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Some Weighted Midpoint Type Inequalities For Differentiable log-Convex Functions

Badreddine Meftah, Djaber Chemseddine Benchettah®, Abdelghani Lakhdari and Meriem Merad

ABSTRACT: On the basis of a given integral identity, this paper purports to establish some novel weighted
midpoint type inequalities for functions whose first derivatives are log-convex. Traditional integral inequalities,
such as Holder’s inequality, are among the integral inequalities that are utilised in proofs, in addition to
fundamental definitions and conventional methods of mathematical analysis.
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1. Introduction

Finding new inequalities and making traditional methods better by using new ideas and methods
is what inequality studies are all about. The theory of inequality is a part of mathematics that has
been around for a long time and has stayed important. Inequalities are still a branch that is studied a
lot, is important to research, and is very fascinating. The concept of convexity is closely related to the
development of inequality theory, which is a significant tool for studying the properties of the solutions
of some differential equations and the error estimates of quadrature formulas.

Let I be an interval of real numbers.

Definition 1.1 ([18]) A function f: I — R is said to be convex, if for all z,y € I and all ¢ € [0, 1],
we have

flz+ 1 =t)y) <tf(2)+ (1 -1) f(y).
Definition 1.2 ([18]) A positive function f: I — R is said to be logarithmically convex, if

flz+ 1=ty <[f@) [f@)]

holds for all z,y € I and all ¢ € [0,1].

One of the famous inequalities for the class of convex functions is the so-called Hermite-Hadamard
inequality (see [5,6]), which can be stated as follows: For every convex function f on the interval [a, ]
with a < b, we have

b
1
f(a;b>§b_a/f(x)dxgw. (1.1)
a

About some recent papers dealing generalization, variants and improvements of inequalities of type (1.1)
we refer readers to [1,2,4,8,10,11,12,13,14,15,16,20,21] and references therein.

Fejér [3], gave a generalization of inequality (1.1) by proving that if w : [a,b] — R is nonnegative,
integrable, and symmetric function with respect to %rb, then for every convex function f on the interval

[a, b] with a < b, the following inequality holds

/ (“‘2”’) ?w (2) dz < bi/f (2)w (2)dz < f();f(”)/w (x) de. (1:2)
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In [19], Sarikaya et al. investigated the following midpoint type inequalities for log-preinvex derivatives
and derived the following inequalities for log-convex functions

b 1 1
I ath O -1 @
H[“x”x‘f( 7)< <1n|f’(b)|—1n|f’(a)l>

and

b 1 q a 1
Y L S IO Y SOOI
ba[” e (457) | <00 YR (q(lnlf’(b)Ilnlf’(a)l)>

Note that in [9], Latif and Dragomir gave generalization of the results given in [19] for n-times

differentiable log-preinvex functions.

More recently, Jain et al. [7], established the following midpoint type inequalities for logarithmically
convex derivatives.

Theorem 1.1 Let f : I° = [a,b] — R be a differentiable mapping on I° with a < b. If |f'|9, ¢ > 1 is
log-convez on [a,b], such that |f' (a)| # 1 and |f' (b)| # 1, then for p,q,«, B > 1 with % —|—$ =1 and
i + % =1 we have
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Theorem 1.2 Let f : I° = [a,b] — R be a differentiable mapping on I° with a < b. If |f'|%, ¢ > 1 is
log-convex on [a,b], such that |f' (a)| #1 and |f' (b)| # 1, then we have

b 3 2 5 ’
1 a+b [ (@) —1 /7 (B)F —1
= z)dz — b—a PERTIRY] B3| (b
ba[f() f( 5 ) <(b-0a <a§1n|f/(a)|> +</331n|f/(b)l>

In this paper, By using the identity given in [17], we derive some new weighted midpoint type
inequalities for functions whose first derivatives are log-convex.

2. Main results

Lemma 2.1 ([17]) Let f : I = [a,b] — R be a differentiable function on I°, with a < b, and let
w : [a,b] = R be symmetric with respect to “;b. If f,w € Lla,b], then

b b

[ s ( fuwa) s (“20)

where
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and

po () = /1111 <sa t(1-s)2 ; b) ds. (2.2)

Theorem 2.1 Let f : [a,b] — R be a differentiable function on (a,b) such that f' € L ([a,b]) with
0<a<b, and let w: [a,b] = R be continuous and symmetric function with respect to “F2. If |f'| is
log-convex, then we have

L For | (a)l = [f" (5*)[ = |f" ()

7w (u) f (u) du — (7w (u) du) ()

%H#UWM

o fun)
(45| +e(1ren.

a+b
f'( - )\nwab

2. For |f' (a }f’

)
(55t

b—
<
= 4 {2

3. For |f' (a)| # |1 (2£2)| = | (b)
7 w) du — (7w(u)du) f(“;b)
UL {1 (5] il

517 (550 e (17

4. For |f' (a)l # | (“52)| #1f' (b)

7w () f (u) du — (/w (u) du) i (“‘;b)

