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Modified Special Functions: Properties, Integral Transforms and Applications to
Fractional Differential Equations
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ABSTRACT: In this paper, we defined the modified gamma and beta functions, which involving the generalized
M-series at their kernels. Then by using the modified beta function we also defined the modified Gauss and
confluent hypergeometric functions. Furthermore, we presented some of their properties such that, integral
representations, summation formulas and derivative formulas. Also, we applied beta, Mellin, Laplace, Sumudu,
Elzaki and general integral transforms to these modified special functions. Moreover, we obtained solutions
of fractional differential equations involving the modified special functions, as applications. Finally, we gave
the relationships between the modified functions with some of the generalized special functions, which can be
found in the literature.
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1. Introduction

Special functions, which is one of the important study areas of applied mathematics, are usually
defined with the help of generalized integrals or infinite series. Some of the most important of these
functions are gamma, beta, Gauss hypergeometric and confluent hypergeometric functions. In recent
years, researchers have published extensively on generalizations of special functions (see for example
(2,3,5,6,7,9,10,11,12,13,14,16,18,20,22,23,24,25,26,27,29,30,33,34,35] and reference therein). Researchers,
in these studies obtained new generalizations of the gamma function by using the confluent hyperge-
ometric, Mittag-Leffler, Wright and Fox-Wright functions instead of the exp(—t) term in the integral
representation of the gamma function. Then, they made new generalizations within the beta function by
using similar functions in the integral representation of the beta function without disturbing the sym-
metry properties. In addition, the researchers also defined generalizations of Gauss hypergeometric and
confluent hypergeometric functions with the help of generalized beta functions.
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Firstly in 1994, Chaudhry and Zubair defined the generalized gamma function [9] for R(&) > 0, R(p) > 0
as

§) = /Oo AStexp (—A - %) dA.
0

In 1997, Chaudhry et al. introduced the generalized beta function [10] for (&) > 0, R(n) > 0, R(p) >0
as

Bemo) - | CASI(1 - A exp (—ﬁ) aa.

In 2004, Chaudhry et al. described the generalized Gauss and confluent hypergeometric functions [11]
respectively

o0

S () B(xz + 1, x3 — Xa5p) 2"
ne0 ! B(xa,xs —x2) n!

Fy(x1, X235 X33 2) =

)

(lz] < 1;%(p) > 0,R(x3) > R(x2) > 0),

and

i B(x +1,X5 — X5 p) 2"

B(x2,X3 — X2) n!

DX X35 2) =

3

n=0

(R(p) > 0, R(x3) > R(x2) > 0).

In 2020, Ata and Kiymaz defined the generalized gamma, beta, Gauss hypergeometric and confluent

hypergeometric functions [5] respectively
_ [T pen AP
g] _/0 AL, (-A A)dA,
(R(€) > 0,R(p) > 0),
(Bis )

(R(§) > 0,R(n) > 0,R(p) >0),

\pi—wp(é-) _ \I/Fp [(Bi’ai)l,p

(155 55)1,4

\I}Bp(fa n) = \I’Bp {

YBy(x2 + 1, X5 = X2) z"
B(X2: X3 = x2) 7!

(B a
(:u]a K:J

)

‘ X1» Xa3 X3i 2 } => (xX)n

n=0

YEL(X1s X23 X35 2) = F, [
(Jz] < L, R(p) > 0,R(x3) > R(x2) > 0),

(51'7041‘)1,17

i "By (x2 + 1, X3 — X2) 2"
(/‘j’ Hj)l,q

ne0 B(x2,Xs —x2)

\p(i)p(X%X?,?Z) = \P(I)p {

X2§X3§Z] =

(R(p) > 0, R(x3) > R(x2) > 0),
where ,¥,(z) is the Fox-Wright function [21], which defined as:

(Bi, o : an+ﬁ)2_
:| ZH K:]n+:u])n

(NJ?K/J J 1

)= |

(z,ﬁi,,uje(c;ozi,/@jE]R;i:l,...,pandj:1,...,q).
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Motivated by all these studies, in this paper, we describe new modified gamma, beta, Gauss hyperge-
ometric and confluent hypergeometric functions by using the generalized M-series [31], which defined
by

n

a N (A (A 2
pMﬁ(z):quﬁ(Al,...,A,,;Ql,...,Qq;z):Z( ) ...( ) (1.1)

q
n=0

where Ay, ..., Ap, Q,...,Q,#0,—1,-2,... and R(«) > 0.

We aimed to use the generalized M-series because it has a more general form than most of the func-
tions mentioned above. Since the generalized M-series contains more parameters, it is thought that the
application areas of special functions will expand with the results obtained here.

The remainder of this paper is planned as follows: In Section 2, basic definitions are given. In Section
3, new generalizations of special functions are defined. Some properties of the defined functions were
examined, in Section 4. In Section 5, various integral transformations were calculated and as applications
of the study, solutions of fractional differential equations involving new generalizations of special functions
were obtained using the Laplace transform, in Section 6. Finally, some concluding remarks and further
directions of research are discussed in Section 7.

2. Preliminaries

In this section, we have given some basic definitions that are needed throughout this paper, such as
special functions, fractional derivative and integral transformations.

The gamma function [4] for (&) > 0 is defined by
) = / A exp(—A)dA.
0
The beta function [4] for £(£) > 0 and R(n) > 0 is given by
1
Blen) = [ AT -ayiaa
0

The Pochhammer symbol [4] for ®(A\) > —n, n € Nand A #0,—1,—2,... is defined by
I'(A+n)

ANp = , (MNo=1.
The Gauss hypergeometric function [21] is given by
S (x1)n(X2)n 2"
Fi(x1, X925 X3 2) = g e esm o (2] < D).
2F1 (X1, Xai X531 2) n:O (Xa)n 7 (I2| )

The confluent hypergeometric function [21] is defined by

n

D(x2i X33 2) = Z Eiﬁj;n %
n=0 nore

The Caputo fractional derivative operator [21] of order € € C for m — 1 < R(e) < m, m € N is given by

DI = ey | 0" M e (RE) > 030> 0).

