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On the centralizer of a matrix and wild problem

Smail Bouarga∗ and M. E. Charkani

abstract: In this paper, we give a full description of the centralizer of a given square matrix over an
arbitrary field and use this result to solve a weaker version of the Wild Problem.
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1. Introduction

Throughout this paper, K denotes an arbitrary field, Mn(K) all n by n matrices with entries from
K. For a given n by n matrix A over K, its centralizer C(A) is the subalgebra of Mn(K) consisting of
all matrices B that commute with A. For a given n by n matrix A over K and m by m matrix over K,
the Sylvester space C(A, B) of A and B is the set of all n by m T− matrices over K such that AT = TB
(see [4]).

Many reasons lead us to study the centralizers of matrices: In representation theory, the wild problem
is the problem of classifying pairs of matrices up to simultaneous similarity[see [2], [9]]. Knowledge of the
explicit description of a matrix’s centralizer can help us solve a weaker version of the wild problem. In
another way, the centralizer C(A) is the set of solutions of the homogenous equation of

AX −XA = C (1.1)

where X ∈ Mn(K), Lastly, the representation of the centralizer of a given square matrix, C(A) of A is
closely related to the problem of representation of the Sylvester space C(A, B) which is the set of solutions
of the homogenous matrix equation

AX −XB = C (1.2)

where X ∈ Mn×m(K), that play a central role in many areas of applied mathematics and, in particular
in systems and control theory. This paper uses a type of Toeplitz matrix and results from the theory of
modules to describe the matrix’s centralizer.
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2. Preliminaries

In this section, we introduce notations and mathematical objects used in this paper.

2.1. Notations

The following notations are used throughout this paper.

K an arbitrary field.
Mn(K), the set of n by n matrices with entries from K.
Kn is identified with M(n,1)(K)
C(A), the centralize of A.
C(A, B) the set of all n by m T− matrices over K such that AT = TB.
diag(A1, A2, ..., Am), block diagonal matrix with matrices A1, A2, ..., Am on its main diagonal

blocks.
K[B], the subspace of Mn(K) spanned by all powers of B.
Comp(Q), the companion matrix of Q;
⊕r

i=1 ⊕r
j=1 C(Ai, Aj)., the direct sum of the C(Ai, Aj).∏s

i=1 C(Ai), the product of the C(Ai);

2.2. Basic results from module theory

This section includes some useful results we will use to prove our main result. Let A ∈ Mn(K) be a
no zero matrix, andMA be the K[X]-module induced by A. From the theory of finitely generated torsion
module over P.I.D (see [ [6],p 215], [ [5], §2, p. 556] and [ [1], p. 235]), we have the following Theorems:

Theorem 2.1 Let A ∈ Mn(K) be a no zero matrix, and MA be the K[X]-module induced by A then
there exists a unique sequence of polynomials q1, · · · , qr such that:

MA ≃ K[X]

(q1)
⊕ K[X]

(q2)
⊕ · · · ⊕ K[X]

(qr)

and

• qi divides qi+1, for all 1 ≤ i ≤ r − 1

• qr = mA the minimal polynomial of A and
∏r

i=1 qi = CA the characteristic polynomial of A.

The ascending sequence of polynomials q1, · · · , qr are unique up similarity and called the invariant factors
of A.

A matrix A with entries from a field K is said to be in a rational canonical form if there exists an
ordered set {f1, f2, · · · , fr} of polynomials in K[X] such that fi divides fi+1 for all i ∈ {1, · · · , r − 1}
and

A =


A1 0 · · · 0
0 A2 · · · 0
... · · · · · ·

...
0 0 · · · Ar

, where Ai is the companion matrix of fi , and each 0 is zero matrix of

appropriate order.

Theorem 2.2 (Rational canonical form) Every square matrix with entries in a field K is similar to
a unique matrix in rational canonical form.
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2.3. The mth-Toeplitz matrix, m ∈ N∗

Definition 2.1 A square matrix of order n is called Upper Toeplitz if it is of the form.
a1 a2 · · · an−1 an
0 a1 a2 an−1

...
. . .

. . .
. . .

