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New generalized results of (2, i)-expansive operators on Hilbert spaces with practical
comparison
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ABSTRACT: In this research, we obtain some new result related to a category of linear bounded operators,
which is known as (2, 1)-expansive operators acting on infinite Hilbert space i. Further, we establish sufficient
conditions which (2, I)-expansive operators are not supercyclic. We supply some spectral properties of (2, )-
expansive operators, too. Also, some practical examples are discussed which confirm our generalized results.
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1. Introduction

Let £(S3) be the algebra of all bounded linear operators on separable complex Hilbert space Sy;. At
first the concept of (2, i)-isometric operators was innovated by Ahmed et al. [27]. They generalized the
concept of I-isometry on S, when an extra semi-linear item is considered [27].

We say an operator & € £(S3) is I-isometric if,

2

Z( 1) k(k)es* B =0, ieZ",

k=0

where (f{) be the binomial coefficient [2]. It’s clearly an isometric operator (i.e., a 1-isometric operator)
is i-isometric for each positive numbers i, which is inferred that the category of all i-isometric operators
is containing the lesson of isometric operators.

Agler et al. in [2,3,4], Richter [24], Shimorin [25], Patel [22] and Duggal in [12] and [13] studiedy of
1-isometric and 2-isometric operators on S3;. Botelho [10] and Ahmed [27] exhibited a generalization of
I-isometric operators on general Banach spaces (Sp). In 2015, Gu defined,

2

B (B,7) := Y (=1)"" k( ) |&*r||",  Vre(Sp),ieN, (1.1)

k=0

where & € £(S5), proved f;,)(®,7) < 0,Y7 € Sp which it implies 5(; ,)(&,7) > 0,V7 € Sp, and
extended several results for (i, p)-isometries (83(; ,)(®,7) = 0) to operators only satisfying ;) (&, 1) <
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0 [17]. Also, ABerger—Shaw type result was proved for a class of i-expansive operators (i — EQ)s on a
S3 [17]. In 2021, Al-Ahmadi introduced three new classes of mappings satisfying the following conditions

max HQSkT — Qika = max H@kT — &7,
0<k<i 0<k<i
k even k odd
max HQ§kT — @ka < max H@kT — B*F ,
0<k<i 0<k<i
k even k odd
max H@kr — Q5k7"H > max HQikT — B*# ,
0<k<i 0<k<i
k even k odd

V7,7 in normed space Spr, where i € N, & is a self-mapping on S and proveed some properties of the
mappings [5].

Motivated by the mentioned works, in this paper, for an operator & € £(Sy), we denote

2

Bi(®) =) (~1)\7F (f{)@*“@k, i €N. (1.2)

k=0

We defined the concept of (2, 1)-expansive operators ((,7) — EOs) and presented a generalization of
l-isometries to the operators on Sy.

The contents of this paper are listed as follows: In Section 2, we set up terminology and notation,
also we define the concept of (2,1) — EQs. In Section 3, at first, we shall specialize to the case I = 2
and explore some properties of (2,2) — EOs and then several properties of (2,2) — EQs are proved. In
Section 4, we focus on the supercyclicity, spectrum and approximated point spectrum of (2, 1) — EQs.

2. Prerequisite concepts of i-expansive & i-hyperexpasive operators

Now we recall the definition of some concepts such as i-expansive, i-hyperexpasive and completely
hyperexpansive operators on S which have been attracted to various authors. For example, Agler
showed the relation between subnormality and the positivity of (—1)!3;(&) [4]. The following definition
is our main idea obtained from [13].

Definition 2.1 ([14]) An operator & € £(Sy) is called
i) i-isometry whenever 5,(&) =0,
ii) i-expansive whenever (—1)'5;(®) <0,
iii) i-hyperexpansive whenever (—1)%B(8) <0, k=1,2,...,1,
iv) completely hyperexpansive whenever (—1)!3;(®) <0 for all 1 > 1.
For more instance consider [6,8,7,14,19,26]. For a fixed positive operator 2 € £(Sy), we denominate

2

Bi(&)a =y (—1)"7K (f{) & Ak,

k=0

or equivalently

i . i

(8. 7)o = (3@, 7) = T (-1 () ) 10l
k=0

for an operator & € £(S%), a non-negative integer I and 7 € Sy. An operator & € £(Sy) is said an
(A, 2)-isometry if 5; (&, 7)y = 0. The category of all (2, i)-isomtries has been defined by Ahmed et al. [29]
which studied by other authors (see [12,15,18,20,23,28]). Recall that

