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Fuzzy Two Point Boundary Value Problem with Linear System

Tahir Ceylan

abstract: In this manuscript we present two different methods of solving second order linear differential
equation that has fuzzy boundary conditions. First, by taking each fuzzy boundary point of the fuzzy boundary
value problem (FBVP) as the fuzzy initial point, we will obtain two separate fuzzy initial value problems
(FIVPs). Second, we solve each of these FIVPs using the system of differential equations. We provide fuzzy
solutions for this system based on an extension of the classical solution via Zadeh’s extension principle. We
present an example in order to compare the proposed solution.

Key Words: linear system, fuzzy boundary value problem, fuzzy eigenfunction, Zadeh’s extension
principle.
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1. Introduction

In this paper we consider the fuzzy two point boundary value problem (FTPBVP)

L = − d2

dx2

Lû = λû, t ∈ [a, b] (1.1)

which satisfies the conditions

â1û (a) = â2û
′ (a) (1.2)

b̂1û (b) = b̂2û
′ (b) (1.3)

where â1, â2, b̂1, b̂2 non-negative triangular fuzzy numbers, λ > 0, at least one of the numbers â1 and â2
and at least one of the numbers b̂1 and b̂2 are nonzero.

Initial value problems (IVPs) and boundary value problems (BVPs) are two well-known classes of
ordinary differential equations [7]. IVPs and BVPs are used as mathematical tools to describe phenomena
in several areas of science, such as engineering, physics, medicine etc [5,9,11]. Since some parameters
of these problems can be uncertain, many researchers have studied IVPs and BVPs where one or more
parameters and/or state variables are given by fuzzy numbers. These problems are called fuzzy Initial
value problems (FIVPs) and boundary value problems (FBVPs) [4,6,17,20,21]. Several methods can
be employed to solve these problems [1,10,26,13,14] and the solutions can based on Zadeh’s extension
principle [25].
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The studies of FTPBVP have been made with the Hukuhara derivative [2,12,15] and generalized
Hukuhara derivative [8]. But in some cases the fuzzy solutions with Hukuhara derivative suffer from the
defect of having solutions with increasing diameters over time. This means that as time passes, the more
fuzzy (uncertain) the process becomes [3,16] and the fuzzy solutions with generalized Hukuhara derivative
have some not interval solutions which are associated with the existence of switch points [22]. For this
reason, the solution method for this problem has been carried out under limited conditions and limited
domain.

The present work focuses on a system of differential equations that describes the problem. More
precisely we consider a system of ordinary second order differential equation with initial conditions given
by fuzzy numbers. Here, the initial conditions are obtained from the boundary conditions in this (1.1)-
(1.3) problem with the help of Titchmarsh’s method [23].

This paper is divided as follows. In Section 2 we recall some basic concepts regarding fuzzy set theory
and classic solution to the problem. In Section 3 we provide fuzzy solutions for FTPBVP given by second
order linear system and in Section 4 we present an example of an FTPBVP in order to illustrate the
main contributions of this study.

2. Preliminaries

2.1. Solution for a crisp boundary value problem

Let’ s consider the fuzzy problem (1.1)-(1.3) as the crisp problem. Then we shall make use of solutions
of (1.1) defined by initial conditions instead of boundary conditions in a manner similar to Titchmarsh
[23].

We define two solutions Φλ (t) and Ψλ (t) of the equation (1.1) as follows. Let Φλ (t) = Φ (t, λ) be the
solution of equation (1.1) on [a, b], which satisfies the initial conditions(

u (a)

u′ (a)

)
=

(
a2
a1

)
(2.1)

and Ψλ (t) = Ψ (t, λ) be the solution of equation (1.1) on [a, b], which satisfies the initial conditions(
u (b)

u′ (b)

)
=

(
b2
b1

)
. (2.2)

For each fixed t these functions and derivatives are entire in λ.
These two solutions Φλ (t) and Ψλ (t) of the equation (1.1) are obtained by using the solution method-

ology of Systems Of Differential Equations .
Based on classical differential equations theory, a second-order linear and homogeneous system can be

transformed into a set of two first-order linear equations, using appropriated state variable substitutions.
Thus, this type of linear system can be represented in matrix form using the substitution u1 = u (t),
u2 = u′ (t) given by [19]

u′ (t) = Ku (t) (2.3)

where u = [u1 u2]
T
, u′ = [u′

1 u′
2]

T
and K is a 2× 2 matrix which includes all of the constant values λ.

