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On the Generalized Apostol-Kolodner Differential Equation of the Second-Order
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ABSTRACT: This paper concerns the generalized Apostol-Kolodner differential equations of the second order.
Our approach is based on some matrix square root properties, the Fibonacci-Hérner decomposition of matrix
powers, and its related dynamical solution. Various explicit compact formulas for the solutions of the general-
ized Apostol-Kolodner matrix differential equations are established. Finally, to validate the results and show
their robustness, examples and applications are provided.
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1. Introduction

Over the past few decades, higher-order linear differential matrix equations have attracted considerable
attention, given their importance in many fields. More specifically, applying the higher-order linear matrix
differential equations theory extends beyond mathematical studies into applied sciences and engineering.
(see, for instance, [3,9,13,17,22,23,27] and references therein). Apostol (see [2]) and Kolodner (see [18])
have studied the following matrix differential equation of the second-order

X"(t) = AX (1), (1.1)

submitted to the initial data X (0) and X’(0), where A € C?*9 the algebra of square matrices of order dx d.
Apostol and Kolodner gave some properties of the solutions of Equation (1.1). In [2], Apostol proposes a
process for solving equation (1.1) based on Putzer’s method to calculate the exponential of matrices (see
[2,24]). In [18], Kolodner studies some manageable formulas to compute exp(tA), where A is a square
matrix, by establishing an analogous Putzer’s formula for the matrix powers A™. Then, he extends its
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process to second-order matrix differential systems (1.1). In [8], the linear matrix differential equations
of higher order have been studied under the commutativity condition of the coefficients matrices. Some
results have been established for a class of matrix differential equations of higher order, and some results
of Apostol and Kolodner are recovered.
In the present study, we are interested in the generalized Apostol-Kolodner linear matrix differential
equation of the second-order
X" (t) = Ao X (t) + A1 X (1), (1.2)

where Ag and A; are in C**?, which do not necessarily commute. In the first step, we study the Apostol-
Kolodner differential equation (1.1), where we exhibit the properties of its solutions in terms of the
square root of the matrices. The main purpose of the second step is to investigate the properties and
solutions of the generalized Apostol-Kolodner matrix differential equation (1.2). Our main tools are the
computational properties of the powers of matrices, using the linear recursive relations in the algebras
of square matrices, and the analytic expressions of some real or complex linear recursive sequences. Our
approach will allows us to characterize explicitly the solutions of equations (1.1) and (1.2), namely, linear
solutions, combinatorial, and analytical solutions.

The content of the present study is structured as follows. Section 2 consists of studying the differential
equation of Apostol-Kolodner (1.1) and establishing properties related to the principal square roots of the
matrices. Section 3 is devoted to the generalized Apostol-Kolodner differential equation (1.2), where the
linear recursive sequences in the algebra of square matrices of order d x d play a central role. Moreover,
the commutativity conditions AgA; = A1 Ay allows us to obtain the combinatorial solutions of Equation
(1.2). Section 4 is devoted to the use of the Fibonacci-Hoérner decomposition of the matrix powers to solve
Equation (1.2) employing the properties of the so-called dynamical solutions. When the commutativity
condition is satisfied, the combinatorial aspect of the solution of Equation (1.2) is approached. In Section
5, the linear and analytic aspects of the solution of Equation (1.2) are studied via the Fibonacci-Horner
decomposition by considering the analytical expression of the dynamical solution. In the general setting,

the solutions of Equation (1.2) are expressed in terms of operators related to the derivation D = t—. The

Fibonacci-Horner decomposition process is also applied to the differential equation of Apostol-Kolodner
(1.1). Section 6 deals with an approach to the solutions of Equation (1.2), under the commutativity
condition AgA; = A1 Ag. Throughout the previous sections, illustrative examples and applications are
provided. Finally, a conclusion and perspectives are discussed.

Without loss of generality and only for simplicity purpose, we will refer to the Apostol-Kolodner
differential equation (1.1) as Equation (1.1), and the generalized Apostol-Kolodner differential equation
(1.2) as Equation (1.2).

2. Apostol-Kolodner equation X (t) = AX(t) and matrix square root

Let C?*4 be the algebra of square matrix of order d x d. We investigate here Equation (1.1), under
the following equivalent matrix differential equation of the first order Z'(t) = BZ(t), where Z(t) =
(X'(t), X (t))T and B is the companion block matriz given by B = ( ?d 54 ), where A € C¥*?, O,

d d
and I; are the null and the identity matrix, respectively. A direct computation implies that B*" =

n n+1
< A" Oa and B*"t1 = Os A . Thus, we derive that

0, A" A" O,
5 “+o00 m “+00 t2n ) “+o0 t2n+1 -
N g B2 T e,

¢ n;n! ; 2n)] +n§ @n+ 1)

Considering the initial data X (0) and X’(0), we derive that

tB = t2n 2n = t2n+1 2n+1
Zt)=e Z(O):Z(2n)!B Z(O)+§mB Z(0).

n=0
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Yet, using the previous expressions of the powers B?" and B?"*+!, we get

(0] - X [0 - S [ |

n=0

Therefore, we obtain

too $2n . too $2n+1 . ,
X(t) = <; (2n)!A )X(0)+ <Z mA )X (0).

n=0
In summary, we recover the following result of Apostol (see [2,8,18]).

Proposition 2.1. The unique solution of Equation (1.1), under the prescribed initial data X(0) and
X'(0), is given by
X(t) = C1(t)X(0) + C2(t) X'(0),

for every t €] — oo, +oo[, where

T yom I o
n=0 n=0

In Proposition 2.1, the solution of Equation (1.1) is expressed by the powers of the matrix A. In
the Subsection 5.3, the Fibonacci-Hérner decomposition of the powers A™ of the matrix A, will yield the
analytical aspect of the functions Cy(t) and Ca(t).

However, as observed in [2], the expressions of Cy(t) and Cy(t) in (2.1) are related to the square root
of the matrix A, through the matrix hyperbolic functions cosh and sinh. In general, determining the
square root of a matrix A of order d (d > 2), defined as the solution of the matrix equation X? = A,
is not an easy task. Several studies in the literature are devoted to the square root of matrices (see, for
instance, [1,14,16] and references therein). When the matrix A has no eigenvalues on R~ (the closed
negative real axis), there exists a unique matrix X such that X2 = A and the eigenvalues of X lies on
the segment {z € C: —7/2 < arg(z) < 7/2}, where arg(z) is the argument of z (see, for instance, [16]
and references therein). Suppose that the matrix A owns a principal matrix square root S, then the two
functions C4(t) and Cy(t) of Expression (2.1), can be written under the forms

I 42n ) T pont )

If the matrix A is invertible and owns a principal square root S, then S is also invertible. Therefore, we
have
C1(t) = cosh(tS) and Cy(t) = S~'sinh(tS9),

where cosh(tS) and sinh(¢.S) are the hyperbolic matrix functions. Thus, from Proposition 2.1, we acquire
the following result.

Proposition 2.2. Suppose that the matriz A is invertible and owns a square Toot S, namely, A = S>.
Then, under the initial data X (0) and X'(0), the unique solution of Equation (1.1) is given by

X (t) = cosh(tS) X (0) + S~ *sinh(£5) X'(0),

for every t €] — 0o, +00[, where cosh(tS) and sinh(tS) are the matriz hyperbolic functions. Especially, if
S owns simple eigenvalues A1, ..., \q, then we have

C,(t) = Pdiag(cosh(t\1), ..., cosh(t\g)) P!, (2.2)
Co(t) = Pdiag(A\T* sinh(tA1), ..., A; L sinh(tAg)) P~ 1, (2.3)

where P is the invertible matriz such that S = Pdiag(\y, ..., \q) P~ L.
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Let furnish an illustrative numerical example based on the principal square root.

