By minimality of @ of a ternary hypersemiring
S,weobtain I®T®TNT@q®T+TR®T®¢®T®T)NTR®T ®q = Q. This implies that Q CIT®T®T.
Again @ T®T CQRQAT®TC(I®TR®T)®T®T CI®T®T. Thusq®T®T CI®T®T C I
and hence I =q¢®T ®T. Hence ¢ ® T ® T is a minimal right hyperideal of T'. Similarly we can prove
that T@®q®T+T®T®q®T ®T) and T ® T ® ¢ are minimal lateral hyperideal and minimal left
hyperideal of T respectively. O

Proposition 3.1 Let (T,+,®) be a ternary hypersemiring and I be a minimal lateral hyperideal of T.
Then I is a minimal hyperideal of T.

Proof: First of all, we show that I is both right and left hyperideal of a ternary hypersemiring T. Let
a€l. Then, T&a®T+TR®T®a®T®T is a letaral hyperideal of T and T®a®T+TR®T®a®T®T C
T®I®T+T®TR®I®T®T C I. By minimality of I in a ternary hypersemiring of T, we get I =T ®a®
THTRTR®aRTR®T. Now I®T®T = (T®a®T+T®T®a®T®T)®T®T CT®aRT+T®T®a®T®T C I
and T®TR®I=TRTR®T®a®TH+TR®T®a®T®T) CT®a®T+TR®TR®a®T®T C I.
Thus M is both right and left hyperideal of a ternary hypersemiring T. Now it remains to show that I is
a minimal hyperideal of T. If possible, let I' be any other hyperideal of T such that I' C I. Since I’ is a
hyperideal of T', then it is a lateral hyperideal also. By hypothesis, we have I' = I. Consequently I is a
minimal hyperideal of T. O

Corollary 3.1 Let (T,+,®) be a ternary hypersemiring and Q be a minimal quasi-ternary hyperideal of
T. Then Q contained in a minimal hyperideal of T .

Proof: For aright hyperideal R, a lateral hyperideal M and a left hyperideal L of a ternary hypersemiring
T, we have Q = RN M N L, by Theorem 3.2. Then @ C M. From Proposition 3.1, it follows that M is
a minimal hyperideal of S. i
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4. Quasi-ternary hyperideals and regularity of ternary hypersemiring

Definition 4.1 [26] An element t’ of a ternary hypersemiring (T, +, ®) is called reqular if t € t®T & .

Thent e t@t; ®t fort; € T(i=1,2,3,--- ).
i=1
A ternary hypersemiring (T, +,®) is called regular if each of its elements is reqular. If T is strongly
distributive ternary hypersemiring, an element t € T is regular if only if there exists a € T such that

tet®adt.

Definition 4.2 A ternary subhypersemiring B of a ternary hypersemiring (T, +, ®) is called a bi-ternary
hyperideal of T if B@ T®B®T ® B C B.

Lemma 4.1 Let (T, +,®) be a ternary hypersemiring and Q be a quasi-ternary hyperideal of T. Then
Q is a bi-ternary hyperideal of T.

Proof: Since @ is a quasi-ternary hyperideal of a ternary hypersemiring 7, then we have Q®T®Q®T ®
QCRITITRT)®T C QITRT, QITR®QRTR®Q CTR(T®T®T)®Q CTH®T®Q and QBT HQ®
T®QCTR®T®QRR®T®T. Again {0} e T®Q®T, 50 Q®TR®Q®TH®Q CTRQR®T+TR®T®QR®T®T.
Consequently, it follows that Q®@T®Q®T®Q C QAT ®TN(T®QRQIT+TRITR®QRT®T)NTH®TH®Q C Q
(since @ is a quasi-ternary hyperideal) and hence @ is a bi-ternary hyperideal of T'. O

Theorem 4.1 Let (T,+,®) be a ternary hypersemiring. Then the following statements are equivalent:
(i) T is a regular;

(ii) For any right hyperideal U, lateral hyperideal V' and left hyperideal W of T, U®V @W =UNVNW;
(iii) Each right hyperideal U, each lateral hyperideal V and each left hyperideal W of T satisfies

