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Robin Problem Involving the p(z)-Laplacian Operator Without Ambrosetti-Rabinowizt
Condition
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ABSTRACT: The paper deals with the following Robin problem

-M / L|Vu|p(g”)cl:c +/ @|Vu\p(x)da div(|Vul|P®)=2Vu) = Ah(z,u) in Q,
o P(@) 20 P(T)

(Va2 2% 4 o) ulr @)~ =0 on 99.
v

The goal is to determine the precise positive interval of A for which the above problem admits at least two
nontrivial solutions without assuming the Ambrosetti-Rabinowitz condition. Next, we give a result on the
existence of an unbounded sequence of nontrivial weak solutions by employing the Fountain Theoreom with
Cerami condition.

Key Words: p(z)-Kirchhoff type problems, Robin boundary conditions, variational methods, Cerami
condition.
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1. Introduction and main results

In recent years, there has been a lot of interest in differential equations and variational problems with
nonstandard p(z)-growth conditions. It illuminates a wide range of applications in a variety of fields,
including elastic mechanics, electro-rheological fluid dynamics, and image processing [16,17].

The purpose of this paper is to study the existence of nontrivial weak solutions for Kirchhoff type
equations involving the p(z)-Laplacian with Robin boundary conditions:

1
-M </ —— | Vu|P®de +/ M|Vu|p(z)do> div(|Vul[P ™ 2Vu) = Ah(z,u) in €,
o p() o0 p(T)
0

|Vu|p(r)—2a_:j + a(x)|u|p(z)_2u =0 on 012,

(1.1)

where Q C RY(N > 2) is a bounded domain with smooth boundary, 2% is the outer normal derivative,
)\ is a nonnegative parameter, p € C4(Q), 1 < p~ := inf p(x) < pt :=sup p(z) < N, a € L=(IQ) such
z€eQ z€Q
that a™ := inafﬂa(x) >0, M : Ry — Ry is a continuous function and the nonlinear term h: Q x R — R
zE

satisfies Carathéodory condition.

Since the original work of A. Ambrosetti and P.H. Rabinowitz [4], critical point theory has become
one of the most important tools for determining solutions to elliptic equations of variational type. In
particular, our elliptic problem (1.1) generalizes many work, since the function M can be # 1. The main
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ingredient to obtaining the existence of solutions for superlinear problems is the condition proposed by
A. Ambrosetti and P.H. Rabinowitz ( (AR)— condition for short).

Many authors have recently studied problem (1.1) in the case when M = 1, and a plethora of results
have been obtained, see for instance S. G. Deng [7], M. Allaoui et al. [3], A. Ayoujil and A. Ourraoui [5]
and the references therein.

However so far, there are only few results for the case M # 1. For example, by means of critical point
theorems, M. Allaoui [2] obtained results on existence and multiplicity of solutions for problem (1.1) in
the case A = 1, where the nonlinear term h satisfying the (AR)-condition.

In addition, under the (AR)-condition and some weaker assumptions, Afrouzi et al. in [1] proved that
problem (1.1) admits two distinct weak solutions for Ah(xz,u) = h(z,u) + Ag(x). Their approach was
based on the mountain pass theorem, the Ekeland’s variational principle, and Krasnoselskii’s genus theory.

To state our results, we make the subsequent hypotheses on M and h:
(M) There exists m € R such that ir]}Rf M(t) > m > 0.
teR4

(M) There exists 6 € [1, N%Jr { such that for all t € Ry,

V() < OM(1),

where M(t fo
(Hop) There exist C' > 0 and s € C1(9Q) such that

|h(z,t)] < O+ [t*@~1) for all (z,t) € @ x R.
(H) 1<p <pF<s <st<p*(z) forall ze€Q,

where Nota)
p(z)
() = A Nopw TP <V,
00 if p(z) > N.

(Ho) lllr‘n inf ﬁl(“i”? ~+o00 uniformly a.e z € ,
¢

where H(x,t) fo x, 8)ds and 6 comes from (M7) above.
(Hs) There exist ¢1,71 > 0 and [ € L*>°(Q) with I(z) > pﬂ, and I(z) < pf_;, such as

[H (2, )" < ealt P F(a, 1),
for all (z,t) € Q x R, [t| > r; and F(x,t) := h(x t)t — H(z,t) > 0.
Remark 1.1. 1. A typical example for M is given by M(t) = ap + b1t? with p > 0,a0 > 0 and a; > 0.