Example 2.3. Let consider Equation (1.1), where its related matriz A is given by A = (13 :?) A

4 -1
2 1
solution of Equation (1.1) takes the form X (t) = cosh(tS)X (0) + S~!sinh(tS)X’(0). On the other hand,

) B 3 0\ 51 (1 1 a1 2 . .
since S = P <0 2) P, where P = <1 2) and S™' = sl 1) a straightforward computation
permits us to show that the unique solution of Equation (1.1), defined by the matriz A, is expressed as
follows

direct verification shows that A = S?, where S = > Therefore, Proposition 2.2 implies that the

X(t) = CL(H)X(0) + Co () X' (0),
where
2 cosh(3t) — cosh(2t)  cosh(2t) — cosh(3t)
Ci(t) = (2(c§:h(3t) " comh(21)) 2 coshi(2t) gjsh(St)) )

and

C2(t) = G | 6sinh(3t) — 7sinh(2t) 3sinh(3t) + 7sinh(2¢)

1 (6 sinh(3t) — 5sinh(2t) 3sinh(3t) +5 sinh(2t)>
5 :

Proposition 2.2 enables to determine the analytic formulas of the solution of Equation (1.1), through
the spectral aspect of the matrix square root S of A. And Example 2.3 shows that if the eigenvalues
of the principal square matrix S of A, are real numbers, then the unique solution of Equation (1.1) are
expressed in terms of the hyperbolic functions cosh and sinh. In the following example, we illustrate a
case when one of the eigenvalues of S owns an imaginary part that is not null.

22 —13

2% _17>. A direct verifi-

Example 2.4. Lel consider Equation (1.1), whose related matriz A is <

Lo 6—2i —3+2i\ . o .
_ 2 _
cation implies that A = S*, where S = <6—4i —3+4i> is the principal square root of A, with
1. 1 1.

—4+-i —=—=i

S=P (g 2OZ> P~', where P = (1 ;) and S™1 = 32 2 31 2 ). Thus, a long straight-
-—+i —-—1
3 3

forward computation permits to show that the unique solution of Equation (1.1) is determined by
X(t) = C1(t)X(0) + C2(t) X' (0),

where
[ 2cosh(3t) — cos(2t)  — cosh(3t) + cos(2t)
Gi(t) = <2 cosh(31) — 2c08(2t) — cosh(3t) 1 2C<(:)os(2t)) :

and
2 sinh(3t) — 1 sin(2t) ! sinh(3¢) + L sin(2t)
Cy(t) = 32 2 ?I 2
3 sinh(3t) — sin(2t) 3 sinh(3t) + sin(2t)

Example 2.4 shows that the principal matrix square root S of A owns an eigenvalue, whose imaginary
part is not null. Therefore, the solution X (t), of Equation (1.1) is expressed with the aid of the trigono-
metric functions and hyperbolic functions. For the general setting, this fact can be also deducted from
Expressions (2.2) and (2.3) of Ci(t) and Ca(t), respectively.

There are several characterizations of the existence and uniqueness of the principal square root of
a given matrix (see, for example, [1,14,16] and references therein). An Hermitian matrix A of C*?,
namely, A* = A, where A* = A" = (@;;)1<i, j<d, is called positive semi-definite, if 2* Az > 0 for all
x € C? and it is positive definite, if z* Az > 0, for all z € C%. It was established in [14, Theorem 4.3],
that for every positive semidefinite Hermitian matrix A and a given integer k > 1, there exists a unique
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positive semidefinite Hermitian matrix S such that S* = A. Moreover, the matrix S is real if A is real.
Since the eigenvalues of the positive semidefinite (respectively, positive definite) Hermitian matrix A are
all nonnegative (respectively, positive), then for £ = 2, the unique positive Hermitian matrix S satisfying
S? = A, representing the square root of A, whose eigenvalues are also all nonnegative (respectively,
positive). Thus, for a positive semidefinite Hermitian matrix A, the unique positive semidefinite Hermitian
matrix S satisfying S? = A represents the principal square matrix of A. Therefore, we have the following
result.

Proposition 2.5. Suppose that A is a positive definite Hermitian matrixz and consider its unique positive
Hermitian principal square root S, namely, S?> = A. Then, the unique solution of Equation (1.1), under
the prescribed data X (0) and X'(0), is as follows X (t) = cosh(tS)X(0) + S~1sinh(tS)X’(0), for every
t €] — 00, 4+00[, where cosh(tS) and sinh(tS) are the hyperbolic matriz functions.

Remark 2.6. Let X(t) = (z1(t), -+ ,24(t))T be the solution of Equation (1.1) defined by the matriz A
and the initial data X (0) = (21(0),--- ,24(0))”. Then, a long straightforward computation allows us to
obtain the explicit formulas for the the functions x1(t), --- , xq(t), for every t € R.

Equation (1.1) will also be dealt with through two other approaches in Subsection 5.3. More precisely,
the linear and analytical approaches considered for the general case (1.2), in Section 4 and Subsections
5.1 and 5.2, will also be applied to the Apostol-Kolodner equation (1.1).

3. Solutions of Equation (1.2) by recursiveness for Ay # Oy and A; # Oy

3.1. Recursiveness and powers of companion 2 x 2 block matrices with entries in C¢*¢

Let Ag, A; and Sp, S1 be fixed matrices in C?**? such that Ay # Ogq and A; # Og4, which does not
necessarily commute. Let {Y},},,>0 be the matrix sequence defined by Y,, = S,, for n =0, 1 and
Yni1 = AgY, + A1Y, 1, for every n > 1. (3.1)
Let {Y, s}n>0 (0 < s < 1) be the two special sequences of type (3.1), defined by
Yit16 =AY s+ A1Yy_1,, for n>1, (3.2)

where the initial values are Y; s = Iy and Y;, s = Oy if 0 < n # s < 1. Let B € C2¢*24 he the companion

block matrix w4
_ 0 1
(B0 as

For exhibiting the powers B™, we will use the recent technique of calculating the powers of the usual
companion matrix (see [12]). That is, for n = 0, we show that

BO — Iy Oq\ _ (Y11 Oa .
Od Id Od YO,O
For n = 1, we have Y2,1 = AQYLl + A1Y0’1 = Ay and YQ’Q = AQYL() + A1Y0’0 = Ay. Therefore, we have

B! = Vo1 Yoo = Ao Ay . Then, by an induction process, we get the following proposition.
Yii Yip I; Oy

Proposition 3.1. Let Ay, A1 be in C4¥% such that Ay # Oq4, A1 # Og4 and the sequence Y, s asin (3.2).