2

(5@ = -1 ) I8kl 6 e s

k=0
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Overall of this paper, in particular in the next definition, £;(®,7)y < 0 truly means £;(®,7)y < 0,
for 7 € S3. As an extension of the classes of expansive and hyperexpansive operators on Sy, the
following definition identifies the categories of operators which will study in this paper. Consider &, 2 €
£(S%), £(S)T respectively and I > 1. Then,

i) & is (2, 1)-expansive if (—1)!6; (&, 7)y < 0;
ii) @ is (A, 1)-hyperexpansive if (—1)¥3 (&, 1)y <0, VO <k < i

iii) & is completely hyperexpansive if (—1)%3y (&, 7)o < 0, for each k > 1;

iv) & is (2, 1)-alternatively expansive if 5;(&, 1)y > 0;

v) & is (U, 1)-alternatigly hyperexpansive if Si(&,7)gy > 0, for 0 <k <,

1v

)
)
)
) & is alternatively hyperexpansive if Si(®,7)y > 0, for k > 1.

We say (2,1)-expansive operators are simply ¢ — EOs and (,1) — EQs are 2-expansive. When
(=1)!B:(&,T)a > 0, we state that & is (A, 1)-contractive. If & is (A, 1)-contractive Vi € N, then & is
called, completely hypercontractive. Agler in [1], proved the norm of each subnormal operator & € £(Sy)
is not greater than one if and only if 5;(®,7)y > 0 for all positive integers I and then they extended
these inequalities to the i-isometric operators. In particular, they generalized the structure of 2-isometric
operators [2,3]. Since every completely hyperexpansive operator is 2-isometric operator, hence some of
the mathematicians have started working on completely hyperexpansive operators [6,26]. Hence, the
study of I-expansive operators is very important. We refer the reader to [14] for more information about
l-expansivity. Recently, the concept of (2, 1)-isometric operators on semi-hilbertian space is introduced
by Ahmed et al. and several results of these operators is given.

Definition 2.2 An operator & is a strict (,1)-expansive whenever & is an (2A,1)-expansive and is not
(A, 1 — 1)-expansive. If I =1, it is an A-expansive, that is, & is an A-expansive if B*AS > 2A.
Example 2.1 If & is (2, 1)-isometry then & is (A, 1)-expansive. If A := I, then & is i-expansive if and
only if & is (AU, 1)-expansive. If A := 0, then any operator on £(Sy,) is an A-expansive.

Note: If & is an (2, i)-expansive, N(&) C N(). In particular, if 2 is one-to-one, then & is also

one-to-one.

Example 2.2 Let & = al, where a € C and I is the identity operator. It’s clearly

5,(8.7)a = i(—l)i-k(f{) l&*e]2 = Il i<—1>i-k(f{) 0 = 7 (Jol? — )"

k=0 k=0
Hence, Vo € C with |a| > 1 and all odd integer number I the map & is (2, 1)-expansive.

Example 2.3 Let S3 = C? be equipped with the norm ||(x1, a2)||? = ||t ||? + || 22, for o1, a2 € C, and
consider the operator

2

m_{o 0]62(5H>+, a0, 05_{0

0 } € £(Syx).

1
1
V2
A simple calculation shows

5z(®7(0¢1a0¢2))2{=i:(—1)z_k / Hﬁk(“hﬂz)ﬂizi(—w—k z 3 oo |2
k k

k=0 k=0
N ik (L) 1 alloe)? ;

aflel® Y (1) I ok =~ (—1)"
k=0

Hence, & is (U, 1)-contractive and if take & = [(2) \}5}, then & is (U, 1)-expansive for all positive odd

integer number i.
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3. Main results
In this section we collect some further results about our class of operatoprs,

Lemma 3.1 Let & € £(Sy) be an (U, 2)-expansive, then for i > 1& 1 € Sy the following properties
hold:

Lo |&7]la > S 7llas

2. [|&7 ]l > 7|
3. If A is left invertible, then & is one-to-one.
4. |&' 7|5 < n(rlly) + 1713
5. |l8%7|3 < i@+ ir|fs — i = DISTIZ + (= D2l
6. [|&7|lo < V2|72 for each T € R(B) (the range of & ).
7. Ifker(®*) = {0}, and A is left invertible then & is A-isometry.
Proof: Since & is (2, 2)-expansive thus ||Q527'||§[ —|&7)13 < 18713 — I7]%- Replacing 7 by &7 leads

to
2 2 2 2
H®k+27Hm HQﬁkHTHm = HijHTHm - HQﬁka’ k=0

Hence

2

L2 2 _ 2
&5 = > (I8 5 — & [3) + vl
k=1
<> (lerla = I713) + 715 = dlerlla — @ = D7l
k=1

which implies 1, 2 and 4. The relations 3 and 5 will obtain easily from 2 and 4 respectively. The relation 6
is easily obtained from

8275 < 216713 — 173 < 2|&7]3, 7€ Su.

Thus |&7||a < V2|72, for each 7 = &1 € R(®). Now, we prove (7). It is clearly, ran(®) is dense in H
because of ker(&*) = (0). This matched with the property 2 of Lemma 3.1 suggests that & is invertible.
Then, since

(—1)2B2(6™H = (6 2)' 62 2B )6 L+ 1= (6" -26"6 + 62 62|62 <0.
We have &~ is (2, 2)-expansive, and hence ||&~ 17|y > ||7||a, V7 € S3. Combined with the property

that ||&7|lo > ||7|l2, we conclude that & is 2-isometry. O

Corollary 3.1 Ewvery (2,2)-expansive operator on a finite dimensional Sy is unitary.

Proposition 3.1 Let 81,82 € £(Sy) be commuting operators such that R(B3) C ker(), then the
following are true:

i) & is (A, 1)-expansive if and only if, &1 + Gy is (A, 1)-expansive;

i) &7 is (A, 1)-expansive if and only if, A&y is (2, 1)-ezpansive V) with |A| = 1.
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Proof: (i) Let 7 € Sy,

Bi(&1 + Gy, ) =) (~1)"7 (ﬁ) (&1 + 62)k7”;

- :(—1)“‘@ Z(k)es@

Jj=0

2

A

0 () el = Aera.

2

k=0

Hence &, + &, is (A, 1)-expansive if and only if &, is (2, 1)-expansive. (ii) Let 7 € Sy and A € C with
|A| = 1, clearly we can show that 8; (A&, 7)y = B;(B1,7)g, thus &; and A\G; are same operators. O

Proposition 3.2 Let & € £(Sy), 7 € Sy and i € N. Then

Bi(6, 7)o = £i—1(8,67)a — Bi—1(B, T)a, (3.1)
and
i—1 N
IO e D Sl (AT (32)
k=1

Proof: By apply the formula (f() = (lil) + (1:11) for the binomial coefficient, we have

2 N

.r) = 0 (1) el = ool ¢ ol + St (1) e
k=0 \ k=1

0+ el + e [ (1) + () el
NI (A [ S e (R [ S

k=0
— -1 —, .0 11 2
(et + e (1) e
k=0

0
= [i-1(8,67)9 — Bi—1(B, 7)g.

Il
I
M ‘/
—
I
—
—
—~
T'
_
=
|
o

Thus, the first equality is proved. The proof of second identity is demonstrated by induction on i. For
1=1,

1
(1 2
Bu(®. T =D (~1)! k(k) |85l = = I3 + 1715 = 18715 — Bo(®, 7)ar
k=0

Now assume that

Bi(B)q = " AS — i (f{) Bic(&)a,

k=0
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and multiplies this relation on the left by &* and on the right by &,

-1 /.
6 (8)a6 = 6" AGT — <k) ERCMC

k=0
- . i—1 \
— o et — g::o (f{) [Bir1(B)a + i (B)a]
- \ i N i—1 N
= @*L m@b-l-l _ 1; (ki 1) ﬁk(Qﬁ)g[ — l;) ({;) Bk(@)m