2. The conditions (My) and (My) implies the following inequality:
M(t) < M(1)(1+1t%), forall teR,.

Indeed, if 0 < t < 1, since the function M(.) is strictly increasing on [0, +00[, then M(t) < M(1),

and if t > 1, we consider the function G(t) = Mt—((,t) By direct calculation, it is clear that G(.) is

strictly decreasing on [1,+o0], then M(t) < M(1)t?

3. Hypothesis (Hs), which is important to ensure the boundedness of Palais-Smale type sequences of
the corresponding functional, can be found in [18].

As it is known, the main role of utilizing the famous Ambrosetti-Rabinowitz type condition in applying
critical point theory is to ensure the boundedness of the Palais—Smale type sequences of the corresponding
functional. However, this condition sometimes can be very restrictive, and thus undoubtedly eliminates
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many nonlinearities. Indeed, there are several functions which are superlinear at infinity and at the origin
but do not satisfy (AR)-condition. For example, when p(z) = p, the function

h(z,t) = [t|P~2tIn(|t| + 1),

does not satisfy the (AR)-condition, but it satisfies our conditions (H;) — (Hs).

Now, we present the main results of this paper.

Theorem 1.2. Suppose that (Mo), (M), (Ho), (H1), (H2) and (Hs) hold. Then there exists a positive
constant \* such that the problem (1.1) admits at least two distinct weak solutions in WP (Q) for each
A €0, N[

Theorem 1.3. Suppose that (Mo), (My), (Ho), (H1), (H2) and (Hs) hold. If
(Hy) Wz, —t) = —h(z,t) forall (z,t) € Q xR, then for any A > 0, the problem (1.1) has infinitely
many solutions (un) such that ¥y (u,) — +00 as n — +oo, where 1y will be defined in (2.2).

2. Preliminaries

To study problem (1.1), we need the following preliminary results. For the details we refer to [7,9,10,13]
and the references therein.

For p € C4(Q) := {p € C(Q) : p~ := infp(z) > 1}, we designate the variable exponent Lebesgue
€N
space by

LP@(Q) = {u : @ — R is measurable and / Ju(z) [P de < +oo}
Q

equipped with the Luxemburg norm |ul,,) = inf {7’ >0: [, |@|p(w)d£€ < 1}.

Proposition 2.1. [11] Let p(u) = [, |u|P®dx. For u € LP®)(Q), (u,) C LP®)(Q) and a > 0, we have

1. Foru#0, |ulpe) =a < p(L) =1;

2. Julpzy <1(=1,>1) <= p(u) <1(=1,>1);
- +

3. Nulp@y > 1= Julp,y < plu) < |uly,;
n _

4o Nulp@) <1= |U|Z(r) < plu) < |U|Z(m)v

5. lim |up —ulpm) =04 lim plu, —u) =0

n—-+o0 n—+00
The variable exponent Sobolev spaces W1P(#) () is defined as
W () = {u e 2O (©) 1 [Vu] € L@},
endowed with the norm [|uly 0@ () = [tlp@) + [Vlpa)-
With these norms, the spaces LP(*)(Q) and WP()(Q) are separable, reflexive and uniformly convex

Banach spaces [11].

Now, let us introduce a norm which will be used later. Let a € L (992) with ¢~ = inf a(z) > 0 and

€02
for any u € WHP(®)  define
||U||a=1Hf{T>O: | — """ dx + a(z)|—|? dogl}.
o 7 o0 T

It follows from of [7, Theorem 2.1] that ||.|, is also a norm on WP(#)(Q) which is equivalent to the
standard norm ||ul|y1.pe) (0)-
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On WHP)(Q), we define the modular p, : W) (Q) — R by

pa(u):/ |Vu|p(m)dx+/ a(z)|ulP®do.
Q o0

The norm ||.||, and the modular p, have the following connection.

