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Blow-up for a viscoelastic plate equation with Balakrishnan-Taylor damping and
Nonlinear Source of Polynomial Type

Draifia Alaeddine!»?

ABSTRACT: In this paper, we study the initial-boundary value problem for a problem of nonlinear viscoelastic
plate wave equations with Balakrishnan—Taylor damping terms. We demonstrate that the nonlinear source of
polynomial type is able to force solutions to blow up infinite time even in presence of stronger damping with
non positive initial energy combined with a positive initial energy.
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1. Introduction

In this paper, we study blow-up of solutions of the following plate problem
Jug (8)|7 wge () + M (8) A% (t) + APuy (t)
—fo (t — s) A2%u (s) ds + auy (t) (1.1)
= Ju(®)[" P u(t), inQx(0,00),

u(z,t) = % (z,t) =0, in 99 x (0,00),

(1.2)
u(z,0) =ug (x), ut(x,0) =uy (x) forzeQ,

where  is a bounded domain of R?, with a smooth boundary 0%, v is the unit outer normal to
09, and p > 4. The kernel h is satisfying some conditions to be specified later. And M (t) := & +
&1 || Au (t)Hiz(Q) + 0 (Au(t), Aug (t))12(q) » where u is the plate transverse displacement, z is the spatial
coordinate in the direction of the fluid flow, and ¢ is time. The viscoelastic structural damping terms
are denoted by &1, o is the nonlinear stiffness of the membrane, and &y is an in-plane tensile load. All
quantities are physically non-dimensionalized and &y, &1 and o are fixed positive. For more information
on using Balakrishnan-Taylor, see [4 — 6].

Also, a result of local existence for problem (1.1) — (1.2) for £&; = 0 = a = 0, has been proved in [2],
for &1,0 # 0 and a = 1, in the same way as [2], we get the same basic results for the local existence of
problem (1.1) — (1.2) with a slight change in some calculations that do not affect the basic results.

Lin, X.; Li, F [10] studied the asymptotic energy estimates for nonlinear petrovsky plate model subject
to viscoelastic damping. Lagnese [11] studied the a viscoelastic plate equation and showed that the energy
decays to zero as time goes to infinity by intorducing a dissipative mechanism on the boundary of the
system. Rivera et al.[12] studied the a viscoelastic plate equation proved that the first- and second-order
energy, associated with the solutions of the viscoelastic plate equation, decay exponentially provided
that the kernel of thememory also decays exponentially. Komornik [13] studied the a viscoelastic plate
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equation investigated the energy decay of a platemodel under weak growth assumptions on the feedback
function. For more results in this direction, see [14 — 21].

Boulaaras, S.; Draifia, A.; Alnegga, M. [3] studied the polynomial decay rate for kirchhoff type in
viscoelasticity with logarithmic nonlinearity and not necessarily decreasing kernel

e (017 wee () + (50 + &1 || Au (t)||2,;52(9)) A2 (1) + A2uy ()
—[Th(t—s) A%u(s)ds = u(t) [u(®)] *Inlu@)]*, nQx(0,00),

u(x,t) = %(I,t) =0 in 99 x (0, c0),

u(r,0) =u®, u (x,0) = ut for x € Q

where € RY is a bounded domain with sufficiently smooth boundary 9Q, 8 >1,, v> 2, k, & and
&, are positive constants, p > 0 for N = 1,2 and 0 < p < ﬁ for N > 3 and h are the relaxation
function whose characteristics will be determined in [3].

Al-Gharabli, Guesmia and Messaoudi [2], studied the asymptotic stability results for a viscoelastic
plate equation with a logarithmic nonlinearity

[ug ()| uge (1) + A2u (t) + A2ug (t) — fot h(t —s) A%u(s)ds
=u(®)n|u®)*, inQx(0,00),

u(z,t) = % (x,t) =0, in 09 x (0,00),

u(z,0) =ug (x), u(x,0) =uy (x) forzeQ,

where € is a bounded domain of R?, with a smooth boundary 9, v is the unit outer normal to
o, 0 <~y <
n—2

the following hypotheses (see [2]).

However, among the literature, such as the work presented in [1 — 21], which examines blow-up results
of problem (1.1) — (1.2), there is no blow-up result when F (0) > 0 and E(0) < 0. Motivated by the
previous research papers, we will study the blow-up results when E (0) > 0 and E(0) < 0 of the model
(1.1) — (1.2).

