Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-6.
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.65511

Bounds for the Minimum Degree Eigenvalues of Graphs

Shivakumar Swamy C.S

ABSTRACT: In this article, we obtain several upper bounds for the minimum degree eigenvalues of graph G.
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1. Introduction

Let G be a simple graph and let its vertex set be V(G) = {v1,va,...,v,}. The square matrix A(G)
of order n whose (¢, j)— entry equal to unity if the vertices v; and v; are adjacent and is equal to zero
otherwise is called adjacency matrix of graph G. The eigenvalues A1, Ag, ..., A, of A(G), assumed in non
increasing order are the eigenvalues of the graph G.

In 1978 Ivan Gutman [3] introduced Energy of graph G as

E(G) =3I\l
i=1

In[1,8], author introduced the minimum degree matrix m(G) associated with a graph G and studied
its spectrum. Let G be a simple graph with n vertices vy, vs,...,v, and let d; be the degree of v;,
1 =1,2,3,...,n. Define

g — min{d;,d;}, if v; and v; are adjacent,
Y0, otherwise.

Then the n x n matrix m(G) = (d;;) is called the minimum degree matrix of G. The characteristic
polynomial of the minimum degree matrix m(G) is defined by

(Gip) = det(ul —m(G))
= pHop" e P+t e+ Cn,

where I is the unit matrix of order n. The minimum degree eigenvalues p1, pto, ..., iy of the graph G
are the eigenvalues of its minimum degree matrix m(G). The minimum degree energy of a graph G is
defined as

n

i=1

Since m(G) is real symmetric matrix with zero trace, these minimum degree eigenvalues are all real with
sum equal to zero.

The largest eigenvalue A; of the graph G is often called the Spectral radius of G. In literature there are
several upper bounds for the spectral radius A; (see [2,4,5,6,7,9])

In this paper we give upper bounds for minimum degree eigenvalues of G.
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2. Bounds for Minimum degree eigenvalues

We now give the explicit expression for the co-efficient ¢; of u"~*(i = 0,1,2) in the characteristic
polynomial of the minimum degree matrix m(G). It is clear that ¢g = 1 and ¢; = trace of m(G) = 0.
We have,

0 dyj
2= Z djx 0
i<j<k<n
But
0 dig; | [ —(min{d;,dy})? if vj and v, are adjacent,
dir. 0 | 0, otherwise.
Thus

)
n

Cy = — Z(az + bl)df

i=1
where, a; = the number of vertices in the neighborhood of v;, whose degrees are greater than d;

and b; = the number of vertices v;(j > ¢) in the neighborhood of v;, whose degrees are equal to d;.
Note that ¢o and ¢}, are negative and so —ca = |ca|, —ch = |cb].

Theorem 2.1 If uq, pa, ..., tn are the minimum degree eigenvalues of G, then

> i =2l
i=1

Proof: We have

Z u? = trace of m(G)?

i=1 %

NNgE

=1

d

Theorem 2.2 Let G and H be two graphs with n vertices. If p1, s, ..., 1y are the minimum degree
eigenvalues of G and pl, ph, ..., 1., are the minimum degree eigenvalues of H, then

n
S il < 24/leal .
i=1

Proof: By Cauchy-Schwarz inequality, we have

(Bee) = (£4) ()

On using Theorem 2.1 in the above inequality, we obtain

n 2
(Z Milé) < dlea| ey
=1
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Hence,

n
D iy < 24/ leal [ch-

=1

Theorem 2.3 IfG is a graph with n vertices and 1 > o > -+ - > Uy are the minimum degree eigenvalues
of G, then

1 n
Mlﬁp_l{\/2|‘32|P(P1)+Zﬂn—p+z}7 2<p<n.
i1

Proof: Let p1, pa, ..., hn—ptis bn—pt2s--->in, 2 < p < n be the minimum degree eigenvalues of G.
Let H = K,|JK,—p. The minimum degree eigenvalues of H are (p — 1)?, 0(n — p times), and —(p —
1)(p — 1 times).