(o) U U®U =U;

b)) VeVeV=V;

(c) WoeWeW =W;

(d) UV ® W is a quasi-ternary hyperideal of T';

(iv) The set Q of all quasi-ternary hyperideals of T is a regular ternary hypersemigroup with respect to
ternary hyperoperation ‘®’;

(V) Q=Q®T®Qa®&T ®Q, for any quasi-ternary hyperideal Q of a ternary hypersemiring T

Proof: (i) = (ii) Let T be a regular ternary hypersemiring. Let U be a right hyperideal of T, V be a
lateral hyperideal of T' and W be a left hyperideal of T. Clearly U® V@ W CUNVNW (1). Suppose
teUNVNW CT. Now regularity of 7" implies that t € t® T ®t =t € t®T R)® (T R®L®T)® (t ®
Tet) CU®V ®W. Thus we have UNVNW CU®V ® W  (2). From (1) and (2), it follows that
Unvnw=Ue®VeaeW.

(i4) = (#i1) For (a), let U be a right hyperideal of T and (U); =U + T & T ® U be a left hyperideal
of T.By 2),U=UnN{U)mNU)y=U&®U)n® Uy CU®U®U CU. HenceU®U ®U =U.

Similarly we can prove (b) and (¢). For (d), by Theorem 3.1, U®V®W = UNV NW is a quasi-ternary
hyperideal of T'.

(7i1) = (iv). Let Q be the set of all quasi-ternary hyperideals of T. Let (@), be a right hyperideal
of S. Then by (iii)(a), Q@ C (Q)r = (Q)r ®(Q), ®(Q), CQ®T ®T. Again, if we consider (Q)., be a
lateral hyperideal and (Q); is a left hyperideal of T, then (@), =T®Q®T+T®T®Q®T ®T +(Q and
(@) =Te®T®Q + Q respectively. Then by (iii)(a), (b) we have Q CT®Q®T+TR®T® QT ®T and
Q C T®T®Q respectively. Since @ is quasi-ternary hyperideal of T', then Q C Q@®T®TN(T®Q®T+T®
TRQITR®T)NTR®T®Q C Q. Hence Q = QA T®TN(TR®QIT+TRTRQ®T®T)NTRTRQ - - (A). Let
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Q1,Q2, Q3 be three quasi-ternary hyperideals of a ternary hypersemiring T and U = Q1 ® Q2 ® Q3 ®T ®T
be right hyperideal of T, V =T ® Q1 ® Q2 ® Q3 ®T +T ®T ® Q1 ® Q2 ® Q3 ®T ® T be a lateral
hyperideal of T and W =T ® T ® Q1 ® Q2 ® Q3 be a left hyperideal of T. Then by (iii)(d), U® V @ W
is a quasi-ternary hyperideal of T. Now by (A), weget U®V@W =UeVeW)®Te®TN (T &® (U &
VeW)eT+TeTeUeVeW)eTe®T)NT®T@®UeVeaW)CUR VW CQi®Q2®Q3
(1) by using Lemma 4.1. Therefore Q1 ® Q2 ® Q3 is a quasi-ternary hyperideal of S. Obviously ® is
associative on Q. Hence Q is ternary hypersemigroup.

Again Q = Q@ Te®TN(T®QeT+Te®T®QeTeTNTeT®Q=QeTe®T® (T®Q®
T+TeT®QeTe®T)®T®T®Qby (1) CQe®T®Q. ie QCQ®T®Q. Thus Q is regular in Q.
Consequently Q is a regular ternary hypersemigroup.

(iv) = (v) For each quasi-ternary hyperideal @ of T such that @ C Q ® T ® @Q, since @ is a regular
in Q, then it implies that Q CQ®T ®Q CQ®T ®Q ®T ® ) C by Lemma 4.1.

(v) = (4) For each element ¢t € T', by Theorem 3.1, (t), N (t),, N (t); is a quasi-ternary hyperideal of T'.
Now by () £ € (£) 1 (8} 1 {Eh € (£ O (B (1 (D) 8T ® (£ 1 (Ehm 1 (800) & T @ (01 (2 1 (8)1)
B, ®T®E)m®T@® ), CtRITRLRT®LCIR®T ®E. et €t®T ®¢. Hence t € T is regular in T
Consequently T is a regular ternary hypersemiring. a

Definition 4.3 A hyperideal I of a ternary hypersemiring (R, +, ®) is called idempotent if [ ® I® T = I.