The outline of the paper is as follows. In the second section we present some basic concepts as well
as two lemmas to help solve the problem presented in (1.1) — (1.2) . In Section 3, we prove our principle
result.

forn >3, v >0 for n=1,2, and k > 0. The kernel h of problem (1.3) is satisfying

2. Preliminaries

In this section, we introduce some functional spaces and establish two lemmas, which will be used for
the remaining of the present paper. Let LP (2) be the weighted Banach space equipped with the norm

e (8)] oy = { /Q |u<t>Pd4 g

In particular, the Hilbert space of square integral functions having the finite norm

2

s (1) 2y = [ [ dx}
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Lemma 2.1 (See [1]) Let § > 0 and B (t) € C?(0,00) be a nonnegative function satisfying
B () —4(6+ 1) () +4(6 + 1)B(t) > 0.

If
B(0) > 1253 (0) + ko,
then
B/ (t) > ko,
fort >0, where ko is a constant, ro 1= 2(0 + 1) — 2,/(0 + 1)J is the smallest root of the equation
r? =40+ 1)r+4(5+1)=0.

Lemma 2.2 (See [1]) If J (t) is a non-increasing function on [tg, 00), to > 0 and satisfies the deferential
imequality
1
J () > p+bJ )5 fort>to,

where > 0, b € R, then there exists a finite time T™ such that

lim J(t) =0,

t—T*—

and the upper bound of T™ is estimated respectively by the following cases:

(i) If b < 0 and J (to) < min{l,,/'ub} then

| K
1 —b
T* <ty + 1 .
=0 vcbnvm‘_J@
L)

(ii) If b =0, then

T* < to 4 200
N
(iii) If b > 0, then
T*SJUM’
Vil
or
35+15 1
. il
T  <ty+2 20 ﬁ 1—[1+c¢J(t0)]20 |,
b §/(2+9)
where ¢ := <) .
I

3. Blowing up property

In this section we shall discus the Blow-up phenomena of problem (1.1) — (1.2). In order to state our
results we make further assumptions on h :

p(p—2)
(p—1)°

Remark 3.1 The assumptions &y — fooo h(s)ds > 0 is necessary to guarantee the hyperbolicity of the
problem (1.1) — (1.2).

h(s) >0, h’(s)SOand/ h(s)ds < & < &, for p > 4. A
0
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Definition 3.1 A solution u of (1.1) — (1.2) is called blow-up if there exists a finite time T* such that

. 2 -1
Jim (J2u®)]g) =0 (3.1
Definite the energy function as
1 ¢
B : = @n ue (¢ >\|ztfz(m G AL >ds) 18w (1) 0
0
+Z 18w ()l|720) + 5 HAUt( Mz + 5 (hDAU)( )
ey (3.2)
where
(hOAw) ( // (t — s)|Au(z,t) — Au(z, s)|* dsda.

Lemma 3.1 Let (u,v) be the solution of problem (1.1) — (1.2) then E (t) is a non-increasing function on
[0,t) and

ol
—
~
=

I

5 (W'08w) (1) — Sh (1) |80 (1) 2
O~ 5 ({180 01 })
< 0. (3.3)
Proof: Multiplying (1.1) by wu; (¢) and integration over , we have
(e ()1 i (600 (6) 1y + (M (0) A% (1), 0 (6)
(A% (8) s () oy — ( /0 Bt — 5)A%u(s)ds, u (t))
(e (1), (0)

= (kOP?e®,w®) , - (3.4)

L2(©)

L2(Q)

Using
1d , 4
g (1) ug () = Sq {uf (1)}
we get by a direct calculation
(e (O wee () s ue (1) 20

= o L (@)} de

0 2 dt

= 5 [ Glmordoya—g [ Lluwryd o

- 1;{/Q|ut< |’Y+2dz} 2 [ OF 0w ()02 1) o

e D172y} = 3 e O e () 0 (1)) ey

then

e 17 - (35)

(lue ()" e (8) ue (1) 2y = s
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And using integration by parts, we have
(M (t) A% (t) , uy (t>)L2(Q)
= (0 G 1Al + o (Bu ). b (D)) [ A0 () o
= (6o + & 18U a0 + o (Aut), Auc (1) ooy / A (1) A (1) ds

= (60+ & 18U + 0 (Bu ) A () oa)) 5 5 { [ 1800 s}

= f;dt {180 (1) By} S 180 (1) By % {8 ()20}

% (B (1), A (1)) gy 5 {180 ()0 )

- gQOdt {18 @)l3a ) + ildt {l1aw @20 }

2 A Olaa ) 5 {180 0y}
- j{ (60+ 5 180 @120 ) 130 (O30

+5 (g {1auc >||im>})2.