Tom =2

The beta transform [32] for R(w) > 0 and R(w) > 0 is defined by

B {f(p); w, w} = /0 P11 = 0" f (p)dp.
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The Mellin and inverse Mellin transforms [15] for s € C respectively are given by

M {f(p): 5} = fls) = / T i )dp,

and

-t { ()} = £(p) = 5~ /:Hoop—sf(s)ds, (c>0).

271—1 —ioco

The Laplace and inverse Laplace transforms [15] for R(s) > 0 respectively are defined by

£ (st = Flo) = | " exp(—sp) (0)dp.

and

c+ioco
e {F(s)} = f(p) = —— / exp(sp)F(s)ds, (¢ > 0).

B 2mi c—100
Note that the Laplace transform of the Caputo fractional derivative for m — 1 < R(g) < m as follows
[28]:

m—1

S{DE{f(p)} s} = T F(s) = 3 51 F B (0), (2.1)

k=0

We consider functions in the set A as follows:

A= {f(p) :3AM, k1, k2 > 0,]f(p)] < M exp (%) ,ifpe (=1)7 x [0,00)}.

Then, the Sumudu transform [36] depending on the set A is given by

sUers =1 [ e () 0. (s€ (k).

and the Elzaki transform [17] depending on the set A is defined by

EUwis = [ o (L) rohp, (s € ).

The general integral transform [19] for p(s) # 0 and ¢(s) are positive real functions is given by

T L)) =pts) [ exp (= aten) fo)dp

3. Modified Special Functions

In this section, we have introduced modified gamma, beta, Gauss hypergeometric and confluent
hypergeometric functions involving the generalized M-series (1.1) in their kernels. If p < ¢ then (1.1) is
convergent for all z. If p = ¢+ 1 it is also convergent for |z| < § = a®, but if p > ¢ + 1 it is divergent. If
p=gq+1, (1.1) can be convergent for |z| = § depending on the conditions of the parameters [31].

Definition 3.1. Let R(§) > 0, R(a) > 0, R(p) > 0 and Ay,..., Ay, Q1,...,Qq #0,—-1,-2,.... Then,
modified gamma function is defined as:

MpleeB) (& p) = MTLA Ay, o A Q. Qg & p)

p,q

::/0 A1 quﬁ (A17~~~»Ap§ﬂl,~~~7ﬂq§_A_ )dA' (3.1)

4
A
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Definition 3.2. Let R(£) > 0, R(n) > 0, R(a) >0, R(p) >0 and A1, ..., Ay, Q1,...,Q; #0, -1,
Then, modified beta function is defined as:

MBLe) (¢, m; p) = MBI (Ar, . Api L, Qgs €5 p)
AL = AT oM Ay, A Qo Qs ——2—— ) dA. 2
/ ) ( 1 s Ldpy Sal, ) qu(l_A) d (3 )

Definition 3.3. Let R(x3) > R(xy) > 0, R(a) >0, R(p) >0 and Ay, ..., Ap, 1, ..., Qg #0,—-1,-2,.. ..
Then, modified Gauss hypergeometric function is defined as:

MF;S,C;B)(XDXQ?XB?’Z p) MF(aB (Alv"'7Ap;le"'7Qq;X1aX2;X3;z;p)
0o a,f3 n
:Z(Xl) JV]BI(MI )(X2+naX3_X2;p)z_ (|Z| < 1)
ne0 B(X2: X3 — X2) n!

Definition 3.4. Let R(x3) > R(x,) > 0, R(a) >0, R(p) >0 and A1, ..., Ay, Q1,...,Qy #0, -1,
Then, modified confluent hypergeometric function is defined as:

ML) (y i xai 25 p) = MBI (Ar, .o Ay o, Qs Xas X5 23 P)

S MBI (v + 1 xs — Xaip) 2"

B(x2,X3 — X2) n!’

n=0

For the sake of shortness, we call modified gamma, modified beta, modified Gauss hypergeometric
and modified confluent hypergeometric functions as M-gamma, M-beta, M-Gauss hypergeometric, and
M-confluent hypergeometric functions, respectively.

Remark 3.5. If we put p = 0 and p = ¢ = Ay = Q1 = a = f = 1 to the M-gamma, M-beta,
M-Gauss hypergeometric and M-confluent hypergeometric functions, we get the classical gamma, beta,
Gauss hypergeometric and confluent hypergeometric functions [4], respectively.

4. Properties of Modified Special Functions

In this section, we have presented some properties of the modified gamma, beta, Gauss hypergeometric,
and confluent hypergeometric functions.

Theorem 4.1. Let R(u) > 0, R(v) > 0, R(a) > 0 and R(p) > 0. The relationships of M-gamma
functions is obtained as:

5 00
MG s p) T i) =4 [T ot ) st 0)

B [ 2 cos2(0) — P
X oM} < r= cos” () T oo (0)
x aMP <—7~2 sin?(6) — LW)) drdo.

r2 sin

Proof. Taking A =n? in (3.1), we have
Mp(a,B) (0. o\ _ * w1 a 8 2 P
Ly (us p) —2/0 e oM, (—n - —2) di.
Therefore, we get

[e3% «, >~ > u— v— [0} p [0} p
M (s )M (v p) = 4 /0 /O A S (—n2 - ;) pMy (—52 - ?) dnde.
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Taking n = r cos(f) and £ = rsin(f) in above equation, we obtain
M ) T (i) =4 [ [ o) sin® 1 6)
0o Jo

P,
aMB —r%cos® () — S —
r2 cos?(0)

o 2 ;2 14
X ng (—’l" Sin (9) — m) drdﬁ,

which completes the proof.

Theorem 4.2. The integral representations of the M-beta function are obtained as:

(a) Let R(&) >0, R(n) > 0, R(«r) > 0 and R(p) > 0. Then,

jus

MpleB) (¢ p; :2/2 sin2¢ ! 2n-lgyepB(____ —P N an
g (& mip) | sin™>""(0) cos™" " (0) ;M 20 0RO

(b) Let R(&) > 0, R(n) > 0, N(a) >0 and R(p) > 0. Then,

o0 f—l 1
M aﬁ u apsB
BEA(&, s p) = /O T M (_2,0—,0 <u+ E)) du.

