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A Study on Generalized Absolute Matrix Summability
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ABSTRACT: In the present paper, a theorem dealing with the !]\7, Pn ! * summability factors of an infinite series
has been generalized to the absolute matrix summability under weaker conditions by using a quasi o-power
increasing sequence.
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1. Introduction

A positive sequence (c,,) is said to be almost increasing if there exists a positive increasing sequence
(d,) and two positive constants A and B such that Ad, < ¢, < Bd, (see [1]). A sequence (\,) is said
to be of bounded variation, denote by (\,) € BV, if Y 07 |AN,| =307 A — Apya] < c0. Let Y ay, be
a given infinite series with the partial sums (s,). Let (p,) be a sequence of positive numbers such that

Pn:va—>oo as n—oo, (P_,=p_;=0, i>1).

v=0

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A
defines the sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A,(s)), where

An(s) = Zamsv, n=20,1,...
v=0

The series ) a,, is said to be summable |A,p,|,, k > 1, if (see [14])

i <§:>k_l |[An(s) = An_1 ()] < oo,

n=1

For an, = B, |A, py|,, summability reduces to |N ,pn|k summability (see [2]).

Given a normal matrix A = (any), two lower semimatrices A = (any) and A = (Gn,) are defined as
follows:

n
Apy = § ani, mn,v=0,1,.. (11)

i=v
&OO = agp = apo, dnv = Qny — dn—l,vv n= ]-7 23 (12)
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and

An(s) = Zamsu = de)av (1.3)

v=0 v=0

AAn(s) = lnvay. (1.4)
v=0

2. Known Result
In [4], Bor has proved the following theorem by using an almost increasing sequence.

Theorem 2.1 Let (X,,) be an almost increasing sequence, and let there be sequences (8y,) and (\,) such
that

|AX,| < By, (2.1)
Bn—0 as n— oo, (2.2)
> nlABL X, < oo, (2.3)
n=1
An|Xn =0(1) as n— . (2.4)
If

— [t

Z L= O(X,) as n— oo, (2.5)
v=1

where (t,,) is the n-th (C,1) mean of the sequence (nay), and (p,) is a sequence such that

P, = O(npn), (2.6)

P,Ap, = O(pnpn+1)7 (2'7)

n

then the series Y ., an %‘p)‘” is summable |N, pn|i, k > 1.

3. Main Result

Recently, many studies have been done concerning absolute matrix summability methods (see [5,7,
8,9,10,11,12,13]). The purpose of this paper is to generalize Theorem 2.1 to |A, p, |, summability under
weaker conditions. Therefore we need the concept of quasi o-power increasing sequence. A positive
sequence (7y,) is said to be quasi o-power increasing sequence if there exists a constant K = K(o,v) > 1
such that Kn%vy, > m%v,, holds for all n > m > 1 (see [6]). It should be noted that every almost
increasing sequence is quasi o-power increasing sequence for any nonnegative o, but the converse need
not be true as can be seen by taking the example, say v, = n~? for ¢ > 0.

Now, we prove the following theorem.

Theorem 3.1 Let A = (an,) be a positive normal matriz such that

Gno=1, n=0,1,.. (3.1)

p—1v > Qny, for nm>v+1, (3.2)
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U = O (22) , (3.3)

|&‘TL,U+1| = O (U |AU (dnv)D ) (34)

and (X,,) be a quasi o-power increasing sequence for some 0 < o < 1. If all conditions of Theorem 2.1
and

(\n) € BY (3.5)
are satisfied, then the series Y -, an% is summable |A, pn|k, k > 1.

If we take a,, = %’J and (X,,) as an almost increasing sequence, then Theorem 3.1 reduces to Theorem

2.1. In this case, the condition (3.5) is not needed.

We need following lemmas for the proof of Theorem 3.1.

Lemma 3.1 ([6]) Let (X,,) be a quasi o-power increasing sequence for some 0 < o < 1. If the conditions
(2.2) and (2.3) are satisfied, then

nXpBn =0(1) as n— oo, (3.6)
> X < 0. (3.7)
n=1

Lemma 3.2 ([3]) If the conditions (2.6) and (2.7) are satisfied, then we have

(i) =0 )

4. Proof of Theorem 3.1

Let (I,,) denotes A-transform of the series 3> | a,Z np . By (1.3) and (1.4), we have
- - Gy Py A
AI — ~ v+ v\
- S
- P, va,
- e
v2py

Using Abel’s transformation, we get

n—1

AL, = ZA (dmp/\>2rar a,mP)\ Zrar

n—1
o1 Py AN, (@) Poh
= ZL +1t+z (v+ 1)t

v=1

= [n,l +[n,2 +[n,3 +In74-

To complete the proof of Theorem 3.1, it is sufficient to show that

~ /p k—1
S (E) el <o or =120
— \Pn
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k-1
Case-I: For r = 1, we need to show that Y7, (%) |In71|k < 00. By applying Hoélder’s inequality

and the condition (2.6), we have

m—+1 k—1 m+1 k—1|n—1 .

