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Limit study of an input stability problem on nanolayer

Tarik BOULAHROUZ *, Mohammed FILALI, Jamal MESSAHO and Najib TSOULI

ABSTRACT: This paper aims to discuss a stabilization problem for semilinear systems and to study the
asymptotic behavior of a distributed system on an evolution domain, in a containing structure, of a nanolayer.
The epi-convergence method is considered to find the limit problem with interface conditions; this approach
studies the stability of the approximate problem associated with our initial problem. After that, we study the
limit behavior. The received results are tested numerically.
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1. Introduction

The concept of stability is one of the essential notions in system analysis. A state is said to be stable
if the system evolves close to this state for small perturbations; for an unstable system, it is often asked
if it is possible to stabilize it by feedback control on a geometric field €.

However, there are systems which are unstable in their 2 geometrical domains, but do not behave
in the same way on the whole €; indeed, they can be stable in some regions of ) (see example 4.2 [1]);
we can then focus on the behavior of the state system only in an interior subregion of the nanolayer
evolution domain; a nanolayer means a layer or a film on the surface of a solid or liquid of different
physical and chemical nature that has nanoscale thickness. It deals with many real applications, for
example, microelectronics, nanomedicine, nanotechnology, etc.

The regional control theory of distributed systems has yielded several impressive achievements.
Amourous and al. [2]. El Jai and al. [3] provide a survey of these developments and a discussion
of related issues, like observability, controllability, and optimal control.

Exponential stabilizability is treated by Triggiani [4] through a proper decomposition of the state
space. The strong stabilization is studied by Balakrishnan [5] using the Riccati equation for steady state.
Our goal is to prove the stability of a semilinear system via state feedback in the case of operators that
generate a compact semigroup of contractions, with an explicit state feedback control given. Previously,
this problem has been studied in a weak sense in [6,7,8]; in our case, we work with a B, region of the
nanostructure, which will cause a problem during numerical resolution with the finite element method and
specifically during the creation of the domain mesh, which will be very thin, so if we increase the nodes
to have precision with a three-dimensional problem of nano order, we may have a numerical instability
that can cause numerical explosions, thus the method’s inefficiency.

The idea would be to look for another equivalent approximation model to work with the finite element
method accurately to obtain the limit problem.
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This paper is organized as follows: in section 2, we show the strong stability by feedback control
using a result of [9], which makes the approximating semi-linear system associated to the initial problem
strongly stabilizable, then we prove a priori estimates. In the third section, we pass to the limit in
the minimization problem associated with the approximate problem using the epi-convergence method
and preliminary results. Finally, in section 4, one will give a numerical test illustrating the obtained
theoretical results.

2. Study of the problem
Position of the problem

One considers a problem of semilinear evolution in a body that occupies a bonded domain,  C R3,
with a Lipschitz border 02, composed of a nanolayer B, with oscillating border Esi, and a remaining
region of . (see Figure 1). The body occupying the domain , with the control u € U,q, and the
operator L : LP(B.) — L¥'(B.) is nonlinear, where Lz = |2[P~2z, and S<p<s

With the set of admissible controls

Uaa = {u € L%(]0,00]) : u(t)l| (0,00 < €} -

Consider the following problem:

z=—-Az in QX

t=—LAz+ulzlP7%2  in B®

z(t,z) =0 on I'™® =]0, co[xIN (2)
2(0,z) =29 in

[2(t,z)] =0 on ]0,c0[xXF
on |0, c0[xZE.

Figure 1: Domain €.

Notation and functional setting

e Q =|0,00[xQ, QX =]0, c0[x e, B =]0, 00[X Be.

e 7 (0,00, X) has the norm,

1
T ( / ||z<t>||&dt) |

With X, a banach space.
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® [Z}Eg: = Z|§‘z$ — Z‘E‘zf

D— D(]0, co[x ) ifa <1,
B { {z € D(0,00[xQ) : 2(t)|y, =C} ifa>1.

