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abstract: In this study, motivated by the researches of Seong-Hoon Cho [J. Abstr. Appl. Anal. V 2018,
(2018)] and E. Karapinar et al. [Filomat 35:1 (2021), 201-224], we define the concept of fuzzy L-contraction
and we prove a new fixed point theorem for such new type of mappings in the framework of fuzzy metric
spaces.
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1. Introduction and Preliminaries

The attractiveness of fuzzy sets has continuously grown since Zadeh’s pioneering 1965 work [1]. As
a result, there has been a major advancement in theory and application in the areas of logic, topology,
and analysis, with various applications in the domains of computer science and engineering. Kramosil
and Michaelek [2] initially introduced fuzzy metric spaces, George and Veeramani [4] further developed
the idea and demonstrated that each fuzzy metric produces Hausdorff topology. A main theoretical
development at the present is the approach to defining contraction mapping in fuzzy metric spaces.
In actuality, Grabiec [3] first initiated the Banach and Edelstein theorems to fuzzy metric spaces in
1988. Gregori and Sapena [5] coined the concept of fuzzy contractive mappings, which is as follows: Let
(Λ,M,⋏) be a fuzzy metric space. A mapping G : Λ → Λ is said to be a fuzzy contractive mapping, if
there exists k ∈ (0, 1) such that

1

M(Gu,Gv, δ)
− 1 ≤ k

(
1

M(u, v, δ)
− 1

)
, (1.1)

for all u, v ∈ Λ and δ > 0. The authors proved various significant fixed point results for such class of
contractions. The study of Tirado [6] led to the establishment of the following theorem.

Theorem 1.1 [6] Let (Λ,M,⋏L) be a complete fuzzy metric space and G : Λ → Λ be a mapping such
that

1−M(Gu,Gv, δ) ≤ k (1−M(u, v, δ)) .

for all u, v ∈ Λ,δ > 0 and for some k ∈ (0, 1). Then G has a unique fixed point.

Many researchers have recently attempted to generalize the Banach contraction principle by altering and
changing the contraction conditions ( see [10,12,13,14,16,18,19,21,22,23,24,26,27] ). In particular, the
concept of θ-contractions was proposed by Jleli and Samet [11], who also provided a generalization of the
Banach contraction principle in generalized metric spaces. In the same direction, different researchers
developed various types of contractions starting with an auxiliary function satisfying the necessary criteria
and achieved intriguing fuzzy fixed point findings, the class of fuzzy ψ-contractive mappings was suggested
by Mihet [8]. Wardowski introduced and researched the idea of fuzzy H-contractive mappings [9].

Submitted November 22, 2022. Published September 11, 2023
2010 Mathematics Subject Classification: 35B40, 35L70.

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.65943
https://orcid.org/0000-0003-4897-1132
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Abdelhamid Moussaoui et al. [15,17] initiated a simulation function approach to fuzzy metric framework
and proposed the notion of FZ-contraction, which is further developed in [23] by defining the class of
extended FZ-simulation functions.

In 2020, inspired by the research of Jleli et al. [11], Saleh et al. [25] brought in the concept of fuzzy
θf -contractive mappings with the help of the class Ω of the functions θf : (0, 1) → (0, 1) fulfilling the
following conditions:

(Ω1) θf is non-decreasing,

(Ω2) θf is continuous,

(Ω3) limn→+∞ θf (ωn) = 1 if and only if limn→+∞ ωn = 1, where {ωn} is a sequence in (0, 1).

In this study, motivated by the research of Seong [12], we define a new type of simulation function called
fuzzy L-simulation function and apply it to demonstrate a new fixed point theorem in fuzzy metric spaces.
We illustrate that our approach unifies a number of previous findings, and several further findings are
established as corollaries.

In order to make our study self-contained, we cover some fundamental notions in this section.

Definition 1.1 [7] The operation ⋏ : [0, 1]× [0, 1] −→ [0, 1] si said to be a continuous t-norm if:

(T N 1) ⋏ is continuous,

(T N 2) ⋏ is commutative and associative,

(T N 3) u⋏ 1 = u for all u ∈ [0, 1],

(T N 4) u⋏ ν ≤ σ ⋏ π whenever u ≤ σ and ν ≤ π, for all u, ν, σ, π ∈ [0, 1].