1—01

Z (L+1>5k &)a

=1

B i—1
— & ast ! - ( ) (L T 1) .
L= k=0

Therefore by the relation (3.1) identity again and above formula we have

Bit1(B)a = &"5;(6)a® — [;(6)a
S AR S EICMED Y (g EXCRE AR

(;JM e

_ w1 +1 _ l Z+1
=6" AG Z( K )ﬁk(@m-

k=0

This complete the proof. O
Corollary 3.2 If & is (,1)-expansive and (A,1 — 1)-expansive on R(B), then & is (A,1 — 1)-expansive.
Theorem 3.1 Let & be a (2, 2)-expansive and assume that & is (2, 1)-expansive for some I > 2. Then
& is (U, 1)-hyperezpansive.
Proof: The conditions ||&7|lg > ||7]|o and

2 112 2 2

&%y = 2f|O7 [y + [Illy < 0,

guarantee that the sequence

(16" 713 — 8" 713), -,

is monotonically non-increasing and bounded so that is convergent. Let ||&" 7|3 — |&"7||3 — a, for
some a > 0 as n — co. By assumption, select I > 2 such that (—1)*5;(®, )y < 0. Since

Bi(&, 7)o = Bi-1(6, &7 — Bi—1 (S, T)ar,
we have (—1)'718,_1(&,7)y < (=1)""13,_1(®, 7). An induction argument shows that
(=)' Bi1(®, 1) < (1) -1 (B, 8" 7)a,
for each positive integer number n. On the other hand

(1) 15-1(8, 8" ) = (—1)" 7 fi—2(6, 8" 7)o — (—1)Hﬁz— (6,8"7)a

-2

n 1—2 " 2
S (e () e

k=0
2

L n 2 n 2
S G [ e
k:O
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By approaching n to infinity in the preceding equality, we leads to

12
. . -2
(=) 131 (B, & )y — Z(—l)k( . )a: 0.
k=0
This shows that (—1)"718;_1(®,7)g < 0. Thus & is (2, i)-hyperexpansive

Proposition 3.3 (i) If 5;(6,7)y <0, VT € Sy, then for n > 1,

||Q5”T||Ql <Z< )ﬁk QS T TESH.

(ii) If By (&, 7)o > 0, VT € Sy, then forn > 1,

||Q5"T||Ql > Z( )ﬁk 6 T)at TESY.

Proof: These inequalities are proved by induction on n. The inequality is proved easily for n = i by (3.2).

Assume now Eq. (3.3) holds for some n > i. Then

-1
HQﬁnHTH; _ ||Q5"((’5T)H§( < Z <Z>ﬁk((’57(’57)m

k=0

|
—-

L

-1
Z)ﬁk S, 7)a + (Z)ﬁkﬂ(ﬁﬁ)m

()t
= (Z) Bic(B, 7)o + Z (k " 1) Bi(&8, T)x
|

Note that, the second inequality is obtained by induction hypothesis and the last inequality is followed

from the condition ”5;(®, 7)e < 0”. Hence, (i) is proved. The proof of (b) is similar.

Corollary 3.3 Let & € £(Sy). If 8;(&)y <0, then forn > 1,

i—1
A" <3 (Z) Bu(®)ar.

k=0
If B;(B)y > 0, then the above inequality with > holds.

Theorem 3.2 If 5;(&,7)y <0, V7T € Sy, then B;_1(&,7)y > 0,V 7 € Sy.

Proof: By proposition 3.3 part (i), V7 € Sy,

1—2
(z f 1) Bioi(®, 7)o > (6775 — > (Z)ﬂk(ﬁ, )a-

k=0

a
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Dividing both sides by n*~! results

i—2
"zl(b—]_)ﬁb 1(@ T)Q[_ poo 1||Q5nT||91 ZnL 1( )/Bk(q5 T)

k=0

Upon taking the limit as n — oo and nothing that ﬁ(ﬁ) —0,for 0 <k <i—2and

"5 > 0,

i1

we have the desired result. O
Theorem 3.3 FEach positive integer power of an (A, 1)-expansive on a Sy, is (2, 1)-expansive.

Proof: Fix a positive integer n. Consider the arbitrary positive real numbers 7; (0 <14 < i(n — 1)), so

that 70 = 1 and
i(n—1)

[71221 Y Z nt,  VteR.