Integrating by parts, we have

(A%uge () , g (t))Lz(Q) = (Auy (1), Aug (t)) 12 (q)

1d
= 5218w Ol }-

Also integrating by parts, we get

using

_Au (,]j’ S) Aut (.’L‘,t) =

_ (/Ot h(t — s)A%u(s)ds, ug (t)> o

/ot e | Gjt {lau(s) - au (x7t>|2}) duds
/ot’“ts)/ (;dt {18u @.0) })m

;/Oth(t —5) (dt {/Q |Au (2,8) — Au (x,t)|2dx}) ds
‘% /Oth@— s) (jt {Iau <t>||im)}) ds.

DN | =

then

(3.7)
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Using the direct account, we find

and

t
}/ h(t—s) i /|Au (z,5) — Au (a,t)? d:z:}ds

;/Otjt{h(t 5) (/ A (2,8) — Au ()| dx)}ds

%/0 B (t—s) Q|Au(x3)—Au(xt)\ d;v) ds

;;lt{/otht s)/|Au (2,5) — Au () d:z:ds}

S

1 t
3, h(t—s) (/Q |Au (2,5) — Au(z,t))? dm) ds
1d ,
= g (BAY) (1)} — (h OAw) (),

{1800l }) o

(
/Oth(t ) ds) (d {||Au (t)lli%m})
)

N~ NI~ N~ N

By replacement (3.9) and (3.10) into (3.8), we get

And

- (/(Jt h(t — s)A2u(s)ds, u (t)) e

_M{Uh ds>||Au()||L } £ 3h ) 18 ()]

Z{Q(hDAu)( —2(/0 h(s ds) ||Au()lliz<m}

—5 (WO (1) + 35 (1) 180 ()0 -

(OLORM0)

d (1
o THC

L2(Q)

(3.10)

(3.11)

(3.12)
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By replacement (3.5) — (3.7), (3.11) and (3.12) into (3.4), we get

—

{lle 17322000}
(60+ 5 180 @I ) 180 0120

{Ilau <t>|i2(m})2 t 5o {8 ()}

(hOAw) (t) — % </Oth(3) ds) |Au (t)||2L2(Q)}

1
TAw) (1) + 5h (8) [ A ()2 + 10 Ol 0

d |1
= O},

then (3.13), is equivalent to

+ o
Sl +
—_— N A

+

N | — &‘Q‘ =~ Q

+
o= e vl &

=

d 1 ¢
dt{wzn t<>||W<Q)+ (o- [ h(s)ds) 18u (8) 20

+Z | Au (t)Hi%Q) T3 ||Aut( )||Lz @ T35 (hDAu)( )

1 p
2 IOl }
1,, 1
5 ('0Aw) (1) = Sh () [ Au (8)[ ()

o(d 2
~lue O~ (g {180 01w} )

using (3.2) into (3.14), we get (3.3). Then the proof is complete.

Remark 3.2 After integration (3.3) over (0,t¢), we have

E({t) = E(0)+ ;/(h'DAu)( s—*/h ) [[Au (s )HL?Q)dS

/Ilus 51720y ds — /(ds{||Au(s)||§2(Q)}> ds.

Now, let u be a solution of (1.1) — (1.2) and define
H (t) = Hl (t) + HQ (t) + H3 (t) 5

where

Hi(t) = (Jus (1)), u? (t))Lz(Q) - g/ot ((\us (s)|2>s Jus (5)|77 u? (S))Lz(Q) ds

+1 / T(|(|us OF) [l P ) | ds

([0 )17 (5) e () |}

ds,

(3.13)

(3.14)

(3.15)

(3.16)
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and
H, (1) ”“{ / 180 ()]0 ds + (T — )| Au (0)] m}
() Ay + (7 + 1) / e (Ol s
T d
S@=06+1) [ { @} s
and

Hy(t) - —m///( e )iz(g)}>2d><duds
+k (T —t/ /( [ A ( )||iz(9)})2d/~td5

T
Thy / / 180 )y s+ (T = 1) [ 180 (3

t s ”w T s
b [ o 0l s 55 (7 =0) [l ) s

where k1, ko and k3 be determent.
Lemma 3.2 Assume that (A) hold, then we have

" 2(’Y+1)p
10 - {24 20 s 0]

~2(y+ 1) pE (0) + {ks +2 (v + 1) p} / lts ()12 s

i {’“ * (w;)pa} /O (j {l1au (S)@z(g)})st

+{(y+ 1) 2+p) + ko) Ay ()] 720 (3.17)