Example 1.1 i) u⋏Z ν = min{u, ν}.

ii) u⋏P ν = u.ν,

iii) u⋏L ν = max{0, u+ ν − 1},

Definition 1.2 [4] The triple (Λ,M,⋏) is called a fuzzy metric space if Λ is a nonempty set, ⋏ is a
continuous t-norm and M is a fuzzy set on Λ2 × (0,+∞) satisfying:

(M1) M(u, v, δ) > 0,

(M2) M(u, v, δ) = 1 if and only if u = v,

(M3) M(u, v, δ) = M(v, u, δ),

(M4) M(u, v, δ)⋏M(v, z, γ) ≤ M(u, z, δ + γ),

(M5) M(u, v, .) : (0,+∞) → [0, 1] is continuous.

for all u, v, z ∈ Λ and δ, γ > 0.

The number M(u, v, δ) can be regarded as the degree of nearness of u and v with respect to the variable
δ.

Lemma 1.1 [3] M(u, v, .) is nondecreasing function for all u, v in Λ.

Example 1.2 [4] Let (Λ,D) be a metric space, u⋏ v = ⋏Z and

M(u, v, δ) =
λδp

λδp + qD(x, y)
, λ, q, p ∈ R+

Then (Λ,M,⋏) is a fuzzy metric space.
Setting λ = q = p = 1, we obtain

M(u, v, δ) =
δ

δ +D(u, v)
.
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Definition 1.3 [4] Let (Λ,M,⋏) be a fuzzy metric space, let {uj} ⊆ Λ be a sequence in Λ and u ∈ Λ.
Then we say that

(1) {uj} is convergent or converges to u ∈ Λ if limj→+∞ M(uj , u, δ) = 1 for all δ > 0.

(2) {uj} is a Cauchy if for all ε ∈ (0, 1) and δ > 0, there exists j0 ∈ N such that M(uj , ui, δ) > 1− ε for
all j, i ≥ n0 .

(3) (Λ,M,⋏) is complete if each Cauchy sequence is convergent in Λ.

In order to develop a new type of fuzzy contractions known as FZ-contractions, the following class
of fuzzy simulation functions was suggested in [15], and further extended by Moussaoui et al. [23].

Definition 1.4 ( [15])
The function Γ : (0, 1]× (0, 1] −→ R is called an FZ-simulation function, if the following conditions

hold:

(Γ1) Γ(1, 1) = 1,

(Γ2) Γ(τ, σ) < 1
σ − 1

τ for all τ, σ ∈ (0, 1),

(Γ3) if {τn}, {σn} are sequences in (0, 1] such that limn→+∞ τn = limn→+∞ σn < 1 then
limn→+∞ supΓ(τn, σn) < 0.

The class of all FZ-simulation functions is denoted by FZ.

Definition 1.5 ( [15], [24]) Let (Λ,M,⋏) be a fuzzy metric space, G : Λ −→ Λ a mapping and Γ ∈ FZ.
Then G is called a FZ-contraction w.r.t ζ ∈ FZ if:

Γ(M(Gu,Gv, δ),M(u, v, δ)) ≥ 0 for all u, v ∈ Λ, δ > 0.

The notion of fuzzy θf -contractive mapping was established in 2020 by Saleh et al. [25] as follows:

Definition 1.6 [25] Let (Λ,M,⋏) be a fuzzy metric space. A mapping G : Λ → Λ is called a fuzzy
Θf -contractive mapping w.r.t θf ∈ Ω if there exists k ∈ (0, 1) such that

M(Gu,Gv, δ) < 1 implies θf (M(Gu,Gv, δ)) ≥ [θf (M(u, v, δ))]
k
,

for all u, v ∈ Λ and δ > 0.

The authors then proved the following theorem involving fuzzy Θf -contractive mapping.

Theorem 1.2 [25] Let (Λ,M,⋏) be a complete fuzzy metric space and G : Λ −→ Λ be a fuzzy Θf -
contractive mapping, then G has a unique fixed point.

2. A New Type of Control Functions

In this section, we enrich the existing classes of control functions by introducing the class of fuzzy
L-simulation function.

