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Limit study of an input stability problem on nanolayer

Tarik BOULAHROUZ ∗, Mohammed FILALI, Jamal MESSAHO and Najib TSOULI

abstract: This paper aims to discuss a stabilization problem for semilinear systems and to study the
asymptotic behavior of a distributed system on an evolution domain, in a containing structure, of a nanolayer.
The epi-convergence method is considered to find the limit problem with interface conditions; this approach
studies the stability of the approximate problem associated with our initial problem. After that, we study the
limit behavior. The received results are tested numerically.

Key Words: Semilinear systems, limit behavior, limit problems, feedback control, epi-convergence
method.
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1. Introduction

The concept of stability is one of the essential notions in system analysis. A state is said to be stable
if the system evolves close to this state for small perturbations; for an unstable system, it is often asked
if it is possible to stabilize it by feedback control on a geometric field Ω.

However, there are systems which are unstable in their Ω geometrical domains, but do not behave
in the same way on the whole Ω; indeed, they can be stable in some regions of Ω (see example 4.2 [1]);
we can then focus on the behavior of the state system only in an interior subregion of the nanolayer
evolution domain; a nanolayer means a layer or a film on the surface of a solid or liquid of different
physical and chemical nature that has nanoscale thickness. It deals with many real applications, for
example, microelectronics, nanomedicine, nanotechnology, etc.

The regional control theory of distributed systems has yielded several impressive achievements.
Amourous and al. [2]. El Jai and al. [3] provide a survey of these developments and a discussion
of related issues, like observability, controllability, and optimal control.

Exponential stabilizability is treated by Triggiani [4] through a proper decomposition of the state
space. The strong stabilization is studied by Balakrishnan [5] using the Riccati equation for steady state.
Our goal is to prove the stability of a semilinear system via state feedback in the case of operators that
generate a compact semigroup of contractions, with an explicit state feedback control given. Previously,
this problem has been studied in a weak sense in [6,7,8]; in our case, we work with a Bε region of the
nanostructure, which will cause a problem during numerical resolution with the finite element method and
specifically during the creation of the domain mesh, which will be very thin, so if we increase the nodes
to have precision with a three-dimensional problem of nano order, we may have a numerical instability
that can cause numerical explosions, thus the method’s inefficiency.

The idea would be to look for another equivalent approximation model to work with the finite element
method accurately to obtain the limit problem.
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This paper is organized as follows: in section 2, we show the strong stability by feedback control
using a result of [9], which makes the approximating semi-linear system associated to the initial problem
strongly stabilizable, then we prove a priori estimates. In the third section, we pass to the limit in
the minimization problem associated with the approximate problem using the epi-convergence method
and preliminary results. Finally, in section 4, one will give a numerical test illustrating the obtained
theoretical results.

2. Study of the problem

Position of the problem

One considers a problem of semilinear evolution in a body that occupies a bonded domain, Ω ⊂ R3,
with a Lipschitz border ∂Ω, composed of a nanolayer Bε, with oscillating border Σ±

ε , and a remaining
region of Ωε (see Figure 1). The body occupying the domain Ω, with the control u ∈ Uad, and the
operator L : Lp(Bε) → Lp′

(Bε) is nonlinear, where Lz = |z|p−2z, and 5
2 < p < 3.

With the set of admissible controls

Uad =
{
u ∈ L∞(]0,∞[) : ∥u(t)∥L∞(]0,∞[) ≤ c

}
.

Consider the following problem:

ż = −∆z in Ω∞
ε

ż = − 1
εα∆z + u|z|p−2z in B∞

ε

z(t, x) = 0 on Γ∞ =]0,∞[×∂Ω (P)
z(0, x) = z0 in Ω
[z(t, x)] = 0 on ]0,∞[×Σ±

ε
∂z
∂n

∣∣
Ωε

= 1
εα

∂z
∂n

∣∣
Bε

on ]0,∞[×Σ±
ε .

Figure 1: Domain Ω.

Notation and functional setting

• Q =]0,∞[×Ω, Ω∞
ε =]0,∞[×Ωε, B

∞
ε =]0,∞[×Bε.

• Lp (0,∞, X) has the norm,

∥z∥Lp(0,∞,X) =

(∫ ∞

0

∥z(t)∥pXdt

) 1
p

.

With X, a banach space.
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• [z]Σ±
ε
= z|Ωε|Σ±

ε

− z|Bε|Σ±
ε

.

•
G =

{
z ∈ L2(0,∞, H1

0 (Ω)) : η(α)z(t)|Σ ∈ H1
0 (Σ) if α ≤ 1,

z ∈ L2(0,∞, H1
0 (Ω)) : z(t)|Σ = C if α > 1.

D =

{
D(]0,∞[×Ω) if α ≤ 1,
{z ∈ D(]0,∞[×Ω) : z(t)|Σ = C} if α > 1.

We know that D = G.

• Let us define the operator mε which transforms functions defined z on Bε into functions defined on
Σ by,

mεz (t, x1, x2) =
1

2εφε

∫ εφε

−εφε

z (t, x1, x2, x3) dx3.