The general solution of the system 2.3 is given by [19]

u (t) = c1u1 (t) + c2u2 (t)

for all t ∈ [t0, T ], where u1, u2 are two linearly independent vectorial solutions of the system 2.3 and c1,
c2 are real constants. Let v1,2 = a± ib be the eigenvectors associated with the eigenvalues r1,2 = α± iβ
of the real matrix K . Thus the independent solutions u1, u2 are give as follows:

u1 (t) = eαt cos (βt) a− eαt sin (βt) b (2.4)

u2 (t) = eαt sin (βt) a+ eαt cos (βt) b

where r1 = a+ iβ, r2 = a− iβ. Therefore the general solution is given by

u (t) = U (t) c (2.5)
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for all t ∈ [t0, T ], where c = [c1 c2] and U (t) = [u1 (t) u2 (t)] which is called as fundamental matrix.
Considering the initial condition u(t0) = u0, for the system of (2.3), we have an IVP. If the matrix
U (t0) = M is non-singular [24] then the constant vector c can be uniquely determined as follows

c = U(t0)
−1u0 = M−1u0.

Therefore, we can rewrite the general solution (2.5), in terms of the initial conditions

u(t) = U(t)M−1u0 (2.6)

Finally we recall that the required solution is obtained in the first line of the vectorial solution u(t),
respectively.

So the solutions Φλ (t) and Ψλ (t) obtained from the above solution method put

W (λ) = Φλ (t)Ψ
′
λ (t)− Φ′

λ (t)Ψλ (t) (2.7)

which is independent of x ∈ [a, b].

Lemma 2.1 If λ = λ0 is an eigenvalue, then Φ (t, λ0) and Ψ(t, λ0) are linearly independent and eigen-
functions corresponding to this eigenvalue [23].

Theorem 2.1 The eigenvalues of the problem (1.1)-(1.3) are the zeros of the function W (λ) [23].

In section 3, we will use in a manner similar method of Titchmarsh to define a fuzzy solution for
second order two point boundary values problems with fuzzy boundary values.

Before we introduce our approach to solve a FBVP, it is necessary first to review some concepts of
fuzzy sets theory.

2.2. Basic concepts of fuzzy sets

Definition 2.1 Let E be a universal set. A fuzzy subset Â of E is given by its membership function
µÂ : E → [0, 1], where µÂ (t) represents the degree to which t ∈ E belongs to Â. We denote the class of
the fuzzy subsets of E by the symbol F (E) [20].

Definition 2.2 The α− level of a fuzzy set Â ⊆ E, denoted by
[
Â
]α

, is defined as

[
Â
]α

=
{
x ∈ E : Â (t) ≥ α

}
,

for all α ∈ (0, 1]. If E is also topological space, then the 0− level is defined as the closure of the support

of Â ,that is,
[
Â
]0

=
{
x ∈ E : Â (t) > 0

}
. The 1− level of a fuzzy subset Â is also called as core of Â

and denoted by
[
Â
]1

= core
(
Â
)

[18].

Definition 2.3 A fuzzy subset û on R is called a fuzzy real number (fuzzy interval), whose α− cut set is
denoted by [û]

α
, i.e., [û]

α
= {x : û (t) ≥ 0}, if it satisfies two axioms:

i. There exists r ∈ R such that û (r) = 1 ,

ii. For all 0 < α ≤ 1 , there exist real numbers −∞ < u−
α ≤ u+

α < +∞ such that [û]
α
is equal to the

closed interval [u−
α , u

+
α ] [21].

