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Genus of commuting graphs of some classes of finite rings

Walaa Nabil Taha Fasfous and Rajat Kanti Nath™*

ABSTRACT: In this paper, we compute the genus of commuting graphs of non-commutative rings of order
pt, p®, p2q and p3q, where p and ¢ are prime integers. We also characterize those finite rings such that their
commuting graphs are planar or toroidal.
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1. Introduction

The smallest non-negative integer n such that a graph G can be embedded on the surface obtained by
attaching n handles to a sphere is called the genus of G. We write v(G) to denote the genus of a graph
G. It is worth mentioning that

—3)(n—4
v(Ky) = [(nién)—‘ if n > 3 (see [13, Theorem 6-38]), (1.1)
where K, is the complete graph on n vertices. Also, if G = ille” then by [3, Corollary 2] we have

10) = Y A(Ky). (1.2

A graph G is called planar or toroidal if v(G) = 0 or 1, respectively. The following figures (Figures 1-2)
show that K, is planar while K5 is toroidal.
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Figure 1: K4 Flgure 2: K

The commuting graph I'.(R), of a finite non-commutative ring R with center Z(R), is an undirected
graph whose vertex set is R\ Z(R) and two distinct vertices are adjacent if they commute. The concept
of T'.(R) was introduced by Akbari, Ghandehari, Hadian and Mohammadian [2] in 2004. However,
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they studied I'.(R) for semisimple rings. In [1,8] Abdollahi and Mohammadian respectively, considered
commuting graphs of some matrix rings and Omidi and Vatandoost, in [10], initiated the study of
commuting graphs of any finite non-commutative rings. It is noteworthy that I'.(R) is less explored
compared to the study of commuting graphs of finite groups which was introduced by Brauer and Fowler
[4] in 1955. In [5], Dutta, Fasfous and Nath have computed genus of commuting graphs of some classes of
finite rings and characterized non-commutative rings of order p? and p? (for any prime) with unity such
that their commuting graphs are planar or toroidal. In this paper, we consider non-commutative rings
of order p*, p°, p?>q and p3q, where p and ¢ are two primes, and compute the genera of their commuting
graphs. We also characterize those rings such that their commuting graphs are planar or toroidal. It
is worth mentioning that the structures of T'.(R) for the above mentioned classes of rings have been
described in [11,12] and their spectral aspects have been explored in [6,7,9]. The following results are
useful in our computations.

Theorem 1.1 [12, Theorem 2.5] Let R have unity and |R| = p*. Then Tc(R) = (p* + p+ 1) K(p2_p) or
WK 2y UKy (where ly +12(p+1) =p* +p+1) if [Z(R)] = p; and Te(R) = (p+ 1)K (s _p2y if
1Z(R)| = p.

We would like to remark that [12, Theorem 2.7(ii)] and [11, Theorem 2.9 (ii)] were printed incorrectly.
The correct versions of [12, Theorem 2.7] and [11, Theorem 2.9 | are given below.

Theorem 1.2 [12, Theorem 2.7] Let R have unity, |R| = p° and Z(R) is not a field. Then
I'.(R) = (p2 +p+ 1)K(p3_p2) or llK(ps_p2) L ng(p4_p2)

(where Iy +la(p+1) =p?> +p+1) if |Z(R)| = p?; and T(R) = (p + 1)K pa_p3y if |Z(R)| =p.

Theorem 1.3 [11, Theorem 2.9] Let |R| = p?q and Z(R) = {0}. Then I'.(R) = piflth_l ift €
{p,q, % pq} and (t = 1) | (p*q —1). Also,

FC(R) = lle,1 [ ngq,1 UlsK,2_q U l4‘Kqu,17
fli(p—1) +la(qg— 1) +13(p* = 1) +la(pg — 1) = p?q — 1.