...
· · · a1 a2

0 · · · 0 0 a1


n×n

Definition 2.2 Let A ∈ Mn(K), u ∈ Kn and m ∈ N∗. The n × m rectangular matrix u ⊛m A whose
columns correspond to u,Au, · · · , , Am−1u is called the mth Toeplitz matrix associeted to A and u. That
is u⊛m A := [u|Au| · · ·|Am−1u].

Proposition 2.1 If Nn is the n×n basic nilpotent Jordan matrix( see[ [7],p.38]) then u⊛nN
⊤
n is similar

to the usual upper Toeplitz matrix.

Proof: Let u =


a1
a2
...
an

 and Nn =


0 1 · · · 0 0
0 0 1 0
...

. . .
. . .

. . .
...

· · · 0 1
0 · · · 0 0 0


n×n

Then N⊤
n =



0 0 0 . . . 0

1 0 0 . . .
...

0 1 0 . . . 0
...

. . .
. . .

. . .
...

0 0 0 1 0


and by straightforward calculations we get

u⊛n N
⊤
n =


a1 0 0 · · · 0
a2 a1 0 · · · 0
a3 a2 a1 · · · 0
...

. . .
. . .

. . .

an an−1 · · · a2 a1


n×n

which is similar to


a1 a2 · · · an−1 an
0 a1 a2 an−1

...
. . .

. . .
. . .

...
· · · a1 a2

0 · · · 0 0 a1


n×n

as it is its transpose. 2

Theorem 2.3 Let A ∈ Mn(K). If A is a companion matrix then u⊛nA is a polynomial in A for every
u ∈ Kn.

To prove the above Theorem, we need the following Lemma

Lemma 2.1 ( [1],Proposition 4.41,p 237) Let A ∈Mn(K) be a companion matrix, and let T : Kn →
Kn be defined by multiplication by A, i.e., T (v) = Av where Kn is identified with Mn,1(K). Then there
exists a vector e ∈ Kn such that B = (e, Te, · · · , Tn−1e) is an ordered basis of Kn.
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Proof of the Theorem Let A ∈ Mn(K) . If A ∈ Mn(K) is a companion matrix, by Lemma 2.1
there exists a linear transformation T : Kn → Kn and e ∈ Kn such that the matrix [f ]B = A where
B = (e1, · · · , en) is an ordered basis of V such that ei = Tn−i(e), forall 1 ≤ i ≤ n.
Let u =

∑n
i=1 aiei ∈ Kn, then u =

∑n
i=1 aiT

n−i(e), so u = P (T )(e) where P =
∑n

i=1 aiX
n−i.

Let T ′ : Kn → Kn be the linear transformation defined by T ′(ei) = Tn−i(u), for all 1 ≤ i ≤ n.
Notice that u⊛n A = [T ′]B.

Claim 1 T ′ = P (T ).

Indeed, for all 1 ≤ i ≤ n we have

T ′(ei) = Tn−i(u)

= Tn−i(P (T )(e))

= P (T )(Tn−i(e))

= P (T )(ei)

Hence u⊛n A = P (A).

Let V be a K-vector subspace of the vector space Kn and A ∈ Mn(K). Let V ⊛m A be the set of all
mth Toeplitz matrices i.e., V ⊛m A := {u⊛m A ∈ M(n,m)(K) |u ∈ V }.

3. Main Results

Theorem 3.1 Let A ∈ Mn(K) and B ∈ Mm(K). If B = Comp(Q) where Q ∈ K[X] is a monic
polynomial, then

C(A, B) = Ker(Q(A))⊛m A

In other words M ∈ C(A, B) if and only if there exists u ∈ Ker(Q(A)) such that M = u⊛m A.

Theorem 3.2 Let A ∈ Mn(K) be a nonzero matrix and q1, · · · , qr its invariant factors. Set Ai =
Comp(qi) and di = degqi for 1 ≤ i ≤ r.
Then

C(A) ≃ ⊕r
i=1 ⊕r

j=1 C(Ai, Aj).

where

C(Ai, Aj) =

{
Kerqj(Ai)⊛dj Ai if i ̸= j

K[Ai] if i = j

To prove Theorem 3.1 and Theorem3.2 we need the following Lemmas:

Lemma 3.1 Let A ∈ Mn(K) and B ∈ Mm(K). If B = Comp(Q) where Q ∈ K[X] is a monic
polynomial, then