Proof: Form (3.16), we have

v

H'(t) = Hi (t) + Hy (t) + Hj (t), (3.18)
by differentiation of H; (t), Hs (t) and Hj (t), we get
H (1) = (Jue O e (e (0,02 (1)) 2 (e (w0 (0) 2
3 (0 or i),
T

ds

{07 w0 OV

2 [ {0 O ) e ()} (319)
and
w0 = 07 [ Al fds
27+ 1) (Bu (1), A (1) gy + (1) s () ey
T4 )
— 1) [ @ } s (3:20)
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and

H(W) = k / (5 {1au >||izm)})2duds
_kl/ /< 18w ( )|§2(Q)}>2duds

T
2
+h [ 8y (5) By ds — o / 1Aty (3)]12 gy s

t s T s
s [ 1 s = s [ [ 1 s (3.21)
0 0

By replacement (3.19) — (3.21) into (3.18), we get

H'(t) = 2(lu@®)], u(t)ut(t))LZ(Q)

/0 T )17 ) s (3)) |

$00 [ s ||L2<Q)}ds+2<v+1><Au<>,Aut<t>>L2(m

T
HOH ) Ol - 04D [ E {1l

w7 ({1 >|iz<m})2duds
—h / [ (5 {naw >||im>})2duds

T
+h [ 18y (5) 2 s — ko / 1Aty (3)]12 g s

t s T s
ks / / ot ) g s — b / / ety ()11 ) s, (3.22)
0 0 0 0

ds

ds

then (3.22) is equivalent to

H'(8) = 2(y+1) (Jur () e (8) 0 (1)) 2y + 2 e (8)]|73 %
7—1—1 od

T & L hauOllagay } 20+ 1) (B (0), B (1) gy}
+2(y+ 1) (w (), we () 20

t d 2
ti [ (G 180w }) st ko Ol

t
ks / e ()12 ds. (3.23)
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we get

2 (v + 1) (|ue ()] wer (), u (£)) 12
= 27+ 1) & Au®)f2) —2(v + D& A1)
(v+lod

18wl o) }

=2y +1) S { B (1), B (1) gy } + 2. 1) 1 )2

dt

+2(vy+1) /Q/O h(t —s) Au(x,t)Au(z, s)dsdx

=2(y+ 1) (u(t),u (b)) 2 -

By replacement (3.24) into (3.23), we get

H/I (t) —

=2(y+1)& ||[Au (t)HiQ(Q) —2(y+1)& [[Au (t)”éllﬂ(ﬂ)
H{2(y+ 1) + ko) | Au (8)] 720

+2(vy+1) /Q/o h(t — s) Au(z,t)Au(z, s)dsdzx

+2
+2 [Juz (D1 7552(q)

‘(4 > 1) ! 2
s [ ({180 }) st [ ()l ds

And multiplying Esq. (3.15) by 2 (v 4 1) p summing up in (3.25), we obtain

H// (t)

—2(y+ 1) & | Au (t)[[320) — 2 (v + 1) &1 [|Au (£)]| 20
{2 (v + 1) + ka} | Aug ()32 g

¢
+2(y+1) / / h(t —s) Au(z,t)Au(zx, s)dsdx + 2 |Jug (t)||7;f2(9)
o Jo

‘(d 2 ’ ' 2
s [ ({180} ) st [ e 9 do

2D )72 + (0 + D <§0 - [ ds) A (8)]7 0

2v+ 1)k
R DLIATIN

(v+2)

(v +1) p& 1Au ()

T

+(y+ D) p(h0Au) () —2(y+ 1) pE(0) — (v + l)p/0 (W DOAu)(s)ds

t t
Ly 1)p / h(s) | Au ()22 ds +2 (7 + 1) p / Jots ()12 2y s

e N (s)H;(m})st,

(3.24)

(3.25)

(3.26)



BLOW-UP FOR A VISCOELASTIC PLATE EQUATION WITH BALAKRISHNAN-TAYLOR 11

then (3.26) is equivalent to

2(y+1p
D e 017

= 2y L 1)PE(0) + (ks +2(7+ 1)) / Jots ()12 s
+{k1+(’y+21)pa}/0 (C;i{HAu(S)”i2(Q)}> ds
H{(r+ 1) 2+p) + ka} | Ay (1) 720
+{—2(7+1)£o+(7+1)p<§o—/0 h(s)ds)}nAu(tnia@
{2 na+ T jau it

+2(y+1 / /t h(t = s) Au(z, t)Au(z, s)dsdz + (v + 1) p (hOAw) (t)

H" (t) — {2+

20ROl 0+ Dy [ (OB s)ds

Fr+1)p / B(s) 1180 (5) 2 ds.

