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The Continuous Wavelet Transform for a Laguerre Type Operator on the Half Line

Jyoti Saikia, C. P. Pandey and Sunil Kumar Singh

ABSTRACT: In this paper, we consider a Laguerre differential operator A on [0, 00) by accomplishing harmonic
analysis tools with respect to the operator A. We study some definitions and properties of Laguerre continuous
wavelet transform. We also explore generalized Laguerre Fourier transform and convolution product on [0, co)
associated with the operator A. Also a new continuous wavelet transform associated with Laguerre function
is constructed and investigated.
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1. Introduction

For a function f € L?(R), the wavelet transform with respect to the wavelet ¢ € L%(R) is defined by

Woozo) = [ F0ar, @it >0 (L.1)

where,

—1/2 ,t—o02
Ponn () =01 Pp(— ). (12)

Translation 7., is defined by
To,p(t) = @(t —02),01 €R
and dilation D, is defined by

_ t
Dmﬂwzaﬁﬂmgynl>o

We can write
@02701 :TU2D01¢(t)' (13)

From above equations, we can say that wavelet transform of the function f on R is an integral transform
and the dilated and translated ¢ is the kernel.
We can also express wavelet transform as the convolution:

(W«D)(U%Jl) = (f * go,01)(02), (1.4)

where,
g(t) = p(=1).
Since there is a special type of convolution for every integral transform, therefore one can define wavelet

transform with respect to a integral transform using associated convolution.
The concept of wavelet is a collection of a function derived from a single function called mother wavelet,
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after that by applying the two operators known as translation and dilation we get a new type of continuous

wavelet.
Consider the Laguerre polynomial L%, of degree m and of order o > —1,

. m
er i xm+ae—fc
n! dx ’

Oy (xe "Ly (x)) + me L (z) = 0,z € (0,00).

satisfies the equations

The goal of this work is to extend the classical theory of wavelets to the Laguerre functions.
We call generalized wavelet each function g in a suitable functional space, satisfying the admissibility
condition

()

where Fi(g)(\) denotes the generalized Fourier transform related to Laguerre function

0<ngzw<mv

o)) = ﬁ /OOO f(@)p_y\(x)e” “x*dx.

Starting from a generalized wavelet g we construct by translation and dilation a family of generalized

wavelets by putting

1
ga,b(x) = mega(x)v a >0, b> 0,

where g,(x) = g(az) and T? stand for generalized translation operator.

2. Preliminaries

In this section we states some result and facts related to harmonic analysis associated with the
Laguerre function. Here we only cite the properties needed for the discussion. Throughout this section
assume o > —1.

Define L]0, 0),1 < p < 00, as the class of measurable functions on [0, c0) for which || f]|p.« < 0o,

where
1/p

1 > —T
e = (s [ 1f@Pewatas)  <os1<p<on

and
[[flloc = esSo<z<oosuplf(z)] < oo.

The Fourier-Laguerre transform of order « is defined for a function f on [0, 00) by

1 o0
Fo(fY(N) = =——— e Trd 2.1
(DW= g [, @ amds (21)
where () is a Laguerre function
Cn(@) = p(n)l'(e + 1) L7 () (2.2)
p(n) = 1“(%&4—1) and L%(z) is the Laguerre polynomial of degree n and of o > —1

Proposition 2.1.
(i) If both f and F,(f) are in [0,00) then

where
(2.3)
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(ii) For every f € L2 we have

S o(n)|Fa(n)? =

n

1 > —x .«

(iii) The inverse transform is given by

Fo M 9)(w) =Y gn)¢a(y)a(n).

n

The Laguerre translation operators 7%,z > 0 in [4] are defined by

1 o0
T = m/o f(2)d(x,y, z)e *2%dz, (2.4)
where
d(z,y,2) = Y Cr(@)Ch ()¢ (2)o(n), (2.5)
/0 d(x,y, 2)Cn (2)dA(2) = ¢ (2) ¢ (), (2.6)
and .
_ —A\«
dA(N\) = 7F(oz i 1)6 A%dA. (2.7)
The Laguerre convolution product of two functions is defined by the relation
1 o0
Frote) = 5 | et 2

Proposition 2.2. Letp € [1,00] and f € LP, Then for all x >0, 7°f € LY and
@) 17 fllp.a < [ fllpa-

(ii) Fa(r®f) = LS (y)Fa.