Ker(Q(A))⊛m A ⊆ C(A, B)

Proof: Set B = Comp(Q) where Q = Xm +
∑m

i=1 ai−1X
i−1 and V = Km, then there exists an ordered

basis B1 = (e1, · · · , em) of V and a linear transformation f : V → V such{
f(ei) = ei+1 if i < m
f(em) = −

∑m
j=1 aj−1ej

SetW = Kn, there exists an ordered basis B2 ofW and a linear transformation g :W →W such that
the matrix [g]B2

= A. Let u ∈ V and define the linear transformation h :W → V by h(ei) = gi−1(u), for
1 ≤ i ≤ m. Notice that the matrix [h]B1,B2

= u⊛m A, hence

u⊛m A ∈ C(A, B) if and only if g ◦ h = h ◦ f.



Centralizer of a matrix and wild problem 5

Claim 2
g ◦ h = h ◦ f if u ∈ Ker(Q(g)).

Indeed for all 1 ≤ i < m,

(g ◦ h)(ei) = g(gi−1(u))

= gi(u)

= h(ei+1)

= (h ◦ f)(ei)

For i = m,

(g ◦ h)(em) = g(gm−1(u))

= gm(u)

As f(em) = −
∑m

i=1 ai−1ei then

(h ◦ f)(em) = −
m∑
i=1

ai−1h(ei)

= −
m∑
i=1

ai−1g
i−1(u)

So if u ∈ Ker(Q(A)) i.e., u ∈ Ker(Q(g)) then gm(u) +
∑m

i=1 ai−1g
i−1(u) = 0 i.e.,

gm(u) = −
∑m

i=1 ai−1g
i−1(u) and hence (g ◦ h)(em) = (h ◦ f)(em).

In conclusion if u ∈ Ker(Q(A)) then g ◦ h = h ◦ f i.e., u⊛m A ∈ C(A, B). 2

Lemma 3.2 Let A ∈ Mn(K) and B ∈ Mm(K) be nonzero matrices. If B = Comp(Q) where Q ∈ K[X]
is a monic polynomial Then

dimKC(A, B) =

r∑
i=1

deg (gcd(qi, Q))

. where q1, · · · , qr are the invariant factors of A.

Proof: From [ [1], Theorem 5.15, p. 336]

dimK C(A, B) =
∑
i, j

deg ( gcd( qi(A), qj(B)))

where and qi(A) (resp. qi(B)) are the invariant factors of A (resp. of B). In particular, when B =
Comp(Q), it has a unique invariant factor, namely .Q 2

Lemma 3.3 [see [3]] Let A ∈ Mn(K) be a non zero matrix and q1, · · · , qr its invariant factors. Then

dimK(KerP (A)) =

r∑
i=1

deg (gcd(P, qi))

for any P ∈ K[X].

Lemma 3.4 Let A ∈ Mn(K) and V a subspace of Kn. Then V ⊛m A is a vector subspace of the K
vector spaceM(n,m)(K) and

dimK(V ⊛m A) = dimKV

.
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Proof: The map ψ : V → V ⊛m A, u 7→ u⊛m A is a one to one linear transformation. 2

Lemma 3.5 Let A ∈ Mn(K) and B ∈ Mm(K). If P ∈ Mn(K) and Q ∈ Mm(K) are two invertible
matrices such that A′ = PAP−1 and B′ = QBQ−1. Then C(A, B) ≃ C(A′, B′).

Proof: Indeed, If A′ = PAP−1 , B′ = QBQ−1 and M ∈ C(A, B), we have

T ∈ C(A, B) iff AM =MB

iff PAM = PMB

iff PAMQ−1 = PMBQ−1

iff PAP−1PMQ−1 = PMQ−1QBQ−1

iff A′M ′ =M ′B′

iffM ′ ∈ C(A′, B′).

with M ′ = PMQ−1. Let ϕP,Q−1 : C(A, B) → C(A′, B′), such that ϕP,Q−1(M) = M ′. We see that
ϕPQ−1 is linear and that

ϕP−1,Q ◦ ϕP,Q−1 = id

and
ϕP,Q−1 ◦ ϕP−1,Q = id.