Then, we have

p= (G ) o e zo 00

)

It is essential to observe that in Proposition 3.1, the two matrices Ap and A; do not necessarily
commute. When the commutativity condition, AgA; = Aj1Ag, is satisfied, a similar straightforward
computation as in [7,21] permits us to establish the combinatorial expression of Y,,, the general term of
(3.1), as follows

Yo = p(n,2)Wo + p(n — 1,2)W, for every n > 2, (3.5)
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where Wy = A1.5¢ + A()Sl, Wi = A1S; and

(ko + k1) ko 1k
pn,2)= Y o ARAL, (3.6)
ko+2ki=n—2 kO!kl!

for every n > 2, with p(2,2) = I; and p(n,2) = Oy for n <1 (see [5,7,20,21]). Moreover, application of
Formulas (3.5) and (3.6) to the sequences {Y, 0}n>0 and {Y}, 1}n>0 implies that

Yo0=A1p(n,2) forn>2and Y, 1 = Aop(n,2) + A1p(n —1,2) for n > 2, (3.7)

where p(n,2) is as in (3.6). This allows us to establish the combinatorial expression of the powers of B
the matrix (3.3).

Corollary 3.2. Let Ay, Ay be in C¥*?% such that Ag # Og, A1 # Oq4 and AgA, = A1 Ag. Then, we have

B <A0p(n +1,2)+ Ai1p(n,2) Aop(n+1,2)

Aop(n,2) + Aip(n —1,2) Aop(n,2) ) , for every n > 2,

where p(n,2) is as in (3.6).

Proposition 3.1 and Corollary 3.2 will play a vital role in the sequel, for exhibiting some properties
of Equation (1.2).

3.2. Solving Equation (1.2) by recursiveness process

Now, we are interested in studying the solutions of Equation (1.2), using the linear matrix recursiveness
(3.1). Consider Equation (1.2), whose solution X belonging to C>(R ,C%*?), is subjected to the initial
data X (0) and X' (0). Set Z(t) = (X'(t),X(t))T (t € R) and Z(0) = (X'(0),X(0))T. A standard
computation shows that Equation (1.2) is reduced to the usual matrix differential equation

Z'(t) = BZ(t), (3.8)

where B is the companion block matrix (3.3). It is well known that the solution of Equation (3.8) is
given by Z(t) = e'P Z(0), where the formula of ¢! is derived from on the computation of the powers B™,
in terms of Ap, A;. Formula (3.4) implies that, we have

[ Yar1,1X/(0) + Yag1,0X(0) | 2
Z(t)—Z[ ;nglx'(0)+Yn,+oX9(0) }5'

n=0

Hence, we have X (t) = X'(0) + X (0). Thus, the solutions of Equation (1.2)

—+oo

tn
Z Yn,l E
n=0 )

are formulated as in the following theorem.

+oo s
2 Yuor
n=0 '

Theorem 3.3. Let Ay and Ay be in C™¥9. Then, under initial data X (0) and X'(0), the unique solution
of Equation (1.2) is given by
X(t)=Ci(t)X(0) + Co(t) X (0),

with
=X ¢ = ¢
Ci(t) = ZOY"’OE and Co(t) = ;Yn,%,

where {Yn.0}n>0 and {Y, 1} n>0 are the two recursive matrices sequences defined by Expression (3.2).

Once again, in Theorem 3.3 the commutativity condition ApA; = Aj;Ap is not considered. When

the commutativity condition AgA; = A;Ag is fulfilled, we can apply the results of Theorem 3.3 to
succeed in making the combinatorial solutions for Equation (1.2). Indeed, taking into account the com-
binatorial Expression (3.7) of the two sequences {Y,, j}n>0 (0 < j < 1) defined by Expression (3.2),
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+oo +oo
t t"
we show that Cy(t) = Y0 + YLQF + E Yn,0_| = I;+ A E p(n, 2) , and Co(t E Ynl =
n=2
t X o tn
Yl,O + YLlﬂ + nE:2Yn71n Igt + Ag né 2,0 n, 2 + Ay E p . We observe that go(t) =

’I’L

S o p(n, )—| and g;(t) = .72 op(n —1, 2)—' are nothing else but the exponential generating func-
n

tions of the métrix recursive sequences {p(n,2)}n>0 and {p(n — 1,2)},>0, where p(n,2) is defined by
Expression (3.6). Thus, we have the following characterization of the combinatorial solutions of Equation
(1.2).

Proposition 3.4. Consider Equation (1.2), where Ay, A1 € C¥*? satisfying AgA; = A1Ag. Then,
submitted to the prescribed initial data X (0) and X'(0), its unique solution X (t) is expressed as follows

X(t) = [1a+ A1go(t)] X (0) + [Lat + Aogo(t) + A1g1(4)] X'(0),

where go(t) and g1(t) are nothing else but the exponential generating functions of the matrices sequences
{p(n,2)}n>0 and {p(n —1,2)},>0, respectively.

4. Dynamical solution approach and solutions of Equation (1.2)

For reason of simplicity and without loss of generality, we supposes that Ay # Oy4 and A; # Oy in
Subsections 4.1 and 4.2.

4.1. Fibonacci-H6rner process and dynamical solution for solving Equation (1.2)

Let A be a matrix of C4*% and R(z) = 2" —agz" "' —--- —a,_1, with a,_; # 0, be a polynomial such
that R(A) = Oq4 (the zero matrix of C?*?). The Fibonacci-Hérner decomposition of the powers A™ is
expressed as follows

A" = u,Wo + U1 W1+ -+ + 1 W,_1, for every n >0, (4.1)

where 4 4
W():Id; Wi:Al—aoAl_l—---—ai,llr, forizl,...,r—l, (42)

and the sequence {u;, },,>_,11 is defined by

Z (k()"‘kl"‘"'""krfl)!ak-gakl kr—1

Up = a,.
" kolki!- - kp_q! 0 b

(4.3)
ko+2k1+-+rkr_1=n

for every n > —r 4 1, with initial values ug = 1 and u_; = 0 for 1 < j < r — 1 (for more details, see
[4,7,19,20,21]). Moreover, it was established in [4,20,26] that the sequence {u,, },, >0 satisfies the following
linear recurrence relation of order r

Upt1 = GoUp + A1Up—1 + -+ + Qp_1Up—_rt1, for every n > 0. (4.4)

The set of matrices {Wy , Wy ,--- , W,_1} is called the Fibonacci-Horner system of the powers
decomposition of A. This system is obtained from the Fibonacci combinatorial process and the fact
that each matrix W; (0 < j < r — 1) verifies W; = h;(A), where the hj(z) (1 < j < r —1) are the
Hoérner polynomials associated to R(z), namely, ho(z) = 1,hi(2) = z — ao,...,h;(z) = zh;_1(z) —
i1, ... he_1(2) = zhp_2(2) — ar—1 = R(2).

. ) . Ao Ay

Let B be the companion block matrix (3.3) related to Equation (1.2), namely, B = ( I, Od> , where
the Ag and A; are in C?*¢, Consider the polynomial R(z) = 2" —apz" ! — -+ —a,_22 — a,_1, of degree
r < 2d such that R(B) = Os4. For reason of simplicity and seek of generality, we consider in the sequel
a polynomial

r—1

R(z)=2z"— apz" Tt = —ap_0z — ap_1,

with a,—1 # 0, such that R(B) = Oa4. Applying the Fibonacci-Horner decomposition for computing the
powers B" | we can formulate the following lemma.
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Lemma 4.1. Let consider Equation (1.2), where Ag # Og4, A1 # Oq4 and B the associated companion
block matriz (3.3). Let R(z) = 2" —agz" "t — -+ —a,_22 — a,_1 be the polynomial such that R(B) = Oaq.
Then, we have

B" = up Wy + 1 W1+ + Upn_rp1Wy_1, for every n >0, (4.5)

where , '
Wo =Isq, Wi =B —agB"™' — - —a;_1124, (4.6)

and the sequence {un }n>—_ry1 is given by

(hot b+t k)l -
kolky!- - k1! algoalfl T ar—llv (4.7)

Uy =
ko+2ki+--+rkr_1=n

for every n >0, with ugp =1 andu_; =0 for 1 <j <r —1.