Proposition 2.2. [7] For u € W'P®)(Q), (u,) € W"P#)(Q) and a > 0, we have

1. Foru#0, |Julls = a <= p,(2) = 1;

2. ulle <1(=1,>1) <= p,(u) <1(=1,>1);

3 ulla > 1= lullz” < py(u) < ul;

4 ulla < 1= Jlully” < po(u) < flully”;

5. lim ||luplle =0« ngrilwpa(un) =0 and ngrfooﬂunﬂa =400 & ngr}rloopa(un) = +o0.

n—4oo

Proposition 2.3. [11] If r € C(Q) and () < p*(z) for x € Q, then the embedding from W P(#)(Q)
to L™®)(Q) is continuous. In particular, if r(z) < p*(x), then the embedding WP (Q) — L@)(Q) is
compact.

Let J, : W@ (Q) — (WHPE)(Q))” be defined by

(Jo(u),v) = / |VulP®)=2VuVy dx —|—/ a(z)|[ulP® 2w do,  for all u,v € WHPE)(Q). (2.1)
Q o)

Here (W'7(*)(Q))" denotes the dual space of Wy’*(€2). Then, we have that
Proposition 2.4. [12, Proposition 2.2]
1. J, is a continuous, bounded and strictly monotone operator.
2. J, is a mapping of type (S4).
3. Jq is a homeomorphism.
From now on, we denote by X = W1HP(#) and X* = (W' »®)* the dual space. We notice that problem

(1.1) has a variational structure, in fact, the weak solutions of (1.1) are exactly the critical points of the
Euler-Lagrange functional ¢ : X — R, given by

Pa(u) = o(u) = Ap(u), (2.2)

where

¢(u)=ﬁ(/ﬂi|vu|p<$> dx+/ MW@ do) and gp(u):/QH(x,u)dx.

p() o p(x)

Then, it follows from assumption (Hy) that ¢, € C1(X,R), and its Fréchet derivative is

(W (u), ) = M ( /Q ﬁwuv’(ﬂ dz + /6 ) %W(ﬂ da) ( /Q Va2V uVy do

—|—/ a(z)|uP® 2y da) - )\/ h(z,u)v dz,
a0 Q

for all u,v € X.
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Let u € X. We say that u is a weak solution of the problem (1.1) if

M (/ L|Vu|p(””)alx—|—/ @|u|p(w)da> </ |Vul[P@=2Tu Ty dx—i—/ a(x)|u|p(m)2uvda>
o p(z) o0 () Q oQ
— /\/ h(z,u)vdr =0,
Q

for all v e X.

Next we give the definition of the Cerami condition which was introduced by G. Cerami in [6].

Definition 2.5. Let (X,].||) be a real Banach space and J € C'(X,R). Given c € R, we say that J
satisfies the Cerami condition ( we denote (C.)— condition) in X, if any sequence (un) C X such that
(J(uy)) is bounded and ||J'(un)|[(1 + |Jun]|) = 0 as n — 400 has a strong convergent subsequence in X .
If this condition is salisfied at every level ¢ € R, then, we say that J satisfies (C')-condition.

Remark 2.6. It is clear from the above definition that if J salisfies the (PS)-condition, then it satisfies
the (C)-condition. However, there are functionals that satisfy the (C)-condition but do not satisfy the
condition (PS)-condition ( see [6]). Consequently, the (C)-condition is weaker than the (PS)-condition.

To prove Theorem 1.2, we will use the following Theorem.

Theorem 2.7. [1}, Theorem 2.6] Let X be a real Banach space, A,B : X — R be two continuously
Gateaus differentiable functionals such that A is bounded from below and A(0) = B(0) = 0. Let n > 0 be
fized, and it is assumed that for each

n
sup B(u)
u€A~1(J—oo,m))

Aely:= |0,

)

the functional Jy = A — AB satisfies the (C)-condition for all A > 0 and is unbounded from below. Then,
for each A € Ty, the functional Jy admits two distinct critical points.

In order to prove Theorem 1.3, we use the following Fountain Theorem.
Let X be a real, reflexive, and Banach space, it is known [19] that for a separable and reflexive Banach
space there exist {e;}jen C X and {e}}jen C X* such that

X =span{e;:j=1,2,..}, X" =span{ej:j=12,..},

and (e, e;) =1if i =7, (e, e;) =0if i # j.
We denote X; = span{e;},Ys = @?Zl X, and Zj, = @j:oz X;.