(c) Let R(&) >0, R(n) >0, R(a) > 0 and R(p) > 0. Then,

b - —a)’
VB € o) = - ) [ - a) - w g (%> "

Proof. Taking A = sin?(f) in (3.2), we get

1
Mp(e,B) Sy — €-1(q1 o ﬁ —P

5 2 2—1 2n—1 aMﬁ _—p de.
/O sin () cos (0) M, (sin2(0)c052(9)

Taking A = = in (3.2), we have

1 —
MBLD (& m; p) = /0 ASTHL =AY oMY (ﬁ(l _pA)) dA

gttt 1
_ aprB [ _9, _ =
=), g o (o (v ) e

Taking A = 3== in (3.2), we obtain

1 —
e = [ Aoy o () e

— (b—a)l—E7 /ab(u @) (b —u) T aMf (%) du,

which completes the proofs.
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Theorem 4.3. Let R(&) > 0, R(n) > 0, R(a) > 0 and R(p) > 0. The relationships of M-beta functions
is obtained as:

Mp(a,B , Mp(a,B L\ Mp(a,B )
Bl (& m+1;p) + MBI (€ + 1,5 p) = MBYL (€, p).
Proof. Using equation (3.2), we have
Mp(a, )M
B (&n + 15 0) + MBI (€ + 1,5 p)

- A (gt ) 2502 o (g ) o

/A“ ”“"Mﬂ(mW

which completes the proof. O

Theorem 4.4. Let R(&) > 0, R(1 —n) > 0, R(a) > 0 and R(p) > 0. The summation formula of the
M-beta function is obtained as:

(M)

MBR) (&1 —n;p) = ,
n.

P:q

(& +n,1;p).

Proof. From equation (3.2), we get

1
MpB(aB) (£ 1 _ e p) = E-1(1 _ A) 7 o8 —P
Bp,q (5, 1 777/)) /0 A (1 A) qu (A(l _ A)) dA.
The binomial series [4] is defined by

o0 A"

(1-4)"= Z(n)ng, (1Al <1).
n=0
Considering binomial series, we have
MBI (€1 ;) = > Z)," MBI (€ 41,15 p),
n=0
which completes the proof. O

Theorem 4.5. The integral representations of the M-Gauss hypergeometric function are obtained as:

(a) Let R(x3) > R(xz) >0, R(a) >0 and R(p) > 0. Then,
1 1
MF( GB) (1) Xt Xas 23 p) = —/ AX27H(] AV Xa—1(] _ S A)TX
(X1, X25 X3: 23 p) B(X2: X5 — Xa ( ) ( )
ap B P
op <7A(1 ! A)> dA. (4.1)
(b) Let R(xs3) > R(xz) >0, R(a) > 0 and R(p) > 0. Then,

1 o _ -
MF;SZ’B)(XMXQ;X?;;Z;P):m/ wX2 7 (1 4 u)X X3(1+u(1_z)) X1

1
NBE(—2p — - .
X 5 q< p p<u+u>)du
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(c) Let R(x3) > R(x2) >0, R(a) > 0 and R(p) > 0. Then,
2 3 -

Y sin2x2’1 0 C052X3*2X2*1 0) (1 — ZSiIl2 0 X1
B(XQ,X3—X2)/0 (6) () ( 6))

Y/ G — 7'}
* (sin2(9) COS2(9))

(d) Let R(x3) > R(x2) >0, R(a) > 0 and R(p) > 0. Then,

b—a)~x P - - Au—a)\
MF(O"B)X,X;X;Z;PZ ( / w— a)X2 L(p = g)Xs X2 1<1_7
pa (0 x2i X ) B(X2: X3 — X2) ( ) ( ) b—a

x oM (7( —p(b—a)* )> du.

u—a)(b—u

ME©B) (X1, Xa3 X33 21 p) =

Proof. Considering binomial series, we have

& MB(Q:B)( +n _ . ) n
M (a B) _ p,q  \X2 y X3 — X2;P) %
Fy7 (s xasxaiz0) = ) (xa)dn —
b T;J ! B(X2, X3 — X2) n!
1 / 1 1 ( P )
= AX27H1] — A)Xs™ X271 — zA Xl("Mﬁ — ] dA.
Blxo s — x2) (L-apemsmi-zar AGT-4)
Taking A = - in (4.1), we get
1 > _
M (c, . . _ —1 — X
F;zg,qﬂ) (X15 X23 X35 2 p) = m/o w1+ u) e (14 u(l - 2)

1
MBI —2p — —) ) du.
X p q< P p<u—|—u>> U

Taking A = sin?(#) in (4.1), we obtain

2 /% - 2y,—1 23 —2xo—1 ) e
- sin“X2 7+ () cos“X3 ™ X27* () (1 — zsin“(0
B(x2: X3 — X2) Jo ©) ®)( ®)

opB (P ).
*pa (sinQ(G)COSQ(G))

Taking A = 3= in (4.1), we have

ME@B) (X1, Xa3 X33 23 p) =

b—a)l—xs b _ o 2(u—a)\ ™
MF(O"B)X,x;X;Z;pZ ( / u—a)X2" (= y)Xs X2 1<1_7
ra (X X2ixs ) B(X2, X3 — X2) ( ) ( ) b—a

x oM (7( —p(b—a)” )> du,

u—a)(b—u

which completes the proofs. O

Theorem 4.6. The integral representations of the M-confluent hypergeometric function are obtained as:

(a) Let R(xs3) > R(x2) >0, R(a) > 0 and R(p) > 0. Then,

Mg (,5)

1 ' — —Xo— « —pP
(X3 X33 23 p) = / AXe=H(1 — AP~ bexp(zA) pM,] (ﬁ(l—A))dA'

B(xa2,x3 — x2) Jo

(b) Let R(x3) > R(x2) > 0, R(a) > 0 and R(p) > 0. Then,

o 1 L _ N .
Ml (i xa; 2 p) = m/ WL )2 exp (2(1 - w)) SMJ (u(lfu)>du'
2) A3 2
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(c) Let R(xs3) > R(x2) >0, R(a) > 0 and R(p) > 0. Then,
1 o 2u
M (B) (v s yo: 27 p) = / w1 4 u) X8 ex < >
(XQ X3 p) B(XQ; X3 — XQ) 0 ( ) P 1+u

P.q
anrB 1
XMy |\ =2p—plu+ " du.