Theorem 1.4 [11, Theorem 2.12] Let |R| = p®>q and R has unity. If |Z(R)| = pq then T.(R) =
(p+ V) Kp2qpg- If|Z(R)| = p? then

1;:1:11 Kp3—p27 when (p - 1) ‘ (pq - 1)
FC(R) = Z;q__ll szq—p27 when (q - 1) | (pq - 1)

LK s _p2e UK p2g 2,  whenly(p—1) +12(g— 1) =pg — 1.
2. Main results
We begin with the following result.
Theorem 2.1 Let R be a non-commutative ring with unity and |R| = p*.
(a) Let |Z(R)| = p.
(i) If p =2 then T'.(R) is planar, toroidal or v(I'c(R)) = 2.
(ii) If p > 3 then y(T(R)) = (p*> + p+ 1) [—(ptp_?gﬁ_p_‘l)—‘ or

I [W—‘ + 1 {w—‘ for some positive integers li,ly such that Iy +

la(p+1) = p?> + p+ 1; and hence T'.(R) is neither planar nor toroidal.
(b) Let |Z(R)| = p?.
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(i) T.(R) is planar if and only if p = 2.

(ii) If p > 3 then vy(To(R)) = (p+ 1) [(pB_p2_3iép3_p2_4)“ ; and hence T.(R) is neither planar nor
toroidal.

Proof: (a) By Theorem 1.1, we have I'.(R) = (p*+p+1)Kp2_, or 1 Kp2_,Uls K5, where Iy +1o(p+1) =
PP +p+1.
Case 1: I'.(R) = (P> +p+ 1)Kz,

By (1.2) we have y(I'¢(R)) = (p? + p+ 1)y(K,2_,). If p =2 then p? — p = 2 and so y(I'(R)) =
7v(K3) = 0. Therefore, I'.(R) is planar. If p > 3 then p> —p > 6. By (1.1) we have

[(p2 *p*i?épz’ p‘ﬂ '

Y(Te(R) = (P> +p+1)

Since p > 3 we have W > 1 and so y(I'(R)) > 13. Thus I'c(R) is neither planar nor
toroidal.

Case 2: I'.(R) =1 Ky Ul K s,

By (1.2) we have y(T'¢(R)) = liy(Kp2—p) Uloy(Kps_p). If p=2 then p* —p = 2 and p* —p = 6. Also,
l143ly = 7 which gives [; =4 and lp = 1 or l; = 1 and lp = 2. Therefore, y(I'c(R)) = 47(K2)+v(Ks) =1
or ¥(T(R)) = v(Ka) + 2v(Kg) = 2. That is, I'.(R) is toroidal or y(I'.(R)) =2. If p > 3 then p> —p > 6
and p® —p > 24. By (1.1) we have

Y(Te(R)) =1 [(prz *P*?’ig’z pﬁﬂ l [(p?’ fp—:?;p?’ pﬂ .

Note that W > 1 and w > 35. Therefore, y(I'.(R)) > I; + 35l2 > 36. That
is, T'.(R) is neither planar nor toroidal. This completes the proof of part (a).

(b) By Theorem 1.1, we have I'.(R) = (p + 1)K,5_,2. Therefore, using (1.2) we get v(I':(R)) =
(p+1)y(Kps_p2). If p =2 then p® — p? = 4. Therefore, v(I'.(R)) = 3y(K4) = 0. That is, I'.(R) is planar.
If p > 3 then p® — p? > 18 and so by (1.1) we have

(P* —p*-3)(p* —p° - 4)}
12 '

TR = (1) |

Note that (ptp?*gigptpkzl) > 35 and so y(I'¢(R)) > 72. Thus I'(R) is neither planar nor toroidal.
This completes the proof of part (b). O

Theorem 2.2 Let R be a non-commutative ring with unity where |R| = p> and Z(R) not a field.
(a) Let |Z(R)| = p*.
(i) If p = 2 then T.(R) is planar, ¥(Tc(R)) =6 or v(I':(R)) = 12.
(ii) If p> 3 then y(Ie(R)) = (P2 +p+1) [(ps,pkgzgptpag“ or

I Pp3_p2_3%§p3_p2_4)—‘ +1y ’7(p4—p2—3igp4—p2—4)—‘ for some positive integers l1,ly such that l1 +

lo(p+1) = p?> + p+1; and hence T'.(R) is neither planar nor toroidal.

(b) Let |Z(R)| = p®. Then v(T'.(R)) = (p+1) ’7(p4—p3—3i§p4—p3—4)—‘ ; and hence T'o(R) is neither planar
nor toroidal.