• The inner product defines the real-valued function and will denote by,

⟨f, g⟩ =
∫
Ω

f(x)g(x)dx.

• (t, x) = (t, x′, x3), where x′ = (x1, x2), λ = 1, 2, ∇′ =
(

∂
∂x1

, ∂
∂x2

)
, Y =]0, 1[×]0, 1[, φ : R2 → [a1, a2]

where φ is Y -periodic and a2 ≥ a1 > 0, φε (x
′) = φ

(
x′

ε

)
, ∂φ
∂xλ

∈ C(Σ)∩L∞(Σ),m(φ) =
∫
Y
φ (x′) dx′,

η(α) = limε→0 ε
1−α, with α ≥ 0.

In the following, C will denote any constant with respect to ε.

Study of the problem

Stability study Consider the following approximate problem;

żε(t, x) = −∆zε(t, x) in Ω∞
ε

żε(t, x) = − 1
εα∆zε(t, x) + uε|zε|p−2zε in B∞

ε

zε(t, x) = 0 on Γ∞ =]0,∞[×∂Ω (Pε)
zε(0, x) = z0,ε in Ω
[zε(t, x)] = 0 on ]0,∞[×Σ±

ε
∂zε(t,x)

∂n

∣∣∣
Ωε

= 1
εα

∂zε(t,x)
∂n

∣∣∣
Bε

on ]0,∞[×Σ±
ε .

We are interested in stabilizing;

żε(t, x) = − 1

εα
∆zε(t, x) + uε|zε|p−2zε in B∞

ε . (2.1)

We note zε(t) = zε(., t), uε(t) = uε(., t) and A = − 1
εα∆. We pose D(A) = H2(Ω) ∩ H1

0 (Ω), where
Ω ⊂ R3.

A is the infinitesimal generator of the compact semigroup (see [10]), given by

S(t)zε =

∞∑
n,m,k=0

e((
n
b1

+ m
b2

+ k
b3

)π)2 t
εα ⟨ϕn,m,k, zε⟩ϕn,m,k,

where ϕn,m,k(x) = en (x1) em (x2) ek (x3), we have e0 = 1, en (xi) =
√
2 cos

(
nπxi

bi

)
,∀n ∈ N∗, with

bi = βi − αi, i = 1, 2, 3, such that Ω =]α1, β1[×]α2, β2[×]α3, β3[,
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L : H1
0 (Bε) ∩ Lp(Bε) → Lp′

(Bε), defined by

Lzε = |zε|p−2zε, ∀zε ∈ L2(0,∞;H1
0 (Bε) ∩ Lp(Bε)),

is a derivable operator with a bounded derivative, indeed L′ : H1
0 (Bε) ∩ Lp(Bε) → L2(Bε);

L′zε = (p− 1)|zε|p−2, ∀zε ∈ L2(0,∞;H1
0 (Bε) ∩ Lp(Bε)).

Furthermore, for p ∈] 52 , 3[ we have L2 ↪→ L2p−4, and ∀zε ∈ L2(0,∞;H1
0 (Bε) ∩ Lp(Bε)),∫

]0,∞[

∥L′zε∥2L2(Bε)
≤ C

∫
]0,∞[

∥zε∥2p−4
L2p−4(Bε)

≤ C

∫
]0,∞[

∥zε∥2p−4
L2(Bε)

≤ C

∫
]0,∞[

∥zε∥2H1
0 (Bε)

≤ ∞.

Hence the boundedness of L′ implies that L is Lipschitzian.

Furthermore, ⟨L(S(t)zε), S(t)zε⟩ = 0, ∀t ≥ 0, implies that

|S(t)zε|p = |
∞∑

n,m,k=0

e((
n
b1

+ m
b2

+ k
b3

)π)2 t
εα ⟨ϕn,m,k, zε⟩ϕn,m,k|p = 0, ∀n,m, k ≥ 0,∀t ≥ 0.

Since all series converge, their general term tends to 0, which gives zε = 0.
According to theorem 5.4, the system (2.1) controlled by the feedback : uε(t) = −r(zε) ⟨L(zε), zε⟩ is
strongly stabilizable, with r(zε) =

c
1+⟨L(zε),zε⟩2 , ∀c > 0.

A priori estimate

Approximate problem
The set V = H1

0 (Ω) ∩ Lp(Ω) is separable, with H1
0 (Ω) ∩ Lp(Ω) has the norm

∥ · ∥H1
0 (Ω)∩Lp(Ω) = ∥ · ∥H1

0 (Ω) + ∥ · ∥Lp(Ω), therefore, it admits a countable basis {w1, w2, w3, . . . , wn, . . . },
with wi ∈ V , ∀ m {w1, w2, w3, . . . , wn} is a free family, H = V ect{w1, w2, w3, . . . , wn, . . . } is dense in V .

Let us consider in the spaces Vm = V ect{w1, w2, w3, ........., wm} the following approximate problem;

We put zε(t) =

m∑
i=1

hiε(t)wi ∈ Vm.