So ϕP,Q−1 is an isomorphism. This shows that C(A, B) ≃ C(A′, B′). 2

Lemma 3.6 Let A ∈ Mn(K) and B ∈ Mn(K). If A and B are similar such that A = P−1BP , then

C(A) = P−1C(B)P

Proof: Consequence of Lemma 3.5. 2

Lemma 3.7 Let A ∈ Mn(K). If A is a block diagonal matrix i.e., A = diag(A1, A2, ..., Am) where Ai

are ni × ni square matrices such that n1 + · · ·+ nr = n. Then the centralizer of the matrix A is

C(A) ≃ ⊕r
i=1 ⊕r

j=1 C(Ai, Aj).

Proof: Let T ∈ Mn(K) . Write T = (Tij) as a r × r block matrix with the same block structure as
A. If T ∈ C(A) then AiTij = TijAj hence Tij ∈ C(Ai, Aj). Conversely if T = (Tij) with Tij ∈ C(Ai, Aj).
Then AT = (AiTij) and TA = (AjTij) , since Tij ∈ C(Ai, Aj) then T ∈ C(A) . 2

Proof of Theorem2.3
By Lemma 3.2, Lemma 3.1, Lemma 3.3 and Lemma 3.4 we get the desired result.

Proof of Theorem3.1
Indeed, by theorem 2.1 A is similar to a diagonal matrix diag(Comp(q1), · · · , Comp(qr)) and by Lemma
3.1 we have C(A) ≃ ⊕r

i=1 ⊕r
j=1 C(Ai, Aj). where Ai = Comp(qi). Hence C(Ai, Ai) = C(Ai) = K[Ai] if

i = j. If i ̸= j and by applying the Lemma 2.1 we get C(Ai, Aj) = Kerqj(Ai)⊛dj
Ai .

Corollary 3.1 Let Nn (resp.Nm) be the n× n (resp.m×m) the basic nilpotent Jordan matrix.

• If n ≤ m then

C(Nn, Nm) ≃
{
X ∈ M(n,m)(K) | X =

[
Tn×n 0n×(m−n)

]}
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• If m ≤ n then

C(Nn, Nm) ≃
{
X ∈ M(n,m)(K) | X =

[
0(n−m)×m

Tm×m

]}
Where Ts×s, for a natural number s, is an upper Toeplitz matrix of order s, over the field K.

Proof:
As Nn is similar to N⊤

n and Nm is similar to N⊤
m then

C(Nn, Nm) ≃ C(N⊤
n , N

⊤
m) and since N⊤

m = Comp(Xm) then

C(N⊤
n , N

⊤
m) = C(N⊤

n , Comp(X
m))

= Ker((N⊤
n )m)⊛m N⊤

n (by Theorem3.1)

Hence,

• If n ≤ m then (N⊤
n )m = 0n then Ker((N⊤

n )m) = Kn hence,

C(N⊤
n , N

⊤
m) = Kn ⊛m N⊤

n

=
{
X ∈ M(n,m)(K) | X =

[
Tn×n 0n×(m−n)

]}
• If m ≤ n then by Lemma 3.4

dimKKer((N
⊤
n )m) = deg(gcd(Xn, Xm))

= deg(Xm)

= m

So Ker((N⊤
n )m) ≃ Km hence,

C(N⊤
n , N

⊤
m) ≃ Km ⊛m N⊤

n

=

{
X ∈ M(n,m)(K) | X =

[
0(n−m)×m

Tm×m

]}
Where Ts×s, for a natural number s, is an upper Toeplitz matrix of order s, over the field K.

2

The Corollary 3.1 confirms the P. Singla result in [ [8],lemma 2.2.3,p13].

Corollary 3.2 C(Nn) ≃ {X ∈ Mn(K) | X = Tn×n} Where Tn×n is an upper Toeplitz Matrix of order
n, over the field K.