Starting with expression et = Zn>0 ﬁl, B™, a direct computation, using Expressions (4.5) and (4.7),

n r—1
permits to have e'” Z Zun —iWh_j = Z lz Up—j ] W;. Therefore, we obtain

j=0 Ln=0
r—1
i
JZOQD] t)W; where ., (t nzoun T ) (4.8)

Note that e is an absolutely convergent series and its radius of convergence is R = 400, then the

series ; (t) = +°° Un 7y J:J 7 are convergent, with the same radius of convergence. Moreover, for every
d déo.
1 <j <r—1, we can verify that %(t) = ¢;_1(t), and by induction we show that dtij (t) = k(1)

for every k (0 < k < j). Hence, we have

drfjflspri
W;ll(t) = Y 1-(r—j—1)(t) = ;(t).

In summary, we can formulate the following lemma related to [4, Proposition 2.1].

Lemma 4.2. Let B the companion block matriz (3.3), where Ay # O4 and Ay # O4. Let R(z) =

2" —agz" ! — - —ap_92z — ar_1 be the polynomial such that R(B) = Oz4. Then, we have -
Zgo(r_j_l)(t)Wj, where
=0
400 tn—i—r 1
t) = n 4.9
o)=Y vt (19)
n=0
dkgo

: k) (+) —
with o®) (t) = ik (t).
Expression (4.4) shows that (t) defined by (4.9) satisfies the following ordinary differential equation
Yy () = agy " V() + a1y (t) +- - +a,_1y(t). Moreover, Expression (4.9) shows that ¢*)(0) = 0 for
k=0,1,...,7—2and ¢"~1(0) = 1. Hence, the function ¢(t) is nothing else but the dynamical solution
of the preceding differential equation (see [25] [28]). And Expression (4.8) reveals that the functions ¢,
appearing in the Fibonacci-Horner decomposition of e*? are the elements of the fundamental system of
solutions {p(t), ¢ (t), ..., "2 (t), "=V (1)} of the previous differential equation.

Lemmas 4.1 and 4.2 are very useful for solving Equation (1.2). To this aim, we express each element
of the Fibonacci-Horner system {W; }o<;<r—1 related to B the companion block matrix (3.3), in terms of
{Yostnso (0 < s < 1) of C? the two sequences (3.2). It was shown in Expression (3.4) of Proposition
3.1 that the powers of the matrix B can be expressed using the two sequences (3.2). Therefore, for W;
(1 <j <r—1) the matrices given by (4.2), we have the following lemma.
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Lemma 4.3. The Fibonacci-Hérner system H = {W;}t,,.,. ; associated to (3.3), the matriz B is
W(l 1) W(l 0)
W(l 1) W(l 0)
C— a1 Y11, Wl(fél) = Y410 — aoYio — - — a¢—1Y1,0,W2(fil) =Yi1—aoYi11— - —a;—1Yp1 and

Wz(,iél) =Yi0—aoYi—1,0— - —a;—1Yo,0, where the {Y,, s}n>0 (0 < s < 1) are the matriz sequences (3.2).

described as follows Wy = Isq and W; = < ) is such that W(i - i+1,1 — G0Yi1 —

wiyt s
Wil wiio,
VV(0 b — = 04, W. ( 1) = Yy,0 = 14, namely, Wy = I4. Since the solution X (¢) of Equation (1.2) is
derived from Z(t) = etBZ(O)7 where Z(t) = (X'(t), X(¢))T, then Expression (4.8) shows that

Fo] a0 [55] - Seo (m[X6)):

On the other hand, for every 1 <14 <r — 1, we have

Especially, for the matrix Wy = ( ), we have Wl(?fl) =Yi1=1q4, Wl(g’l) =Yi,0=0qy,

(4,1) 57 (4,0)

Wit x7(0) + 35" X (0)
Therefore, we obtains

X(t) = )+ Z eilt) WYX (0) + Wi X (0)]

or equivalently

r—1
X(t) = lZ mwwéﬁ“] X'(0) +

i=0

r—1
S <t>W§ff>] X(0),

=0

where the W; 1 W;; (s =0, 1) are described in Lemma 4.3. Taking into account Lemma 4.2, we arrive
at the following result which aim toward solving the generalized Apostol-Kolodner equation using a linear
process and dynamical solution.

Theorem 4.4. Let consider Equation (1.2), where Ag # Oq4, A1 # Oq4 and B its related companion block
matriz (3.3). Let R(z) = 2" —agz" ' — -+ — ay_22z — a,_1, be the polynomial such that R(B) = Oaq.
Then, the solution of Equation (1.2) is given by

r—1 r—1
X(t) = lZ %(t)Wz(fil)] X'(0) + mewézo)] X(0),
i=0 i=0
(i.k) ¢t
where the Wys~ are the matrices given in Lemma 4.3 and the goj Zun T . Moreover, we
(n+4)!
n=0
have
r—1 r—1
r—i— 1,1 r—1i 4,0
X(t) = [Z e Ol >] X'(0)+ [ oWy >] X(0),
i=0 i=0
. . . . . (k) dk‘ﬂ
where p(t) the dynamical solution is as in (4.9) with p\%)(t) = —=(t).
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4.2. Study of a particular case of Equation (1.2)

Let illustrate the process of the previous subsection and Theorem 4.4 by studying the following
particular case. Consider Equation (1.2), namely, X" (t) = Ao X'(t) + A1 X (t), where Ay and A; are in
C?*2 and the solution X € C®(R,C%*2) is subjected to the initial data X (0) and X’(0). Set Z(t) =

Ao Ay
I 02)'

Suppose that the characteristic polynomial of B is given by P(z) = 2t —apz® — a12% — asz — as, then
the matrices in Lemma 4.3 of the Fibonacci-Horner system W; (0 <i < 3), are as follows Wy = Iy, W =
B —agly, Wo = B2 — agB — a1y, W3 = B® — agB? — a1 B — as14. A direct computation shows that

W o IQ 02 W o A() — CL()IQ A1 W o A(Q) + A1 — CL()A() — CLlIQ AOA1 — CL()Al
0= OQ IQ ’ 1= IQ —CL()IQ ’ 2= A() — CL()IQ AOA1 — a1]2

/ /

(X' (), X(t))" (t € R) and Z(0) = (X (0), X(0)). Let B be the matrix (3.3), namely, B = (

and
Wa = A% + ApA1 + A1Ag — apAr1 — a1 Ao — azl A2A1 + A2 —apApA] — a1 4
° A§+ Ay —agAg — arls AgAy — agAy — axls

Therefore, the matrices W;f, W;; (s =0, 1) given by in Lemma 4.3 are presented under the form
Way" = Ou Wii" = Lo, W3 = 1 W33% = —aoka

VV2211 Ag — agly, W( 0 = AgAy — ar I, (4.10)
W(3 b A% + Al - avo - CL1I2, W(3 0 = A()A1 - CL()A1 - CLQIQ

Now the associated dynamical solution (4.9) is given by
Z U )] e (4.11)
(n+3)!
where {u, }n>_2 is defined by
(ko + k1 + k2 + k3)! ko ko ks

tn = > Feolky kglkg! (0 @1 2705
ko+2k1 -+ +4ks=n

for every n > 0, with up = 1 and u—_; = 0 for 1 < 5 < 2. Therefore, the solution of the previous
generalized Apostol-Kolodner equation is formulated as follows.