Proof: (a) By Theorem 1.2, we have I'.(R) = (p> + p + 1)K,

2 Or lles._pz L ngp4_p2, where ] +
lap+1)=p*> +p+ 1.

3—p
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Case 1: I'.(R) = (p® +p+ 1) K5 _2
By (1.2) we have y(I'c(R)) = (p? + p+ 1)v(Kp3_p2). If p = 2 then p® — p? = 4 and so y(I'(R)) =
7v(K4) = 0. Therefore, I'.(R) is planar. If p > 3 then p> — p? > 18. By (1.1) we have

A(Te(R)) = (p* +p+1) {(P3 —pQ—SEép?’—pQ —4)] .

Since p > 3 we have (pafptgiéps*pt‘l) > 35 and so y(I'o(R)) > 234. Thus I'.(R) is neither planar nor
toroidal.

Case 2: FC(R) = lle3,p2 Ul K 4_p2

By (1.2) we have v(To(R)) = l17(Kps_p2) Uloy(Kps_p2). If p= 2 then p® — p* = 4 and p* — p* = 12.
Also, I3 + 3ly = 7 which gives I; = 4 and lo = 1 or [; = 1 and Iy = 2. Therefore, v(T'.(R)) =
4y(Ky) +7(K12) = 6 or y(Te(R)) = v(K4) +2v(K12) = 12. If p > 3 then p® — p? > 18 and p* — p? > 72.
By (1.1) we have

Note that E=22=3)p =) > 85 5nq "3 =p"4) > 391 Therefore, v(T'o(R)) > 181y + 39115 >
409. That is, T'.(R) is neither planar nor toroidal. This completes the proof of part (a).

(b) By Theorem 1.2, we have I'c(R) = (p+ 1)K ,a_ps. By (1.2) we have y(I'c(R)) = (p+ 1)y (Kpa_ps ).
If p > 2 then p* — p > 8 and so by (1.1) we have

[(p4 —-p° f3iép4 -’ 4)} .

YTe(R) = (p+1)

Note that (p47p373£§p47p374) > 5 and so y(Tc(R)) > 6. Thus I'.(R) is neither planar nor toroidal. This
completes the proof of part (b). O

Theorem 2.3 Let R be a non-commutative ring where |R| = p*>q and Z(R) = {0}.
(a) Lett € {p,q.p* pg} and (t —1)| (p?q—1) .
(i) Te(R) is planar ift =p=q=2; ort =p> =4 and q > 3; ort = p = 2,3,5 and q > 3; or
t=qg=2,3,5 and p > 3.
(ii) Ift=p>Tand q>3; ort=q>T7andp>3; orp>3,q>3andt=p> orpq then

v([(R)) = piz_ll {%—‘; and hence T'.(R) is neither planar nor toroidal.

(b) Letli(p—1)+1lz2(q—1)+13(p?> — 1) +ls(pg—1) = p?>q— 1 for some positive integers ly, la, I3 and 4.

(i) If p =2 = q then T.(R) is planar.

(i) If p=2 and ¢ = 3 then v(L'¢(R)) = ls; and hence T'.(R) is not planar but toroidal if and only
ifla = 1.

(ii) If p=2 and ¢ > 5 then y(Te(R)) = lo —%_ + 14 {%-‘.

(i) If g =2 and p = 3 then y(T.(R)) = 2l3 + 4.

(v) If g =2 and p > 5 then v(T'.(R)) =11 —%_ + 13 [%] + 1y {%—‘.
(vi) If p=3 = q then v(I'c(R)
(vii) If p =3 and q > 5 then y(T'(R)) = lo [a=96-5)] | 2l3 + 1y [W—‘.

v
I
DO
S
=
w
-
z
Ny
£

12

r _ _ 2 2 _ _
(viii) If p =5 and q = 3 then /(De(R)) = b [ L9020 gy [@00 ]y g [Cotiron) ],
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(iz) If p > 5 and q¢ > 5 then v(Te(R)) = [1 {7@ D 5)] + 1y [7((174;%%5)—‘ + 3 [7@ 74{&’9 75)—‘ +
I [(pq74iéqu5)—‘.

It follows that To(R) is neither planar nor toroidal in all the cases (iit) — (ix).

Proof: (a) By Theorem 1.3, we have I'.(R) = p =LK, 1. By (1.2) we have y(T.(R)) = pzz_lfy(Kt,l).

Case 1: p=2=¢q
In this case t = 2, since (t — 1)|(p?q — 1) = 7. Therefore, v(I'.(R)) = 7y(K1) = 0. That is, T.(R) is
planar.