We know that D = G.

e Let us define the operator m® which transforms functions defined z on B, into functions defined on
Y by,

1 EPe
mez (t,x1,22) = 5 / z (t,x1, T2, x3) dxs.
E(‘DE —EPe

e The inner product defines the real-valued function and will denote by,

(f,!J):/Qf(x)g(x)dac.

’

where ¢ is Y-periodic and ag > a1 > 0, (z') = ¢ (””—) ) 87’; € C(X)NL>®(X), m(p) = [y ¢ (2) da',

€

o (t,x) = (t, o', x3), where 2’ = (x1,22), A =1,2, V' = (%, 8%52) , Y =]0,1[x]0,1[, ¢ : R? — [a1, as]
C

n(a) = lim._,0e!~%, with o > 0.
In the following, C' will denote any constant with respect to €.

Study of the problem

Stability study Consider the following approximate problem;

Ze(t,x) = —Az(t,x) in QX

Ze(t,x) = —E%Azg(t,x) + ue|2e|P722.  in BX®

ze(t,z) =0  on I'™ =|0, co[x I (Z:)
2:(0,2) = 20 in Q

[2o(t,2)] =0 on ]0,00[x2*
Oz (t,x) _ 1 9z:(t,x)

+
n . = & on 5 on ]O,OO[XEE .

€

We are interested in stabilizing;
. 1 o . oo
Ze(t,x) = ——aAzE(t,x) + ue|ze|PT%2.  in BZC. (2.1)
€

We note ze(t) = ze(.,t),uc(t) = ue(.,t) and A = —5A. We pose D(A) = H?(Q) N H}(Q2), where
QCR3.
A is the infinitesimal generator of the compact semigroup (see [10]), given by
S(t)ZE = Z e((%+%+%)ﬂ)2ﬁ <¢n,m,k}a Z8> ¢n,m,k7
n,m,k=0
where ¢pmik(r) = en(21)em (22) ex (23), we have eg = 1,e, (z;) = V2cos (%) ,Vn € N*, with
bi = BZ — Oy, 1= 17 2a 3a such that :]0417/81[X]O[27BQ[X}O@,B:;[,
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L: H)(B.) N L?(B.) — L* (B.), defined by
Lz. = |2|P"%2., Vz. € L*(0,00; Hy(B.) N LP(B.)),
is a derivable operator with a bounded derivative, indeed L’ : H}(B.) N LP(B.) — L?*(B.);

L'ze = (p— 1)z P72, V2. € L*(0,00; Hy(B.) N LP(B.)).
Furthermore, for p €]2,3[ we have L? < L?*~% and Vz. € L*(0,00; H}(B.) N L?(B.)),

1L 2|72,y < C IIzaHLgp apy SC IIzaHi’é‘éE <C zell71 5.y < 00
(B.) (B:)
10 10,00 0

Hence the boundedness of L' 1mp11es that L is Llpschltman.

7OO

Furthermore, (L(S(t)z:),S(t)z.) = 0, ¥t > 0, implies that

Szl =] 3 L ETERTEDE (g, Lz

n,m,k=0

=0, Vn,m,k>0,Vt>0.

Since all series converge, their general term tends to 0, which gives z. = 0.
According to theorem 5.4, the system (2 1) controlled by the feedback : wu.(t) = —r(ze) (L(ze), ze) is
strongly stabilizable, with r(z;) = e Ve > 0.

A priori estimate

Approzimate problem
The set V = H}(Q) N LP(Q) is separable, with Hg(Q2) N LP(2) has the norm

I a2 @ner@) = I a2 + || - |zr(q), therefore, it admits a countable basis {w1, w2, ws, ..., wn, ...},
with w; € V,Vm {wy,ws,ws,...,w,} is a free family, H = Vect{w;,wa, w3, ..., Wy, ...} is dense in V.
Let us consider in the spaces V,,, = Vect{w, wa, w3, ......... , Wy, } the following approximate problem;

m

We put z(t) = Zhie(t)wi € V.

i=1

< Ze,w; >q. + <Azg,wl >q.=0 in]0,00[

< Ze,w; >po=— < = Az, wi >p. + < uclze P72z, w; >p. in ]0, 00[
ze(t,z) =0 on ree =10, 0o[x O (Pme)
ze(0,2) = 2. inQ

[2:(t,z)] =0 on]0,00[x3F

_ 10z +
0. = =worlp, on]0,00[xXZ.