Theorem 2.8. [20] Assume that X is a real reflexive Banach space, and let J : X — R be an even
functional of class C*(X,R) and satisfies (C')— condition . For every k € N, there exists v, > 0, > 0
such that

(A1) by == 1nf{J(u) : u € Zy, |Ju|| =0} = +o0 as k — +oo,

(A2) e == max{J(u) : v € Yy, |lu|]| = v} <0.

Then, J has a sequence of critical values tending to +oo.

3. Proofs of main results
First of all, we begin by showing that (C)-condition holds.

Lemma 3.1. If assumptions (M), (My), (Ho), (H1), (H2) and (Hs) hold, then the functional v satisfies
the (C)-condition for all A > 0.
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Proof. Let (u,) C X be a Cerami sequence for v, namely,
(¢ (uy)) is bounded and  ||9 (wn)||x+(1 + ||unlla) = 0, (3.1)

which imply that
sup [ (un)| < M and (¥ (un), un) = o(1), (3.2)
where lim o (1) =0and M > 0.
n——+00

We need to prove the boundedness of the sequence (u,,) in X. To this end, assume the contrary that the
sequence (u,) is unbounded in X. Without loss of generality, we can assume that |u,|, > 1.
By virtue of (M;) and (Hs), for n large enough,

1,
Hpﬁ (P (un), un)

—ﬁ(/ o )|vun|1’ dw+/m]%|un|pmda> —)\/QH(:U,un)dx
/ Mz, up ) upde — 9p+M (/Q $|Vun|p(r)dx + /aﬂ %Wﬂp(z)da) X (3.3)

(/ |Vun|p(z)dx—|—/ a(x)|un|p(r)da>
Q 90

> )\/ F(z,uy,) de.
Q

M+1 Z¢A(un)_

Using (Mp) and (M), it follows

M >4y (un)
=M (/Q ]ﬁwunv’(f) dx+/aQ %mnvﬂ@ da> - )\/QH(x,un) dx
([ o) (o
) e

> (/ |V, [P dx—!—/ a(z)|u, [P da) - )\/ H(z,u,) dz
Op* o0 Q

0 +||un||p —)\/QH(;E,un) dx

Since [[un|lq — +00 as n — +o00, we deduce that

M
/Hx Up )dx > p +Hun|\ —7—>+oo as n — +00. (3.5)

Furthermore, since JV[() is strictly increasing on [0, +o0c[, we have

¥y (un) =M (/ —— |V, [P@) dz +/ ale | W |P® do) - )\/ H(x,u,) dr
) o0 P(x Q

( /|Vun|” dx—i—/ a(z)|u, [P da)) —)\/ H(z,uy,) dz.
o9 Q

\ /\

Then, we obtain

W () + /\/QH(x,un) dw <M (pi(/g V[P dar + /{m () [un [P dcr)) . (3.6)
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In view of condition (Hz), there exists a constant T; such that
H(z,t) > |7 forall z€Q and |¢| > T1.
Since H(z,.) is continuous on [—T4,T1], there exists a constant C > 0 such that
|H(z,t)] < Cy forall (z,t) € Qx[-T1,T1].

Then, a real number K can be chosen such that H(x,t) > K for all (z,t) € Q x R.
Hence,

H(x,u,) — K
M (é Joy IVt [P@) da + [0 a(@) [ [P da))

>0,

forall( )EQXN.
Put 3, 0 ||8,,]l« = 1. Up to subsequences, for some § € X, we have

‘unHa

B, — B in X,
B, =B inL*@(Q),
B(x) — B(xz) a.e. in

where s is given in hypethesis (Hp).
Define the set Qo = {z € Q: f(z) # 0}. Since ||uy|la — +00 as n — 400, we have

|un(2)] = |8, (@)[|unlla = +oo,

for any = € Q.
By (H2) and Remark (1.1), for all z € £y, we have

lim H (@, un)
”"*“Jﬁ(% Joy [V P@ da + [ a(@) un, [P da))
. H(maun)
2 Jim — g
M(1) (1 n ( (foy [VunP@ da + [ a(a)]un | dcr)) )
2 ngr-lr-looﬁt 1 ( Opt Opt
@) (Il + sl
. H(xvun)
2 ngr-lr-loo N 1 Opt
M) (14 i)l
. H(x,un, +
> lim_ )i (o)
M) (1+ Gy ) lun() o7
= +OO,