Case 2: p=2and ¢ >3

We have (¢ — 1)1 (4¢g — 1) and (2¢ — 1) t (4qg — 1). Therefore, t # g and t # pg=2q. If t =p=2 or
t=p>=4and ¢>3thent—1=1or 3 and so y(['.(R)) = 0. That is, ['.(R) is planar.
Case 3: p>3and qg=2

We have (p — 1) 1 (2p2 — 1), (p?> — 1) 1 (2p*> — 1) and (2p — 1) { (2p? — 1). Therefore, t # p, p? and
2p=pg. ft=qg=2thent—1=1and so y(T'.(R)) =0. That is, I'.(R) is planar.
Case 4: p>3and q>3

Ift=p=3or5thent—1=2or4andsovy[T.(R)) =0. That is, I'.(R) is planar. If t = p > 7 then
t —1 > 6. Therefore, by (1.1) we have

2., _ _
A(To(R)) = 21 1[“ At ﬂ.

t—1 12

Since % > 1 and p 91 > 2 we have v(I'.(R)) > 2. That is, I'.(R) is neither planar nor toroidal.
If t = p? then t — 1 > 8. Therefore, by (1.1) we have

ﬁql[@®@5q.

Y(T(R)) = 1 12

Since % > 2 and p = L > 2 we have y(I'c(R)) > 4. That is, T'.(R) is neither planar nor toroidal.
Ift=gq=3o0rb then t— 1 =2 or 4 and so y(T'.(R)) = 0. That is, I'.(R) is planar. If t = ¢ > 7 then
t —1 > 6. Therefore, by (1.1) we have

PPa—1[t=-4)(-5)
(o = A [

Since % > & and ptq > 2 we have y(I'.(R)) > 2. That is, I'.(R) is neither planar nor toroidal.
If t = pq then t — 1 > 8. Therefore, by (1.1) we have

PPg—1[(—=4)(t—5)
7<FC<R>>=H[ =2

Since % > 5 and p — L > 2 we have y(T(R)) > 4. That is, T'.(R) is neither planar nor toroidal.

(b) By Theorem 1.3, we have I'e(R) =L Kp_1 UlaKq_1 UlI3K2_ 1 UlsKpq—1. By (1.2) we have

Y(Le(R)) = liy(Kp—1) + lay(Kg—1) + I3y (Kp2 1) + lay(Kpg—1)-

Case 1: p=2=¢q
In this case Y(T¢(R)) = l1y(K1) + lay(K1) + I37(K3) + l4y(K3) = 0. Therefore, I'.(R) is planar.
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Case 2: p=2and ¢ >3

In this case Y(I'o(R)) = lay(Kq—1) + lay(K29—1). If ¢ = 3 then y(T'o(R)) = loy(K2) + lay(K5) = la.
Therefore, I'¢(R) is not planar since Iy # 0 and I'¢(R) is toroidal if [y = 1. If ¢ > 5 then ¢ — 1 > 4 and
2g — 1 > 9. Therefore, by (1.1) we have

I e R |

Since (‘1_4%# > (0 and % > g we have v(T'.(R)) > 3l4 > 3. That is, ['.(R) is neither planar
nor toroidal.

Case 3: ¢g=2and p>3

In this case Y(I'c(R)) = Ly (Kp—1) + l37(Kp2—1) + lay(Kap—1). If p = 3 then v(I(R)) = l1y(K2) +
I37(Ksg) +14v(K5) = 2l3+14 > 3. Therefore, I'.(R) is neither planar nor toroidal. If p > 5 then p—1 > 4,
p? —1>24 and 2p — 1 > 9. Therefore, by (1.1) we have

L [(p—ﬁli;p—ﬂ v [(p2 —4i;p2 —5)W L {(219—4&229—5)} '

Y(Te(R)) =

Since (p74iép75) >0, (p274igp275) > 35 and % > % we have y(T'.(R)) > 353 + 314 > 38. That
is, I'.(R) is neither planar nor toroidal.

Case 4: p>3and qg>3
If p=3 =g then y(T'.(R)) = l3v(Ks) + lay(Ks) = 2(I3 + I4) > 4. Therefore, I'.(R) is neither planar
nor toroidal. If p =3 and ¢ > 5 then

Y(Le(R)) = iy (Kz) + lay(Ky—1) + I37(Ks) + lay(K34-1)

— 1 [(q—ﬁli;q—ﬂ ol 1 [(3q—4i;3q—5)w .