Ze

on
With < -;- > is a duality bracket.

From the results on systems of differential equations, we are sure that the problem (£, .) has a
solution z.(t) in an interval [0, ¢.[, with ¢, < T such that T'— oo for € — 0.

Remark 2.1 The following a priori estimates show that t. =T.

A priori estimate

Lemma 2.1 The family (z.),. satisfies:

/]O 192z, < e (2.2)

/]0 V2220, < C. (2.3)

Moreover z. is bounded in L?(0, 00, H} (Q) N LP()).
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Proof:

Let the problem (&, ); multiply the equations defined on B2 and Q2° by h;.(t) and sum from i = 1
to m, we get;

On the one hand in B,

. 1 p—2
< Zeyze >p. + < E—aAzE,zE >p. =< Ue|2e|P T 22, 2 >, -

1
< Z:(t,x),ze >p. — < s—aVzE,VZE >p. — < u8|z5|p_2za,ze >p.=0 in ]0,t.[xB:

by a change of variable from t to t. — ¢ with t; = t. — ¢ €]0,¢.[, we obtain in ]0, t.[X B,
1
— < Ze(t1,@),2e >p. — < e—aVzg,VzE >p. — < Ue|ze|P 22, 2. >p.=

1d 1 )

And by integration from 0 to ¢,

1 1 d
= O e e Y S
€% Jjo,t.[xB. 10,t.[x B. 2 o At Jo

1 1
5(—”25(15&33)”%2(9) + 206l Z2(0)) < —§||Ze(tea$)||2L2(Q) +C.

Then, by Holder’s inequality, and since the control u. has a negative sign, we have;

e LY - e N (Y Sy A
10t 10,t. [ 10,tc [x B,

sle

Thus,
1

— |Vz|” < c/
€7 J10,t.[x B 10,t

sle

1
: HZEHIZP(BE) - §||Za(tsax)”2L2(Q) +C.

By minoration (use that H{ is continuously embedded in L? (see lemma 5.3)) and minoring — ||z (., z) ||%2(Q)
by 0.

1

2 1 2
o |VZE| —cC ||2'5H%,2 < = |Vzg| —C HZEHIZP(BE) <cC.
€7 J]0,t-[x B: 10t €7 J10,te[x B. 10,t]

Multiply by €%;
(1- cC’eo‘)/ V2 ? < Ce,
10,t.[x Be

For an e < 1, we get (1 — &) < (1 — cCe®), then T = t. and by making T tend to oo, so

/]0 IVlags, < O

Then z. is bounded in L?(0, 00, H}(B.)) and since H{ is continuously embedded in L? then we have
boundedness in L2(0, 00, H} (B.) N LP(B.)).

On the other hand in €,

< Z(t,x),2ze >, + < Azeyze >q.=0 in )0, [x8..

Also by a change of variable from ¢ to t. — ¢t with t. — ¢t €]0,¢[, we obtain;

— < Zeyze >q. + < Azeyze >q.=0 in )0, [x€.
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Which gives by integration on |0, .|,
2 1 2
[Vae|” = = llze(te, 2)lz2 () + €,
10,t.[x Qe

then, let’s reduce f%st(ts,x)H%z(Qa) by 0 and tends 7" — +o0, we get;

/ Vz.><C
10,00[%x 2

/ V2220, < C.
10,00]

Then 2. is bounded in L?(0, 00, H}(2.)) and since H{ is continuously embedded in LP then we have
boundedness in L?(0, 00, H}(Q:) N LP(£2)).
O

Hence the boundness on L?(0,00, Hj (2) N LP(Q2)), and since L2(0,00; V) is a reflexive space, then
there exists a sub-sequence of (z.),., always denoted by (z.),., such that z. — 2z* in L2(0,00; V).
Hence the strong convergence in L?(0, 00; L*(2)) (see remark 5.1).