Proposition 4.5. Consider Equation (1.2), namely, X" (t) = AoX'(t) + A1 X (t) whose solution X €
C®(R, C2%2) is subjected to the prescribed initial data X (0) and X (0). Let P(z) = z* — apz® — a12% —
asz — ag be the characteristic polynomial of B the associated companion block matriz (3.3). Then, the
solution of Equation (1.2) is given by

3
= lz goxt)vvéﬁ“] X'(0) +
1=0

3
S <t>W§ff>] X(0),
1=0

+o00 i
1,8 . tn+] .
where the matrices WQ(j ) are given by (4.10) and ¢;(t) = ;unm; J=0,1, 2 3 Moreover, we
have
3 3
—1 1 —i ,0
X(t) = [Z PO Wy ’] X'(0) + | DB 0wy ’] X(0),
i=0 1=0
here @(t) is the dynamical solution. gi i (411), with g®(t) = 2L
where p(t) is the dynamical solution given as in (4.11), with ¢\ (t) = Tk (t).

For more clarity, we consider the following illustrative numerical example.
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Example 4.6. Consider Equation (1.2), namely, X"(t) = AoX'(t) + A1 X (t), whose solution X €
C>®(R, C?*?) is subjected to the prescribed initial data X (0) and X (0). Set Z(t) = (X (), X ()T

(t € R) and Z(0) = (X (0),X(0))T. Suppose that the characteristic polynomial of B = <1;10 él
2 2

P(2) = det(B — zI) = 2* —22% — 322 + 42+ 1. Since ag = —2, ay = —3, az = 4 and a3z = 1, we derive
that the matrices W; (0 <i < 3) of the Fibonacci-Héorner system, are given by
Wo=14, Wi=B—agly =B+ 24,
W2 = 32 - CL()B - CL114 = B2 + 2B + 3[4, (412)
W3 = B3 — CL0B2 - alB - CLQI4 = B3 + 232 + 3B — 4]4

Then, using Expression (4.12), we can establish that the matrices W(l ) are
WD =04, WY =1, Wit =1, wit¥ =1,

WQ(?ll) Ay + 21y, W(2 0 — = AgAq + 21y, (413)
WY = A2 4240 + Ay + 3L, WY = AgAy + 24, — 4L,

The associated dynamical solution is given by

tn+3
n————— 4.14
ZU 3 (4.14)
where {up }n>_2 is defined by
(ko + k1 + ko + k3)! k ey gko 1 k
n = —2)ko(_3)k1gk21ks
“ 2 okl 2 (53

ko+2k1+++4ks=n

for every n > 0, with ug = 1 and u—_; = 0 for 1 < j < 2. Therefore, the solution of the preceding
generalized matrix differential equation of Apostol-Kolodner is

3 3
X(t) = [Z P39 <t>W§ﬁ”] X'(0)+ |y gD <t>Wé,2°’] X(0),

=0 =0

where @(t) is the dynamical solution (4.14) and the matrices Wéijg) are as in (4.13).

Theorem 4.4 shows that the solution of the generalized Apostol-Kolodner equation are obtained in
terms of the linear process (3.1), (3.2) and the dynamical solution (4.9), related to matrix exponential
tB_ Moreover, the two matrices Ag # O4 and A; # Oy do not necessarily commute.
When AgA1 = A1 Ay, Expression (3.7) shows that Y, o = Ai1p(n,2) and Y, 1 = Agp(n,2) + A1p(n —1,2)
for n > 2, where p(n,2) is given by (3.6). Hence, we derive that W, ; the matrices in Lemma 4.3 take
the following form

i—1
Wio = Aip(i,2)— A1 aip(i—j—1,2), (4.15)
j=0
i—1
Wix = Aopl(i,2) + Aip(i,2) = > ai[Aop(i — j — 1,2) — Aipl(i — j — 2,2)], (4.16)
7=0

where p(i,2) = 0, for ¢ < 1. Expressions (4.15) and (4.16) allow us to obtain the following corollary of
Theorem 4.4.

Corollary 4.7. Suppose the data of Theorem /.4. Then, if the commutativity conditions AgA1 = A1 Ag
is verified, we have

= [Z_: pr179 (t)WM] X'(0) + |po(t)la + Z_: PTI(B)Wio | X(0),
=0 =1

where the W, s are the matrices given by (4.15) and (4.16), and ¢ the dynamical solution is as in (4.9).
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5. Fibonacci-Horner method and analytical approach for solving Equation (1.2): Study of
the simple case

In this section, we are concerned with the analytical approach of Equations (1.1) and (1.2) based on
the Fibonacci-Hérner method.

5.1. Study of the simple case

It is known in the literature that the sequence {uy, },>_,+1 satisfies the linear recurrence relation (4.4)
of order r (see, for instance, [4,20,26]), namely, u,+1 = aoy+a1Up—1+ -+ ar_1Up—r41 for every n > 0,
with initial data up = 1 and u_; = 0 for 1 < j < r — 1. Moreover, sequence (4.4) owns an analytical
expression in terms of the roots of the (characteristic) polynomial R(z) = 2" —agz" ' —- - —a,_ 2z —a,_1

and the initial data. More precisely, we have

mkl

Z Brin’ | Ak (5.1)

k=1 =

for every n > —r 4 1, where the A\ (1 < k < s) are the roots of the polynomial R(z) of multiplicities

mg (1 < k < s), respectively. The scalars Br; (1 <k<s 0<j<mg—1) are obtained by solving

a generalized Vandermonde linear system of equations (see, for example, [6,11,26]). Especially, when

the roots of the polynomial R(z) are simple, then, the analytic Expression (5.1) takes the simple form
T

= Z By, where the scalars 8, (1 < k < r) are determined by solving an usual Vandermonde
k=1
system. It was established in [5,6] that the scalars 5, (1 < k < r) are obtained from the following useful
lemma.

Lemma 5.1 ([5,6]). Suppose that the roots Ai,..., A\ of R(z) = 2" —a12" ' = —a,_22—a, (ar #0)
satisfy Ay # Aj for i # j. Then, we have
r An 1 T )\’I’L 1
Uy = Z T =) for every m > 1, (5.2)
= k;él
otherwise up =1, u_; =0 for 1 < j <r—1, where R'(z) = & (2).
tn+r 1
The dynamical solution (4.8), namely, ¢ Z un CET— is expressed in terms of the coeffi-

cients of the recursive sequence {uy n>—ry1 deﬁned by (4.7). Therefore, using Expression (5.2) of Lemma
5.1, we can express the dynamical solution in terms of the simple roots A, - -, A, of the polynomial R(z).
That is, we have

+oo prtr—1 too [ 7 )\7‘1*1 grtr—1
=ty = :
e (t) n;“ (n+r—1) n; :1R’()\i) (n+r—1)
Therefore, we obtain ¢(t Z [Z N R’ : 1 ol Z N R’ )‘it. In summary, we have estab-

lished the following theorem whose goal is to bOlVG the generahzed Apostol-Kolodner equation using
analytic process and dynamical solution.