7=0

Furthermore, define 7; to be zero for i > i(n — 1) and take (;) =0 for i > . A simple compute shows

that if
(k
=3 (-1 . 0<k<in,
Sk Z( )(Z,)Tk <k<in

i=1
then s, = (—1)kl (k ) whenever k = nk; for some positive integer ki, and otherwise s, = 0. Indeed

i(n—1)

Zsktk L; Dk(li)tkH > kak] (1—t) (Zt) 1t“)L—i:(1)k<li)tk”.

k=0 k=0
& is (2, 1)-expansive, thus

2

1. = 10 () el <o

=0

Consequently,
e : 2 2
Z 17 (3) ool
o L 2
=3 siletrl Zskn Jenely = -10% () oo
k=0
Hence, ™ is an (2, 1)-expansive. O

Lemma 3.2 Let & € £(Sy). If & is invertible, then B;(&71, 7))y = (=1)!8:(6, & 7).

Proof: We have

N e ([

k=0
=3 ) el = et () ool
= e () et = 1@ e
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Corollary 3.4 Let & € £(S%) be an invertible (U, 1)-expansive operator, (i) If i is even, then &1
(21, 2)-expansive; (ii) If i is odd, then &1 is (2, 1)-contractive

Corollary 3.5 Assume & is invertible. If & is (2, 1)-expansive for some even i, then & is an (A, 1 —1)-
1sometry

Proof: Since & is (2, i)-expansive and I is even thus 3;(&,7)y < 0, V7 € Sy, then by Lemma 3.2,
Bi(@ N ) = (1) Bi(&, 7)o < 0.

This implies that &1 is also (2, 1)-expansive and then with respect to i, we have 3;_1 (&1, 7)y > 0.
On the other hand

Bt (7 T = (1)1 B1 (6,6 TN ) = =1 (8,6 D7) <0
Therefore 3; 1 (&1, 7)y = 0, which it follows that 3;_1(&,7)y = 0, V7 € S3. In other words, & is an

(2,1 — 1)-isometry. O

Theorem 3.4 Let & € £(Sy) be an (A, 1)-expansive, then the following properties hold
1. Hf:ijlé converge uniformly to ﬁﬂi_l(Qﬁ,T)g[ on the unit ball of Sy .

2. 18714 U5 converge to sup, fr—1 (6 ).

Proof: Apply Proposition 3.3, we have

HQ::H‘“ - ﬁﬂzq(@ﬁ)m < (n 1)5L 1(8,7)a

-2

L
= <k)5k((’5,7)m ~ o Bi-1(8, )
k=0
-2 /.
T 1
= ((7:;_1) - G- 1)1) BL 1(@5 T)Q[ + == oy Z (k>ﬂk(6,’r)m
k=0
Hence,
6" 7|13 1 Xk
1555 — i (©.7)a] < (i - )Zk.@ e
-2 © k
n! ol=1pr n!
+Z ni=T Z( ) Hﬁj HQ{ — (nifl(n—l-t,-l)! - ) G—1)! +Z (n—Kk)Ini 1 k‘
k=0 7=0
= (ni*l(f?l_zﬂ)’z - 1) 2(;1])\{ + Lﬁ’: — 0, as n— oo,
n|2
where M = > 0<k<ioi H@kﬂm ) Since ”S;Jlf = SUp| <1 7‘ = 5 we deduce from (1) that
lim w = lim sup HQZZ%J@‘ = sup lim LZL I sup Bi—1(®,7)q.
n—roo n—oo HT”Sl ”THS1 n—oo HTl‘Sl
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4. Dynamic properties

In this section we are going to investigate the supercyclicity of (2,1) — EQs. The supercyclicity of
2-expansive (concave) operators has been studied by Karimi et al. in [21]. Recall that an operator
® € £(Sy) is supercyclic if there exists an element 7 € S, such that

Corb(&,7) := {O[T,&@T7 a®?T, . }, Va € C,
is dense in S% and 7 is called a supercyclic vector for &. We start with the following result.
Theorem 4.1 A power bounded A-expansive operator cannot be supercyclic.

Proof: Assume on contrary, & is supercyclic operator and 7 € Sy is a supercyclic vector for &. Let
0# 7 €8Sy and 7 ¢ ker(2(). Then there exists a sequence (\;); C C and a strictly increasing sequence
(n;) C N such that lim; ., A;&™7 = 7, and hence

T (A [|8™ 7|y = (|7 |ar- (4.1)
1—00
Since & is A-expansive thus [|[#|ly > ||7]la limiseo [Ai], if lim; o0 |A;] = 0, then relation 4.1 shows

lim; o0 [|&™ 7| = o0, but this is contradiction, because & is power bounded. And if lim; . |A;| =
a € (0,00), then

167l = lim [A;] [|&"F ||y = [|7]la-
71— 00
This shows that & is A-isometries and is’t supercyclic [23]. O

The following example gives a non power bounded 2-expansive which is supercyclic.