And as |z.|" " 2 is bounded in L (0, co; L” (B.)).
Indeed,;

_ ’ _ pl
sup essy| |z |” 2Z€||I£p’(BE) = sup esst/B (|zs(x,t)|p 1) dz
€

= sup esst/ |2 (2, )| PV 4

B.

= sup ess; [[2: (1) [T (5. <

We can assume for a sub-sequence that:
p—2 * *|D—2 _% 0o 1P
|2e|" " 2ze = [27]P7 72" in L= (0,00; LP (B:) ) .

3. Limit Behavior

Note that the problem (£?) is equivalent to the minimization problem

1 1 1
inf f/ V2| + P V22 + 7/ ulz[? (21)
z€L2(0,00;V) | 2 10,00[x Q2 2e 10,00[x B P J10,00[x B.

Remark 3.1 According to theorem 7.10 [11] we have the existence of a solution. Moreover z is given by
the formula

¢
z(t) = Sa(t)zo + / Sa(t — s)u(s)Lz(s)ds
0
where S4(t) denotes the semigroup associated to A.

Lemma 3.1 The operator m? is linear and bounded of L?(0, 00; L? (B.))(respectively L*(0,00; H (B.)))
in L2(0,00; L3(X)) (respectively L?(0,00; H} (X)), moreover, for all 2 € L?(0,00; H} (B.)), we have

(oo}
|mez — Z\EHQH(]O,OO[@) = 05/0 /B V2|2 (3.1)
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2 5
1 Pe
/|m€z|2dac1dx2:/( ) / zdxs
by 5 \2epc —cp.

Since 0 < a1 < @ < ag, and according to the Hoélder inequality,

1 eve
/ |m?z|* daydas < / 5 </ |z] dx3> dxydxy < —/ </ |z |2dx3> dzqdxs. (3.2)
> > 4EPe —EPe —EPe

Since z € L2 (]0,00[x B.) and (3.2), it follows that m®z € L?(]0, 00[xX). Let z € D (]0, 00[x B.), we

Proof: We have )

d:cldxg.

have
10 !
8:5,\ (m®z) (t, 1, 22) 25% / 2 (t, 21, T2, 360, ) d3
-1
1 Loz Op. 0z
=3 (/1 EN (t,x1, T2, T3EQ:) —i—sa:ga(p 92a (t,z1, T2, T3EQ:) da:3>
1 e 0z x3 Op:\ 0z
= — —dzx
2e0: \J_cyp. Oz + (6%) (eaxj Oxs )
So that,

J

1 EPe p B 2
(Lo () (50 )
2ep: \J_cp. Oz Epe Oxy ) Oxs
2 EPe 2
L) ) )
2eaq 5 \J e, |0 Epe Oxy ) Ox3
However, 22 € C(X) N L>®(X), then 5gfi is bounded, and therefore

' Oy
2
/ SC/( »m</|wﬁ
) € JB,

By density arguments, for any z € L?(0, 00; H} (B.)), we have

[ el <[ ), o

oz |
8:@

a €

0z
(91'3

al’)\

Let z € D (]0, 00[x B:), so that

9 1 epe
HmEZ_Z\EHH(z) :/zK?@%/ z(t7m1,x2,$3)dac3> — 2z (t,x1,22,0)

—E€Pe

2
dzridzs.

Using the Holder inequality,

2 1 EPe
||mgz - z|2||L2(E) < E/E (/ |z (t, 21, 22, 23) — 2 (t,xl,x270)2d$3) dridzo

—EPe

STAT
<SSl
<CE/E</_E:E 0

8.733
< CE/ |V2|2dz.
B

€

T3 0z

t,x1, o, w) dw
0 313( ! 2 )

2
dl‘g) d$1d$2
2
0z dw) da:3> dzridzs
O3

(t,z1, 22, w)

dx;;) dzidzs
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By density arguments, we have for all z € L?(0, 00; H} (B.))