Theorem 4.2 If every quasi-ternary hyperideal Q of a ternary hypersemiring (T, +,®) is idempotent,
then T is regular.

Proof: Let U be a right hyperideal, V' be a lateral hyperideal and W be a left hyperideal of T. Then
by Lemma 3.1, U NV N W is a quasi-ternary hyperideal of T. Obviously U ® V@ W CUNVNW.
Now by hypothesis UNV NW ={UNVNW)® (UNVNIWW)eUnNVNW)CU®V ®W. Thus
UNnvnW=U®V ®W. Then by Theorem 4.1, T is a regular ternary hypersemiring. O

Lemma 4.2 Fvery lateral hyperideal M of a regular ternary hypersemiring (T, +, ®) is a regular ternary
subhypersemiring.

Proof: Each element m € M C Tisregularin T, som € m®T®m C m@(Te@m®T)®m C me®M@®m
(since M is lateral hyperideal of T and T ® m @ T C M). This follows that M is a regular ternary
subhypersemiring. O

Remark 4.1 Since every right (lateral, left) hyperideal of T is a quasi-ternary hyperideal of T, then it
follows that every right(resp. lateral, left) hyperideal of T is a bi-ternary hyperideal of S, but the converse
15 not true.

Proposition 4.1 The intersection of a bi-ternary hyperideal and a ternary subhypersemiring of a ternary
hypersemiring (S, +, ®) is again a bi-ternary hyperideal of S.

Proof: Let B be a bi-ternary hyperideal and T be a ternary subhypersemiring of ternary hypersemiring
S. Let 3=BNT. Now (BNT)®@T®(BNT)®T®(BNT)C(BNT)®S®(BNT)®S® (BNT) C
B®S®B®S®B CBand (BNT)®T®(BNT)®@T®(BNT)CTe®T®T®T)®T CT®T®T CT.
Hence B®T ®B®T ® B C B. O

Lemma 4.3 Let (T, +,®) be a ternary hypersemiring and B be a bi-ternary hyperideal of T. If T, T
are two ternary subhypersemiring of S, then B®T) ® To, 1 ® To ® B® Ty ® To and Ty ® T, ® B are
bi-ternary hyperideals of T .

Corollary 4.1 If By, By and Bs are bi-ternary hyperideals of a ternary hypersemiring (T,+,®), then
B1 ® By ® Bs is a bi-ternary hyperideal of ternary hypersemiring T'.
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Corollary 4.2 If Q1, Q2 and Q3 are quasi-ternary hyperideals of a ternary hypersemiring (T,+,®),
then Q1 ® Q2 ® Q3 is a bi-ternary hyperideal of T.

Theorem 4.3 Let (T,+,®) be a ternary hypersemiring, B be a bi-ternary hyperideal of T and B be a
bi-ternary hyperideal of B such that B® B ® B = B. Then B s a bi-ternary hyperideal of T.

Proof: We have B®T ® B ®T ® B C B, since B is a bi-ternary hyperideal of T. Again since B is a
bi-ternary hyperideal in 98, then B® B ® B® ‘B ® B C B.

Now B®T®B®T®B = (B®B®B)®T®B®T®(B®B®B) = B®B®(B®T®B®T®B)®B®B C
B®B® (BeT®B®T®B)®B®BCBe®BaB®B®B=B®B®B®B®(B®B®B) C
B® (B®B®B®B®B)®BC B®B®B = B. Hence the proof is completed. O

Proposition 4.2 Let (T,+,®) be a ternary hypersemiring and A, B, and C be ternary subhypersemir-
ings of a ternary hypersemiring T. Then B = A® B ® C is a bi-ternary hyperideal of T if at least one
of A, B and C a right, a lateral and a left hyperideal of T.