< żε, wi >Ωε
+ < ∆zε, wi >Ωε

= 0 in ]0,∞[
< żε, wi >Bε

= − < 1
εα∆zε, wi >Bε

+ < uε|zε|p−2zε, wi >Bε
in ]0,∞[

zε(t, x) = 0 on Γ∞ =]0,∞[×∂Ω (Pm,ε)
zε(0, x) = z0,ε in Ω
[zε(t, x)] = 0 on ]0,∞[×Σ±

ε
∂zε
∂n

∣∣
Ωε

= 1
εα

∂zε
∂n

∣∣
Bε

on ]0,∞[×Σ±
ε .

With < ·, · > is a duality bracket.

From the results on systems of differential equations, we are sure that the problem (Pm,ε) has a
solution zε(t) in an interval [0, tε[, with tε ≤ T such that T → ∞ for ε → 0.

Remark 2.1 The following a priori estimates show that tε = T .

A priori estimate

Lemma 2.1 The family (zε)ε>0 satisfies:∫
]0,∞[

∥∇zε∥2L2(Bε)
≤ Cεα. (2.2)∫

]0,∞[

∥∇zε∥2L2(Ωε)
≤ C. (2.3)

Moreover zε is bounded in L2(0,∞, H1
0 (Ω) ∩ Lp(Ω)).
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Proof:
Let the problem (Pm,ε); multiply the equations defined on B∞

ε and Ω∞
ε by hiε(t) and sum from i = 1

to m, we get;
On the one hand in Bε,

< żε, zε >Bε + <
1

εα
∆zε, zε >Bε=< uε|zε|p−2zε, zε >Bε .

< żε(t, x), zε >Bε
− <

1

εα
∇zε,∇zε >Bε

− < uε|zε|p−2zε, zε >Bε
= 0 in ]0, tε[×Bε

by a change of variable from t to tε − t with t1 = tε − t ∈]0, tε[, we obtain in ]0, tε[×Bε,

− < żε(t1, x), zε >Bε − <
1

εα
∇zε,∇zε >Bε − < uε|zε|p−2zε, zε >Bε=

−1

2

d

dt1

∫
Ω

z2ε − 1

εα

∫
Bε

|∇zε|2 −
∫
Bε

uε|zε|p = 0.

And by integration from 0 to tε,

1

εα

∫
]0,tε[×Bε

|∇zε|2 +
∫
]0,tε[×Bε

uε|zε|p = −1

2

∫
]0,tε[

d

dt1

∫
Ω

z2ε =

1

2
(−∥zε(tε, x)∥2L2(Ω) + ∥z0,ε∥2L2(Ω)) ≤ −1

2
∥zε(tε, x)∥2L2(Ω) + C.

Then, by Holder’s inequality, and since the control uε has a negative sign, we have;

−c

∫
]0,tε[

∥zε∥pLp(Bε)
≤ −∥ − uε∥∞

∫
]0,tε[

∥zε∥pLp(Bε)
≤
∫
]0,tε[×Bε

uε|zε|p.

Thus,
1

εα

∫
]0,tε[×Bε

|∇zε|2 ≤ c

∫
]0,tε[

∥zε∥pLp(Bε)
− 1

2
∥zε(tε, x)∥2L2(Ω) + C.

By minoration (use thatH1
0 is continuously embedded in Lp (see lemma 5.3)) and minoring− 1

2∥zε(tε, x)∥
2
L2(Ω)

by 0.

1

εα

∫
]0,tε[×Bε

|∇zε|2 − cC

∫
]0,tε[

∥zε∥21,2 ≤ 1

εα

∫
]0,tε[×Bε

|∇zε|2 − c

∫
]0,tε[

∥zε∥pLp(Bε)
≤ C.

Multiply by εα;

(1− cCεα)

∫
]0,tε[×Bε

|∇zε|2 ≤ Cεα.

For an ε ≤ 1
2 , we get (1− cC

2α ) ≤ (1− cCεα), then T = tε and by making T tend to ∞, so∫
]0,∞[

∥∇zε∥2L2(Bε)
≤ Cεα.

Then zε is bounded in L2(0,∞, H1
0 (Bε)) and since H1

0 is continuously embedded in Lp then we have
boundedness in L2(0,∞, H1

0 (Bε) ∩ Lp(Bε)).

On the other hand in Ωε,

< żε(t, x), zε >Ωε + < ∆zε, zε >Ωε= 0 in ]0, tε[×Ωε.

Also by a change of variable from t to tε − t with tε − t ∈]0, tε[, we obtain;

− < żε, zε >Ωε
+ < ∆zε, zε >Ωε

= 0 in ]0, tε[×Ωε.
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Which gives by integration on ]0, tε[,∫
]0,tε[×Ωε

|∇zε|2 = −1

2
∥zε(tε, x)∥2L2(Ωε)

+ C,

then, let’s reduce − 1
2∥zε(tε, x)∥

2
L2(Ωε)

by 0 and tends T → +∞, we get;∫
]0,∞[×Ωε

|∇zε|2 ≤ C

∫
]0,∞[

∥∇zε∥2L2(Ωε)
≤ C.