™

2 3
/ sin®X2 1 () cos™s 22" exp (2 sin*(9))
X2) Jo

ML (xa; xa: 25 p) = Bl xs —xa)
—p

NP ——L—— | db.
S <sin2(9) c052(9)>

(d) Let R(x3) > R(x2) >0, R(a) > 0 and R(p) > 0. Then,

(e) Let R(xs3) > R(xz) >0, R(a) > 0 and R(p) > 0. Then,
, b—a)lxs b _ e z(u—a)
Mg (a,B) SXai 2 p) = (— / u—a)e(h = y)Xs X2 1ax (7)
p.q (XQ X3 p) B(X2a X3 — X2) " ( ) ( ) p b—a

< () &

Proof. With similar calculations, desired results are obtained.

Note 1. The following beta function and Pochhammer symbol equations holds true:

X
B(x2; X3 — X2) = X_BB(XQ +1,X3 = Xa);
2
(X1)n+1 = Xx1(x1 + Da-

These equations are used in proof of two theorems given below.
Theorem 4.7. Let R(x3) > R(xy) > 0, R(a) > 0 and R(p) > 0. The n-order derivative of the M-Gauss

hypergeometric function is obtained as:
0 Xa)n (MF(""B)(Xl + 1, Xq + 15 X5 + 03 2 p)) :

d" M(a,B
dz—n{ Sy )(X17X2;X3;Z§p)} = b
Proof. Differentiating M-Gauss hypergeometric function, we have
d fum d [ MBI 06+ nxs — i) 2
L MpB) (v 2 }:_ _Dra 2 ) X3 2;P) 27
dz{ pa (X1 X23 X33 23P) | = — nzo(Xl) Borxa — x3) o
_ S (x1) MBz(ﬁI’B) (X2 +7, X3 = X23p) 2!
ne1 B(x2, x5 — X2) (n—1)!
By writing n — n + 1, we get
d {M (X1)(X2) o NIB(&’B)(X +n+1,x3 — Xo;p) 2"
— VY (s xas ;z;p)}=71 22 )y 28 Ao
dz e b (X3) ,;) ' B(xz+1,x3 — X2) n!
(x1)(x2) o
=) (MBS 00+ Lxa + 1 xs + 1i25) ).
3

By the inductive method, the more general form is obtained as:
baa)nOxa)n (MFéf’;’ﬁ)(xl + 1, Xo + 15 X5 + 15 23 p)) :

dn M
=2 I Mp(a,p) ce e } _
dzn { D,q (X17X27X37 va) (XB)TL

which completes the proof.
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Theorem 4.8. Let R(x3) > R(xy) > 0, R(a) > 0 and R(p) > 0. The n-order derivative of the M-
confluent hypergeometric function is obtained as:

d" {M (X2)n
@ (1>(“5)X,X,Zp} L(Mq)(aﬂ)x sy +nzp)
dzn ( 2y A3 ) (X3)n ( 2 3 )
Proof. By making similar calculations, the desired result is achieved. O

Theorem 4.9. Let R(x3) > R(xz) > 0, R(a) > 0 and R(p) > 0. The transformation formula of the
M-Gauss hypergeometric function is obtained as:

a, — . z
MBS (X105 X5 X33 2p) = (1= 2) 7% (MF;S,qﬂ) (chg —X2iXsi T 1;,0)) :

Proof. Using equation

1—=z

and by writing A — 1 — A in (4.1), we obtain

(1—2)" ZA TN
M (a,B) . RN X3—X —1 Xo—1
F AX3TX2 — A)X2 1—
p,q (leXQaXBazap) B XQ,X3 XQ / ) < - 1)

< (ar )

_ I (c z
=(1-2)"x <MFI§7q’ﬁ) (xl,xg — Xa25 X3 ;)) ,

which completes the proof. O

Theorem 4.10. Let R(x3) > R(xy) > 0, R(a) > 0 and R(p) > 0. The transformation formula of the
M-confluent hypergeometric function is obtained as:

Mp(B) (o X33 25 p) = expl(z) (M@éf”f)% — X2} X3} —%; p)) :

Proof. Using definition M-confluent hypergeometric function, we have

o = MBYGY (6 + 1 Xs — Xaip) 2"
VR EEREDY p/qB((XZ Xg—;z) 2 )F
n=0 ’ '
1 /1 _ o —p
- = Al o Apexelegp(zA) OMP <7> dA.
Blaxa—xa) Jo & LA CA M =)

By writing A — 1 — A in above equation, we obtain

M(I)é?‘qﬁ)(XﬁX?,?Z?P) = exp(z) (M(I)z()?(qﬁ)( — X2) X33 —Z§P)) )

which completes the proof. O

5. Application of Integral Transforms to Modified Special Functions

In this section, we have applied the beta, Mellin, Laplace, Sumudu, Elzaki and general integral
transforms to the modified beta, Gauss hypergeometric and confluent hypergeometric functions.
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5.1. Beta Transform

Theorem 5.1. Let R(¢) > 0, R(n) > 0, N(a) > 0, R(w) > 0, R(w) > 0 and Aq,..., Ny, Qy,...,Q #
0,—1,—=2,.... The beta transform of the M-beta function is obtained as:

%{MBi(,f“q’B)({,n;p);w,w} = B(w,w) MB;?_’QIH (A, Apyws o, Qguw+w; €, m; 1) .

Proof. Using beta transform, we have
Py {MB,STZ’@(& 7; p);w,w}

1
=/0 PPN — p)mt MBLYLO (& s p)dp

1
_ 1 a -1
:B(w,U})/O AE 1(1—A)77 1p+1Mf+1 (Al,...7Ap,w;Ql,...7Qq,w+w;m> dA
= B(w,w) MBi(i’ﬁzl_H (Ar, oo A, w e, Qg w+wi €, m; 1),
which completes the proof. O

Theorem 5.2. Let R(x5) > R(xy) > 0, R(a) >0, R(w) > 0, R(w) > 0 and Aq,...,Ap, Qy,....Qq #
0,—1,—=2,.... The beta transform of the M-Gauss hypergeometric function is obtained as:

B {MFéZ’B)(xpxQ;X3;Z;p);w,w}
= B(w,w) MFZEi"sz (A, Apyws 4y, Qg w4 w5 X, Xos Xa3 25 1)
Proof. Using beta transform, we get
B{MESP) (X1, Xa3 X33 23 )i w, w