1> 2 >

Jmez — Z\EHL?(]O,oo[xE) < 05/0 / |Vz[*dxdt.
Hence the result. O
Lemma 3.2 Let (2.).., C L?(0,00; V) which satisfies (2.2) and (2.3). Then

13 2 a—
||V’ (m ZE)||(L2(]O,OO[><Z))2 S Ce 1. (33)

In addition, m®z. have a bounded sub-sequence in L*(]0,00[xX).
Proof: According to a result of lemma 3.1, we have

N

0 Ox )

According to (2.2), one has

2

SC’E*l/ / V2| da.
L2(%)2 0 .

LI,
0 Oxy
Then from lemma 3.1, we get

5 o0
Imee =m0 gy < € | [ 19217 < et

2. is bounded in L?(0, 00; H}(2)), it follows that there exists z* € L%(0,00; H}(€)) and a sub-sequence
2, always noted z, such as z. — z* in L?(0, 00; H§ (£2)), then 2.5, is a bounded sequence in L2(]0, 0o[xX).

< Ce* 1,

L2(%)2

Since,
1m0 2e | L2 o 0oty < 1M72e = 2eim]] 1210 oy + 12212l 22 00,00 1x),

then there exists C' such that ||mEZ€||iz(]O’OO[X2) <C.
O

Proposition 3.1 (z.)., has a weakly convergent sub-sequence to an element z* in L?(0, 00; H}(Q)) sat-
isfactory,

(1) If a =1, z*|; € L*(0, 00; H} (X)).

(2) Ifa>1, z*|g=C.

Proof: According to lemma 2.1, the sequence z. is bounded in L?(0, 0o; Hg(£2)), it follows that there is
an element z* € L2(0,00; H}(2)) and a sub-sequence of z., always designated by z. such as z. — 2* in
L?(0,00; H}(2)). We have

< Ce* and 2y — 2l in L?(]0, 00[xX).

2
[Jm®ze — zsIEHL2(]o,oo[xz) =

For o = 1, according to the evaluation (3.3), the sequence V/mez. has a sub-sequence, always denoted
by V'm®z. weakly convergent to an element 2o in L?(0,00; L*(X))?, as mfz. — 2y in L?(0,00; H} (X))
and that V'z5; = 2. Hence 25, € L*(0, 00; Hy (X))

For a > 1, one shows, as in the case a = 1 and taking zo, = 0, that Z\*z =C.

Hence the results.

The limit behavior of the problem (£2;), will be derived with the epi-convergence method.

Let.
1

1 1
Fe zE:f/ Vz52+— Vzgz—i—f/ g |2z [P
G =g [ _IVael g [ Vel b [ el
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Theorem 3.1 According to the values of «, there exists a functional F® defined on L*(0, 00; HE () with
a value in RU{+o00} such that 7y —lim. F* = F* in L*(0, 00; H}(Y)), where the functional F* is given by

(1) If0<a<1:

1
F(z) / |Vz|?, Vz € L*(0,00; Hy (Q)).
2 10,00[x 2
(2) Ifa>1:
FY(z) = 1,/ |Vz|” + m(cp)n(a)/ |V'z|g|27 Vz € G C L*(0, 00; Hy ().
2 Jo,00[x92 10,00 [X S

Proof:
(a) We will determine the upper epi-limit:
From a density result, let 2 € G C L?(0,00; V), there is a sequence (z,,) in I such as

zn — 2in G | as n — +o0.
So that 2z, — z in L?(0,00; V).

Let 0 be a smooth function verifying 0 (z3) =1 if |x3| < 1,0 (x3) = 0 if |z3| > 2 and
|0" (z3)] <2, VxeR.

We define

0.(z) =0 (;;J .
And Zen = 0c(2) 25 + (1 = 0:(2)) 2.