Then zε is bounded in L2(0,∞, H1
0 (Ωε)) and since H1

0 is continuously embedded in Lp then we have
boundedness in L2(0,∞, H1

0 (Ωε) ∩ Lp(Ωε)).
2

Hence the boundness on L2(0,∞, H1
0 (Ω) ∩ Lp(Ω)), and since L2(0,∞;V ) is a reflexive space, then

there exists a sub-sequence of (zε)ε>0 , always denoted by (zε)ε>0, such that zε ⇀ z∗ in L2(0,∞;V ).
Hence the strong convergence in L2(0,∞;L2(Ω)) (see remark 5.1).

And as |zε|p−2
zε is bounded in L∞(0,∞;Lp′

(Bε)).
Indeed;

sup esst∥ |zε|p−2
zε∥p

′

Lp′ (Bε)
= sup esst

∫
Bε

(
|zε(x, t)|p−1

)p′

dx

= sup esst

∫
Bε

|zε(x, t)|(p−1)p′
dx

= sup esst ∥zε(t)∥pLp(Bε)
< ∞.

We can assume for a sub-sequence that:

|zε|p−2
zε

∗
⇀ |z∗|p−2

z∗ in L∞
(
0,∞;Lp′

(Bε)
)
.

3. Limit Behavior

Note that the problem (P) is equivalent to the minimization problem

inf
z∈L2(0,∞;V )

{
1

2

∫
]0,∞[×Ωε

|∇z|2 + 1

2εα

∫
]0,∞[×Bε

|∇z|2 + 1

p

∫
]0,∞[×Bε

u|z|p
}

(P1)

Remark 3.1 According to theorem 7.10 [11] we have the existence of a solution. Moreover z is given by
the formula

z(t) = SA(t)z0 +

∫ t

0

SA(t− s)u(s)Lz(s)ds

where SA(t) denotes the semigroup associated to A.

Lemma 3.1 The operator mε is linear and bounded of L2(0,∞;L2 (Bε))(respectively L2(0,∞;H1
0 (Bε)))

in L2(0,∞;L2(Σ)) (respectively L2(0,∞;H1
0 (Σ))), moreover, for all z ∈ L2(0,∞;H1

0 (Bε)), we have

∥∥mεz − z|Σ
∥∥2
L2(]0,∞[×Σ)

≤ Cε

∫ ∞

0

∫
Bε

|∇z|2. (3.1)
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Proof: We have ∫
Σ

|mεz|2 dx1dx2 =

∫
Σ

(
1

2εφε

)2 ∣∣∣∣∫ εφε

−εφε

zdx3

∣∣∣∣2 dx1dx2.

Since 0 < a1 ≤ φε ≤ a2, and according to the Hölder inequality,

∫
Σ

|mεz|2 dx1dx2 ≤
∫
Σ

1

2εφε

(∫ εφε

−εφε

|z|2dx3

)
dx1dx2 ≤ 1

2εa1

∫
Σ

(∫ εφε

−εφε

|z|2dx3

)
dx1dx2. (3.2)

Since z ∈ L2 (]0,∞[×Bε) and (3.2), it follows that mεz ∈ L2(]0,∞[×Σ). Let z ∈ D (]0,∞[×Bε), we
have

∂

∂xλ
(mεz) (t, x1, x2) =

1

2

∂

∂xλ

(∫ 1

−1

z (t, x1, x2, x3εφε) dx3

)
=
1

2

(∫ 1

−1

∂z

∂xλ
(t, x1, x2, x3εφε) + εx3

∂φε

∂xλ

∂z

∂x3
(t, x1, x2, x3εφε) dx3

)
=

1

2εφε

(∫ εφε

−εφε

∂z

∂xλ
+

(
x3

εφε

)(
ε
∂φε

∂xλ

)
∂z

∂x3
dx3

)
.

So that, ∫
Σ

∣∣∣∣ ∂

∂xλ
(mεz)

∣∣∣∣2 =

∫
Σ

∣∣∣∣ 1

2εφε

(∫ εφε

−εφε

∂z

∂xλ
+

(
x3

εφε

)(
ε
∂φε

∂xλ

)
∂z

∂x3
dx3

)∣∣∣∣2
≤
(

1

2εa1

)2 ∫
Σ

(∫ εφε

−εφε

∣∣∣∣ ∂z∂xλ
+

(
x3

εφε

)(
ε
∂φε

∂xλ

)
∂z

∂x3

∣∣∣∣2 dx3

)
.

However, ∂φ
∂xλ

∈ C(Σ) ∩ L∞(Σ), then ε∂φε

∂xλ
is bounded, and therefore∫

Σ

∣∣∣∣ ∂

∂xλ
(mεz)

∣∣∣∣2 ≤ C

ε

∫
Bε

(∣∣∣∣ ∂z∂xλ

∣∣∣∣2 + ∣∣∣∣ ∂z∂x3

∣∣∣∣2
)
dx3 ≤ C

ε

∫
Bε

|∇z|2.

By density arguments, for any z ∈ L2(0,∞;H1
0 (Bε)), we have∫ ∞

0

∫
Σ

∣∣∣∣ ∂

∂xλ
(mεz)

∣∣∣∣2 ≤ C

ε

∫ ∞

0

∫
Bε

|∇z|2.