Theorem 5.2. Let consider Equation (1.2), where Ay # O4, A1 # O4 and B the associated companion
block matriz (3.3). Let R(z) = 2" —agz" "t — -+ —a,_22 — a,_1 be the polynomial such that R(B) = Oaq.
Then, the solution is given by

[ZW 0 Wm] '(0) +

r—1
po e+ Y (O Was| X(0),

i=1
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where the W, s (1 < n, s < 2) are the matrices in Lemma 4.5 and ¢ is the dynamz'cal solution @(t) =

T 1 T
t) + ; mekit such that H,(t) is the polynomial H,( Z [Z R ] z
4
Note that the expression ¢ (t) = :C’% Up— can be obtained by a straightforward computation,
n.
using the formula (5.2), as follows (¢ Z X R - )‘“5. The preceding formula can be also deduced

from (4.9), utilizing from the fact that o, (¢ ) = p(r= 1)( ).

Let illustrate the preceding result of Theorem 5.2 by the following numerical example.

Example 5.3. Consider the Equation (1.2), studied in Example 4.6, namely, X" (t) = Ao X'(t)+ A1 X (1),
whose solution X € € (R, C22) is subjected to the prescribed initial data X (0) and X (0). Set Z(t) =
(X' (), X)T (t € R) and Z(0) = (X' (0), X(0))T. Suppose that the characteristic polynomial of B =
Ao Ay
I O
was established by a straightforward computation, using Expression (4.12), the entries WQ(ZG) (s=0orl
and 0 < i < 3) of the W;, are given by (4.13), namely,

) is P(z) = 24— 223322+ 42+ 1. Hence, we have ag = —2, a1 = —3, as =4 and as = 1. It

Wit = 04, WSV =1, Wb =10, WY =21,
WD = Ay 420, WD = gy + 21,
WD = A2 4240 + Ay + 31, WD = AgAy + 24, — 4l

On the other hand, using any numerical computing software we can show that the roots of the polyno-
4
mial P(z) are simple, and thus we have P(z) = H(z —\i), where Ay & —1.49550, Ao &~ —0.21968, \3 ~

i=1
1.21968, Ay =~ 2.49550. The associated dynamical solution is given by

4
1 .
p(t) = —Ha(t) + > PO et (5.3)
=\ i
£2
where Hy(t Z )\TP’ - lz /\TP’ - ] [Z )\TP’ ] . Therefore, the solution of the

preceding genemlzzed matmx differential equatzon of Apostol- Kolodner is,

3
X(t) = [Z P39 (t)Wéfi”] X'(0) +

=0

3
PO <t>w2<f£>] X(0),

=0

where @(t) is the dynamical solution (5.3) and the the matrices WQ(ZG) (s=0o0r1and0<i<3)areas
n (4.13).

5.2. Study of the general setting

+oo n+r—1
Let consider the dynamical solution as in (4.9), namely, ¢(t) = Z unti, where the sequence
= (n+r—-1)!
{tn}n>—rt1 satisfies the linear recursive equation (4.4), with initial data uy = 1 and u_; = 0 for
1 <j <r—1. In the general setting, the analytical expression of the sequence {uy, }n>_r41 is expressed
s mp—1 ]
as follows, u,, = Z Z B,(j)nj Ay, for every n > —r+1, where the A\, (1 < k < s) are the roots of the
k=1 | j=0

polynomial R(z) = 2" —apz" ! — -+ — a,_22 — a,_1, of multiplicities my, (1 < k < s), respectively. The
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scalars B; (1 <k <s,0 < j < my—1)are computed by solving a generalized Vandermonde linear system
of equations (see, for example, [6,11,26]). For every n > 0, we set u,, = Y ;_; Qr(n)A), where Qx(n) =
Z?L:’“O_l I} kjnj. Now, we substitute the former analytic expression of u,, in Expression (4.9) of the dynamic
solution. Then, we have

o) = 3 un QN =
n=0 "t =1 k=1n=0 !
Hence, the former function ¢(t) can be written under the form (¢ Z (1), where
/% e TR
— 1)
== (n+r—1)!

Then, we have

mp 1 (J) foo o
DUED IS I D » V] (A TSR

7=0 nrlpO

d
Let consider the derivation D = t%’ then the function v (t) takes the form

AN (0 B S e
vl = Y S (e -yt | Y B
j=0 p=0 k n=r—1
P oJ
From the identity Z Z Zhi = Z Z Zn.,i, we derive that
h=0 i=0 i=0 h=1i
mkfl 1 mkfl j .
Vi(t) = Z INara! Z (—1)J_p< )(7“— 1720 | DP | Qu(t),
p=0 "k i=p P
SR
where Q(t) = Z 7— Therefore, the dynamical solution can be written under the form ¢(t) =
n!
n=r—1
Z Ii( , where I';(D) is the differential operator given by
mp—1 1 mp—1 ] .
(D)= Y T > (=1 <p) (r—1)778Y | D7, (5.4)
p=0 "k Jj=p

Now, we can formulate the analytic solution of Equation (1.2) when the minimal polynomial of the matrix
B owns some roots of multiplicities my > 2.

Theorem 5.4. Let consider Equation (1.2), where Ay # Oq4 and Ay # Og4 and B its related companion
block matriz (3.3). Let R(z) = 2" —apz" ' — - —a, 22 —a,_1 = [T (z = Ap)™, with my, > 1, be the
polynomial such that P(B) = Osq. Then, the solution of Equation (1.2) is given by

r—1 r—1
X(1) = Zw—f-lwwwéﬁ“] X'(0)+ Zw(’"‘i‘”(t)Wéféo)] x(0),
i=0 i=0
where Wa s (1 < s < 2) are the matrices described in Lemma 4.5 and @(t) the dynamical solution is
+oo
Apt)™ d
o(t) = Y 1_ (D) (), with Q(t) = Z ( k') , D = ta and I'y(D) is the differential operator
n!
n=r—1

given by Expression (5.4).



ON THE GENERALIZED APOSTOL-KOLODNER DIFFERENTIAL EQUATION OF THE SECOND-ORDER 15

1 1 1
Let Ey(z) =1+ —z + —a2? + ...+ —2" be the exponential polynomial of degree k. For r > 3, we

1! 2! k!
()"
show that the function Qg (t) = Z p— can takes the form
n=r—1 ’

t n
k') = _ET_Q()\kt) + €>‘kt.

+oo n
o=y M g

n!

n=r—1
Therefore, the dynamical solution can be written under the form

- Z I (D) (t) = — Z I (D)E,_o(Ait) + Z I.(D)e !,
k=1 k=1

k=1
d . . . . .
where D = ta and I, (D) is the differential operator given by Expression (5.4).
Corollary 5.5. Consider the Equation (1.2), where Ay # Og4, A1 # Oq and B its related companion

block matriz (3.3). Let R(z) = 2" —apz" ' — - —a, 22 —a,_1 = [T (z = Xp)™, with my, > 1, be the
polynomial such that R(B) = Oaq. Then, the solution of Equation (1.2) is given by

r—1 r—1
X(t) = Zso“i“(t)vvéﬁ”] X'(0)+ | YD wis” | x(0),
i=0 =0

where W;i (s =1,2, j =0,1) are the matrices in Lemma 4.3 and ¢(t) is the dynamical solution given

by
> Tu(D)E.a(Mt) + Y Ti(D)eM!,
k=1 k=1

d
with D = t— and I,(D) is the differential operator given by Expression (5.4), namely,

dt
mk—l 1 mk—l ) ] ) .
(D)= Y R > (—1)Jp<p) (r—1)7789 | DP.
p=0 "k Jj=p

We illustrate Theorem 5.4 and Corollary 5.5 with the following numerical example.