(iii) Let p,q € [1,00) such that % + % =1. If fe LP and g € LY, then

/ T f(W)gw)d(w,y, z)e”y dy = / F)rg(y)d(z,y, z)e™ "y dy.
0 0
(iv) Let p,q,r € [1,00) such that % + % —1=2L1 Iffe Ll and g € LY then f*g € L%, and

1 * gllra < [|fllpallgllg,a-
(v) Fo(f xg) = Fu(f)Fa(g)-

Definition 2.3. A function g € LY, be a Laguerre wavelet. The continuous Laguerre wavelet, if it satisfies
the admissibility condition

o F.(g9)(n)|?
e cp -y B0 o9
Definition 2.4. Let g € L? be a Laguerre wavelet transform is defined for suitable function f by
1 o _
o - & (r)e "z 2.1
S3Nb0) = gy | @@, (210)
where a > 0,b > 0,
o 1
9h.a(t) = 57" 9a(t) (2.11)

and
9a(t) = g(at) = g(t/a). (2.12)
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Theorem 2.5. Let g € L2]0,00) be a Laguerre wavelet. Then
(i) For all f € L2[0,00) we have the Plancherel formula

[ serase = g [ [T 155 m 0 S s,

(ii) For f € L2[0,00) such that F,(f) € L2[0,00) we have

t0 =g [ ([ ssoeas.@inn) S

for almost all x > 0. Where dA(N) = ﬁe_)‘)\ad)\,

3. Harmonic analysis associated with Laguerre function

Note 3.1 From here assume o > —1 and n € NU {0}. Let M be the map defined by

M) = =¥ f(a).

Let LE,1 < p < oo, be the class of measurable functions f on [0, 00) for which ||f||, = ||[M ™! f]|, < cc.
3.1 Generalized Fourier Transform
For A € C and x € R, put

Cm(IA2?), (3.1)
where ¢ (z) is a Laguerre function.

Definition 3.1. The generalized Fourier transform is defined for a function f € L. by
1 o0
r - T > 0. 2
MDD = g | @0 a@e a0 (32)

Remark 3.2.

(i) By (3.1) and (3.2) observe that
Fy=F,oM™!, (3.3)

where Fy, is the Fourier-Laguerre transform given by (1.1).
(i) If f € LY, then Fo(f) satisfies || Fa(f)]lso < ||f]]1.A-

Theorem 3.3. Let f be a measurable function on [0,00), Then for almost all x > 0.
2) =Y FA(f)Ngr(@)a(N),
A

where () is given in (2.3).
Proof. By (3.1), (3.3) and proposition 2.1(ii) we have
—Ale?

Y FANNda@)a (V) =72 Y Fa(f)ANE (@)p(N)
A A

= e TE Y AT NG @)
A

—A[z?

— M ()
- f(a)
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Theorem 3.4.
(i) The Plancherel formula

2 _ ~ 2)2e T xde.
WO —/0 F@)Peravd

(ii) The inverse transform is given by
Fyl(g)@) =Y p(WIFA(M )P
A

Proof. By (3.3) and proposition 2.1(iii) we have

S AIEAN = 3 AIEA M 1)
:/ |M 1 f(x)]2e "z dx
0

= /OO |f(z)Pe " z%dx
0

which ends the proof of (i).
The proof of (ii) is obvious.

3.2 Generalized translation operators and convolution product

Definition 3.5. The generalized translation operators T®,x > 0, by the relation

—ME2+y?)

T°f(y)=e" = 1M f)y),

T is the Laguerre translation operator.

where T

Definition 3.6. The generalized convolution product of two functions f and g is defined by

fig(z) = ﬁ /OOO T f(y)g(y)e Yy“dy.

Remark 3.7. By (3.4)
fig(x) = MM f) %, (M~ 'g)],

where *, is the Laguerre convolution given by (2.8).

Proof.

fg(x) = =— ) J T T F)g)e vty

Ta+1) Jo
1 e —y
- T /O e (M ) (y)g(y)e Yy dy
e—m2<z2> © et L e
:m/o e” 2 1o (M) (y)gy)e Yy*dy
TER ) 5y (M) ()
= M[(M7Yf) %, (M~ 1g)]().
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Proposition 3.8.

. = —(=?)
(@) 1T fllpa < €72 |[fllpa
(it) Fx(T"f) = ox(x)Ea(f)(N).
(iii) Let p,q,r € [0.00) such that % + % —-1= %, then

129llre < [[fllp.allgllg.a-

(iv) Fa(ftg) = Fa(f)Falg).
Proof. (i) By using proposition 2.2(i) and (3.4) we have

—M2+y?) _
1T fllpa =lle™ 7 72(M " f)|pa

NG I PN ¢'ed) _

=e= 2 lem = Ta(M )l
\M(z ,1

=e [[MoTgo(M™f)llpa
SEVICa 2) _

=e l7& o M|
SEVICa 2)

<e M= flp,a
\wz

1f1lp,a-

(ii) By (3.1), (3.3), (3.4) and proposition (ii)
FA(T*f)(A) = Foa o M—(T" f)(N)
:FaoM1< W(T)MOT o M- 1f>( )
—M(?)