It is easy to show that 2., € L?(0,00; V) and Ze.n — 2Zpn in G, when € — 0. Since

1 1 1
F* (Ze,n) = 2/920 |vzs,n|2 + 257 B |vzs,n|2 + ]; /Bgc us,n|zs,n|p'

So that

1
Ff(zen) ==

1
, 9 / ‘vzs,n|2 =+ 5/ |Vze,n|2 +
10,00[x (|z3|>2e0.) 10,00[x (epe <|z3|<2e0:)
1
2c |V28,n|2 "’/ Ue,n|2enl”
€7 J10,00[x B B>

1

/ \Vzn|2 +
2 J10,000x (|z3]> 262 )

1
= f/ |Vz5,n|2—|—
2 J)0.00[x (cpe <[zs <2ec)
51_0‘/ Ve |V'zn|g}2 + 28/ Petin|znn|P-
10,00[xE 10,00[x 2

Since . is bounded, we can easily verify that

1
lim / Vzenl? b =0.
=20 | 2 Jj0,000x (e <|w3] <2¢90.)

(1) If @ < 1 : Since . = m(p) in L=(X) and '~ — (), it follows that

lim e

e € VI n 2 = / v/ n 2.
&0 /]0,00[XEw | : ‘E| m(sp),r](a) ]0,00[XE’ : ‘E‘
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By passing to the upper limit, we have

1
lim sup F* (z..,,) = lim sup ,/ |Vzn|2 " 517(1/ o }V'zn‘zf "
=0 2 Jjo,00[x (|z3|>2e02) 0,00[x %

e—0

25/ cpsun|zng|p>.

10,00[x 2

1 2

<o waPemena [ |Vesf.
10,00[x Q2 10,00[x %

(2) If & > 1 : By passing to the upper limit, we have

1
lim sup 5/ \Vzn|2+25/ Petin|2ns|P
=0 10,00[x (3| >2¢0. ) 10,00[x 5
1
< */ V2|2
2 JJ0,00[x02

Since z, — z in G, when n — +o00. According to the classical result, the diagonalization lemma |
[15], Lemma 1.15], there is a function n(e) : R* — N increasing to +o00 when & — 0, such as z. ,,(.) — 2
in G, when € — 0. While n approaches +o00;

(DIfa#1:

: €
lim sup F* (ze,n)

. i - . .
limy sup F* (2 n(e)) < lim_sup lim sup F* (2. )

1
< f/ |V 2|2
2 Jj0,00[x2

2)Ifa=1:

. . ~ . .
lim sup F* (2 n(e)) < limsup lim sup F= (2. )

1 2
<o [ vePemlome) [ (9l
10,00[x Q2

10,00[x 2

(b) We will determine the lower epi-limit.
Let z € G and (2.) a sequence in L?(0,00; H}(£2)) such as z. — z in L?(0, 00; H}(2)), so that

XoxVze = Vz in L*(0,00, L*(2))%. (3.4)

(1) If o # 1: Since

1
Fs(zs)zf/ |Vz€|2+/ g |2 [P
2 Jagx B

According to (3.4) and by passage to the lower limit, one obtains
o . 1 2
liminf F* (z.) > = |Vz|“.
£—0 2 JJ0,00[x 2
(2) If « = 1: If liminf,_,o F*° (2.) = 400, there is nothing to prove, because
1 2 ’ 2
5 V2" + m(p)n(a) V25| < +oo.
2 10,00[x©2 10,00[x %
Otherwise, liminf. o F® (z:) < 400, there is a sub-sequence of F* (z.) still designated by F*© (z.) and a

constant C' > 0, such as F* (z.) < C, which implies that

1

1 |v25|2+/ w)zlP < C. (3.5)
2e* Jp= Bz
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So z. satisfies the hypothesis of the lemma 3.2, and according to this last one, V'm®z. is bounded
in L%(0, 00; L*(X))?, so there is an element 2; € L?(0,00; L?(X))? and a sub-sequence of V'm?z., always
designated by V'm®z., such as V'mz. — 21 in L*(0, 00; L*(X))?, since z.s; = 25 in L*(]0,00[x %), and
thanks to (3.1) and (3.5), one has m®z. — 2|z in L?(]0,00[x ), then mz, — 2y in L?(0,00; H} (%)), so
z1 = V'zx, so that V'mfz. — V'z5 in L?(0, 00; L*(X))?,

1 2 1 2 /
a Va v& EEp
Q/ng| il b g [V [ el

by / |st‘2 + Slia/ Pe |vlm625|2 + 25/ Pete|m®ze|P.
Qe 10,00[x 2 10,00[x 2

Using the subdifferential inequality, we have

F= (2)

vV

Y

1 —a 2 —a
Pzt [ malaa [ TP [ [V Vs (Tt - V)
Qe 10,00[x % 10,00[x 2

+ 26/ Pette|m®ze|P.
10,00[x 2

Thanks to the lemma 5.2, we have . — m(p) in L?(X), so according to (3.4) and by passing to the
lower limit, we obtain

V2|2 + m(e)n(a) / |V’z‘g|2 .