And using
2(v+ 1)k
— [l (|70 ) =0
—(y+ 1) p fy (WOAw) (s)ds > 0,
(v+1)p fy h(s) | Au (s )72 ds > 0,
we get

" 2(y+1 R
H (t)—{2+ 8+2;P}|ut(t)||gfz(m

204 DPEO) + {26+ 09} [ e 9l ds

+{’“ * M;)pg}/ (j {Iau <s>||iz(m})2ds

H{(v+ 1) 2+p) + ka} | A (1) 720
+{2(’Y+1)§0+(’Y+1)p<§o / h(s)ds)}||Au<t>||im>

{2006+ P Al

v

+2(y+1) /Q/O h(t —s) Au(x, t)Au(z, s)dsdx
+ (y+ 1) p(hOAu) (t). (3.27)
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Using Young’s inequality (for e = p), we have

/Q / h(t— 5) Au(x, t)Au(z, s)dsdz

/0 t /Q h(t— 8) Au(t) [Au(s) — Au(t) + Au (1)) deds

/ / h(t—s)Au(t) (Au(s) — Au(t)) dzds
0o Jo

+/Ot/Qh(t—s)|Au(t)|2dxds

- / [ [VRE=5au(0)] [VAT=3) (8u(s) - du(®))] deds

—i—/th(t—s ds</ A (8)] dx)

vV

+( [ )as ) 1w ()]0
= ([ ru-as) ([ auwPar) -2 ooan e
# ([ nsras) 130l e
(1 - ;p) ( / ) ds) |Au (®)lI72(0) — 5 (HOAW) (1),

then

2(v+1) /Q /0 h(t — s) Au(x,t)Au(z, s)dsdx

> (y+1) (2 —~ ;) (/Oth(s) dS) 1Au (1)[172 0

—(v+ 1) p(ROAw) (1) .

By using (3.28) into (3.27), we get

H"(t)—{zﬂﬁ“i }n O 0

Oy 1) pE (0) + {ks +2(y + 1) p} / oty (5)]22(cr ds

+ {kl L +21)p0}/0t <z§ {||Au(s)§2m)}>2d8

{(v+1) 2+p) + ka} | Ay (1) 720
(

Y

+ )
+(vy+1)
+(’Y+1)§1

p—4
D118 (1))

// (t —s) |Au (2)] dacds—f// (t — s) |Au(s) — Au (t))? dods

)
_ 1 2 t 9
{50 p-2- 2 ( [ e d)} 180 (0 e
(
2

(3.28)
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{50@—2)—(’)19”2 (/Otms)ds)} >0,

and for p > 4, we get (3.17) . Then the proof is complete. O

using (A), we get

Lemma 3.3 Assume that (A) hold and that either one of the following condition is satisfied
(i) £(0) <0,
(ii) £(0) =0, and
B (0) > 2 (e (O) i (0),1.0)) ey | + (1 + 1) 1 (0) 220 (329)

(iii) E(0) > 0 and

/ O +2) ko
H 0) > ry {H(O)-ﬁ- 2(7+1)p}
2| (s (O 1 (0) 1 (0)) gy | + (7 + 1) (0) [y (3.30)
where
_Vy+hp
Ty 1= W{\/(W‘Fl)]?— \/v(p—2)+(p—4)},
and
=20+ DpEO) + 20T [ 0) 0. (3:1)
Then

H' (1) 2 2| (Jur ) e (0) 1 (0)) oy | + (3 + 1) 1 ()2
fort >ty, and
H' (0) = 2| (fue (0)[" e (0) 11 (0)) 120
— (v + D) [[u(0)]f2q)

t* :=max < 0, 3.32
2(v+1)pE(0) (332
Where to = t*in case (1) and to = 0 in case (ii) and (iii).
Proof: (i) If £ (0) <0, by using (3.17), we get
HY (8) > —2 (v + 1) pE (0), (3.33)
by integration (3.33) for (0,t), we get
¢ ¢
/ HY (s)ds > / —9(y + 1) pE (0) ds,
0 0
then
H'(t) = H'(0) = =2 (v + 1) pE (0) ¢, (3.34)

then (3.34) it is written in form
H' (1
> 2 (e ) e (0) 1 (0)) ey | + (7 + 1) u Oz
+{=2(r+ DPE©O) t+H' (0) 2| (fu (0) e (0) 1 (0)) e