1
=/ P (L= ) MBS (X1, xai X3 23 p)dp
0

B(w,w) /1 1 a1 _
- N 7 AX2 1 — A)Xs™Xz2 1—2zA) X1
B(X2, X3 = X2) Jo ( ) ( )

1
X p+oiMqB+1 <A17---vApaw?Ql""’Qq’w—’—w; M> @
= B(w,w) MFSP) (A1 A w3 Q1 Qg0 w5 X, X X5 25 1)

which completes the proof. O

Theorem 5.3. Let R(x3) > R(x,) > 0, R(a) > 0, R(w) > 0, R(w) >0 and Av,..., Ay, Qy,...,Q #
0,—1,-2,.... The beta transform of the M-confluent hypergeometric function is obtained as:

B {M@é‘,"f)(xm X35 25 p);w,w} = B(w,w) M‘I’,(fif,)qﬂ (A1, Apyw; Qe Qg w + w5 Xo5 X35 235 1)
Proof. By making similar calculations, the desired result is achieved. O

5.2. Mellin Transform

Theorem 5.4. Let R(§ +s) >0, R(n+s) >0, R(a) > 0 and R(s) > 0. The Mellin transform of the
M-beta function is obtained as:

Sm{MBz()?;B) (g,n;p);g} =B(E+s,n+s) MF,(,?ZB)(S;O).
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Proof. Using Mellin transform, we have
Mp(a,B C .
e { MBS (€ mip)is |

=/0 p* =t MBEB) (& s p)dp

1 00
= Af—11—A"—1/ sTLopsB (Ay A Qs Qs —— ) dpdA.
/() ( ) 0 4 pttg 1 y Ldpy8el, ) qu(l_A) dpd

In the second integral, by substituting k = ﬁ, we have

1 [e%s)
sm{MBp,q (&, m:p); s }:/0 A“S*l(l—A)”*S*ldA/o B oM (Ar, . A Q. Qs —k) die
= B({+s,m+s) MT%7(s5;0),

which completes the proof. O

Corollary 5.5. If the inverse Mellin transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

c+ioco

1
Mp(a,B M (a, 8 . —s
B( )(5 n;p) = 5 / B(&+s,n+s) I‘;q )(s,O)p ds.

Theorem 5.6. Let R(x5) > R(x,) > 0, R(a) > 0 and R(s) > 0. The Mellin transform of the M-Gauss

hypergeometric function is obtained as:

Mr(avﬂ)

m {MFéC;,B)(XD X25 X35 %3 P); s} —_ P (8)B(Xa+5, X3+5—X3)

B(X2aX3 _Xz)

oI (Xla Xo+8; X3+25; z)

Proof. Using Mellin transform, we obtain
MMESSD) (X1, X5 X33 23 0); 8}

:/ P ! MF;S,C;B)(XMX%X?,;Z;P)CZP
0

1 /1 -1 —xp—1 - /Oo 1 ( —P )
e AX27H (1 — A)Xs™ X271 — 2z A) X1 5T ("Mﬁ ————— | dpdA.
B(x2, X3 — Xx2) Jo ( ) ( ) 0 A(l1-A) P

In second integral, by substituting k& = 1 A=Ay Ve have

> s—1 ansB —P — AS(] _ s Mp(a,B) /(.
/0 e (A(l—m)dp A=A TG0
Thus, we get

MR (5:0)B(xy + 5, X3 + 5 — Xa)
B(X27X3 - X2)

m {MFIS,?;"” (X1 X5 X33 23 p); s} = 21 (X1, Xo + 85 X3 + 253 2),

which completes the proof. O

Corollary 5.7. If the inverse Mellin transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

etioo MpLa? (5:0)B(xy + 8, X5 + 5 — Xa)
—100 B(X27 X3 — XQ)
X oF1(X1, X2 + 83 X3+ 25;2)p °ds.

. 1
ME@B) (X1, Xa3 X33 23 p) = %/
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Theorem 5.8. Let R(x3) > R(xz) > 0, R(a) > 0 and R(s) > 0. The Mellin transform of the M-confluent

hypergeometric function is obtained as:

M5 (5:0)B(xa + 5. Xs + 5 — Xa)
B(x2: X3 — X2)

Proof. By making similar calculations, the desired result is achieved. O

mt{”@,(,?‘f)(m;xmzm);s} = ®xz + 5 X3+ 253 2).

Corollary 5.9. If the inverse Mellin transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

1 c+ioco ]VIF(avﬂ) -0)B _
/ pa  (80)B(x2+8, x5t X2)¢(X2+8;X3+28;z)p78d5.

Mg (a,B) _—
D07 (X5 X33 25 0) = 5
P 2 2mi —i00 B(X27X3 - XQ)

5.3. Laplace Transform

Theorem 5.10. Let R(§) > 0, R(n) >0, R(a) >0, R(s) >0 and Ay,...,Ap, 1, ..., Qg #0,—-1,-2,.. ..
The Laplace transform of the M-beta function is obtained as:

o «, 1
S{MB;L(),sz)(f)n7p)7S} = ; (MB;z()—i-fZ] <A17'- ')Apv 7915' 7Qq7§an7 g)) .

Proof. Using Laplace transform, we have

E{MByng’B)(ﬁ,n;p);S} = /0 exp(—sp) MB,()?;’ﬁ)(fm;p)dp

1

1! — -1 « s
:g/ A¢ 1(1—A)77 1p+1MqIB (Ala“wApa]-;le"'qu;m) dA

1 a,f3 !
:g(l\/l 1()+121<A17""Ap7 ’Ql,...’Qq;g,n;g)),

which completes the proof. O

Corollary 5.11. If the inverse Laplace transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

1
MB(Oé B) /
(&mp) = 5 ).

Theorem 5.12. Let R(x3) > R(x2) >0, R(a) >0, R(s) >0 and Ay, ..., Ap, 1, ..., Qg #0,—-1,-2,.. ..
The Laplace transform of the M-Gauss hypergeometric function is obtained as:

c+ioco

exp(sp) wrp(a,
. MB§+fq(A1,...,Ap, (1, Qg 6 = )ds

—100

2 {MF;&q’B)(le X27 XB? zvp)7 S} = g (M 1§+1ﬂ¢)1 <A17 e 7Ap7 17 Qla ceey Qqa le X27 X37 z3 g)) .
Proof. Using Laplace transform, we get

S{ME% (X1, X3 X33 21 p); 8} = / exp(—sp) MES2P) (1, xa1 X33 25 p)dp

1 1 /1 . o _
- - - AX2 1 — A)Xs—Xz2 1 —zA) X1
s B(X2, X3 — X2) ( ) ( )

1

X piGMP (Al,.--,Ap,l;Qh--"Q m> “

1 Mp(e,f) 1
:g< éilq<A1,---,Ap, ana---7QQ;X17X2;X3;Z;E)>7

which completes the proof. O
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Corollary 5.13. If the inverse Laplace transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

. 1 [T exp(sp o 1
Minq’ﬁ)(XhXQ?X?,?Z?P): / # MFngrf; Al"~~7Apv1§le~~~7Qq;X17X2;X3;z;g ds.