(3.8)

Thus, |Q9| = 0. In fact, suppose by contradiction that |Qy| # 0. Uisng (3.5), (3.6), (3.9) and Fatou’s
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lemma, we get

Jo H(z, un) dx

1
— = lim inf

n——+oo d})\(un —|— )‘fQ

(x,uy) dz

Zliminf/ —
n—-4oo Q M (L—

dx

Jo IV, [P®) da 4 faQ ) [y, [P dcr))

p

Zlimlnf/ —
n=t20 Jo, M (L_ Joy IVt P@) da + fm a(z

2)|un, [P do)

K

p

—limsup/ —
nvros Joo N (& (fo [Vualr® do+ [ a(a)

dx
) |un, [PE) do)

H(z,u,) — K

= lim inf

n—+o0 Joo M (%(fﬂ |Vun|17(

P

dz + [, a(x)
H(z,u,) — K

Z/ lim inf —
0 "N (fo IVualr@) do + [ ala)

p

) |un, [PE) do)

Z/ lim inf —
o n*mm(% Joy IV |P@) da + [, alw)

p

) |un, [PE) do)

K

—/ lim sup—
0 oo N (% Joy IV |P@) da + [, a(

p

= +o00,

) |un [P®) do)

)
)
) un @) dor) )
)
)
)"

which is a contradiction. Therefore, 5(z) = 0 for a.e. x € Q.

From (3.4) and (3.8

), respectively, we can deduce that

B,—0 inL@®(Q) andfg,(z) =0 ae. inQ,
nd (2, 1)
m T, Unp
0< <limsup | ———2%~ dx
OApt n—+oo JQ ||Un||g

Using (Hp) and (H;), we get

H n
/ | (smu_)l de <
{0<]un(@)<ri}  |Junlf

c/ Jun| + Sy lun
{0<un ()| <1} [Jun |t

|s(w)

n C - _
|U |17 +T/ |un|s(z)—p |6n|p dx
lunlle 87 J{0<|un(@) <}
< ooy Mtnlle | " 15 -
a llunllé s e
CCy cors P _
< a2 " Sf 18,115

|unlla

— 0, as n— +oo,

where Cy, C
Put I'(z) =

I(x)

> 0 and s is either st or s—.
l(wll' Since | € L>°(Q) with I(z) > pﬂ_ and [(z) <

f%p_, it follows that

plx) <U'(z)p~ <p*(x).

(3.10)

(3.11)

(3.12)
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On the other hand, by virtue of hypothesis (H3), (3.3) and (3.10), we deduce

1 1
Iz ™ Ue)
/ |H($,Un)| dr < 2[/ (M) ( )dx‘| - [/ |B |l’(w)p_ d$‘| o
{lun(@)zr1} [unlla {lun(@I>ri} \ [unl? {Jun(@)zr1}
) o) (&)
< 2¢ l/ ?(x,un)dxl l/ 18, |1 @P” dw]
{|tn (z)|>r1} {lun(z)|Zr1}
z(T l’(r)
/?(x,un l/ 18, |1 P dw]
Q
M1\ T - e
<27 (45) l 1.1 dw}
A Q

—0 as n — +oo.

Finally, combining this with(3.12), it follows that

H (@, u)| dx:/ 7|H(x,u?)| dw+/ 7|H(:Jc,u,—b)| dr — 0, as n — +o0o,
{0<un (2)[<r1} {lun(z)|2r:}

@ lunlle l[unlla l[unlla

which is a contradiction to (3.11). Thus, (u,) is bounded in X.

Finally, we need to prove that any (C)-sequence has a convergent subsequence.
Let (u,) C X be a (C)-sequence. Then, (u,) is bounded in X. Passing to the limit, if necessary, to a
subsequence, from Proposition 2.3, we have

Up —=u  in X, u, —»u in L*®Q),1<s(@) <p* and  un(z) — u(z) ae x €. (3.13)

It is easy to check from (Hy), (3.13) and Holder’s inequality that
’ / h(z, wn)(u, — ) dm’ <Cl1+ |un|s(””)71|sf(w)|un —Ulszy — 0 as n — +oo, (3.14)
Q

where ﬁ + ﬁ =1
On the other hand, using (M), we obtain

M </ L|Vun|p(””) dx—i—/ @|un|p(gﬂ) da) — k#0, as n— +oo. (3.15)
a p(z) a0 P(x)