Proof: Let B = A ® B® C. Suppose that A is a left hyperideal of T. Then we get

(A9 Be(C)@aT® (A®@BaeC)®T®(A® B® ()
CTeTeleTe(TeTel)®eT®(A®B®(C)
CTeTeTl)@T®(A®Ba® ()
CTeT®A)@BaC
CAeB®C.

Hence B = A® B ® C is a bi-ternary hyperideal of T'.
Suppose that B is a left hyperideal of T. Then we get

AeBeaC)eT®(A®Ba(C)eT®(A® B® ()
CAe(TeTeT) e TeTeT)®T®(A® B® ()
CAe(TeTeT)®(A®B® ()
CAeT®A®B)®C
CA®B®C.

®
®

This shows that B = A® B ® C' is a bi-ternary hyperideal of T
Again, if C' is a left hyperideal of T', then

(A9 Be(C)@Te® (A®@BaeC)®T®(A® B® ()
CA®BaCO)®(Te®TeT)®(T®T®T)®T®T
CA®BeaC)®(T®Te®T)®T
CA®B®(Co®T®T)

CAe®B®C.

Therefore 6 = A ® B ® C' is a bi-ternary hyperideal of T
Other cases are also similar to above. O

Corollary 4.3 The ternary hyperproduct of a right hyperideal, a lateral hyperideal and a left hyperideal
of (T,+,®) 1is a bi-ternary hyperideal of T.

Corollary 4.4 Let (T,+,®) be a reqular ternary hypersemiring. Then RNMNL is bi-ternary hyperideal
of T, for any right hyperideal R, lateral hyperideal M and left hyperideal L of T
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Proof: It follows from Theorem 4.1 and Proposition 4.2. O

Proposition 4.3 Let (T,+,®) be a ternary hypersemiring and B be a ternary subhypersemiring. If B
satisfies the condition that U ® V@ W C B CUNV NW, where U is a right hyperideal, V is a lateral
hyperideal and W is a left hyperideal of T, then B is a bi-ternary hyperideal of T

Proof: It follows from B®T@B®T®BC(UNVNW)eTeUnNVNW)®T®(UNVNW)C
U (TeVeT)eWCU®VaeW CB. O

Theorem 4.4 Let (T, +,®) be a ternary hypersemiring. Then the following conditions are equivalent:
(1) T is regular;

(ii) every hyperideal I of T is an idempotent;

(iii) B@T® B®T @ B = B, for every bi-ternary hyperideal B of T;

(iv) Q®Te®Q®T ®Q = Q, for every quasi-ternary hyperideal Q of T';

Proof: (i) & (i1) Clearly I® I ® I C I. Since T is regular ternary hypersemiring, then for v € I C T
impliesthat r € 2@ T ®z Ca2® (T R®2®T)®2x CI®I®I. Thus I®I®I=1.

For the converse, let U, V', and W be a right hyperideal, a lateral hyperideal and a left hyperideal of
T respectively. Obviously U@V @W CUNVNAW. Again UNVNW =UnNVNnW)®UnNVnNW)®
UnvVvnW)CUaeVaeW. TusU®V @W =UNV NW. Therefore, by Theorem 4.1, T is a regular
ternary hypersemiring.

(1) = (4i%) Suppose S is regular ternary hypersemiring. Let B be a bi-ternary hyperideal of T. Then
B®T®B®T®BCB (1). Letbe BCT. Thenb € b@T®b CH®TRO®T®bC BAT®BR®T ® B,
that is, BCB®T®B®T ® B (2). From (1) and (2), it follows that B=B®T® B®T ® B.

(#1) = (iv) It follows from the Lemma 4.1.

(iv) = (¢) Suppose the condition (iv) holds. Let U be a right hyperideal, V' be a lateral hyperideal
and W be a left hyperideal of T. Then by Theorem 3.1, Q = U NV NW is a quasi-ternary hyperideal
of ternary hypersemiring 7. By hypothesis, Q ® T ® Q® T ® Q = Q. Now UNV NW = Q =
QATRQAT®QCU®TRVRITO®W CU®V ®W. Again, clearly U®Ve@W CUNVNW.
Therefore UNV NW =U ®V ® W. Hence by Theorem 4.1, T is a regular ternary hypersemiring. O

Theorem 4.5 Let (T,+,®) be a ternary hypersemiring and B be a ternary subhypersemiring of T. Then
B is bi-ternary hyperideal of T if and only if B=B® S ® B.