Example 5.6. Consider the Equation (1.2), where Ag # Og4, A1 # Oq4 and B its related companion block

matriz (3.3). Let R(z) = 2" —apz" '~ -—a,_2z—a,_1 be the polynomial such that R(B) = Oaq. Suppose
r—1

thatR(z)z(z—)\l)QH(z—/\k), where M # A, for 2 <k <r—1,and \y # \j, for2<j#k<r-—1.

Thus, the analytic exprgssion of {un}n>—r+1 s a recursive sequence (4.7), can be written under the form,

r—1
Up = Q1(n)AT + Z BrAL, for every n > 0, where Q1(n) = a1 + asn. Therefore, the dynamical solution
k=2
d
can be written under the form o(t )+ ZQk , such that Ay (t) = I (D)Q4(t) with D = ta,

(D D and Q S~ (A"’t)n—
1( )—041+)\—1 and Qi(t) = ) =

E,_o(z) is the exponential polynomial of degree r — 2. On the other side, we have

Er_o(Ait) + et where

n=r—1

A () = ZQl gntr=1 Z Qn( n—7r+ 1) (Alt)”.

n—!—r PV n!

n=r—1
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Since Q1(n) = a1 + aan, we derive that

—+oo

B ar +ag(n—r+1) (\t)" At Cy At
Ay (t) = n:;l = =0 [eM! — B, _o(Mt)] + )\—lD (Mt — B, _s(\t)],
and a direct computation shows that
C
Ay (t) = MDY (1) = (Cy + Cat)eMt — (Cy + A—fD)Er,g()\lt).
Therefore, the associated dynamical solution is given by
r—1 r—1
) = As(t) + Y Bre™ =Y BrEroa(Axt), (5.5)
k=2 k=2
with o
AL (t) = (Cy + Cot)eMt — (Cy + A—QD)E,,_Q()\lt). (5.6)
1
. . A\t ()\lt)’r72
A direct calculation shows that Aq(t) = (C1 + Cat) [e 1 —Er,g()\lt)] — CIW' Therefore, the
r—2)!
solution of Equation (1.2) is
r—1 r—1
r—i— 1 r—i— 4,0
X)) = | Do wa; ’] X'(0)+ | Do WS | X (0),
i=0 1=0

where Wil (s = 1,2, j = 0,1) are the matrices described in Lemma 4.3 and @(t) is the dynamical solution

5

given by (5.5) and (5.6).
5.3. Linear and analytic approach of Equation (1.1)

This subsection is devoted to the study of the linear and analytic approaches for Equation (1.1). It was
established in Proposition 2.1 that the unique solution is specified by X (¢t) = C1(t) X (0) + C2(¢) X'(0), for
every t €] — 00, +-00[, submitted to the initial data X (0) and X'(0), where C}(t) and Ca(t) are as in (2.1),

2n 2n-+1
namely, Cy (t) = 32,0 (;n)!A" and Co(t) = 342 mxﬁln. Let R(z) = 2" —bgz" ' —--- —b,_1 be
a polynomial such that R(A) = O,4. Then, the Fibonacci-Hérner decomposition for the powers A™ of the
matrix A, is determined by Expressions (4.1) and (4.3), namely,

A" = v, U+ v Uy + - +vp_pi1U,—1, for every n >0, (5.7)
where Uy = I; U; = A® — bg A"t — ... — b, 41, for i = 1,...,7 — 1, and the sequence {vy }n>_rt1
ko+ki+- -+ k1) .
is defined by v,, = Z ( 0—; 'llc—:_ k+ ' 1) broph . --bfi’f, for every n > —r + 1, with

ko+2ki+-+rk._1=n Ot r =1
initial values vo = 1 and v_; = 0 for 1 < j < r — 1 (for more details, see [4,7,20,21]). Moreover,

it was established in [4,20,26] that the sequence {vy,},>_,+1 satisfies the following recursive relation
Upt1 = bovp + b1vp—1+ -+ br_1Up_py1, for every n > 0. Using Expression (5.7), we show that Cy (t) =

r—1 [4+oco t2n r—1 [4+oo t2n+1
Z Z anfk Uy and Cy(t) = Z > mvn,k Uy. For every k (0 < k <r —1), we have
k=0 Ln=0 k=0 Ln=0
+0  Lop I 2(n+k) I 2n+1 I 2(n+k)+1
t t t t
t) = 7o Un—k = 7ol 1 1 Yno (t) = T iy Un—k = 7ol 1N 1 g Yn:.
Vi(t) ;@ @l " T R k) 9 (t) nz::() 2n+ 1)k T;O PCE R
If we consider
+oo $2(nt+r—1) g $2(ntr—1)+1
Yra®) ;(2(n+r—l))!v and 6,1 (t) ;(2(n+r—l)+1)!v (58)



ON THE GENERALIZED APOSTOL-KOLODNER DIFFERENTIAL EQUATION OF THE SECOND-ORDER 17

then, a direct computation permits us to show that for every k& (0 < k <r —1), we have ¢, (t) = gb(%)( t)

dk dk
and ¢, (1) = qﬁ(%)( t), with ¢(k) (t) = qu(t) and ¢ (t) = W’?(t) Therefore, we get the following
analogous result of Theorem 4.4.

Theorem 5.7. Let consider the Equation (1.1), where the solution is submitted to initial data X (0) and
X'(0). Let R(z) = 2" —apz" "' — -+ — a,_22 — a,_1, be the polynomial such that R(A) = Oq4. Then, its
unique solution is given by,

r—1
— [Z Vi (1) Uy '(0), (5.9)
k=0

r—1
> ou(t)Us
k=0

too £2(n+k)

where U() = Ir; Ul = Al — b()Ai_l — s — bi_ljr, fO’I"?; = 1,. NN 1, wk(t) = Z m’l}n and
n=0 ’
T 2otk
o (t) = > mvn. Moreover, we have
[Z v (¢) Zaﬁ(% X'(0), (5.10)
d*y d*¢

where v, (t) and ¢,_,(t) are given as in (5.8), with p* (t) = W( ) and o™ (t) = i (t).

We can observe that Theorem 5.7 is analogous to Theorem 4.4. Indeed, Expression (5.9) represents the
Fibonacci-Horner decomposition of the unique solution of Equation (1.1), and Expression (5.10) shows
that the functions v, _(t) and ¢,._;(t) represent the related dynamical solutions.