Next, since u,, — u, from (3.1), we have
(W5 (un),un —u) — 0, as n — +00. (3.16)

Then

AT @) g ) (T () —
S P da ) ) )

(W (un), up — u) =M (/ ﬂ|vun|p(r) da +/3
—/\/hx Up ) (Up, — u) dex

as n — +o00o,

where J, is given in (2.1).
Since J, is a mapping of type (S1) by Proposition 2.4, we can obtain that uw,, — u in X. The proof is
complete. 0
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Proof of Theorem 1.2

Let J\ =1, A = ¢ and B = ¢. Obviously, the functional ¢ is bounded from below. In view of the
definition of ¢ and ¢, we have ¢(0) = p(0) = 0. According to Lemma 3.1, ¢, satisfies the (C)- condition.
To apply Theorem 2.7, it suffices to check that
(a1) the functional v, is unbounded from below,

(az) for given n = 1, there exists A" > 0 such that

1
sup plu) < PR
u€p™ ! (J—oo.n[)

e Verification of (a1). From (Hs), it follows that for every k > 0, there exists a constant T}, such that
H(z,t) > I€|t|9”+ forall © € Q and |t| > Tk.

Since H(x,.) is continuous on [T}, Tx], there exists a constant Cy > 0 such that
|H(z,t)] < Cy forall (z,t) € Qx [Tk, Tkl

Thus,
H(xz,t) > k[t|?" — Cy, forall (z,t)€Q xR, (3.17)

Let w € X \ {0} and I > 1 be large enough, using Remark 1.1 and the above inequality, we obtain

Wy (lw) = M ( /Q L)Wwwz) do + / U o) da> 2 /Q H(x, lw)dz

p(z o P(x)

6

~ 1

< M(1) (/ —|IVw|P®) da:—f—/ @uwwﬂ da> —Akﬁp*/ lw|?7" dz + ACy|Q
o p(x) a0 () Q

7 0
1
< it @“)g (/ V@ da:+/ o) [P da> —)\k/ o] da:) + 2G|
Q o0 Q

where 6 comes from (My).

As
(4
(/ |Vaw|P(®) dx—i—/ a(z)|w[P@ da) —)\k/ lw|??" da < 0
Q o0 Q

for k large enough, we deduce

(1)
(p~)°

Uy (lw) — —o0, as | — +oc.

Consequently, 1, is unbounded from below.
e Verification of (ag). By virtue of (Hy) and Proposition 2.3, we get

gp(u):/QH(x,u)dx

U Lus(gﬂ) x
SC/Q(I [+ ) d ors)

1 st s
< Ceullulla + e max{|ul3 iy, [ul3q}t

_st s + -
< Ceallulle + max{Cy®, O pmax{luflg, [[ull; }

llella

where ¢4 > 0 and Cy =  inf Tl
ueX\{0} "*ls(=)
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On the other hand, for all u € ¢~ *(]—o0, 1[), according to (My), (M;) and Proposition 2.2, we get

o+ = 0ot = o0 ([ S vap ao [ S0 ao )

Q

mép™
> p(w) / p()
e / [VulP'*) do + a(x)|ulP'*) do

> mmaxf [ully, [lullf}

. + -
> min{1, m}max{|ullg, [ullg }-

Because 9p+ > 1 Z min{la m}) we haVe mln{l m} > L.
Thus, we obtain

Julla < maX{ (%:Tn})ﬁ ; (%:m}yﬁ} - <$1J:m}) ”

In view of (H;) and (3.18), we have

ot N\ . 2 e
sup  p(u) < Cea (%) +max{C77, 07 max{|lullg” lulle” )
u€d1(]—o0.n[) min{1,m} -
+ -4 + = (3.19)
— op P —st —s Hp P
=Ca <min{1,m}> Fmax{CL O (min{l,m}) '
Let us denote
1 A4\ L
* o 0p+ F —st —s 9p+ P
A= CC4 (m) + maX{CS ’Cs } (m

Taking into account (3.19), we assert that

> =

1
s () < 1o <
u€g™! (J—o0,n()

Finally, all assumptions of Lemma 2.7 are satisfied. Then, for all A € ]0,\"[ C T'g, the problem (1.1)
admits at least two distinct weak solutions in X . This completes the proof.
Proof of Theorem 1.3

To prove Theorem 1.3, we need the following auxiliary lemmas.
Lemma 3.2. ([8]) For s € C(Q) such that s(x) < p*(x) for all x € Q. Let
O = sup{|ulg@) © [Julla = 1,u € Zy}.