Proof: Let B be a bi-ternary hyperideal of Tand b€ B C T, thenbe b®T ®bC B®T ® B. Thus
BCB®T®DB. Again, B*T®BCB®T®B®T® B CB. Hence B=B®T ® B.
Converse is straightforward. O

Theorem 4.6 Let (T,+,®) be a reqular ternary hypersemiring. Then the notions of bi-ternary hyper-
ideals of ternary hypersemirings and quasi-ternary hyperideals of a ternary hypersemirings are equivalent.

Proof: Let B be a bi-ternary hyperideal of regular ternary hypersemiring 7. Then by Theorem 4.1,
UnVnW =U®V®W, where U, V, W are a right hyperideal, a lateral hyperideal, and a left hyperideal
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of a ternary hypersemiring 71" respectively. Now

BeTe®TNT®B®T+TeT®B®T®T)NT®T ® B
=BeTeTe®(TeBeT+TeTe®BeTe®T)®T®T ®B
CBe(Te®Te®T)®B® (T®T®T)® B+
Be(TeTeT)@T®Be®(Te®T®T)®T ® B
CB®T®B®T®B+B®T®T®B®T®T® B
CB+B®T®B
CB+B
CB

since B is bi-ternary hyperideal and using the Theorem 4.5. Consequently B is a quasi-ternary hyperideal
of T
Converse part follows from Lemma 4.1. O

Theorem 4.7 Let (T,+,®) be a regular ternary hypersemiring. If A and B are two ternary subhyper-
semirings of T and C be a bi-ternary hyperideal if T, then A® B®C, A®C®B and C ® A® B are
quasi-ternary hyperideals of a ternary hypersemiring T'.

Proof: The theorem follows from Lemma 4.3 and Theorem 4.6. O

Corollary 4.5 For any three quasi-ternary hyperideals A, B and C of a reqular teranry hypersemiring
(T,+,®), A® B® C is a quasi-ternary hyperideal of T.

Proof: Corollary follows from Corollary 4.2 and Theorem 4.7. O

In [16], Mandal et al. studied prime hyperideals in ternary hypersemiring. Now we introduce the
notions of prime and semiprime quasi-ternary hyperideals in ternary hypersemirings.

Definition 4.4 Let (T,+,®) be a ternary hypersemiring and Q be ternary subhypersemiring. Then Q
is called a prime quasi-ternary hyperideal of T if U®V @ W C Q impliesU CQ orVC Q or W C Q
for any three quasi-ternary hyperideals U,V and W of T'.

A ternary subhypersemiring Q of T is called a semiprime quasi-ternary hyperideal if A® A® A C Q
implies A C Q for any quasi-ternary hyperideal A of S.

Remark 4.2 FEvery prime quasi-ternary hyperideal of a ternary hypersemiring T is a semiprime quasi-
ternary hyperideal of T'. But the converse is not true.

Example 4.1 Let T = Msx2(Z; ) be a set all 2 x 2 matrices over Z; . Let A = { <g 8) , (é 8) } On

T, ‘+’ is a matrix addition and ‘®’ defined as follows: a®8®y = {a-a1-5-a2-v : aj,a2 € A} forall o, B,y €

T. Then (Ta,+,®) forms a ternary hypersemiring. Let Q = {(8 8) ta € 15Zg } be a semiprime

quasi-ternary hyperideal but not prime quasi-ternary hyperideal of T4, since A = { (8 8) ta €72y },

B = {(8 8) ta € BZO} and C = {(g 8) ta € 5Z0} are quasi-ternary hyperideals of S such that
A®B®CCQbut AZQ,BZ Qand C € Q.

Proposition 4.4 Let (T,+,®) be a ternary hypersemiring and t € T. The principal quasi-ternary
hyperideal generated by t is denoted by (t); = (@TA®T)N(TReRT+TA®T@®a@T@®T)N(T®T ®a)+{nt :
teT,neZf}.
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Proposition 4.5 If a ternary subhypersemiring Q of a ternary hypersemiring (T, 4, ®) is a prime quasi-
ternary hyperideal, then Q is a right hyperideal or a lateral hyperideal or a left hyperideal of T.