% c—1i00 S
Theorem 5.14. Let R(x3) > R(xe) >0, R(a) >0, R(s) >0 and A1, ..., Ay, Q... Qe #0,-1,-2,.. ..
The Laplace transform of the M-confluent hypergeometric function is obtained as:
¢ Mg (a.B) e ). _ 1 M(I)(Otﬁ) A A 1:Q Qv va: 2 1
D,q (X27X3727P)»5 _g p+1,q 1yeeeyddpy Ly 881,000y q7X27X37Z7g .
Proof. By making similar calculations, the desired result is achieved. O

Corollary 5.15. If the inverse Laplace transform for ¢ > 0 is applied to both sides of the last equation
above, we get the following formula:

1 [e% 1 ciee exp(sp) 1 a, ]-
Nf‘pfg,dﬁ)(xz;X3;Z;p)=—2 / =B Mg (D) (g, Ay 15, Qi Yo X 23— ) ds.
T Joioo s s
5.4. Sumudu Transform

Theorem 5.16. Let R(§) > 0, R(n) >0, R(a) >0, R(s) >0 and Av,...,Ap, Q... Q #0,-1,-2,....
The Sumudu transform of the M-beta function is obtained as:

S {MBZ()?‘q’B)(f,n;p); 5} =MBD) (Ary. Ay 1 Qo Qs € ) -

Proof. Using Sumudu transform, we have

1 [~ _
S{MBIS)%’B)(&W;P);S} = —/ exp (?p) MBéfZ’B)(f,n;p)dp

S

—S

0
1
- [ asta- sy (Al’-"’Ap’l?Ql"“’Qq;m) @

_ MBg»;i; (At Ay 13Q0, ., Qs 6,15 8)

which completes the proof. O

Theorem 5.17. Let R(x3) > R(xz) >0, R(a) >0, R(s) >0 and A1, ..., Ay, Q... Q #0,—1,-2,....
The Sumudu transform of the M-Gauss hypergeometric function is obtained as:

S{MFé,";’B)(Xl,XQ;Xg; Z;p);s} = MEP) (Ary o A Q0 Qg X X X33 238) -
Proof. Using Sumudu transform, we get

y o 1 oo _p N
S{MFZS’q’ﬁ)(Xl’X2;X3;Z;p);s} - E/O P (?) MFé,q’B)(Xth;X?,;Z;P)dP

1 /1 . e _
- - AX2 1 — A)Xs—Xz2 1—2zA) X1
B(x2: X3 — X2) Jo ( ) ( )

—S

X pAMP (Al,.--,Ap,l;Qb--"Qq;M> “

N[F;if; (Alv CIa 7Apa ]-;Qla e 7Qq;X1aX2;X3;Z; S),

which completes the proof. O
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Theorem 5.18. Let R(x3) > R(x2) >0, R(a) >0, R(s) >0 and Ay, ..., Ay, Q... Qy #0, -1,
The Sumudu transform of the M-confluent hypergeometric function is obtained as:

S{M(I)(aﬁ)(XQ»X:),»z p) } J\/Iq);ifq(Alv"wApal;Qla'"7Qq;x2;X3;Z;S)'

Proof. By making similar calculations, the desired result is achieved. O

5.5. Elzaki Transform

Theorem 5.19. Let R(§) > 0, R(n) > 0, R(a) >0, R(s) >0 and A1,..., Ay, Q... Q; #0, -1,
The Elzaki transform of the M-beta function is obtained as:

B{MBEP o) | =5 (MBI, (A A 1 Qi)

Proof. Using Elzaki transform, we have

E{MB(a B)(€,m: p); }: 5/0 exp (?) MBR (&, p)dp
—S

1
:52/ Ag_l(l—A)n_l p+oiM‘16 (Al""aApv ’Ql""’Qq;M) i

= (MBéif)q(Al,...7Ap,1;Ql,...,Qq;é,n;s)),

which completes the proof. O

Theorem 5.20. Let R(x3) > R(xz) >0, R(a) >0, R(s) >0 and Ay,...,Ap,Q1,..., Qg #0,—-1,-2,.. ..
The Elzaki transform of the M-Gauss hypergeometric function is obtained as:
E{MF;SZﬁ)(leXQ;X:};Z;p);5} (MFer’f?, (A1, Ap, 150, -,Qq;xl,XQ;xg;Z;S)) :
Proof. Using Elzaki transform, we get
E{MEA) (x, X3 X3 25 p); 5} =s/0 exp <_?p) ME@B) (X1, X X35 25 p)dp
52 ' 1 1
- - @@ AX2— (1 _ A)XS*XQ* (1 _ ZA)*Xl
B(X2: X3 — X2) /
« . —S
Xp+1M§ <A1,...,Ap, ,Ql,...,Qq,m> dA
(J\/IFPJ,.EB()I (A17 D Ap7 7915 ) Qq;XhXQ;XB; Z3 5)) )
which completes the proof. O

Theorem 5.21. Let R(x3) > R(x2) >0, R(a) >0, R(s) >0 and A1, ..., Ay, Q1,...,Qy #0, -1,
The Elzaki transform of the M-confluent hypergeometric function is obtained as:

E {MCP;?‘q’ﬂ)(XQ; X33 25 P); s} (MCD;if)q (A1, A 10,00, Qg5 X0 X85 %5 s)) )

Proof. By making similar calculations, the desired result is achieved. O



16 E. ATA AND 1.0. KiymAz

5.6. General Integral Transform

Theorem 5.22. Let R(¢) > 0, R(n) > 0, R(a) > 0, Ay,...,Ap, Q,...,Qp #0,-1,-2,... and p(s),
q(s) are positive real functions. The general integral transform of the M-beta function is obtained as:

Mp(a,B L. _p(s) M . L
T{ B;(),q )(fvnap)as}_@< Bp+1q<Ala"'7A;Da 7917"'59(15577]?@ .