10,00[x 2

1
liminf F€ (2¢) > f/
€0 2 Jjo,00x0

Hence the result.

Proposition 3.2 According to the values of parameter o, there exists (z*,u*) satisfying

ze — 2" in L?(0,00; V)
ue = u* in L>(]0, 00])
Fo (2*) = infyeq {F*(v)} .

Proof:
Initially (z.) is bounded in L?(0,00; V), so it has a 7— cluster point 2* in L?(0,00; V). And thanks
to a classical result of epi-convergence (see theorem 5.3 ), we have z* is a solution of the problem

inf  {F%(v)}. (Z1im)

veL2(0,00;V)

Conclusion: theory part

In this paper, we have worked on a class of semi-linear evolution systems with an operator generating
a compact Cp semigroup. We have shown that this approach is strongly stabilizable by a well-defined
control for the equivalent approximating problem on a three-dimensional bung of a nano structure. We
also learned the limiting behavior of this type of problem, finding that the effect of the nanolayer does
not exist and the control vanishes, i.e., the nanolayer behaves as a part of €2, and the limiting problem
becomes an autonomous problem. In future work, we extend the proposed scheme to the nonlinear
problem with interface conditions in a nanostructure.



12 TARIK BOULAHROUZ, MoHAMMED FILALI, JaAMAL MESSAHO AND NaJiB TSOULI

4. Numerical Tests

We have shown that for a sufficiently small value of €, the solution z. of the problem (2.1) approaches

the solution z* of the limit problem. In this section, we are interested in the numerical treatment; we
will focus on the impact of the control on the B2° domain, with

T=1le+8 Lz = z.|z.|P72

Q={(z,y)| =€0,1[ye€]—1,1[} ue(t) = —pEEzls
B, =]0,1[%X] — pe(x), v ()] ve(x)=¢ (1.6 + sin (77%)) i
Using the language FreeFem++ (see [12]), with the finite element method using the newtons method,
and Gnuplot to visualize the results, with p = 2.75 and € = le — 06, one will have the results shown in
figures.

Figure 2: shows that the solution of the approximation problem converges to that of the limit problem,

1.4x1022

T alpha=1 —
L2x102 |

22
1x10 Il

8x10 23 -I

| lzepsz*||

6x10°2 |

axtoB L

2x102 | [

-
1] 2x107 4x107 6107 8x107 1x108

Figure 2:

Initially, u* does not stabilize the state on all €2, which is normal since the control is defined just on

B, so the control will stabilize the state just on a subregion, so we are only interested in o = 1.

The two figures (a) and (b) show that u. stabilizes the state z., and u* stabilizes the state z* on the

nanolayer.

|lzeps||

45210

L4x1072
alpha=1 —*-

alpha=1 —-
4x10# |

L0
3.5x10%

——

22
1=10 H
3x10-#

2.5x10% L 1 s103 L
|
2e0 ||

11z*||

1 62102 [
| |
15x10°% [ |

|
‘ ax108 L |
1x10# L |
|
e ‘I 205} |
5x10-° | E|
|

|
o . N
0 2x107 4x107

" +
6x107 8x107 1x108

1108

(a)
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8x10*

7x10%* H

6x10% |

5x10% |-

| Jueps-u*||

4x104 L |
3x10* ||
2x10% | |

pEStinc) I

0 .