—(r+ D[ (0)]F2(qy } - (3.35)
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Let
o B O =20 O )0 O~ 0+ IOy 530
2(v+1)pE(0)
using (3.36) into (3.35) and using ¢ > 0, then for ¢t > ¢*, ol ¢* definite in (3.32), we get
H' (8) > 2 (fue ()] e (0) 1 (0)) gy | + (7 + 1) 4 (0)] 72
(ii) If E(0) =0, then by using (3.17), we get for all ¢ > 0
H"(t) >0, (3.37)
and by integration (3.37) for (0,t), we get
H' (t) — H' (0) > 0, (3.38)
then (3.38) it is written in form
H'(t)
> 2 (Jus O e (0)(0)) ey | + (7 + 1) [ (0) 2 gy
o+ {H (0) = 2| (Ju ) e (0),w.(0)) (| = (7 + 1) [0 (O 32 }
For the more if (3.29) hold, then for ¢ > 0, we get
H (8) 2 2 |(ue (O)] e (0),1(0)) | + (v + 1) (0) [0y -
(iii) For the case that £ (0) > 0, by using (3.22), we get
H' (t)
< 2(fug (7w () ue (1) 2o
e 2 (IO T
123+ 1) (Bu (8), A (1)) gy + (7 + 1) 0 () Begey - (3.39)
Using Young’s inequality (for e = 1), we get
2 (Jue (O u (t) ue (1) 120
< (e O [ (0) 4+ 0 (0]) g
= (u O 0 (1) gy + (e O 6 (1)) 1o
(@ (0)) gy + It O e - (3.40)
Using Young’s inequality (for e = 1), we get
2(v+ 1) (Au(t), Aug () 2(q)
< (D IAu 0120y + (1) [Bu Ol (g - (3.41)

We first note that

2 2 2 2
lu@Olz) = lluOlzz0) = lwollzz ) + luollzz @)

t
d
a5 (@ s+ oo

t
o / (1 (5) , s (5)) ey 45 + o - (3.42)
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Using Young’s inequality (for € = 1) in (3.42), we have
(v + D) llu )72

= 2(v+1) / /Q s)]dzds + (v + 1) ||U0||L2

IA

(1) / / 2 ()] dads + (v + 1) [[uo] 22

(v + 1)/0 lu(s)I 720y ds + (v + 1)/0 s ()72 ds
+(vy+1) HUO\|i2(Q) .
Using (3.40), (3.41) and (3.43) into (3.39), we get

H () < (lu@®] 6 (1)) g + lu O30
A0 [ {1au )} ds
+ (7 + 1) A (B 720y + (v + 1) [|Aue ()] 720

t t
1) / () 2y ds + (7 + 1) / Jots (3)112 s
+(v+1) ||U0||iz(sz) :
Using (3.16) into (3.44), we get

’ (v+1o td 4
W) < HO+ O e+ 52 [ {18l s
t
4 1) DA Oy + (1) [ ()]0 0

y+1)o (!
0+ D) ool = 5 [ 18wl ds.

Then

)
)

2(v+1)p ) (’y+1)2pa td

S (N2 + 25 / 1w oy ds

2(v+1)%p 2 7+1
A
L0 s 0y + 2L [ o)
2(y+1)7"p 2 (v+1) po/ 4
n ST A d
712 l[woll72(q) v+2) Jo [Au ()|l 2(q) ds
And using (3.17), we get
2(v+1)p 42
(7+2) ||ut (t)||LW+2(Q)

< H' () +2(7+1)pE(0) — {ks +2(7+ 1>p}/0 s (5) 220 s

o O e })

{1 @ +p) + ke } [ Aug (D720 -

15

(3.43)

(3.44)

(3.45)

(3.46)
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Using (3.46) into (3.45), we get

200+ D)p
CET) {H'(t) - H ()}

£+ 2y + 1) pE (0) + &”“% TN

+
ks +2(y+1)p Dp }/”s ||L2(Q)ds

{ i
S p“} 0 (j{nAu Moo })
{

2(y+1
(Y+1)(2+p) + ko — b+ 1°p }”Aut(t)HzL?(Q)

IA

(v+2)
(v + 1) po
" (v+2) /O {||AU( )Hiz(m}ds
Let

(v+1)
)

2(y+1)%p
SN CE) (3.48)
ks := 2(7—’_1)217

(v+2)