P, P, P,AM
S ()t = X (5E) X e
n=2 Pn n=2 Pn v=1 Py

m—+1 k—1 /n—1 k
= O(l) Z (n) (Z |&n,v+1|A)\v|tv|>
n=2 v=1

Pn
mtl o p k=1 (n-l n—1 k-1
= oY () (ZlansnllAnel ) (X lanonland
n=2 Pn v=1 v=1
Here, using (1.2), (1.1) and (3.2), we have
dn,v—Q—I - an,v+1 - dn—l,v+l
n n—1
= Z T Z An—1,4
i=v+1 i=v+1
n—1
= Qpp + Z (ani - an—l,i) < apn-
i1=v+1

Also, using the fact that (\,) € BY and the condition (2.1), we get

m+1 P k—1 m+1 P k—1 n—1
Z() La* = omz(”) akot <Z|an,v+1|ﬁv|tv|k)
n=2 v=1

o \DPn Pn
m m+1
= 1)Zﬁv|tv|k Z |&n,v+1|~
v=1 n=v+1

By (1.2), (1.1), (3.1) and (3.2), we obtain |dyu+1| = > ;_o(@n—1,i — ans). Thence, using (1.1) and (3.1),
we have

m-+1 m—+1 v
Z ‘&n,v+1| = Z Z(an—l,i - ani) S 1a (41)
n=v+1 n=v+1 i=0

by Abel’s transformation, we have

S (PN T ST o el
T; <pn> |In,1| = O(l)Zﬁv“v' vz::l v
I ﬁmz't“

ml

m—1

= 0o(1) Z A(vB,) Xy + O(1)mfB X
v=1
m—1

= 0(1) Y (v +1)|AB)X, +0(1 Z,BU

v=1

+ O0()ymBnXm=0(1), m— o
by (2.5), (2.3), (3.7) and (3.6).
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Case-II: For r = 2, again by using Holder’s inequality, we get

m—+1 k-1 m+1 k-1 |n—1 . k
P, P, Ay (G ) Py
on Ink: (n) v\Unv vvv+1tv
2 (Ge) war = L Gr) Rt e
m+1 k—1 /n—1 k
n P
- Z( ) (Z s (i >||AU||tv>
n=2
m—+ 1
_ . ki, 1k
- om Y (3 ( ) 18 ) [0 m)
n=2
k—1
(Zm )
By (1.2) and (1.1), we obtain
A'U(&nv) = &'rw_&n,v-i-l

= Gnpy — anfl,v - dn,v+1 + dnfl,vjtl

= Qpy —0n—-1,v- (42)
and so (1.1), (3.1) and (3.2) imply that
n—1 n—1
Z ‘Av (dnv)| = Z(an—l,v - am}) < app- (4.3)
v=1 v=1

Then, from (3.3)

b (P)k Lt = oY (P)k iyt (Z (2 )k Ay () ww)

o \DPn o \Pn w1 \UDv
m P k m—+1
= o)) ( ’ ) NolFlEl® ST 1Ay (@) |
o1 Pv S
Now, using (4.2) and (3.2), we have

m+1 m+1

Z |AU(&nv)| = Z (anfl,v - anv) < Ayy

n=v+1 n=v+1

and consequently,

mAl o p o\ kel m 4 "
Z(/) nal® = 0D [ HAlt]* = O(1) Y Aot ]*

n=2 n v=1 v=1

_ ot "t
0 am, |Z + Ol D2

v=1 v=1

= 01 Z BoXo + O A X

v=1
= 0(1), m— o

by (3.3), (2.6), (2.1), (2.5), (3.7) and (2.4).



Case-III: For r = 3, using the fact
(3.3), (4.1), we have

m+1 k—1
P,
3 () sl

o \Pn

Here, similar to Case-II, we obtain

5 o

n=2 n
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L) = O (%) by Lemma 3.2, also using (3.4), (4.3),

1.
Z ;‘an7v+1||/\v+l||tv|

v=1

n—1 1
<Z *‘dn7v+1||/\v+l|k|tv|k
v
1

v=1

n—1

1.
Z ;|an,v+1”)‘v+1|k|tv|k

v=1

m m+1

1 R
0(1) Z ;\)\u+1|k|tv|k Z |an,ot1]

v=1 n=v+1

1
O(DZ;‘)‘erHtvlk'

v=1

k—1
> I,s|" =0(1) as m— oo,

Case-IV: For r = 4, using the hypotheses of Theorem 3.1 and Lemma 3.1, we get

m k—1
P,

> () ihaalt
Pn

n=1

k
AP

i & k—1
Pn n’pn
m Pn k—1 Pn k
= oY (55) ah (52 et

o1 \Pn

(n+ 1)t,

1
= O(l)zﬁ|)\n||tn|k20(1) as m — oo,

n=1

by following analogously to Case-II. This completes the proof of Theorem 3.1.
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