The two fundamental functions 9,._;(t) and ¢,._;(t) considered in (5.8), are expressed in terms of the
sequence {vy, }>_,+1 exhibited in the Fibonacci-Horner decomposition (5.7). Since {vy, }n>—r+1 satisfies
the recursive Equation (4.4) of order r, namely, v,11 = aovp + a1Vp—1 + -+ + @r—1Vp—r11, for every
n > 0, with initial data v9 = 1 and v_; = 0 for 1 < j < r — 1, hence this sequence owns an analytical
form, with the aid of the roots of the polynomial R(z) = 2" —apz""! — -+ —a,_22 — a,_1 and the initial

data (see, for example, [6,11,26]).
For the sake of simplicity and length of the text, we assume that the roots A\p (1 < k < s) of the

polynomial R(2) = 2" —agz" "' —---—a,_2z—a,_1 are simple. In this special case, the analytic expression
r—1

of the sequence {vy, }n>—_r41, is as follows v,, = Z BiAL, where the scalars 3, (1 < k < s) are obtained
k=1

by solving a Vandermonde linear system of equations (see, for example, [6,11,26]). Here the scalars 3,
(1 < k <r) are obtained from the Lemma 5.1, and we have
T 1 T n—1
/\" A
fUn:v ZHA_)\]C for every n > 1,
1= 1 ki

otherwise ug = 1, u_; =0 for 1 < j < r — 1, where P'(z) = 2&(z). Therefore, the former functions

d
t2n tQ(TLJrk‘) * t2n+1 t2(n+k‘)+1

+o0o +oo +oo +o0

= . = ————Up d ————Un—k — — n

V) = Sico Gk = 200 (o g M Y T 200 ik T 2 G R
take the following form

T

1 = . 1 AR
(1) = ; TR O) lz on )')\]] and ¢ (t) = Z NFLRIO) [Z 2(n + 1))!/\]‘] :

Jj=1"7 n=0
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For every \; (1 <j <), let y; (1 <j <) be its principal square root. Then, we have

T T

bty =3 ﬁ cosh(tp) and ¢, (t) = 3

1
—————sinh(tu;).
= Aj) SATR(N) g

In summary, we have the following result.

Theorem 5.8. Let consider Equation (1.1), where the solution is submitted to initial data X(0) and
X'(0). Let R(z) = 2" —apz" ' — -+ —a,_22 — a,_1, be the polynomial such that R(A) = Oy4. Assume
that, R(z) owns simple roots \j (1 < j <r). Then, the unique solution of Equation (1.1), is as follows

X(t) = [Z_:¢k(t)Uk X(0) + X'(0),
k=0

r—1
Z%(ﬂUk
k=0

where Uy = I, Uy = A" —bgA"=Y — .. — b, 1@, fori =1,....,7 — 1 and ¥, (t) and ¢,(t) are given.
Moreover, we have

T

1 = . 1 o
Yi(t) = Z /\;?JFIR’(/\J') ;) (2n)!)\j » Pi(t) = Z /\§+1R/()\j) Z (2(n + 1))!/\j '

j=1 Jj=1 n=0

If pj (1 < j <r) are the principal square root of A; (1 < j <), respectively, we get

r—1 T r—1 T

Xt => chosh(wj) Uk | X(0)+ [ stmh(%) Uk | X'(0).

k=0 \j=1 k=0 \j=1

We can observe that, for Equation (1.1), Theorem 5.8 is analogous to Theorem 5.2. Moreover, the
principal square root of the matrix A considered in Proposition 2.2, is analogous to the principal square
root of the simple eigenvalues \; (1 < j <r) of A.

6. Equation (1.2): another approach for the commutative case

When the commutativity condition, AgA; = A Ay, is fulfilled, it was established in Proposition 3.4
that Equation (1.2) owns a unique solution X (¢), with the prescribed initial data X’(0) and X (0) given
by

X(t) = [Ia + A1go(t)] X (0) + [Lat + Aogo(t) + A1g1(£)] X'(0),

where go(t) and g1 (t), are the exponential generating matrix functions of {p(n, 2)},>0 and {p(n—1,2) },>0

d
(respectively), with p(n,2) is as (3.6). And we can verify that %(f) = go(t) or equivalently g;(t) =

/Ot go(x)dx.

Suppose that P;(Ag) = P2(A;1) = Oy, for some polynomials P;(z) and Pa(z). For clarity, we consider
Py(z) = det(Ag — 214) and Py(2) = det(A; — z1,) are the characteristic polynomial of Ag and A, respec-
tively. For reason of simplicity, we suppose that the eigenvalues {\1,..., A} (respectively {p,..., 1 })
of Ay (respectively A;) are simple. Because of the commutativity condition AgA4; = A; Ao, there exists
an invertible matrix P € C%*¢ such that

P71AgP = diag(\, ..., \g) and P71 A P = diag(py, ..., f1y)-
Therefore, we have Aj = Pdiag(\},...,\])P~! and A} = Pdiag(u?,...,x%)S~ . Hence, we acquire

p(nv 2) = Pdiag(p(n, 2)[/\17N1]a s 7p(n7 2)[/\jhuj]a s 7p(n7 2)[/\d7,ud])P71’
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where u,, ; = p(n,2)[\j, p;] = Z WA?O/‘?' Hence, for each fixed j (1 < j < d), the
ko+2ki=n—2 O

sequence {un ;}n>1 is a recursive sequence of order 2 of type (4.4), whose coefficients are ag,; = Aj,

a5 = uj, and initial values ui,; = O, U2, = 1, namely, Un+41,7 = )\jumj +,ujun_17j = Q0,jUn,j +a17jun_17j

for every n > 2. Suppose that )\3 + 4p; # 0, then, we have u,; = 127, + ag ;25 ;, for every
. Ajtr/ A2 4+4p Aj—+/ N2 +4p . .
n >0, with 2y j = =—Y51—2, 25 ; = =——=1—7 where the scalar oy j, as; are obtained by solving

the Vandermonde linear system auzfj + agyjzgj = Uy, for n = 1,2. Therefore, we have go(t) =

= tn =X

> p(n,2)— = Pdiag(Ar(t),..., A(t),..., Aa(t))P~", where Aj(t) = ) up;—. Using the analytic
n! n!

n=0 n=0

expression of the recursive sequences {uy_j}n>1, we get

+o00o m
. _ n DY R 21,45t 22,5t
Aj(t) = E [alﬁjzlyj +a2dz2,j]n| =y e + et
n=0 ’

In summary, we get the following result.

Proposition 6.1. Let consider Equation (1.2), where Ay, Ay € C¥*? satisfy the commutativity condition
ApAr = A1 Ag. Suppose that the eigenvalues {1, ..., \a} (respectively {iy, ..., puq}) of Ao (respectively
A1) are simple, with )\5 +4p; # 0. Then, the unique solution X (t) of Equation (1.2), with the prescribed
initial data X (0) and X'(0), is formulated as follows

X(t) = [Ia + A1go(t)] X (0) + [Lat + Aogo(t) + Arg1(t)] X'(0),

where
go(t) = Pdiag(A1(t),...,Aj(t), ..., Aa(t)) P!

and
g1(t) = Pdiag(®1(t),...,P;(t),...,Da(t)) P,

Aj+ /N2 +4p Aj—+/ N2 +4p
such that Aj(t) = ay je*ti' + ag je23t, with z ; = %, 29 = %M; D;(t) = f(f Aj(z)dx

and P € C¥™? s an invertible matriz satisfying
P YAgP = diag(\1,. .., \g) and P"YA P = diag(py, . . ., g)-
Proposition 6.1 can be extended to the case of multiple eigenvalues of the matrices Ay and A;.

7. Concluding Remarks

In this work, we studied the generalized Apostolo-Kolodner second-order matrix differential. We have
opted for a method based on the properties of recursive sequences in the algebra of square matrices, the
Fibonacci-Horner decomposition of the powers of a matrix, and the fundamental solution of a differential
equation, describing the associated system fundamental of solutions. It seems to us that our approach
and results are not current in the literature on this topic.

Finally, it should be mentioned that the results of the previous sections seem to be also important
for the resolution of non-homogeneous second-order matrix differential equations of the type, X" (t) =
AX(t)+ F(t), where A € C?¥*9 and F(t) is a continuous function near ¢ = ;. We can mainly get explicit
formulas of the solutions of this type of matrix differential equation. Some preliminary results have been
established on this subject.
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