Using (3.48) into (3.47), we get

2(y+1)p
(v+2)

{H'(t) - H (1)}

2
HY () +2(r+ 1) pE 0) + 20 ol

’y+1
o 27 [ e} )

7+1 * po d
5+ [ a1 s

(4 1)’po
’y T 2 / ||A’LL ||L2 (Q) ds. (349)

IA
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Using

2
0+ D’po
"o [ ({1806 }) o
’y+1 p d
7_~_2) /df [Au (s ||L2(Q)}d5

7+1 *po
o / JAu (5)l|L o ds

B (a0l - £ {1 )

<
into (3.49), we get
20+ D)p
2R 0 - H @)
2
< B0+ 20+ DB + XD uola .
then
= 20 VP gy 2O DR s
(v+2) (v +2 —
where k¢ is definite in (3.31).
Let
(v +2) ko

then B’ (t) = H' (t), B” (t) = H" (t), and B (t) satisfaire

20+ 1)p g
(v+2)

Using Lemma 1 in (3.50) and (3.30), then

B (t)

H' (t) > 2 |(Jue (0) e (0) 1 (0) 2| + (v + 1) [w(0)l[72(y» ¢ >0

Then the proof of lem 5 is completed.

Theorem 3.1 Assume that (A) holds and that either one of the following conditions is satisfied

(i) £(0) <0,
(ii) £(0) = 0 and (3.29) holds,

<p44) [H(10) = 2] (s O . (0) i (0)) 0|
S ) OBy x T (1)

1 1
D(p—22—4)(=———
(-2 -9 (5--25)
tion u blows—up at finite time T* in the sense of (3.1).
In case (i),

(iii) 0 < E(0) <

. J (to)
LR T

17

(3.50)

, and (3.30) holds. Then the solu-
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Furthermore, if J (ty) < min {17 M} , then we have
e
1 —B
T < to + In
VeE - g
-5
In case (ii)
J (to)
T <ty—
>~ 40 T (to)v
or T to)
T <t 0
<to+ T (o)
In case (iii)

or

§

-4
where ¢ = (5) 2+¢ Le=t 1 and J (t), p and B are given in (3.51), (3.62) and (3.63) respectively.

Note that in case (i), to = t* is given in (3.32) and to = 0 in case (ii) and (iii).

Proof: Let

T :{H(t)+2(Tft)’(\ut(O)|”,u(0)ut(0))Lz(Q)’

+(T—=t)(v+1)[u (0)||2L2(9)}75

Differentiating J (t) twice, we obtain

T () = =€ @ [H () = 2[(ur (O) 00w (0)) oy | — (0 + D 1 O) o]

Then )
J'(t) =] ()T Q (),

where

Q) + =H"(t)[H®)+2(T ~1)|(ue O u(0) e (0)) 20|

(T =) (7 + 1) 4O 20

— U+ {H () =2 |l O (0) e (0)) 2 g

) 2
— (4 D) w2} -
From (3.17), we have
H// (t)

Y

+ (v + D pllAu ()72 -

—2(y+1)pE (0) + w /Ot (;s {IIAU(S)IIiz(Q)})

(3.51)

(3.52)

(3.53)

(3.54)



BLOW-UP FOR A VISCOELASTIC PLATE EQUATION WITH BALAKRISHNAN-TAYLOR

From (3.22), we get

H' (t) -2

(It (O)" 10 (0) e (0)) (g = (7 + 1) 1 ()2
2 (Jue (O () e (6) g2y — 2| (e (), (0) e (0)) 12y
=2 [ {0 o ) ()|
+(v+21)a/0 d%{”Au(s)Hizm)}ds

+2 (v + 1) (Au(t),, Aug (1)) 20
+ (4D a0y = (r+ 1) [ (0)][72(0)

—(v+1)/OT d

@ )

IN

ds,

using

2 (o ()" 10 (00 () gy — 2t O (0) e (0)) |
T
=2 [ |5 ] 0 0 ()}

2 ‘(|ut (O u () ue (t))w(g)‘ -2 ’(‘“t O, u(0) uy (0))L2(Q)‘

2 [ 7 0 6) e 9D [}

= 2 [ e 9 (5 ()

IN

= 1 e G (5 50 |

] O () s (5)) gy | | s

IN
[N}
o\(_F

ds

Al ) e () |}

< 0,
and

(v + 1) lu ()II7: (Q) — (1) Ju (0)ll72e

7+1/

t T d 5
(v +1) / ooy s = (4 1) [ (@ )