The set of all fuzzy real numbers (fuzzy intervals) is denoted by RF .FK (R) , the family of fuzzy sets
of R whose α− cuts are nonempty compact convex subsets of R. If û ∈ RF and û (t) whenever t < 0,
then û = 0 is called a non-negative fuzzy real number and R+

F denotes the set of all non-negative fuzzy
real numbers. For all û ∈ R+

F and each α ∈ (0, 1], real number u−
α is positive.
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Definition 2.4 An arbitrary fuzzy number û in the parametric form is represented by an ordered pair of
functions [u−

α , u
+
α ], 0 ≤ α ≤ 1, which satisfy the following requirements

i. u−
α is bounded non-decreasing left continuous function on (0, 1] and right- continuous for α = 0 ,

ii. u+
α is bounded non- increasing left continuous function on (0, 1] and right- continuous for α = 0 ,

iii. u−
α ≤ u+

α , 0 < α ≤ 1 [1].

Definition 2.5 A fuzzy number Â is said to be triangular if the parametric representation of its α− level

is of the form
[
Â
]α

= [(a2 − a1)α+ a1, a3 − (a3 − a2)α], for all α ∈ [0, 1] , where
[
Â
]0

= [a1, a3] and

core
(
Â
)
= a2 . A triangular fuzzy number is denoted by the triple (a1, a2, a3) [16].

The Zadeh’s extension principle is a mathematical method to extend classical functions to deal with
fuzzy sets as input arguments [25] . For multiple fuzzy variables as arguments, the Zadeh’s extension
principle is defined as follows.

Definition 2.6 Let f : X1×···×Xn → Z a classical function and let Ai ∈F (Xi), for i = 1, ..., n. The

Zadeh’s extension f̂ of f , applied to (A1, ..., An), is the fuzzy set f̂ (A1, ..., An) of Z, whose membership
function is defined by

f̂(A1, ..., An)(z) = sup
(x1,...,xn)∈f−1(z)

min{A1(x1), ..., An(xn)},

where f−1(z) = {(x1, ..., xn) ∈ X1 × ··· ×Xn : f(x1, ..., xn) = z}.

We can apply the Zadeh’s extension principle to define the standard arithmetic for fuzzy numbers
[25]. Let [û]α = [u−

α , u
+
α ] and [v̂]α = [v−α , v

+
α ]. For all α ∈ [0, 1] and λ ∈ R , we have

[û⊕ v̂]α = [û]α + [v̂]α = {x+ y : x ∈ [û]α, y ∈ [v̂]α},
[λ⊙ û]α = λ⊙ [û]α = {λx : x ∈ [û]α}.

3. Solution Method of the FTPBVP

In this section we concern with how to solve the FTPBVP. To do this firstly we get two FIVPs using
(1.2) and (1.3) fuzzy boundary conditions from method of Titchmarsh [23]. Then we solve this two
FIVPs from method of Systems of ordinary differential equations. Here λ is crisp number and λ = p2,
p > 0.

We consider two FIVPs involving a crisp differential equation but with fuzzy initial values: u′′ + λu = 0
u (a) = â2
u′ (a) = â1

(3.1)

and 
u′′ + λu = 0

u (b) = b̂2
u′ (b) = b̂1

(3.2)

where â1 = (a0, a1, a2), â2 = (a1, a2, a3), b̂1 = (b0, b1, b2) ,̂b2 = (b1, b2, b3).

We define two solutions Φ̂λ (t) = Φ̂ (t, λ) and Ψ̂λ (t) = Ψ̂ (t, λ) of the FIVPs (3.1) and (3.2), re-
spectively. To get these solutions, we solve this problems separately via linear system that represent
fuzzy problems. Here, it is important to recall that we have assumed that the initial conditions may be
uncertain to provide a more realistic representation of the problem. So we consider the following FIVP{

u′ (t) = Ku (t)
u (0) = û0

(3.3)

where û0 = [u0 u1]
T
is the vector of initial fuzzy conditions.
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Let Φ (t, λ) and Ψ (t, λ) be the reel solution of the associated IVP, given in (2.4), where Φ0, Ψ0 is the
initial condition. Firstly,we obtain the solution Φ (t, λ). Then we obtain Ψ (t, λ) by similar methods. Let
U be an open set in R2 such that there exists a solution Φ (.,Φ0) of (3.3) with Φ0 ∈ U in the interval
[t0, T ], and for all t ∈ [t0, T ], Φ (t, .) is continuous on U [27]. For each t, let be the operator St : U → R2

given by St (Φ0) = Φ (t,Φ0) and let J Zadeh’s extension principle of â2, â1 ∈ RF . Then we obtain the
following solution called the Zadeh’s fuzzy solution [27]