Proof. Using general integral transform, we have

T {MBLGA (€ mip)is | = p(s) /OO exp (—a(s)p) By (€ m p)dp

1
_ (s E-1/7 angB ) (s
q(s)/ ASTH(1 pHMq <A1,...7Ap,1,ﬂl,...7ﬂq, A(l—A))dA
p(8) (mp(a.p) 1
=—Z B A, A, 10, .., Qy; s —
q S) ( p+1,q 1 s {dpy, L5941, ) q7§a’r]7 q(S) )
which completes the proof. O

Theorem 5.23. Let R(x3) > R(xa) > 0, R(a) > 0, Ay, .., Ay, 1, ..., Qp # 0,—1,-2,... and p(s),
q(s) are positive real functions. The general integral transform of the M-Gauss hypergeometric function
is obtained as:

1
T{MF(Q’B) s X23 X35 23 P); }:p(S) MEED (A Ay 150,y Qi X X X3 25— ) ] -
D,q (Xl X2i X35 % p) s q(s) +1q 1 D 1 q> X1» X2 X35 % q(s)

Proof. Using general integral transform, we get

T{MESY (X1 Xoi X33 25 )5 5} = p( 5)/ exp (= q(s)p) MF{EP) (X1, Xa3 X33 23 p)dp

_ﬂ; X2=1(1 _ AXa—x2—1(1 _ »
~a(s) Blxa:xs — x2) / : 1-4) (=280

1
*oAM (AA QQﬁ) “

p(s) (m 1
=282 (Mpla A, A, 10,0, Qg i X35 2
q(S < p+1q 1 y dpy, 1y,961, y38g5 X1y X25 X33 %3 q(S) ’

which completes the proof. O

Theorem 5.24. Let R(x3) > R(xa) >0, R(a) >0, A, ..., Ay, Q... Qy #0,—-1,-2,...and p(s), ¢(s)
are positive real functions. The general integral transform of the M-confluent hypergeometric function is
obtained as:

Mg (0,B) (v, ot e . p(s) Mg, (,8) . UV O
T{ (I)p,q (X27X3»Z»P)73} q(s) (I)erlq A17~~~»Ap71791,~~~7Qq,X2»X3»Z,q(s) .

Proof. By making similar calculations, the desired result is achieved. O

6. Solution of Fractional Differential Equations Involving Modified Special Functions

In this section, we have obtained the solution of fractional differential equations involving the modified
special functions.
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Example 6.1. Let 1 < R(e) < 2, R(E) > 0, R(n) > 0, R(a) > 0 and Aq,...,Ap, Q1,...,Qp #
0,—1,-2,.... Assume that, the fractional differential equation

CDZ {f(p)} = MB}(j?;ﬁ) (A17 M AP7 le ) Qqa€7n75p)
and initial conditions
f(0)=f'(0)=0

are given. Considering equation (2.1) and applying Laplace transform to both sides of the fractional
differential equation, we have

L{Ds{f(p)};s} = E{MB;?.‘,’;’B) (Al,---,Ap;Ql,---,Qq;ﬁ,n;ap);s},

and then
_ . 1 o, €
s°F(s) — s Lf(0) —s°2£(0) = E(MBz(ﬂrﬁ (Al,...,Ap,l;Ql,...7Qq;§,n; ;) >

By using initial conditions, we get

1 a8 €
F(s) = — (MBz()H,Z; (A1, e N Qe Qs E s ;) )

Applying inverse Laplace transform to both sides of the last equation and by making the necessary calcu-
lations, we obtain the solution function as:

p° a,
f(p) = m (J\/IBZ(H»/lﬁ’)q{»l(Alv cee 7Apa ]-7 Qla e 7Qq7 1 + 8757777 Ep)) .

Example 6.2. Let 1 < R(e) < 2, R(xg) > Rixz) > 0, R(e) > 0 and A1, ..., Ay, Q... Q, #
0,—1,-2,.... Assume that, the fractional differential equation

“DE{f(p)} = ME{L (Ar, .o Ay, Qi X X X3t 25€P)

and initial conditions
f(0)=f'(0)=0

are given. Considering equation (2.1) and applying Laplace transform to both sides of the fractional
differential equation, we have

’S{CDZ {f(p)} ) S} =£ {N[FZSZ,B) (Alv cee 7A;D;Qla B 7Qq,X1,X2,X3,Z,€p),S} 9
and then
_ _ 1 a €
sSF(s) — s lf(O) _ & 2f/(0) = ;<MFZ§+’16’2 (Al,...,Ap,l;Ql,...7Qq;X1,X2;X3;Z;E) )

By using initial conditions, we get

1 a, 9
F(s) = F(MFngrft)z (Al,...7Ap,1;Ql,...,Qq;xl,ngxg,;z;;)>.

Applying inverse Laplace transform to both sides of the last equation and by making the necessary calcu-
lations, we obtain the solution function as:

p° a,
f(p) = T+ (MF;S+16,31+1(A1, s A 15, Qg T+ E;Xl,xg;xg;Z;Ep)) :



18 E. ATA AND 1.0. KiymAz

Example 6.3. Let 1 < R(e) < 2, R(xz) > Rixa) > 0, R(e) > 0 and A1, ..., Ay, Q1,...,Q, #
0,—1,-2,.... Assume that, the fractional differential equation

D5 {f(p)} = MCA) (Ay, . Ay, Qi X X5 23 Ep)

and initial conditions

are given. Considering equation (2.1) and applying Laplace transform to both sides of the fractional
differential equation, we have

e{D;{f(p)};s} = 2{M<I>,(,f“q’ﬁ) (A1, A, ,Qq;xQ;X3;z;€p);s},
and then
_ o 1 o, €
s°F(s) — s 1f(0) — s572f/(0) = ; <M(I)£+1B7)q (Al, o A L Qg X XS 2 ;) )

By using initial conditions, we get

1 a.p €
F(s) = — (M‘I’;-H,)q (Al, o A L QX X 2 ;) >

Applying inverse Laplace transform to both sides of the last equation and by making the necessary calcu-
lations, we obtain the solution function as:

p° a,
fp) = T+2) (M(I)I()Jrlﬁ,)qul(Aly Y| VAR E 0 ST O S | +6;X2;X3;Z;6p)) :

We presented the approximate graphs of the solution function f(p) of Example 6.1 below.