Let z ∈ D (]0,∞[×Bε), so that

∥∥mεz − z|Σ
∥∥2
L2(Σ)

=

∫
Σ

∣∣∣∣( 1

2εφε

∫ εφε

−εφε

z (t, x1, x2, x3) dx3

)
− z (t, x1, x2, 0)

∣∣∣∣2 dx1dx2.

Using the Hölder inequality,∥∥mεz − z|Σ
∥∥2
L2(Σ)

≤ 1

2εa1

∫
Σ

(∫ εφε

−εφε

|z (t, x1, x2, x3)− z (t, x1, x2, 0)|2 dx3

)
dx1dx2

≤ C

ε

∫
Σ

(∫ εφε

−εφε

∣∣∣∣∫ x3

0

∂z

∂x3
(t, x1, x2, w) dw

∣∣∣∣2 dx3

)
dx1dx2

≤ C

ε

∫
Σ

(∫ εφε

−εφε

|x3|

(∫ εφε

−εφε

∣∣∣∣ ∂z∂x3
(t, x1, x2, w)

∣∣∣∣2 dw
)
dx3

)
dx1dx2

≤ Cε

∫
Σ

(∫ εφε

−εφε

∣∣∣∣ ∂z∂x3

∣∣∣∣2 dx3

)
dx1dx2

≤ Cε

∫
Bε

|∇z|2dx.
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By density arguments, we have for all z ∈ L2(0,∞;H1
0 (Bε))∥∥mεz − z|Σ

∥∥2
L2(]0,∞[×Σ)

≤ Cε

∫ ∞

0

∫
Bε

|∇z|2dxdt.

Hence the result. 2

Lemma 3.2 Let (zε)ε>0 ⊂ L2(0,∞;V ) which satisfies (2.2) and (2.3). Then

∥∇′ (mεzε)∥
2
(L2(]0,∞[×Σ))2 ≤ Cεα−1. (3.3)

In addition, mεzε have a bounded sub-sequence in L2(]0,∞[×Σ).

Proof: According to a result of lemma 3.1, we have∫ ∞

0

∥∥∥∥∂ (mεzε)

∂xλ

∥∥∥∥2
L2(Σ)2

≤ Cε−1

∫ ∞

0

∫
Bε

|∇zε|2 dx.

According to (2.2), one has ∫ ∞

0

∥∥∥∥∂ (mεzε)

∂xλ

∥∥∥∥2
L2(Σ)2

≤ Cεα−1.

Then from lemma 3.1, we get∥∥mεz − z|Σ
∥∥2
L2(]0,∞[×Σ)

≤ Cε

∫ ∞

0

∫
Bε

|∇z|2 ≤ Cεα+1.

zε is bounded in L2(0,∞;H1
0 (Ω)), it follows that there exists z∗ ∈ L2(0,∞;H1

0 (Ω)) and a sub-sequence
zε, always noted zε, such as zε ⇀ z∗ in L2(0,∞;H1

0 (Ω)), then zε|Σ is a bounded sequence in L2(]0,∞[×Σ).

Since,
∥mεzε∥L2(]0,∞[×Σ) ≤

∥∥mεzε − zε|Σ
∥∥
L2(]0,∞[×Σ)

+ ∥zε|Σ∥L2(]0,∞[×Σ),

then there exists C such that ∥mεzε∥2L2(]0,∞[×Σ) ≤ C.
2

Proposition 3.1 (zε)ε, has a weakly convergent sub-sequence to an element z∗ in L2(0,∞;H1
0 (Ω)) sat-

isfactory,
(1) If α = 1, z∗|Σ ∈ L2(0,∞;H1

0 (Σ)).
(2) If α > 1, z∗|Σ = C.

Proof: According to lemma 2.1, the sequence zε is bounded in L2(0,∞;H1
0 (Ω)), it follows that there is

an element z∗ ∈ L2(0,∞;H1
0 (Ω)) and a sub-sequence of zε, always designated by zε such as zε ⇀ z∗ in

L2(0,∞;H1
0 (Ω)). We have∥∥mεzε − zε|Σ

∥∥2
L2(]0,∞[×Σ)

≤ Cεα+1 and zε|Σ ⇀ z∗|Σ in L2(]0,∞[×Σ).

For α = 1, according to the evaluation (3.3), the sequence ∇′mεzε has a sub-sequence, always denoted
by ∇′mεzε weakly convergent to an element z2 in L2(0,∞;L2(Σ))2, as mεzε ⇀ z∗|Σ in L2(0,∞;H1

0 (Σ))

and that ∇′z∗|Σ = z2. Hence z∗|Σ ∈ L2(0,∞;H1
0 (Σ)).

For α > 1, one shows, as in the case α = 1 and taking z2 = 0, that z∗|Σ = C.
Hence the results.

2

The limit behavior of the problem (P1), will be derived with the epi-convergence method.
Let.