Proof: Let @ be a prime quasi-ternary hyperideal of a ternary hypersemiring 7. We have (Q@®T ®T) ®
(TeQ®T+THTR®QITRT)R(TO®T®Q) C (Q®TRT)INTR®QSTH+TRT®QRTST)N(T®T®Q) C Q.
Then by the hypothesis, Q ®T ®T C QorT® QAT +T®T®QR®TR®T CQorTe®T®Q C Q.
Hence @ is a right or a lateral or a left hyperideal of T. O

Proposition 4.6 A ternary subhypersemiring Q of a commutative ternary hypersemiring (T, +, ®) is a
prime quasi-ternary hyperideal of T if and only if for any z,y,z € T, c ® y ® z € Q implies x € Q or
yeQ orzeqQ.

Theorem 4.8 Let QQ be a quasi-ternary hyperideal of a ternary hypersemiring (T,+,®). Then the fol-
lowing statements are equivalent:

(i) Q is prime;

(ii) for any x,y,z € T such that (x)q ® (y)q ® (2)q C Q impliesx € Q ory € Q or z € Q.

Proof: (i) = (ii) Suppose that @ is a prime quasi-ternary hyperideal and let (z), ® (y), ® (z)4 C Q. By
Proposition 4.4, ()4, (y)q and (z), are quasi-ternary hyperideal of T'. Therefore (z), C @ or (y), € Q
or(z); CQ=>xecQoryecQorzecqQ.

(73) = (7) It is obvious. O

Theorem 4.9 Let (T,+,®) be a ternary hypersemiring. Then the following statements are equivalent:
(1) quasi-ternary hyperideals of a ternary hypersemiring T are idempotent;

(ii) For any three quasi-ternary hyperideals U,V,W of T, UNVNW CU®V @ W with UNV NW # ¢;
(iii) Foranyt €T, (t)g = (t)qg ® (t)q ® (t),-

Proof: (i) = (i7) It is obvious that U NV N W is a quasi-ternary hyperideal of a ternary hypersemiring
T. By the conjecture, UNV NW =UNVAW)@UnNVNW)e@UnNnVnNW)CUs®VeW.
(#4) = (i4i) and (4i4) = () are obvious. O

Definition 4.5 Let (T, +,®) be a ternary hypersemiring. A non-empty subset A of T is said to be
mg-system if for any a,b,c € A, ({a), ® () ® (c)g) NA# ¢

Definition 4.6 Let (T,+,®) be a ternary hypersemiring. A nonempty subset A of T' is said to be ng-
system if for any a € A, ({(a)q ® (a)q ® (a)q) NA # ¢

Theorem 4.10 Let QQ be a quasi-ternary hyperideal of a ternary hypersemiring (T, +,®). Then Q is a
prime quasi-ternary hyperideal of T if only if Q¢ (complement of Q) is an my-system.

Proof: Suppose that @ is a prime quasi-ternary hyperideal of 7. Assume that Q¢ is an mg-system, if
not, then there exist a,b,c € Q° such that ({(a)q ® (b)q ® (€)q) NQ° = ¢ = (a)q ® (b)q ® (¢)qg € Q. Then
by Theorem 4.8, a € Q or b € Q or c € (. So we arrive a contradiction. Hence Q¢ is an mg-system.
Conversely, let Q° is an my-system. Suppose (a), ® (b);® (c)y CQ #Ha€ Qorbe Q or c € Q. Then
a,b,c € Q° = (a)y ® (b)y ® (c)y N Q° # ¢, a contradiction. Hence a,b,c € Q. Then by Theorem 4.8, @ is
a prime quasi-ternary hyperideal of T O

Theorem 4.11 Let Q be a quasi-ternary hyperideal of a ternary hypersemiring (T, +,®). Then @Q is a
semiprime quasi-ternary hyperideal of T if only if Q° is an ng-system.

Proof: Parallel proof of the Theorem 4.10. O
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