Φ̂ (t) = (St)(J)

(
Φ̂0

)
,

= n1 (t) â1 + n2 (t) â2 (3.4)

for all t ∈ [t0, T ] and N (t) = Φ (t)M−1 = [n1 (t) n2 (t)] where n1 (t), n2 (t) are column vectors of the
matrix N (t).

From the above theory, the second order ODE in (3.1) can be rewritten in matrix form using the
substitution Φ1 = Φ(t) and Φ2 = Φ′ (t) which gives(

Φ′
1

Φ′
2

)
=

(
0 1
−λ 0

)(
Φ1

Φ2

)
(3.5)

The independent vector solutions of (3.5) are also established from (2.4) with the eigenvalues λ1,2 =

±
√
λ and their associated eigenvectors u1,2 = ±i

[
0

√
λ
]T

. Then, the fundamental matrix of the system

given by (3.5) is

Φ̂ (t) =

(
cos(

√
λt) sin(

√
λt)

−
√
λ sin(

√
λt)

√
λ cos(

√
λt)

)
. (3.6)

Now let us consider t0 = a and the fuzzy initial conditions given by the fuzzy numbers u(a) = â2 =

(a1; a2; a3) and u′(a) = â1 = (a0; a1; a2) .Then using (3.6), the fuzzy solution Φ̂ (t) is obtained from (3.4)
such that

Φ̂λ (t) = n1 (t) â2 + n2 (t) â1 = cos (pt) â2 +
1

p
sin (pt) â1. (3.7)

Similarly we find Ψ̂ (t) such that

Ψ̂λ (x) = cos (pt− pb) b̂2 +
1

p
sin (pt− pb) b̂1. (3.8)

Then (3.7) and (3.8) have a unique solution Φ̂λ (t) and Ψ̂λ (t) respectively from [23].
So, putting (3.7) and (3.8) solutions the above equation in (2.3) ,we get crisp Wronskian function as

W (λ) =

(
a2b2p+

a1b1
p

)
sin (pb) + (a1b2 − a2b1) cos (pb) . (3.9)

Definition 3.1 The values of the parameter λ are called the eigenvalues of (1.1)-(1.3) if the equation
(1.1) has the nontrivial solutions satisfying (1.2-1.3). These corresponding solutions are called fuzzy
eigenfunctions of (1.1)-(1.3) fuzzy problem [12].

Theorem 3.1 The roots of equation (3.9) coincide with the eigenvalues of the fuzzy boundary value
problem (1.1)-(1.3) [12].

4. Example

Consider the two point fuzzy boundary value problem

−û′′ = λû (4.1)

2̂û (0) = 1̂û′ (0) (4.2)
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4̂û (1) = 3̂û′ (1) (4.3)

where 1̂ = (0, 1, 2), 2̂ = (1, 2, 3), 3̂ = (2, 3, 4), 4̂ = (3, 4, 5), and λ = p2, p > 0.
From (4.1)-(4.3) problem, we get two FIVPs involving a crisp differential equation (4.1) but with

fuzzy initial values as follows:

Φ′′ + p2Φ = 0, Φ (0) = 1̂, Φ′ (0) = 2̂ (4.4)

and
Ψ′′ + p2Ψ = 0, Ψ(1) = 3̂, Ψ′ (1) = 4̂ (4.5)

From the theory described in Section 3, the second order ODE in (4.1) can be rewritten in matrix
form using the substitution Φ1 = Φ(t) and Φ2 = Φ′ (t) which gives(

Φ′
1

Φ′
2

)
=

(
0 1
−λ 0

)(
Φ1

Φ2

)
. (4.6)

The independent vector solutions of (4.6) are also established from (2.4) with the eigenvalues λ1,2 =

±
√
λ and their associated eigenvectors u1,2 = ±i

[
0

√
λ
]T

. Then, the fundamental matrix of the system

given by (4.6) is

(Φ (t)) =

(
cos(

√
λt) sin(

√
λt)