Now on employing Theorem 2.2, we obtain

|p(p —1)3

pi(p—1)2 + p2(0) + -+ f—p+1(0) — frn—piroa(@ — 1) — -+ — pn(p — 1) < 24/ |ea
2

and so
P
=17 = (=1 tnprs < V2]eap(p — 1)
=2
Thus,

p1 < p%l {\/2 lca|p(p — 1) + Z/J'anri} . (2.1)

This completes the proof of the theorem. O

Remark 2.1 If we put p = n in (2.1), we get

1 n
py < 1 {\/2|02|n(n—1)+2ui}.

Since .
> ni=0,
i=1
we have
p1 < ﬁ{ 2|ea|n(n — 1) —Ml}
and hence,

1
< ﬁ\/2\02|n(n— 1).

Remark 2.2 Now putting p = 2 in (2.1), we get
1 = pin < V4 e2l. (2.2)

Corollary 2.1 If G is r-regular with n vertices, then

i > 12— 2V 3.
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3
Proof: Let G be an r-regular graph with n vertices. It is known that |co| = % and py = r2. Therefore

from (2.2), we get

fn > 12— V2013,

O

Theorem 2.4 Let G be a graph with n wvertices and puy > ps > -+ > u, be the minimum degree
eigenvalues, then

k

2|ea| k(n — k
ZM < M7 1<k<n.
n
i=1

Proof: Let G be a graph with minimum degree eigenvalues i1, fa, ..., bk, Hk+1s - - -, Un- Let H be a

graph with n vertices and k components each is complete graph K, i.e.,H = U K. The minimum degree
k

eigenvalues of H are (p—1)? (k times) and —(p—1)[(p — 1)k times] and the number of vertices and edges
kp(p—1
of H are n = pk and M respectively. Therefore from theorem 2.2, we obtain
kp(p —1)3
(0= D0~ Vs + (0~ Dps -+ (o= Dot~ [nas +--+ pal)y < 24/ o] P
k n
Le., PZM*ZMS 2|co| kp(p — 1).
i=1 i=1
Since .
ZM =0 and n = pk,
i=1
we deduce that,
k
2|eal k(n — k)
> i (2.3)
n
i=1
O
Corollary 2.2 If G is r-reqular graph with n vertices,then
po < 1ry/2r(n —2) — r2.
Proof: Putting k¥ = 2 in equation (2.3), we see that
ca|(n—2
o+ < 20121022
n
nrd
Since G is r-regular, we have |ca| = -5 and p; = 2.
Thus,
po < r/2r(n —2) — 2.
O
Theorem 2.5 Let G be a graph with n wvertices and puy > ps > -+ > u, be the minimum degree

eigenvalues, then
k
n
(Wi = pn—kti] < 24/ |cal K, 1<k < [f] -
=1

2
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Proof: Let G be a graph with minimum degree eigenvalues 1 > pg > -+ > g > figyr1 > -+ > lp—k >
Pn—k+1 = -+ > ly. Let H be a graph with n vertices and k components each is complete bipartite graph

Kpqie, H=|JK,,
k

The minimum degree eigenvalues of H are p,/pq [k times], 0[(n — 2k) times] and —p,/pq [k times] and
the number of vertices and edges of H are n = k(p + ¢) and kpq respectively.
On employing Theorem 2.2, we get

k k
PVPL Y i — PVPG Y Hn—kri < 2/ |cal (kpPq).
=1 =1

Thus

)

(i = pn—kti] < 24/ |2 k. (2.4)

k
=1

?

O
Corollary 2.3 If G is r-reqular bipartite graph with n > 6 vertices, then
pz < r/nr — 12,
Proof: Putting k = 2 in (2.4), we get
p1 A+ plo — fin—1 — pn < 24/2]cal.
Since G is bipartite, we have
H1 = —Hn, H2 = —fn-1
and
p1+ pe < v/2]el.
Since,
3
nr
|ca| = -5 and pp =12,
we have,
po < ry/nr — r2.
O
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