Then, lim &, = 0.

k— o0

Lemma 3.3. For all s € C(Q) and u € L*®)(Q), there exists y €  such that

/|u|s(”” dz = |u2(Y). (3.20)
Q
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Proof. According to Proposition 2.1, we know that

s(x)
() - [ () e
|U|s(z) Q |U|s(m)

Furthermore, the mean value theorem for integrals guarantees that there exists a positive constant

s* € [s™, sT] such that
s(z) s*
1
/ ( [u] ) do = ( > / |u|s(‘r) dx.
Q |1‘|S(r) |QL|S(r) Q

Since s is a continuous function on (2, there exists y € Q such that s(y) = s*. Then, we deduce the
equality (3.20). O

Now, we return to the proof of Theorem 1.3. To this end, based on the Fountain Theorem 2.8, we will
show that the problem (1.1) possesses infinitely many of solutions with unbounded energy. Evidently,
according to (Hy), 1, is an even functional. By Lemma 3.1, we know that v, satisfies the (C)- condition.
Then, to prove Theorem 1.3, it only remains to verify the following assertions:

(A1) by :=inf{J(u) : u € Z, ||u|| = n,} = +o0 as k — +o0,
(Az) ¢ := max{J(u) : u € Yy, ||ul| = v, } <O0.

(A1) For any u € Zj, such that ||ul|, = n;, > 1. It follows from (My), (My), (Hop), Proposition 2.3 and
Lemma 3.3 that

- 1
Py(u) =M </ —— |Vu[P@® dm—l—/ x)|u|p(r) da) - )\/ H(z,u)dx
o p(z) o P(@
1 1
>-M </ —— |Vu[P@® dx—|—/ ‘ x)|u|p(‘r) da) </ —|Vu|p(z) dm—l—/ @Mp(”j) da)
0 o p(z) o0 P(@ o p(2) o0 P(x)
s(x)
—)\C/ Jul dx—/\(]/ [ul o

/—\

2

~

> el —Ac5||u||a—ﬁ| W
{w lullg” = Aeslull, — 22 if July (o) < 1
el = Aesllulla — 25 @ellulla)™ i fuluy > 1
> gl = deslfulla - %muu” I
= nii (91.% - %52 m, tor ) — Acsny, — E

Since pT < s and §; — 0 as k — 400, we conclude that 1, — +o0o0 as k — +oo.
Finally,

Py(u) = o0 as k — +oo.

Hence, (A1) holds.

(A2) Because Yy, = @?:1 X is finite-dimensional space, all norms are equivalent. Then, there exists
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di, > 0, for all u € Y, with ||ul|, is large enough, we obtain

¢m):ﬂiaégéﬂVM““dx+l;%%%M“”d%>

Y L our® gy (@) o g
<300 (f sV e [ S ao) (3:21)
~(p)f

OpT
< dk|“|9§+-

.
lull2?

Moreover, it follows from (Hz) that there exist Dy > 0 such that for every |t| > Dy, we get
H(z,t) > 2di|t|”?" forall z € Q.

Then,
H(z,t) > 2d[t|??" — Ly, forall (z,t) € Q xR,
where L = max H(z,1).
[t|<Dx
Combining this with (3.21), for u € Y}, such that |Jul|, = v, > 0, we find

() = () — A / H(z,u) dx
Q
+ +
< difulghy — 2dy|ulgh, + Li|Q|
+
< —dyulghs + Li|Q)
S_M%
(p~)

Thus, for v, large enough, we obtain from the above inequalities

+
[ullZ?” + Lil€.

¢ = max{yy(u) : u € Y, ||ulla = 71} <O0.
This completes the proof.

Acknowledgement

The authors would like to thank the referees for their valuable comments and suggestions, which have
improved the quality of this paper.