−
√
λ sin(

√
λt)

√
λ cos(

√
λt)

)
. (4.7)

Now let us consider t0 = 0 and the fuzzy initial conditions given by the fuzzy numbers Φ(0) = 1̂ =

(0; 1; 2) , and Φ′(0) = 2̂ = (1; 2; 3) .Then using (4.7), the fuzzy solution Φ̂ (t) is obtained from (3.4) such
that

Φ̂λ (t) = n1 (x) â2 + n2 (x) â1 = cos (pt) â2 +
1

p
sin (pt) â1. (4.8)

Similarly we find Ψ̂ (t) such that

Ψ̂λ (t) = cos (pt− pb) b̂2 +
1

p
sin (pt− pb) b̂1. (4.9)

Then putting the solutions (4.8) and (4.9) the above equation (2.3), we get Wronskian function as

W (λ) =

(
3p+

8

p

)
sin (p) + (6− 4) cos (p) . (4.10)

From Theorem 2.1, equation (4.1-4.3) has a nontrivial solution if and only if W (λ) = 0.
For the purposes of this example we found the first four numerically and then we will use the approxi-

mation of the remaining eigenvalues. We can see from Figure 1 that the graphs intersect at infinitely many
points pn ≈ nπ (n = 1, 2, 3...), where the error in this approximation approaches zero as n→ ∞. Given
this estimate, we can use Matlab program to compute pn more accurately. Those values are given Table 1.

Table 1: Eigenvalues of the fuzzy problem
pn λn

n = 1 2.9709 8.8262
n = 2 6.1827 38.2257
n = 3 9.3557 87.5291
n = 4 12.514 156.6

n ≈ nπ (nπ)
2

From the equations (4.8) and (4.9)

Φ̂λn
(x) = cos (pnx) (0, 1, 2) +

1

pn
sin (pnx) (4.11)
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Figure 1: The function W (λ) =
(
3p+ 8

p

)
sin (p) + (4− 6) cos (p)

and

Ψ̂λn
(x) = cos (pnx− pnb) (2, 3, 4) +

1

p
sin (pnx− pnb) (4.12)

are fuzzy eigenfunctions associated with λn.
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0

1
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3

 Φ
 

Figure 2: The fuzzy solution Φ̂λ1
(x) for Example. The dashed black line represents the crisp solution.

The black lines represents the upper and lower boundaries of the band

In particular, we select p1 = 2.9709 in Table 1. If we substitute this value respectively in (4.11) and
(4.12), we have the following equations and figures.

Φ̂λ1 (x) = cos (2.9709x) (0, 1, 2) +
1

2.9709
sin (2.9709x) (1, 2, 3) (4.13)

and

Ψ̂λ1 (x) = cos (2.9709x− 2.9709) (2, 3, 4) +
1

2.9709
sin (2.9709x− 2.9709) (4, 5, 6) (4.14)

The fuzzy solutions (4.13) and (4.14) form a band in the xy-plane Figure 2 and Figure 3. The functions
cos and sin functions take both positive and negative values in the interval 0 < x < 1. So, 1 and 1 , 2
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Figure 3: The fuzzy solution Ψ̂λ1 (x) for Example. The dashed black line represents the crisp solution.
The black lines represents the upper and lower boundaries of the band

and 2 , 3 and 3 , 4 and 4 by turns dominate in generating the upper and lower boundary values of the
band. So similarly for all values, the eigenfunctions (4.8) and (4.9) form a band in the xy-plane. That
is, the eigenfunctions (4.8) and (4.9) are fuzzy eigenfunctions of the problem (4.1) - (4.3).

5. conclusion

In this study we have researched the FTPBVP by using two different methods as Titchmarsh and
Linear System. From the method of Titchmarsh we get the FIVPs with the boundary condition at
each point. Then we solved this FIVPs with linear system of differential equations as a fuzzy set of
real functions. In future work we plan to make the parameter in the boundary conditions to the fuzzy
eigenvalue problem. Then we will apply this method to the Sturm-Liouville problem.
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