=e= 2 Fy(thoM'f)(N)

—\M(ﬁ)

=e LN Fa(f)(A)
= oA (@) Fa(f)(A)-

(iii) By (3.4) and proposition 2.2(iii)

1f89llroc = (| f)y (M 9)]llrc
<M fllp.all M gllg.a

= £llp.allgllg.o-
(iv) By (3.3), (3.6) and proposition 2.2(v)
F(fig) = Fal(M™"f) %, (M~"g)]

= Fa(Milf)Fa(Milg)
= Fp(f)Fa(9)-

3.3 Transmutation operators

Definition 3.9. For a function f on half line, define the integral transform by

2T 1) —IAl(=?
xf(z) = (ai—l— = )/ fltz)(1 )T 12t

Il (a+1/2)
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Remark 3.10.

(i) For \ =0, is just the Riemann-Liouville integral transform of « order by

/fty — %)%, (3.8)

_ 2l'(a+1)
where a, = Trl(a+1/2) "
(ii) By (3.8)
e (3.9)

Definition 3.11. Define the integral transform tx for a smooth function f on half line by

) = a | T fa) (@ — ) 2de (3.10)
Yy

Remark 3.12.
(i) For A\ = 0.ty reduces to the Weyl integral transform of order aby

= aa/ f(@)(@? — ) Y2z, y > 0. (3.11)
y
(ii) It is seen that
'X=WaoM™. (3.12)

Proposition 3.13.
(i) |Ixflloo,a < [Ifl]a-

(i) "SIl < [1f11,00-
(iii) "x(ftg) =" xS+ xg-
(i) x("xf *g) = fi(xg)-
Proof. (i) By (3.9) and [4] we have
XS lloo,a = [IM © Ra(f)lloo = [[Ra(f)lloc < [Iflloo-
(ii) By (3.12) and [4] we have
Ixfll < [[Wa o M7H L < |IM7H() 100 = [1F 100
(iii) By (3.6), (3.12) and [4] we have
"X(ftg) = Wa o M~'(ftg)
=Wa o M™HM[(M ™' f) *y (M~ "g)])
=Wa o [(M™'f)+, (M~ g)]
= (WaM ™ )+ (WaM )
=" xf " xg.
(iv) By (3.6), (3.9), (3.12) and [4] we have

filxg) = M[(M " f) %, (M~ 'xg)]
= M[(M~'f) s, (M~'M o Rog)]
(M

= 1 f %y (Rag))]
= MR [(Wo M~ f) * g]
=x("xf*g).
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4. Generalized wavelets

Definition 4.1. A generalized wavelet is a function g satisfying the admissibility condition

0<@=ZW<O@ (4.1)

Remark 4.2. By (2.9), (3.3) and (4.1), g € L% is a generalized wavelet if and only if, M~'g is a
Laguerre wavelet and

n

Cg - ](\)i[*lg' (42)
Note 4.1 For g € L% and (a,b) € (0,00) x [0, 00) let
gas(t) = a= 2 Tlg,(t). (4.3)

where g,(t) = g(at) is given by () and T? is the generalized translation operator defined by ().
Proposition 4.3. For all (a,b) € (0,00) X [0,00) we have

PN [Cut s ) ISP T
Ja(t) = : '9)ha(t). (4.4)
Proof. Using (2.12), (3.4) and (4.3) we have
1
ga,b(t) - mega(t)
1 —pie?ee?) -
=g To (M g)(at)

A2 4¢2)
e 2
- al/2 Ta
— A2 +1%) 1 \a
=e” T (M lg)p, ().
O
Definition 4.4. Let g € LP be a generalized wavelet. The generalized continuous wavelet transform is
defined by
1 >~ N,
6,00 = 5y | S@mal@e e, (45)
which can also be written as .
¢q(f)(a,b) = mfﬂ%(b), (4.6)
where § is the generalized convolution product given by (3.5).

Proposition 4.5. We have

9,(1)(a.b) (M) ab). (47)
Proof.
0u(DMad) = gy [ S s
T [ @R 0 g e s
—\M(bQ ,
- / F@)e (M 1g)2  (w)e " 2%da
e o
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Theorem 4.6. Plancherel formula

| i@rise =2 [ [Ty npasm S,

Proof. By (4.2), (4.5) and Theorem 2.1(i) we have

L e nrasm S = [T [T s, 00 e i a g

:/ / |55\’2—1g(M_1f)(a,b)|2€_(M)|b2+a+b)“abadbi—a
0 0

=Ch-1y /00 M~ f(2))?e” "ada
0
el / (@) PdA ().

Theorem 4.7. Inversion formula

o= ci /ooo (6,7 @, b)gap(x)e*Datsap) 22

Proof. By (4.2), (4.3) and (4.5) we have

*(aer) apa
Cg/o (%(f )(a, b)gap(x)e b db) -
= C"‘l / </ e*mb SS1 (M1f)(a,b)ga,b(w)€(“er)aabadb)
M-1g 0 0

=& =&

1 o o 2
— o | ([Tt 0 Dt e )
M-1g J0O 0

The result follows now from the Theorem 2.1(iii).
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