: £=9/5

5 .

4 : 528/5
3 F e=7/5
I 7|
e r £=6/5

2 .

10

0 )‘ | L L L L | L L L L | L L L L | L L L L L1

0 1 2 3 4

Figure 1: The behavior of the solution function f(p) of Example 6.1 for different values of ¢, where
p=q=MAN =01 =a=p=1,£=n=4, generalized M-series index n =0,1,2 and 0 < p < 4.
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7. Conclusion

In this paper, M-gamma, M-beta, M-Gauss hypergeometric, and M-confluent hypergeometric func-
tions are given. Also, some of their properties of these modified functions are presented and then beta,
Mellin, Laplace, Sumudu, Elzaki and general integral transformations are applied to these modified func-
tions. Then, solutions of fractional differential equations involving modified special functions are obtained
and the approximate graphs of the solution function f(p) of Example 6.1 for specific values are presented
in Figure 1.

The relations of the special functions defined here with the other special functions in the literature
are listed below:

Abubakar [1],

r(Q)...T(Q,) [(A;, 1)1
]\/[B(l 1) . — q \I/Bl,l 19 N2
p,q (fvnap) F(Al)P(Ap) P _(ijl)l,q 5777 ’
0(Q)...T(Q) (A1)
Mya(1,1 N V1,1 is 1)1, o
F;S,q )(X17X27X37Z7p) - F(Al)F(AZ) Fp (ijl)lz X1s X235 X357 5
r'()...T(Q,) [(A;,1)
Mg (L) (o v e ) — 1 q) Ug1,1 isd)1p o
P = P .
D,q (X27X37z7p) F(Al)F(Ap) P _(Qjal)l,q X235 X33 %
Classic functions [4,21],
YT (151;6:0) = T(9),
MBilll)(]-;l;gﬂ% )_B(£777)a
MEUY (115 X0, Xoi X33 230) = 2F1 (X1 X X33 2),
M (1515 X9 X33 25 0) = @ (x05 X35 2)-
Ata and Kiymaz [5],
r()...T(Q,) [(A;,1)
Mp(L,1) (e, ) — q)w is 1,;0‘
R v v yr R (S
r'()...T(Q,) (Aiy 1)1 p
M (1 1) q)w i)
Boa &m0) = S Ty 2L D1 ’5"
r()...T(Q,) [ (A, 1
MF;E}él)(XlaXQ;X3;z;p):F(Al)...F(AZ)\IIFp Egjl))ll’; X1> X2} X33 2| »
r(Q)...T(Q,) [(A;,1)
Mg (1,1 v, ir 1)1, .
(bé )(X27X37Zp) F(Al)F(AZ) (I)P (Qjal)lz X27X372
Ata [6,7],
MPEsP (151,156 p) =TT (¢
MBsA (11,15, p) = VB (€, ),
MF(a 6)(1 1717X17X27X372 p) Fp(a“B)(X aXQ;XS;Z)a
M(I)(a 6)(1 1717X27X37z p) \PCI)(O[ ﬂ)(X2»X3» )
Chaudhry et al. [9,10,11],
MO (L6 p) = T,(6),
MBI (15156, p) = B(E,m5 ),
MF1(111)(1717X1aX27X37Z p) P(X17X27X37 )v
J\/I(I)(l 1)(1 1 XQaXSaZ p) P(XQaXSa )
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Kulip et al. [22],

Mr(aﬁ)(%é 1:&p) = Wl“(a,BW(S)(g)’
MB( ﬁ)(,y;(; 1;€,m;p) = WB(QB’WS)@ n).

Lee et al. [23],

MBI (1156, m; p) = B(E,m; p3 1),

1,1
MFl(,l D11 X0, X2 X33 23 9) = Fp(x1, X3 X35 25 1),
1,1
Mq’h N5 15 X005 X35 25 9) = @p(xai Xs: 23 1),
Ozergin et al. [26],

MptD(a; B; &5 p) = T0(€),

i )=

(e B:6,m0) = BEP(€,m),
MFl(,lfl)(a§B§X1aX2§X3§Z p) = nga’ﬁ (X15 X25 X33 %)
MR (01 B i X3 23 9) = B (x5 53 2)-
Parmar [27],

MY (0 5: 65 p) = TP (©),
MBI (as B €,m5 p) = BV (€, m),
) =
) =

(3
F(a,B, (X X27X37 )v
(I)(aﬁl)(

1,1
MEUY (s 85 X1, Xai X33 23 9

1,1
M(I)g,l )(04?B§X2§X3;Z P Xoi X3 2)-

Rahman et al. [29],

MBYY (15156, p) = By € ),

L .
MF(a )(1 15 X1, Xa3 X35 %5 p) = F;71(X15X2;X3;Z)7

a,l a:
M(I)g,l J(15 15 x93 x5 23 9) = @27 (X X33 2).-
Sadab et al. [30],

MBEY (15 156,75 p) = BE(E,m),

B
a,l
MFf,l Y1515 X0 Xoi X33 2 9) = Fpa (X1, Xa3 X33 2),

M(I)(alvl) (

11 (1515 x03 x35 23 0) = Ppa(Xas X33 2)-

Srivastava et al. [33],

1,1 o B:
MBY (a; 816,15 p) = B (€ ),

MEGD (03 85 X1, Xai Xai 230) = FSPED (), x5 X33 2).

In future studies, similar generalizations can be defined for special functions such as univariate (Bessel,
Mittag-Leffler, Wright, etc.) and multivariate (Lauricella, Srivastava, Horn, etc.) which used in math-
ematical physics. Various properties of these functions can be examined and their integral transforms
(Laplace, Mellin, Fourier, etc.) can be calculated. Thus, potential applications can be found in various
fields of physics and engineering.
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