4. Applications

4.1. Computational example

Let A =

 1 1 3
1 1 −3
−1 1 5

 and K = R. The invariant factors of A are q1 = X − 2 and q2 =

X2 − 5X + 6. Set A1 = Comp(q1) = [2] and A2 = Comp(q2) =

[
0 −6
1 5

]
Then A is similar to the

matrix B =

 2 0 0
0 0 −6
0 1 5

 Hence,

C(A) ≃ C(B)

=

{[
T11 T12
T21 T22

]
| Tij ∈ C(Ai, Aj)

}
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C(A1, A1) = R[A1]

= {f(A1) | f ∈ R[X],with degree(f) < 1 |}
= {[a] | a ∈ R}

C(A1, A2) = Kerq2(A1)⊛2 A1

= {[u,A1]u | u ∈ Kerq2(A1)}
= {[α, 2α] | α ∈ R} Since

q2(A1) = [0] and Ker(q2(A1)) = R

C(A2, A1) = Kerq1(A2)⊛1 A2

=

{
[u] | u ∈ span

([
−3
1

])}
=

{[
−3β
β

]
| β ∈ R

} q1(A2) =

[
−2 −6
1 3

]
and Ker(q1(A2)) = span

([
−3
1

])

C(A2, A2) = R[A2]

= {f(A2) | f ∈ R[X],with degree(f) < 2}
= {bA2 + cI2 | b, c ∈ R}

=

{[
c −6b
b 5b+ c

]
| a, b ∈ R

} Hence

C(B) =


 a α 2α

−3β c −6b
β b 5b+ c

 | a, b, c, α, β ∈ R


we have A = P−1BP where P =

 1 0 −1
1 0 0
−1
6

−1
6

−1
2

, then by Lemma3.6

C(A) = P−1C(B)P

C(A) =

P−1

 a α 2α
−3β c −6b
β b 5b+ c

P | a, b, c, α, β ∈ R


=


 b+ c− 3β b 3b+ 3β

3a− 5b− 3c+ 2α+ 6β b+ c− α −3a+ 3b+ 3c− 3α− 6β
−3a+3b+3c−2α−9β

3
3b+α

3 a+ 3b+ α+ 3β

 | a, b, c, α, β ∈ R


One can check that

AC = CA

=

 −b+ c− 6β 5b+ c 15b+ 3c+ 6β
6a−7b−5c+4α+12β −b+ c− 2α −6a− 3b+ 3c− 6α− 12β
−6a−3b+3c−4α−18β

3
15b+3c+2α

3 2a+ 15b+ 3c+ 2α+ 6β



where C =

 b+ c− 3β b 3b+ 3β
3a− 5b− 3c+ 2α+ 6β b+ c− α −3a+ 3b+ 3c− 3α− 6β
−3a+3b+3c−2α−9β

3
3b+α

3 a+ 3b+ α+ 3β


4.2. The wild problem

In linear algebra and representation theory, a problem is wild if it involves the problem of classifying
pairs of square matrices up to simultaneous similarity.

Definition 4.1 Two pairs (A1, A2) and (B1, B2) of matrices of Mn(K) are said to be simultaneously
similar when there exists P ∈ GLn(K) such that

PA1P
−1 = B1 and PA2P

−1 = B2
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Lemma 4.1 Let A,B ∈ Mn(K) such that PAP−1 = B, P ∈ GLn(K) . Then ∀P1 ∈ GLn(K)

P1AP
−1
1 = B if and only if P1 ∈ PC(A)

.

Proof: If PAP−1 = B then ∀P1 ∈ GLn(K)

P1AP
−1
1 = B if and only if P1A = BP1

if and only if P1A = PAP−1P1

if and only if (P−1P1)A = A(P−1P1)

if and only if P−1P1 ∈ C(A)
if and only if P1 ∈ PC(A)

2

Proposition 4.1 Let (A1, A2) and (B1, B2) be two pairsof matrices of Mn(K). If PA1P
−1 = B1 and

QA2Q
−1 = B2 where P,Q ∈ GLn(K) Then (A1, A2) and (B1, B2) are simultaneously similar if and only

if
PC(A1) ∩QC(A2) ̸= ∅

.

Proof: A consequence of the lemma above. 2

Remark 4.1 As PC(A1) and QC(A2) are k−vector spaces, Then, the problem of simultaneous simi-
larity is reduced to determine if the intersection of two vector spaces is empty or not.

5. Conclusion

In this paper, we propose a method for computing the centralizer of a given matrix over a field K.
This method is based on the invariant factors of the matrix and mth-Toeplitz matrices, where m ∈ N∗.
Additionally, we provide a weak solution to the wild similarity problem.
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