Since % > 0 and W > 3% we have v(I'c(R)) > 2I3+ 100y > 12. That is, Tc(R) is neither
planar nor toroidal. If g =3 and p > 5 then
V(Te(R)) = hy(Kp—1) + Loy (K2) + I3y (Kp2—1) + lay (Ksp-1)
—4)(p— 2 4)(p? — —4)(3p —
_1 [(p )(p 5)} Tl [(p )(p 5)} ‘L {(317 ié?)p 5)} .

12 12

Since E==5) > o Z=DET) > 35 ng Ba=DEI=5) > 55 we have y(T(R)) > 3515+ 1013 > 45. That
is, I'.(R) is neither planar nor toroidal. If p > 5 and ¢ > 5 then

- [S) 1 [ [ ).

12 12 — 2

Since 2=HP=5 > o (=4)a=5 > % > 35 and w > 35 we have y(T'e(R)) >
3503 + 3504 > 70. That is, I'.(R) is neither planar nor toroidal. O

Theorem 2.4 Let R be a non-commutative ring with unity where |R| = p*>q and |Z(R)| = pq.

(a) If p=2=q then T.(R) is planar.

(b) If p=2 and q > 3 then y(I'.(R)) =3 {W—‘,

(¢) Ifa=2 and p =3 then y(To(R)) = (p+ 1) | G292 =20t ],
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(d) Ifp =3 and q > 3 then 1(Te(R)) = (p+ 1) | Ze-pa=8rape=i) |,

It follows that T'¢(R) is neither planar nor toroidal in all the cases (b) — (d).

Proof: By Theorem 1.4, we have I'.(R) = (p+1)Kp24_pq- By (1.2) we have y(I'c(R)) = (p+1)7(Kp2q—pg)-

Case 1: p=2=gq
In this case y(I'.(R)) = 3v(K4) = 0. Therefore, I'.(R) is planar.

Case 2: p=2and q >3
In this case we have y(I'¢(R)) = 3v(K24) and 2g > 6. Therefore, by (1.1) we have

29 —3)(2q—4
(i) 3| H=H2 =D
Since 22=329=4) > 1 we have v(T'o(R)) > 3. That is, T(R) is neither planar nor toroidal.
Case 3: ¢g=2andp>3
In this case we have y(I'.(R)) = (p + 1)7(Kap2_2,) and 2p? — 2p > 12. Therefore, by (1.1) we have

N e

Since (2”2_2”_3252’”2_21’_4) > 6 and p+ 1 > 4 we have v(I'.(R)) > 24. That is, T'.(R) is neither planar
nor toroidal.

Case 4: p>3and q>3
We have p?q — pq > 18. Therefore, by (1.1) we have

[(pzq —pq —3)(p°q — pq — 4)}
12 '

YTe(R) = (p+1)

Since (pzq_pq_‘n’i;p%_pq_‘l) > 25 and p+ 1 > 4 we have v(I'(R)) > 72. That is, I'.(R) is neither planar
nor toroidal. O

Theorem 2.5 Let R be a non-commutative ring where |R| = p*>q and |Z(R)| = p*.
(a) Let (¢ —1) [ (pg —1).
(i) If p=2 = q then T.(R) is planar.

(i) If q=2 and p > 3 then y(T':(R)) =2p—1 [%—‘,

(i1i) If p > 3 and ¢ > 3 then v(I':(R)) = pq_ll ’7(p2q7p273igp2q7p274)—“

e
It follows that T'.(R) is neither planar nor toroidal in the cases (ii) and (ii3).
(b) Let (p=1) | (pg —1).
(i) If p=2 and q > 2 then T'.(R) is planar.
(i) If p > 3 and q > 3 then v(I'o(R)) = 2= {(p37p273)(p37p274)—‘; and hence T'c(R) is neither

p—1 12

planar nor toroidal.
(c) Letli(p—1)+1a(¢ — 1) = pq — 1, where Iy and Iz are positive integers.
(i) If p =2 = q then T.(R) is planar.
(i) If p=2 and g > 3 then y(I':(R)) = Iy {W—‘.
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(iti) If g =2 and p > 3 then v(T(R)) =14 [(ps,pz,gigpxpz%)“ + 1y [%—‘.