Definition 2.1 The function ζ : (0, 1] × (0, 1] −→ R is said to be a fuzzy L-simulation function, if the
following conditions hold:

(ζ1) ζ(1, 1) = 1,

(ζ2) ζ(t, s) < t
s for all t, s ∈ (0, 1),

(ζ3) if {tn}, {sn} are sequences in (0, 1] such that limn→+∞ tn = limn→+∞ sn < 1 then
limn→+∞ sup ζ(tn, sn) < 1.

The collection of all fuzzy L-simulation functions is denoted by FL.
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Example 2.1 Let ζ : (0, 1]× (0, 1] −→ R be defined by

ζ(t, s) =
t

sk
for all s, t ∈ (0, 1],

where k ∈ (0, 1). Then ζ ∈ FL.

Example 2.2 Let ζ : (0, 1]× (0, 1] −→ R be defined by

ζ(t, s) =
t

φ(s)
for all s, t ∈ (0, 1],

where φ : (0, 1] → (0, 1] such that φ is non-decreasing, continuous and φ(t) > t, for all t ∈ (0, 1). Then
ζ ∈ FL.

Example 2.3 Let ζ : (0, 1]× (0, 1] −→ R be defined by

ζ(t, s) =
tδ(t, s)

s
for all s, t ∈ (0, 1],

where δ : (0,+∞]×(0,+∞] → (0,+∞] such that δ(t, s) < 1 for all s, t < 1 and limn→+∞ sup δ(tn, sn) < 1
if {tn}, {sn} are sequences in (0, 1] such that limn→+∞ tn = limn→+∞ sn < 1. Then ζ ∈ FL.

Now, we define the concept of fuzzy L-contraction mapping as follows:

Definition 2.2 Let (Λ,M,⋏) be a fuzzy metric space and let G : Λ −→ Λ be a mapping. Then G is
said to be a fuzzy L-contraction with respect to ζ ∈ FL and θf ∈ Ω, if for all u, v ∈ Λ, δ > 0 with
M(Gu,Gv, δ) < 1, we have

ζ(θf (M(Gu,Gv, δ)), θf (M(u, v, δ))) ≥ 1 for all u, v ∈ Λ, δ > 0. (2.1)

Remark 2.1

� If ζ1(t, s) = t
sk

for all s, t ∈ (0, 1], where k ∈ (0, 1) then Definition 2.2 yields to the concept of fuzzy
θf -contractive mappings.

� If θf (ω) = e1−
1
ω for all ω ∈ (0, 1) and ζ1(t, s) =

t
sk

for all s, t ∈ (0, 1], then this definition yields to the
concept of fuzzy contractive mappings initiated by Gregori and Sapena [5].

� If θf (ω) = ω for all ω ∈ (0, 1) and ζ1(t, s) = t
sk

for all s, t ∈ (0, 1], then this definition yields to the
concept of Tirado’s contraction [6].

Remark 2.2 Every fuzzy L-contraction mapping is continuous.

Proof: To prove this, let {un} ⊂ Λ be any sequence and u ∈ Λ such that limn→+∞ M(un, u, δ) = 1 and
M(Gun,Gu, δ) < 1. From (2.1),

1 ≤ ζ
(
θf (M(Gun,Gu, δ), θf (M(un, u, δ))

)
(2.2)

<
θf (M(Gun,Gu, δ))
θf (M(un, u, δ))

.

Hence,

θf (M(un, u, δ)) < θf (M(Gun,Gu, δ)).

As θf is non decreasing, we derive

M(un, u, t) <M(Gun,Gu, δ).

So that limn→+∞ M(Gun,Gu, δ) = 1. Thus, G is continuous.
2
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3. Fixed Point Results

In this section, we prove some fixed point results for the newly defined class of fuzzy contraction in
the framework of complete fuzzy metric spaces.

Theorem 3.1 Let (Λ,M,⋏) be a complete fuzzy metric space and G : Λ −→ Λ be a fuzzy L-contraction
with respect to ζ ∈ FL. Then G has a unique fixed point.

Proof: First, we demonstrate that fixed point is unique provided that it exists. We argue by contradic-
tion, assume that u, v ∈ Λ are two distinct fixed points. Thus, M(u, v, δ) < 1 for all δ > 0. From (2.1),
we get

1 ≤ ζ
(
θf (M(Gu,Gv, δ)), θf (M(u, v, δ))

)
(3.1)

= ζ
(
θf (M(u, v, δ)), θf (M(u, v, δ))

)
<
θf (M(u, v, δ))

θf (M(u, v, δ))
.