References

1. G. A. Afrouzi, N. T. Chung and Z. Naghizadeh, Multiple solutions for p(z)-Kirchhoff type problems with Robin boundary
conditions, Electronic Journal of Differential Equations, 2022(24), 1-16, (2022).

2. M. Allaoui, Ezistence results for a class of p(x)-Kirchhoff problems, Studia Scientiarum Mathematicarum Hungarica,
54(3), 316-331, (2017).

3. M. Allaoui, A. R. El Amrouss, F. Kissi and A. Ourraoui, Ezistence and multiplicity of solutions for a Robin problem,
J. Math. Computer Sci, 10, 163-172, (2014).

4. A. Ambrosetti and P.H. Rabinowitz, Dual variational methods in critical point theory and applications, Journal of
functional Analysis, 14, 349-381, (1973).

5. A. Ayoujil and A. Ourraoui, On a Robin type problem involving p(x)-Laplacian operator, Georgian Mathematical
Journal, 29, 13-23, (2022).

6. G. Cerami, An existence criterion for the critical points on unbounded manifolds, Istit. Lombardo Accad. Sci. Lett.
Rend. A, 112, 332-336, (1978).

7. S. G. Deng, Positive solutions for Robin problem involving the p(x)-Laplacian, Journal of mathematical analysis and
applications, 360, 548-560, (2009).



14

10.

11.

12.

13.
14.

15.

16.

17.
18.

19.
20.

M. EL AHMADI, A. AYOUJIL AND M. BERRAJAA

X. L. Fan, Solutions for p(x)-Laplacian Dirichlet problems with singular coefficients, J. Mathh. Anal. Appl., 300,
30-42, (2004).

X. Fan and X. Han, Ezistence and multiplicity of solutions for p(x)-Laplacian equations in RN, Nonlinear Analysis:
Theory, Methods & Applications, 59, 173-188, (2004).

X. Fan, J. Shen and D. Zhao, Sobolev embedding theorems for spaces Wk’p(z)(Q), Journal of Mathematical Analysis
and Applications, 262, 749-760, (2001).

X. Fan and D. Zhao,On the Spaces Lp(z)(ﬂ) and WP (Q), Journal of mathematical analysis and applications, 263,
424-446, (2001).

B. Ge and Q. M. Zhou, Multiple solutions for a Robin-type differential inclusion problem involving the p(x)-Laplacian,
Mathematical Methods in the Applied Sciences, 40, 6229-6238, (2017).

O. Kovééik and J. Rékosnik, On spaces LP(*) and W*P(*) Czechoslovak mathematical journal, 41, 592-618, (1991).

J. Lee and Y. H. Kim, Multiplicity results for nonlinear Neumann boundary value problems involving p-Laplace type
operators, Boundary Value Problems, 2016, 1-25, (2016).

M. El Ahmadi, M. Berrajaa and A. Ayoujil, FEuxistence of two solutions for Kirchhoff-double phase problems
with a small perturbation without (AR)-condition, Discrete and Continuous Dynamical Systems - Series S, Doi:
10.3934/dcdss.2023085, (2023).

K. R. Rajagopal and M. Ruzi¢ka, On the modeling of electrorheological materials, 23, 401-407, (1996).
M. Razicka, Electrorheological Fluids: Modeling and Mathematical Theory, Springer Berlin, Heidelberg, (2000).

W. Xie and H. Chen, Ezistence and multiplicity of solutions for p(z)-Laplacian equations in RN Mathematische
Nachrichten, 291, 2476-2488, (2018).

J. F. Zhao, Structure theory of Banach spaces, Wuhan University Press, Wuhan (in Chinese), (1991).
W. Zou, Variant fountain theorems and their applications, Manuscripta Mathematica, 104, 343-358, (2001).

Mahmoud El Ahmadi,

Department of Mathematics,

Faculty of Sciences, Oujda,

Morocco.

E-mail address: elahmadi.mahmoud@ump.ac.ma

and

Abdesslem Ayouyjil,

Department of Mathematics,

Regional Centre of Trades Education and Training, Oujda,
Morocco.

E-mail address: abayoujil@gmail.com

and

Mohammed Berrajaa,

Department of Mathematics,

Faculty of Sciences, Oujda,

Morocco.

E-mail address: berrajaamo@yahoo.fr



	Introduction and main results 
	Preliminaries 
	Proofs of main results 