F ε (zε) =
1

2

∫
Ω∞

ε

|∇zε|2 +
1

2εα

∫
B∞

ε

|∇zε|2 +
1

p

∫
B∞

ε

uε|zε|p
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Theorem 3.1 According to the values of α, there exists a functional Fα defined on L2(0,∞;H1
0 (Ω)) with

a value in R∪{+∞} such that τf − lime F
ε = Fα in L2(0,∞;H1

0 (Ω)), where the functional Fα is given by

(1) If 0 ≤ α < 1 :

Fα(z) =
1

2

∫
]0,∞[×Ω

|∇z|2, ∀z ∈ L2(0,∞;H1
0 (Ω)).

(2) If α ≥ 1 :

Fα(z) =
1

2

∫
]0,∞[×Ω

|∇z|2 +m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′z|Σ
∣∣2 , ∀z ∈ G ⊂ L2(0,∞;H1

0 (Ω)).

Proof:
(a) We will determine the upper epi-limit:

From a density result, let z ∈ G ⊂ L2(0,∞;V ), there is a sequence (zn) in D such as

zn → z in G , as n → +∞.

So that zn → z in L2(0,∞;V ).

Let θ be a smooth function verifying θ (x3) = 1 if |x3| ≤ 1, θ (x3) = 0 if |x3| ≥ 2 and
|θ′ (x3)| ≤ 2, ∀x ∈ R.

We define

θε(x) = θ

(
x3

εφε

)
.

And zε,n = θε(x)zn|Σ + (1− θε(x)) zn.
It is easy to show that zε,n ∈ L2(0,∞;V ) and zε,n → zn in G, when ε → 0. Since

F ε (zε,n) =
1

2

∫
Ω∞

ε

|∇zε,n|2 +
1

2εα

∫
B∞

ε

|∇zε,n|2 +
1

p

∫
B∞

ε

uε,n|zε,n|p.

So that

F ε (zε,n) =
1

2

∫
]0,∞[×(|x3|>2εφε)

|∇zε,n|2 +
1

2

∫
]0,∞[×(εφε<|x3|<2εφε)

|∇zε,n|2 +

1

2εα

∫
]0,∞[×Bε

|∇zε,n|2 +
∫
B∞

ε

uε,n|zε,n|p

=
1

2

∫
]0,∞[×(|x3|>2εφε)

|∇zn|2 +
1

2

∫
]0,∞[×(εφε<|x3|<2εφε)

|∇zε,n|2 +

ε1−α

∫
]0,∞[×Σ

φε

∣∣∇′zn|Σ
∣∣2 + 2ε

∫
]0,∞[×Σ

φεun|zn|Σ|p.

Since φε is bounded, we can easily verify that

lim
ε→0

{
1

2

∫
]0,∞[×(εφε<|x3|<2εφε)

|∇zε,n|2
}

= 0.

(1) If α ≤ 1 : Since φε
∗
⇀ m(φ) in L∞(Σ) and ε1−α → η(α), it follows that

lim
ε→0

ε1−α

∫
]0,∞[×Σ

φε

∣∣∇′zn|Σ
∣∣2 = m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′zn|Σ
∣∣2 .
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By passing to the upper limit, we have

lim
ε→0

supF ε (zε,n) = lim
ε→0

sup

(
1

2

∫
]0,∞[×(|x3|>2εφε)

|∇zn|2 + ε1−α

∫
]0,∞[×Σ

φε

∣∣∇′zn|Σ
∣∣2 +

2ε

∫
]0,∞[×Σ

φεun|zn|Σ|p
)
.

≤ 1

2

∫
]0,∞[×Ω

|∇zn|2 +m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′zn|Σ
∣∣2 .

(2) If α > 1 : By passing to the upper limit, we have

lim
ε→0

supF ε (zε,n) = lim
ε→0

sup

(
1

2

∫
]0,∞[×(|x3|>2εφε)

|∇zn|2 + 2ε

∫
]0,∞[×Σ

φεun|zn|Σ|p
)

≤ 1

2

∫
]0,∞[×Ω

|∇zn|2.

Since zn → z in G, when n → +∞. According to the classical result, the diagonalization lemma [
[15], Lemma 1.15], there is a function n(ε) : R+ → N increasing to +∞ when ε → 0, such as zε,n(ε) → z
in G, when ε → 0. While n approaches +∞;

(1) If α ̸= 1 :
lim
ε→0

supF ε
(
zε,n(ε)

)
≤ lim

n→+∞
sup lim

ε→0
supF ε (zε,n)

≤ 1

2

∫
]0,∞[×Ω

|∇z|2.

(2) If α = 1 :

lim
ε→0

supF ε
(
zε,n(ε)

)
≤ lim

n→+∞
sup lim

ε→0
supF ε (zε,n)

≤ 1

2

∫
]0,∞[×Ω

|∇z|2 +m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′z|Σ
∣∣2 .

(b) We will determine the lower epi-limit.
Let z ∈ G and (zε) a sequence in L2(0,∞;H1

0 (Ω)) such as zε ⇀ z in L2(0,∞;H1
0 (Ω)), so that

χΩ∞
ε
∇zε ⇀ ∇z in L2(0,∞, L2(Ω))3. (3.4)

(1) If α ̸= 1: Since

F ε (zε) ≥
1

2

∫
Ω∞

ε

|∇zε|2 +
∫
B∞

ε

uε|zε|p.