Example 4.1 Take w,, = 3 forn <0, and w, = 2 forn > 1. Let & € (*(Z) be the bilateral weighted
shift defined by Se,, = wpe,y1 and A € (2(Z)T be the positive linear operator defined by e, = wypey,.
Since the condition

wawh 4y = ||Genly > llenlld = wn,

only involves consecutive n, and since the condition is trivial if w, = wyy1 one only needs to check
the condition for n = 0, where it holds indeed. Thus, the corresponding forward bilateral shift & is
A-expansive and invertible. Furthermore, since

Tim [ 2 = 1im (3)" =0,

in light of [16] the operator & is supercyclic.

Suppose that B; and By are two Banach spaces and 7 and &, are two bounded linear operators acting
on these spaces, respectively. Recall that the operator &4 is said to be a quasi-factor of &1, if there exists
a continuous map J : By — Bs, dense range such that &oJ = J&;.

Lemma 4.1 For every (U, 1)-expansive operator & € £(Sy) there are a Banach space Bs and an i-
expansive operator & on Bso which is quasi-factor of &.

Proof: Consider (2, 1)-expansive operator & on Sy and the quotient space % Define

(7 + ker )| = inf {||T o FE ker(Ql)}.

Let (7o) be a net in ker(A) and 7, — 7, then ||7]|g = lim, ||7o|l2c = 0. So the positivity of 2 implies that
Ar = 0. Now, if |7 + ker()||o = 0, then there is a net (7,)q in ker(2() so that |7 + 7,|| — 0. Hence,
|I7]l2t = 0 which implies that 7 € ker(2(). Define

& (&S0l ) = (5271 )

& (7 + ker(A)) = &1 + ker ().
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Then
||é5(’1’ + ker(0)) |l = ||&T + ker()||or = inf {||(’5T + 7o TE ker(Ql)} = [|&7||o-

Thus

)

(—1)'4; (és, T)Ql _ Z:(—nk (f{) Hésk(T + ker(Ql))Hzl

= Z(—1)k<f{) H@‘%Hi = (—=1)'3(&, 7)o < 0.

and hence, & is l-expansive operator. Now let K be the completion of the normed space Sy / ker 2 and
let & be the extension of & on the Hilbert space L. Then define the operator

Q : Sg.[ — Jw;k:;(?l)’
Q1 =7+ ker().

Since || Q7| = |7 + ker(2)||st = ||7||2, which implies that @ is continuous. Consider diagram,

QJ JQ
S /ker() —o—r Sn/ker(2)
Il lf
K —%5 K

Thus, @ has dense range and GoQ=0Qo86. O
Theorem 4.2 FEvery (2, 2)-expansive operator is not supercyclic.

Proof: Suppose that & is an (2, 2)-expansive operator in £(S%). By last lemma there exist Banach
space Bs and 2-expansive operator ® on By which is quasi-factor of &. The comparison principle [9]
states that if & is supercyclic then so is ®. But the operator &, being an 2-expansive (concave operator)
on a Hilbert space K cannot be supercyclic [21], which leads us to a contradiction. O

In general, the category of 2 — EQs is a strict subcaegory of (2, 1)-expansive [29]. The following results
is obtained (see also [23, Page 83]).

Theorem 4.3 Suppose that & € £(Sy) is an (A, 21 — 1)-expansive and there is a sequence (n;); of
positive integers so that sup; ||&™||e < co. Then & is an A-expansive.