Which means

θf (M(u, v, δ)) < θf (M(u, v, δ)).

Which is a contradiction. Therefore u = v, that is, the fixed point of G is unique. Next, we prove the
existence of the fixed point. Define {un} in Λ by Gun = un+1 for all n ≥ 0. If there exists n0 ∈ N such
that un0

= un0+1, it follows that un0
is a fixed point of G. Therefore, to continue our proof, we assume

that un ̸= un+1 for all n ∈ N, then M(un, un+1, δ) < 1 for all n ∈ N and δ > 0. From (2.1), we obtain

1 ≤ ζ
(
θf (M(Gun−1,Gun, δ)), θf (M(un−1, un, δ))

)
(3.2)

= ζ
(
θf (M(un, un+1, δ)), θf (M(un−1, un, δ))

)
<
θf (M(un, un+1, δ))

θf (M(un−1, un, δ))
.

Which implies,

θf (M(un−1, un, δ)) < θf (M(un, un+1, δ)).

Hence,

M(un−1, un, δ) <M(un, un+1, δ).

We deduce that {M(un, un+1, δ)} is a nondecreasing sequence of positive real numbers in [0, 1]. Thus,
there exists a(δ) ≤ 1 such that limn→+∞ M(un, un−1, δ) = a(δ) ≥ 1 for all δ > 0. We prove that

lim
n→+∞

M(un, un−1, δ) = 1.

On contrary assume that a(δ0) < 1 for some δ0 > 0. Now, if we consider the sequences {αn =
M(un, un+1, δ0)} and {βn = M(un−1, un, δ0)} and taking into account (ζ3), we derive

1 ≤ lim
n→+∞

sup ζ(αn, βn) < 1.

A contradiction, hence

lim
n→+∞

M(un, un−1, δ) = 1 (3.3)
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Next, we show that the sequence {un} is Cauchy. Reasoning by contradiction, suppose that {un} is
not a Cauchy sequence. Then, there exists ϵ ∈ (0, 1), δ0 > 0 and two subsequences {unk

} and {umk
} of

{un} with mk > nk ≥ k for all k ∈ N such that

M(umk
, unk

, δ0) ≤ 1− ϵ. (3.4)

Taking in account Lemma 1.1, we have

M(umk
, unk

,
δ0
2
) ≤ 1− ϵ. (3.5)

By choosing nk as the smallest index satisfying (3.5), we have

M(umk−1, unk
,
δ0
2
) > 1− ϵ. (3.6)

Applying (2.1) with u = xmk−1 and unk−1, we obtain

1 ≤ ζ
(
θf (M(Gumk−1,Gunk−1, δ0)), θf (M(umk−1, unk−1, δ0))

)
= ζ

(
θf (M(umk

, unk
, δ0)), θf (M(umk−1, unk−1, δ0))

)
<

θf (M(umk
, unk

, δ0))

θf (M(umk−1, unk−1, δ0))
. (3.7)

Therefore,

θf (M(umk−1, unk−1, δ0)) < θf (M(umk
, unk

, δ0)) (3.8)

As θf is nondecreasing, we derive

M(umk−1, unk−1, δ0) <M(umk
, unk

, δ0) (3.9)

On account of (3.4), (3.6) and the triangular inequality, we obtain

1− ϵ ≥ M(umk
, unk

, δ0)

>M(umk−1, unk−1, δ0)

≥ M(umk−1, unk
,
δ0
2
)⋏M(unk

, xnk−1,
δ0
2
)

> (1− ϵ)⋏M(unk−1, unk
,
δ0
2
)

Taking limit as k → +∞ in both sides of the above inequality and using (3.3), we derive that

lim
k→+∞

M(umk
, unk

, δ0) = lim
k→+∞

M(umk−1, unk−1, δ0) = 1− ϵ (3.10)

Now, we consider the sequences β̂k = θf (M(unk−1, umk−1, δ0)) and α̂k = θf (M(umk
, unk

, δ0)), then

limk→+∞ β̂k = limk→+∞ α̂k = θf (1− ϵ) < 1. Applying (ζ3), we get

1 ≤ lim
k→+∞

sup ζ(α̂k, β̂k) < 1

which is a contradiction. Hence, {un} is a Cauchy sequence. Since (Λ,M,⋏) a complete fuzzy metric
space, there exists u ∈ Λ such that un → u. Hence

lim
n→+∞

M(un, u, t) = 1, (3.11)