According to (3.4) and by passage to the lower limit, one obtains

lim inf
ε→0

F ε (zε) ≥
1

2

∫
]0,∞[×Ω

|∇z|2.

(2) If α = 1: If lim infε→0 F
ε (zε) = +∞, there is nothing to prove, because

1

2

∫
]0,∞[×Ω

|∇z|2 +m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′z|Σ
∣∣2 ≤ +∞.

Otherwise, lim infε→0 F
ε (zε) < +∞, there is a sub-sequence of F ε (zε) still designated by F ε (zε) and a

constant C > 0, such as F ε (zε) ≤ C, which implies that

1

2εα

∫
B∞

ε

|∇zε|2 +
∫
B∞

ε

uε|zε|p ≤ C. (3.5)
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So zε satisfies the hypothesis of the lemma 3.2, and according to this last one, ∇′mεzε is bounded
in L2(0,∞;L2(Σ))2, so there is an element z1 ∈ L2(0,∞;L2(Σ))2 and a sub-sequence of ∇′mεzε, always
designated by ∇′mεzε, such as ∇′mεzε ⇀ z1 in L2(0,∞;L2(Σ))2, since zε|Σ ⇀ z|Σ in L2(]0,∞[×Σ), and
thanks to (3.1) and (3.5), one has mεzε ⇀ z|Σ in L2(]0,∞[×Σ), then mεzε ⇀ z|Σ in L2(0,∞;H1

0 (Σ)), so
z1 = ∇′z|Σ, so that ∇′mεzε ⇀ ∇′z|Σ in L2(0,∞;L2(Σ))2,

F ε (zε) ≥
1

2

∫
Ω∞

ε

|∇zε|2 +
1

2εα

∫
B∞

ε

|∇zε|2 +
∫
B∞

ε

uε|zε|p

≥ 1

2

∫
Ω∞

ε

|∇zε|2 + ε1−α

∫
]0,∞[×Σ

φε |∇′mεzε|
2
+ 2ε

∫
]0,∞[×Σ

φεuε|mεzε|p.

Using the subdifferential inequality, we have

F ε (zε) ≥
1

2

∫
Ω∞

ε

|∇zε|2 + ε1−α

∫
]0,∞[×Σ

φε

∣∣∇′z|Σ
∣∣2 + ε1−α

∫
]0,∞[×Σ

φε

∣∣∇′z|Σ
∣∣∇′z|Σ

(
∇′mεzε −∇′z|Σ

)
+ 2ε

∫
]0,∞[×Σ

φεuε|mεzε|p.

Thanks to the lemma 5.2, we have φε → m(φ) in L2(Σ), so according to (3.4) and by passing to the
lower limit, we obtain

lim inf
ε→0

F ε (zε) ≥
1

2

∫
]0,∞×Ω

|∇z|2 +m(φ)η(α)

∫
]0,∞[×Σ

∣∣∇′z|Σ
∣∣2 .

Hence the result.
2

Proposition 3.2 According to the values of parameter α, there exists (z∗, u∗) satisfying

zε ⇀ z∗ in L2(0,∞;V )

uε
∗
⇀ u∗ in L∞(]0,∞[)

Fα (z∗) = infv∈G {Fα(v)} .

Proof:
Initially (zε) is bounded in L2(0,∞;V ), so it has a τ− cluster point z∗ in L2(0,∞;V ). And thanks

to a classical result of epi-convergence (see theorem 5.3 ), we have z∗ is a solution of the problem

inf
v∈L2(0,∞;V )

{Fα(v)} . (Plim)

2

Conclusion: theory part

In this paper, we have worked on a class of semi-linear evolution systems with an operator generating
a compact C0 semigroup. We have shown that this approach is strongly stabilizable by a well-defined
control for the equivalent approximating problem on a three-dimensional bung of a nano structure. We
also learned the limiting behavior of this type of problem, finding that the effect of the nanolayer does
not exist and the control vanishes, i.e., the nanolayer behaves as a part of Ω, and the limiting problem
becomes an autonomous problem. In future work, we extend the proposed scheme to the nonlinear
problem with interface conditions in a nanostructure.
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4. Numerical Tests

We have shown that for a sufficiently small value of ε, the solution zε of the problem (2.1) approaches
the solution z∗ of the limit problem. In this section, we are interested in the numerical treatment; we
will focus on the impact of the control on the B∞

ε domain, with
T = 1e+ 8 Lzε = zε|zε|p−2

Ω = {(x, y)| x ∈]0, 1[, y ∈]− 1, 1[} uε(t) = − c⟨L(zε),zε⟩
1+⟨L(zε),zε⟩2

Bε =]0, 1[×]− φε(x), φε(x)[ φε(x) = ε
(
1.6 + sin

(
π x

ε

))
.

Using the language FreeFem++ (see [12]), with the finite element method using the newtons method,
and Gnuplot to visualize the results, with p = 2.75 and ε = 1e − 06, one will have the results shown in
figures.

Figure 2: shows that the solution of the approximation problem converges to that of the limit problem,

Figure 2:

Initially, u∗ does not stabilize the state on all Ω, which is normal since the control is defined just on
Bε, so the control will stabilize the state just on a subregion, so we are only interested in α = 1.