Proof: If I = 1, the result is obvious, thus assume that ¢ > 1. For every 7 in the closure of R(2), which
is denoted by (2(), and every non-negative integer n,

6™ 7(|5 > Z ( )ﬂk 6,7) (4.2)

Let kg be the largest integer number such that 1 < kg < I — 1 and Bx(®,7) # 0. Then taking for
guaranteed that

lim 20 =0, k=12 k1

n—00
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we see that

-1 -1
i 171 > iy 37 () (0. = i 30,
k=0 k=0
200 X (0
k!o Z &) Bi(B, T)a = +00.
k=0

= lim
n— oo

On the other hand, since sup; [|[&"[[q < oo, there is a real number M > 0 such that for each i and
7 € R(Q), ||&™ 7|l < M||7|l2r, consequently lim,_, ||&™ 7|/ cannot be +oo, which is a contradiction.
Thus, Bk(®,7)y =0 for k=1,2,--- ;1 — 1. This coupled with (4.1) for n = 1 imply that

167l = [I7lla, 7€ R(A).
Now, let 7 be an arbitrary element in S and be written as 7 = 7 + 7 for some 7 € ker()'/? and
75 € R(A). Taking into account that ||7|e = ||AY 27| = ||h2|la, and |[|&7|e = [|& 722, We conclude that
|67 |la > ||7]l2r, V7 € S3,. Thus, & is an 2A-expansive. O

Corollary 4.1 Ewvery power bounded (2,20 — 1)-expansive operator on £(S3) is not supercyclic.

Theorem 4.4 If & is a power bounded (2, 2i)-expansive in £(Sy), then & is not supercyclic.

Proof: Since f9;(®)g < 0, by Theorem 3.2 we have f9;_1(®)y > 0 and this shows that & is (20 — 1,2)-
expansive operator. So by the last corollary & is not supercyclic. O

In sequence, we describe some spectral properties of an (2, 1)-expansive operator.

Theorem 4.5 (A) If & is (2, 1)-expansive for some even i, then 0,,(®) C OD. Therefore either o(&) =
D or o(®) C OD. (B) If & is (A, 1)-expansive for some odd i, then oq,(&) C {z : |z| = 1}. Moreover,
if ® is non-invertible then D C o(®) and if & is invertible then o(&) C {z : |z| > 1}.

Proof: Let A € 04,(®) and {7;}; be a sequence of unit vectors such that ||(& — \I)(r;)|| — 0, as i — occ.
It’s clear that ||&¥7;]|2 — |A\|?* as i — co. Therefore

. Ny Nk
lim 5,(&, 7)o = lim » (~1) k<k) 16" 75 = lim Y (~1) “(k) (AS*T;, B* ;)
k=0 k=0
= S0+ (AP ) = (0 APyl <o,
k=0
So [A| = 1. Therefore 0,,(&) C dD. On the other hand 9o(&) C 04,(8) C ID thus do(&) C ID. So
o(®) =D or (&) C ID. Now we prove (B). Similarly, we can show that

(~1)'6:(&, 7)o = —(1 = M) |13 < 0.

So |A| > 1. Also if & is not invertible then 0 € o(&); but since 0 ¢ 04,(®), it is an interior point of o(®).
Let 7 be a largest positive number such that {z : 2| < r} C o(®). Then there is a number zq such that
|z0] = r and zp € 00(®) C 04,(®) [11, page 210]. This shows that r > 1, and consequently, D C o(&).
Now suppose that & is invertible and let r be the largest positive number such that

{z:]z| <r} CC—0o(®).

Since 00 (&) C 04,(B) C {z : |z| > 1},r > 1. Therefore, o(&) C {z : |z| > 1}. O

Corollary 4.2 If0 ¢ 0,,(2() and both &, &* are (A, 1) — EOQs, then o(®) C OD.
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Proof: We argue with contradiction. Suppose that o(®) € 0D. Last theorem implies that

o(®) C {z iz > 1},

if I is odd, positive integer or o(®) = D, if i is even respectively. Since 0 ¢ 0,4, (®), so R(6) = R(®) # Sy,
and therefore N(®*) # {0}. This implies that 0 € 0,(&*) C g4,(&*), which contradicts the fact that &*
is an (2, I)-expansive. O

Note that if 0 ¢ 04,(A4) and & is a invertible (2, I)-expansive, then (&) = 1.

Corollary 4.3 If & is a (2, 1)-ezpansive operator, then & is not compact.

Proof: If & is compact operator then 0 € o(®). Thus, the last theorem implies that D C o(®) which
contradicts the most countable property of spectrum of compact operators. a

5. Conclusion

The concept of (2, i)-expansive operator on an infinite dimensional Sy, is introduced and some pre-
liminaries and basic properties of such operators are given. We supplied some spectral properties of
(2, 2)-expansive operators. Finally, we are going to investigate the supercyclicity of (2, 1) — EQs.
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