§<b“_4a)2 {e(1r @ ; (“39))) +e (i onlr (5] 1l

r—y Y
x,Y) = — s,y >0 and x . 2.3
§(z,y) oz _y)? Iz y #y (2.3)

o

where

Proof: From Lemma 2.1 and properties of modulus, we have

7w (u) f (u) du — (/w (u) du) / (a;b)

g {/gn (w+1t )‘ﬁ+b/m2

(nz+ (1-1) ;b>’dt}.
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Since |f’| is log-convex, we have

‘f(tb+(1 t‘<|f |‘f< *b)‘ (2.5)

and
1-t
reara-0" 3 <ir @i (430 (26)

Using (2.1), (2.2), (2.5) and (2.6) in (2.4), we get

7w(u)f(u)du— (7w(u)du> f<_2|_b>
S(b:la)z (Z Zw(3b+(1—5)a—2’—b>ds F it | er [ @
+ZZw(sa+<1—s>“2“’)ds @

(b—a)®

<

||w||[a,b]oo

If |/ (a)| = | (<£2)| = | (b)], then from (2.7),

z(b;“) 0l e \f’ (;b) | ](1 ~
= ol |1 (;b)] 2.5)

IE | (@) = | (“42)| # £ (b)]. then from (2.7), w

b

711} (w) f (u) du — (/w (u) du) f (a;—b)
< _4a)2 1w ll1a 6100 ’f' (CLQH))’ (](1 —t) <,f|f(/£:+)bl),>tdt+](l _t)dt)
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where 5( .) is defined in (2.3).
IF|f (0)] = | f' (<52)| # | (a)], then from (2.7), we have

]ww( du—( w) du f ”b
I a+b)‘ ([1—1& dt+ l_t)<|f|’fé°(lz+)b|)|> dt)
O ol (3] () [+ (1@ | (450)])): 2.10)

IF|f (b)) # | f' (<2)| # | (a)], then from (2.7), we have

Jressive (frie) 25

() (Joo (k) e Jooo (e

0 0
O ol (¢ (1@ o (S52)]) +e (o[ (450)])). (2.11)

where we have used the fact that for y > 0 and x # 1 we have

—1
/1—t )x'dt = 5 — —. (2.12)
1
0 ) X

The desired result follows from (2.8)-(2.11). The proof is completed. O

_(b—a)
- 4

K [

_b—ay

Hw||[a7b]oo

f

Corollary 2.1A In Theorem 2.1, if we take w (u) = ﬁ, we obtain
1. For £ ()] = | £/ (#52)| = 1" (b

7w(u)f(u)du— (7w(u)du) f(a;_b> < b—a

- 4

(50
2. For |f' (a)| = |/ (<£2)| # I (0)]
7w () () du — (/w <u>du> (3
5 () oo (5)))
5. For |[f' ()l # [ (57)[ = |1 (®)

?w () (u)du — (/w <u>du) (%)
5 ( (43 e (25)
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4. For |f' (a)l # | (“52)| #1f (b)

e fus) (+5°)
bt (£<|f @l (“50)]) +e (17 o1,

where £ (.,.) is defined by (2.3).

r(45))

Theorem 2.2 Let f : [a,b] — R be a differentiable function on (a,b) such that f' € L([a,b]) with

0<a<b, and let w : [a,b] = R be continuous and symmetric function with respect to “F2. If [f'|? i
log-convez, where ¢ > 1 with p~! + ¢~ =1, then we have:

L For | (@) = [ (452) | = 1" (b)

7w(U)f(U)du (7w<u)du> I (“;b> <

(b—a)
2(p+1)7

b
f'(‘” )\nwn[ab

a

2. For |f'(a)] = |/ (%£2)] # | (b)
7 w) du — (711) () du) f (a;b)
ot { ()

ol () e o,

3. For | (a)] # |/ (4£2)| = | (b)
710 (w) f (u) du — (711) (u) du) f (a;b)
)

q
)} ol .

g%{ (50 (i @r,
b For |5 @) £ |7 (2) £15'0)
7w (1) f ()t~ (7“) () du) (%)
: ol (V)

§4((l;—+a1); {M (|f’ b)|?, f! (a—2|—b) q) } 1wl 4,6],00 »

w(z,y) = i q,x,y>0,x7éyandq>1. (2.13)
Inz —Iny

q
)} ol .

=

where
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Proof: From Lemma 2.1, properties of modulus, Holder inequality and log-convexity of |f/|?, we have

w (u) f (u) du — (7w (w) du) s (a—;—b)

a

’(tb—l—(l—t)a;—bﬂdt—kZ|p2(t)|’f’ (ta—i—(l—t)a;b)’dt}

’<tb+(1—t)a;rb> |

8 Y—

0
+ (]|p2(t)|pdt)p (7 f (ta+(1—t)&;b> th) }
S(b—4a)2 ol (7(1t)pdt>i { ( ! /(tb+(1 —t) a;b) th>é

AN
y —~
%\ @
'tH»—‘
?—

Q"
/—/_«
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oS ~—0r

+(Z uis

s () { <z i) o) - ([ ) }
(2.14)
If | f (a)] = | f" (42 )| = |f" ()|, then from (2.14), we have
7 ) du — (Zw (u) du) f <a;b) < ® ;(); iwlg[z,bhoo 1 (a;rb> ‘ (2.15)

If | f' (a ’f’ (42| % | (b)], then from (2.14), we have

‘7w () f (w) du - (7w (u) du) ()

250y N

where p (., .) is defined by (2.13).
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If | f/ ()] = | f/ (“T'H’)| # |f" (a)|, then from (2.14), we have

7w () f () du — (ﬂ (u) du) / (‘2”’)

<ot (5 0 (o e (559}

If |f' (b)] # |f’ (%2)] # |/ ()], then from (2.14), we have

?w (u) f (u) s — (/w (w) du) i (‘2”))

<

The desired result follows from (2.15)-(2.18). The proof is completed.