The two figures (a) and (b) show that uε stabilizes the state zε, and u∗ stabilizes the state z∗ on the
nanolayer.

(a) (b)
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(c) ε = 1e− 05 (d) ε = 1e− 06

These two figures show that uε converges to u∗, and we see that for minimal ε values, the speed of
convergence increases.

Conclusion: Practical part

The interface Σ does not affect the problem, as we work on a classical problem, and for α = 1, we
found that it stabilized, which is the goal, which shows that the model is suitable for control specialists
on the nanolayer.

5. Appendix

We give three Banach spaces X0, X and X1 with X0 and X1 reflexive and

(T.Ev) X0 ↪→↪→ X ↪→ X1

For two real 1 < p0, p1 < ∞ and T > 0, we define the space W by :

W =

{
v ∈ Lp0 (0, T ;X0) :

∂v

∂t
∈ Lp1 (0, T ;X1)

}
Lemma 5.1 (of compactness) [13]. Suppose that the hypothesis (T.Ev) is satisfied and that 1 < p0, p1 <
∞, then

W ↪→↪→ Lp0(0, T ;X).

Remark 5.1 for the case of our problem we have;

W =

{
z ∈ L2

(
0,∞;H1

0 (Ω)
)
:
∂z

∂t
∈ L2

(
0,∞;H−1(Ω) + Lp′

(Ω)
)}

And the condition
(T.Ev) H1

0 (Ω) ↪→↪→ L2(Ω) ↪→ H−1(Ω) + Lp′
(Ω)

is verified.
So

W ↪→↪→ L2(0,∞;L2(Ω)).

Theorem 5.1 Rellich-kondrachoff [13]. The space H1(Q) is compactly embedded in L2(Q).

Theorem 5.2 1. The eigenvalues of −∆ form an infinite sequence of real numbers such that

0 < λ1(Ω) ≤ λ2(Ω) ≤ · · · → +∞
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2. Each eigenvalue has finite multiplicity.
3. (See [10]) Let Ω be any open of Rd. The operator A = −∆, defined by

D(A) =
{
u ∈ H1

0 (Ω),∆u ∈ L2(Ω)
}
, Au = −∆u

is the infinitesimal generator of a semigroup S of contractions on L2(Ω).

Lemma 5.2 (see [14], Appendix). Let φ ∈ L∞(Σ), a Y -periodic, Y =]0, 1[×]0, 1[. Let

φε(x) = φ
(x
ε

)
, for a small enough ε > 0.

So
φε → m(φ) in Ls(Σ) for 1 ≤ s < ∞,

φε ⇀
∗ m(φ) in L∞(Σ).

Theorem 5.3 (see [15], Theorem 1.10). Suppose that
(1) F ε admits a minimizer on X,
(2) the sequence (z̄ε) is τ -relatively compact,
(3) The sequence F ε epi-converges to F in this topology τ .
Then each cluster point z̄ of the sequence (z̄ε) minimizes F on X and

lim
ε′→0

F ε′ (z̄ε′) = F (z̄)

if (z̄ε′)ε′ denotes the subsequence of (z̄ε)ε that converges to z̄.

Theorem 5.4 [9]. If L is a locally lipschitzian function and r(z) : Ω×]0,∞[→ R+ is a function of class
Ck, k ∈ N∗ which verifies

∀a > 0;∃ra > 0; ∀z ∈ B(0, a), r(z) ≥ ra.

If (S(t))t≥0 is compact and {z ∈ H | ⟨L(S(t)z), S(t)z⟩ = 0} = {0}, then the system (2.1) controlled by
the feedback: u(t) = −r(z)⟨L(z), z⟩ is strongly stabilizable.

Remark 5.2 [9]. If the system (2.1) is such that the command u must satisfy the saturation constraint,
i.e. ∥u∥∞ = sups≥0 |u(s)| ≤ c, for c > 0, a judicious choice of the weight function r(z) allows to obtain
such a constrained return law u(z).

For this, let us take for example:

r(z) =
c

1 + ⟨L(z), z⟩2
∀c > 0.

Lemma 5.3 [16]. V is a separable Banach space for the norm of V , and for p ≤ 2N
N−2 , we have

V = H1
0 (Ω). i.e. H1 is continuously embedded in Lp.

Proof: Initially, V is a Banach space (obvious) and by the Sobolev extension theorem we have{
H1

0 (Ω) ↪→ Lq(Ω)
1
q = 1

2 − 1
N if N ≥ 3.

So if p ≤ 2N
N−2 , then H1

0 (Ω) ↪→ Lp(Ω), which gives V = H1
0 (Ω). Let us now show that V is separable.

Consider the application,

Ψ : V → Lp(Ω)×
N∏
i=1

L2(Ω)

v 7→
(
v,

∂v

∂xi
, . . . ,

∂v

∂xN

)
V can be identified with Ψ(V ) which is a closed vector space of Lp(Ω)×

∏N
i=1 L

2(Ω) which is separable
and uniformly convex.
So V (∼ Ψ(V )) is also separable and uniformly convex.

2
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