3.5=10%
apha=1 —

13

3x1047

25210

—

2x104 |

| |ueps-u*||

1521047 L

1x10% | |

5x1078 | [

" "
2x107 4x107

(c) e=1le—05

. &
6x107 8x107 1x108

alpha=1 —*

" " + "
0 2x107 4x107 6x107 8x107
T

T

(d) e =1e—06

1%108

These two figures show that u. converges to u*, and we see that for minimal £ values, the speed of
convergence increases.

Conclusion: Practical part

The interface ¥ does not affect the problem, as we work on a classical problem, and for a = 1, we
found that it stabilized, which is the goal, which shows that the model is suitable for control specialists

on the nanolayer.

5. Appendix

We give three Banach spaces Xy, X and X; with Xy and X; reflexive and

(T.Ev) Xo ==X =X,

For two real 1 < pg,p1 < co and T > 0, we define the space W by :

W = {’U € LP(0,T; Xo) : % e L (O,T;Xl)}

Lemma 5.1 (of compactness) [13]. Suppose that the hypothesis (T.Ev) is satisfied and that 1 < pg,p1 <

oo, then

W e LP°(0,T; X).

Remark 5.1 for the case of our problem we have;

And the condition

1s verified.
So

0z

W= {z € L (0,00 Hy(Q) : 5 € L (07oo;H_1(Q) + LP’(Q))}

(T.Ev)

HE () —— L*(Q) — H Q) + L' ()

W s L*(0,00; L*(Q)).

Theorem 5.1 Rellich-kondrachoff [13]. The space H'(Q) is compactly embedded in L*(Q).

Theorem 5.2 1. The eigenvalues of —A form an infinite sequence of real numbers such that
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2. Fach eigenvalue has finite multiplicity.
3. (See [10]) Let Q2 be any open of R%. The operator A = —A, defined by

D(A) = {ue Hj(Q),Aue L*()},Au= —Au
is the infinitesimal generator of a semigroup S of contractions on L*(S).

Lemma 5.2 (see [1}], Appendiz). Let p € L®(X), a Y -periodic, Y =]0,1[x]0,1[. Let
ve(x) = (g) , for a small enough € > 0.

So
we = m(p) in L*(X) for1<s< oo,

v =" m(p) in L=(%).
Theorem 5.3 (see [15], Theorem 1.10). Suppose that
(1) F& admits a minimizer on X,
(2) the sequence (Z.) is T -relatively compact,
(8) The sequence F¢ epi-converges to F in this topology 7.
Then each cluster point z of the sequence (z.) minimizes F' on X and

lim F* (z.) = F(2)
e’—0
if (Zer)., denotes the subsequence of (z:). that converges to Z.

Theorem 5.4 [9]. If L is a locally lipschitzian function and r(z) : 2x]0,00[— RT is a function of class
C*, k € N* which verifies

Ya > 0;3r, > 0;Vz € B(0,a),r(2) > 7.
If (S(t))i>0 is compact and {z € H | (L(S(t)z),S(t)z) = 0} = {0}, then the system (2.1) controlled by
the feedback: u(t) = —r(2)(L(z), z) is strongly stabilizable.
Remark 5.2 [9]. If the system (2.1) is such that the command u must satisfy the saturation constraint,

i.e. ||ulloo = supgsg|u(s)| < ¢, for ¢ >0, a judicious choice of the weight function r(z) allows to obtain
such a constrained return law u(z).

For this, let us take for example:
c

&)= T
2N

Lemma 5.3 [16]. V is a separable Banach space for the norm of V, and for p < =5, we have
V = H}Q). i.e. H' is continuously embedded in LP.

Ve > 0.

Proof: Initially, V' is a Banach space (obvious) and by the Sobolev extension theorem we have

{ Hg(Q) — LI(Q)
L if N>3.

1_ 1
q 2 N

So if p < 2%, then H{ () — LP(Q), which gives V = H} (). Let us now show that V is separable.
Consider the application,

N
UiV = L) x [[L*(Q)

v fu@ v
"0z dxy

V can be identified with (V') which is a closed vector space of LP(2) x Hf\il L?(Q) which is separable
and uniformly convex.
So V(~ ¥(V)) is also separable and uniformly convex.
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