(iv) If p >3 and q > 3 then
32 3_ 2 2 2 2 2
V(To(R)) = Iy [(p P i?gp P 4)—‘ 1, [(p a—p i?ép a—p 4)—"

It follows that T'.(R) is neither planar nor toroidal in all the cases (ii) — (iv).

Proof: (a) By Theorem 1.4, we have ['.(R) = pqq__ll K,2q_p2. By (1.2) we have y(I'.(R)) = pqq%llv(Kpaq_pz).

We shall complete the proof by considering the following cases. Note that the case p = 2 and ¢ > 3 does
not arise since (¢ — 1) { (2¢ — 1).

Case 1: p=2=gq

In this case we have I'.(R) = 3K, and so y(I'.(R)) = 0. That is, I'.(R) is planar.
Case 2: ¢g=2and p >3

In this case v(I'¢(R)) = (2p — 1)y(K2) where p* > 9. Therefore, by (1.1) we have

Y(Te(R) = (2p—1) [(]02_33;]02_4)} :

Since % > 2 and 2p — 1 > 5 we have y(TI'c(R)) > 15. That is, I'.(R) is neither planar nor
toroidal.

Case 3: p>3andqg>3
We have p%q — p? > 18. Therefore, by (1.1) we have

pg—1 [ (p*q —p* —3)(p°q — p* — 4)
ey =21 | ) B

Since (pzq—p2—3zgp2q—p2—4) > 35 and ’;qf_ll > 2 we have y(T'.(R)) > 36. That is, I'.(R) is neither planar
nor toroidal.

(b) By Theorem 1.4, we have I'.(R) = Z;Jq__ll Kps_p2. By (1.2) we have y(I'.(R)) = I;q__llfy(Kps_pz).
We shall complete the proof by considering the following cases. Note that the case ¢ = 2 and p > 3 does
not arise since (p — 1)t (2p — 1).

Case 1: p=2and ¢ > 2
In this case we have v(I'.(R)) = (2¢ — 1)y(K4) = 0. That is, I'.(R) is planar.

Case 2: p>3and g >3
We have p® — p? > 18. Therefore, by (1.1) we have

P —p*=3)p* —p* - 4)}
12 '

_pg—1
ey = 2L |

Since (pg_pz_‘r?;ps_pz_‘l) > 3% and ’;q—:ll > 2 we have v(I'.(R)) > 36. That is, I'.(R) is neither planar nor
toroidal.

(c) By Theorem 1.4, we have I'c(R) = 1 Kps_2Ulo K2 p2. By (1.2) we have y(I'o(R)) = liy(Kps_p2 )+
lg’y(szq,pz).
Case 1: p=2=gq

In this case y(T'c(R)) = l1y(K4) + lay(K4) = 0. Therefore, I'.(R) is planar.

Case 2: p=2and ¢ >3
In this case Y(I'c(R)) = liy(Ka) + loy(Kag—a) = loy(Kag—a). We have 4¢ —4 > 8. Therefore, by (1.1)

we have
(49 — 7)(4q — 8)} .

A(To(R)) = Iy [ )
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Since W > 2 we have y(Tc(R)) > 2l > 2. That is, T'c(R) is neither planar nor toroidal.
Case 3: g=2andp >3
In this case Y(I¢(R)) = l17(Kps_p2) + l27(K,2). Since p® — p? > 18 and p? > 9, by (1.1) we have

3 _ 2 3.2 2 2
V(FC(R))lJ(p E 33;]9 P 4>}+12{@3§’4)]

Since (pB_p2_3i(2p3_p2_4) > 35 and % > 2 we have y(I'c(R)) > 181 + 3l > 21. That is, I'.(R)
is neither planar nor toroidal.

Case 4: p>3andqg>3
We have p® — p? > 18 and p?q — p? > 18. Therefore, by (1.1) we have

[(103 —p° —SEépg - —4)W l [(1)261—132 —3;;p2q—p2 _Lﬂ .

Y(Te(R)) = b

Since (pa_p2_3iép3_p2_4) > 32—5 and (p2q_p2_3i§p2q_p2_4) > % we have v(T':(R)) > 181; + 18l > 36. That
is, T'.(R) is neither planar nor toroidal. O
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