-y [ |2

{2y }

||U ||L (Q)

ds

ds

(v+1) ||U s)|I7 (Q)

INIA

we get

H' (8) = 2 (Jue (O)]7 1 (0) w1 (0) (| = (7 + 1) 1 (0)

O [ (1A pds 2004 1) (B (0), A ()2

IA
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then

LA 1) = 2] (O (0) e 0)) ey | = (v 1) 1 (0) By

IN

_ 4{(’Y+41)0/t d {\\Au(s)||i2(g>}d5+(7+1) (Au(t), Auy (t))L2(Q)} ;

) T
(3.55)
by multiplying (3.55) by — (1 + &), we get
@+ (B 2| O 0) e )|~ (v + D 0O}
+1)o ¢ d 4
> —a0+ {2 [ {8 s
£ 1) (Aut). Aun (1) g2 ) - (3.56)
And using (3.16) , we get
H (8) 4+ 2(T = ) [(ju )", (0) e (0)) 120
FE =) (1) [ (0) s
> O [ au @l ds + (04 D180 (0 (357)

Using (3.54), (3.56) and (3.57) into (3.53), we get
Q) > 201+ 1)pBO) [H (1) +2(T )| O 1(0) e (0)) (o)

(T =) (v + D) ) (0]
+p{(7+21)‘7/0 <dd8{||Au(s)|iz(Q)}> ds+ (y+1) IIAUt(t)||2L2(Q)}

o {(7*21)0/0 1A ()] 32 ds + (7 + 1) [| Au (ﬂ”iz(n)]

—4(1+6) {(7*41)" /Ot dii {HAU(S)H;(Q)} ds

+ (1) (B le) A (0) gy |

Let us designate by

A :W;)"/O 12w (3) 520 ds + (7 + 1) [ A (8)][} 20y
B _(v+41)o—/0 dis{HAU(S)H;(Q)}dS+(7+1)(Au(t),Aut(t))L2(Q),
c . <v+21>0/0 (;S{HM(S)H;(Q)}) ds + (v + 1) [ Auy (1)1 -

Thus, we get
Q(t) > —2(y+ 1)pE(0)J (t) ¢ +p{AC — B?}. (3.58)
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Now we observe that, for all (p,n) € R? and t > 0,
Ap? +2Bpn + Cn?
t
= U570 [ au@lia ds+ O+ D 2 18 0

(v+1

A0 [ 1Ay} s +2 0 1) n (A (0, A ()20

y+1)o trd ?
+(2)n2/0 <ds{||Au(s)|iz(Q)}> ds -+ (7 + 1) 17 [| Ay ()17 g -

Then
Ap? +2Bpn + Cn?

y+1)o [ d
= B0 [ 180l + 2 (0180 < ng; {1806

d 2
+1° (ds {lAu(8)||2L2(Q)}> }ds
+(v+ 1)/ {p2 |Aw (8)]* 4 2pAu (t) nAuy (t) + 1% | Auy (t)|2} dx.
Q
This identify camber written in the form

Ap? +2Bpn + Cn?

y+1)o [ d :
_ <2>/0 {p|Au<s>|iQ<Q>+nds{lIAu(s)HQL%m}} ds

v+ 1) / IpAu (1) + iy (1) de,

it is easy to see that
Ap® 4+ 2Bpn + Cn? > 0,

and
A >0,
then
B’-~AC <0.
Hence, we obtain from (3.58) that
Qt)>-2(v+1)pE(0)J ()¢, >t (3.59)
Therefore by (3.52) and (3.59), we get
" (p — 2)2 1+1
J"H)<(v+1) 5 —2|E0)J(@) s, t>t. (3.60)

Note that by Lemma 5 J' (t) < 0 for ¢ > ¢y. Multiplying (3.60) by J' (), we get

2)?

J' (@) T (t) > (y+1) <(p_2 - 2> E0)J (t)J (@) *. (3.61)

Integrating (3.61) from ¢ to t, we get

T () > p+ BT (1),
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where
i = () [ 20w O w0 w050
D) 0 )
9 1 1 _1 242
G (-2 (G- o5 B0 T px g e
> 0, (3.62)
and ) )
Bi=(v+1)((p—2)°>—14) (2 - p_2> E(0). (3.63)

Then by Lemma 2 the proof of theorem is completed.
Hence there exist a finite time 7% such that lim;_,r.«— {J(¢)} = 0 and the upper bounds of T* are
estimation respectively according to the sign of £ (0) (see Lemma 2 ). O
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