As T is continuous, we have

lim
n→+∞

M(un+1,Gu, δ) = M(Gun+1,G, δ) = 1

The uniqueness of the limit implies that Gu = u, thus u is a fixed point of G. 2
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Example 3.1 Let Λ = [0, 1] be equipped with the fuzzy metric M given by

M(Gu,Gv, δ)) = δ

δ +D(u, v)

for all u, v ∈ Λ, δ > 0, where D is the usual metric. Then, (Λ,M,⋏p) is a fuzzy metric space. Consider
the mapping T : Λ → Λ given by Gu = u

u+1 , for all u ∈ Λ, and the fuzzy L-simulation function
ζ : (0, 1]× (0, 1] −→ R, defined by

ζ(t, s) =
t

sk

for all t, s ∈ (0, 1] and k ∈ (0, 1). Define the mapping θf ∈ Ω by

θf (ω) = e1−
1
ω for all ω ∈ (0, 1).

For all u, v ∈ Λ with M(Gu,Gv, δ) < 1, we have

2

9
(1− 1

M(u, v, δ)
) <

1

(u+ 1)(v + 1)
(1− 1

M(u, v, δ)
)

=
1

(u+ 1)(v + 1)
(−D(u, v)

δ
)

= −d(Gu,Gv)
δ

= 1− 1

M(Gu,Gv, δ)
.

Taking k = 2
9 , we obtain that

ζ
(
θf (M(Gu,Gv, δ)), (θf (M(u, v, δ)))

)
=
θf (M(Gu,Gv, δ))(
θf (M(u, v, δ))

)k
=

e1−
1

M(Gu,Gv,δ)(
e1−

1
M(u,v,δ)

)k
> 1.

Therefore, G is a fuzzy L-contraction w.r.t ζ ∈ FL. Thus, by Theorem 3.1, G has a unique fixed point,
that is u = 0.

Corollary 3.1 Let (Λ,M,⋏) be a complete fuzzy metric space, ζ ∈ FL and G : Λ → Λ be a self mapping
with M(Gu,Gv, δ) < 1, such that

ζ(M(T u, T v, δ)),M(u, v, δ)) ≥ 1 for all u, v ∈ Λ, δ > 0.

Then G has a unique fixed point.

Proof: The conclusion can be drawn from Theorem 3.1 by defining θf (ω) = ω for all ω ∈ (0, 1). 2

Corollary 3.2 [25] Let (Λ,M,⋏) be a complete fuzzy metric space and G : Λ → Λ be a self mapping
such that for all u, v ∈ Λ with M(Gu,Gv, δ) < 1 we have

θf (M(Gu,Gv, δ)) ≥ [θf (M(u, v, δ))]
k
.

Then G has a unique fixed point.

Proof: The conclusion can be drawn from Theorem 3.1 by defining ζ(t, s) = t
sk

for all s, t ∈ (0, 1]. 2
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Corollary 3.3 [25] Let (Λ,M,⋏) be a complete fuzzy metric space and G : Λ → Λ be a self mapping
such that for all u, v ∈ Λ with M(Gu,Gv, δ) < 1 we have

[1 + sin
(π
2
(M(u, v, δ)− 1)

)
]k ≤ 1 + sin

(π
2
((MGu,Gv, δ)− 1)

)
.

Then T has a unique fixed point.

Proof: The proof follows from Theorem 3.1 by taking ζ(t, s) = t
sk

for all s, t ∈ (0, 1] and θf (ω) =

1 + sin
(
π
2 (ω − 1)

)
for all ω ∈ (0, 1). 2

Corollary 3.4 [6] Let (Λ,M,⋏L) be a complete fuzzy metric space and G : Λ → Λ be a mapping such
that

1−M(Gu,Gv, δ) ≤ k (1−M(u, v, δ)) .

for all u, v ∈ Λ,δ > 0 and for some k ∈ (0, 1). Then G has a unique fixed point.

Proof: The result follows by choosing ζ(t, s) = t
sk

for all s, t ∈ (0, 1] and θf (ω) = ω for all ω ∈ (0, 1) in
Theorem 3.1. 2
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