Corollary 2.2B In Theorem 2.2, if we take w (u) = ﬁ, we obtain

L For |[f (@) = [f" (#3%) [ = 1" (V)]

_4((1;—+a1); ol e {u <|f’ ®)|, ‘f’ <a;rb> D +p <|f/ (a)?, ‘f’ (a;rb

7w (u) f () du — (/w (u) du) I (;b) <

2. For |f' (a)| = |f’ (%%” # |f" ()]

b—a { ,(a
< T
4(p+1)»

3. For |f" (@) # | (452)| = 1/ (b)]

b—a {
< i
4(p+1)»

4. For |f' (@)l # [f (452)| # | (b)]

7w (u) f (u) du — (/w (u) du) / (;")

< (ol (5] e (i (452))}

where p is defined by (2.13).

) onrorn (5D}

(2.17)
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Theorem 2.3 Let f : [a,b] — R be a differentiable function on (a,b) such that ' € L ([a,b]) with
0<a<b, andlet w: [a,b] = R be continuous and symmetric function with respect to GTH’, If | 1|7 is
s-convex in the second sense for some fixed s € (0,1], and ¢ > 1, then we have

L For |f' (@) = | (%5%)] = ' (¥)

fotw s fua) s(43)

(‘””)]nm -
2. For |f'(a)| = }f/ (%H))’ # |f(b)

/b ) du — (711) (u)du) f(a;b>
s(b‘g‘lf{ (557) |+ (e (o | (*5)

3. For |f'(a)l # [ (*52)] = 11" (®)

7w () f () du — (/w (u) du) (%)
SUs { Iz (‘2”)> ; (25 (|f’ @, |7 (;b)

4. For |f' (a)l # | (“52)| # 1 £ (b)

7w (u) f () du - (7w (u) du) 1(*5)
S { e (17 [ (SE) )]+ e (i o

where £ is defined by (2.3).

a\ \ *
)) ol 1.

o
)) leoll .00

a7
)} }nwna,b},w,

,(a+b
(%)

Proof: From Lemma 2.1, properties of modulus, power mean inequality, and log-convexity of |f’|?, we
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b

7w(U)f(u)du— (/ww)du) 1(*5)
g {/| |’f (tb+ (1—-1) )’dt+/|p |’f (t +(1—-1) ;b)’dt}
<4{<{Jnu>w) (gp1@>f'@b+<1w§b)qm);
v (/ s <t>|dt> N (/ i 0|1 (1 (1= ;b)dt)}
1 1= 1 7
<= (/(1—t>dt) {(/(lt)f (w+a-0230)f dt)
0 0
(Juolr(wra-or ))}
0
2

If | (a)] = | f' (&£2)| = | (b)], then from (2.19), we have

7w(U)f(u)du— (7w<u)du)f<“;b) <=

If | f" (a)| = |f( b)| # | f (b)], then from (2.19),

o (a7

<f B e

where we have used (2.12), and £ is defined by (2.3).
IF1F ()] = | (252)] # | @), then from (2.19), we hav

7w(U)f(U)dU( ) (“ b)
S [ PR (o (D))

(2.19)

(2.20)

(2.21)

(2.22)
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where we have used (2.12), and ¢ is defined by (2.3).
IF|f (B)] | f' (2£2)| # |’ ()], then from (2.19), we have

7w (u) f () du - (7w (u) du) ()
(*5)

2
< 0 fz% w600 { [5 (|f' (a)]",

q)];+ (i )H

,(a+b
/ (2)

4 x2
(2.23)
where we have used (2.12) and (2.3).
The desired result follows from (2.20)-(2.23). The proof is completed. O

Corollary 2.3C In Theorem 2.3, if we take w (u) = 7, we obtain:

L. For | (@)l = [ (52)] = If ()]

-b/w(u)f(u)du— (7w(u)du) f(a;_b> < b—a

,{a+b
()

- 4

2. For|f' (a)| = }f/ ((LT-H))’ # |f" (b))

7w () f () du (/w (u) du) (5
oo {250 s (o (1)
3. For | @] £ F (55)] =17 0)

7w () f (u) s — (]w (w) du) (%)
<b;“{f'(“‘;b>'+a[2s (17 @r |7 (“5)
4. For | (@)l # [ (“52)] # 11 ()

7w (u) f (u) du — (/w (u) du) i (‘”;”)
() )] + 2 (1o

—a a K
<2 {[%(If’(a)lq, (5] }
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