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1. Introduction and Preliminaries

Ma et al. [18] introduce the notion of C*-algebra valued metric space by replacing the set of real
numbers with a set of positive elements of C*-algebra. Later, the same author generalized the concept to
C*-algebra valued b-metric space [19] by weakening the triangle inequality in C*-algebra valued metric
space and proving some fixed point results. They also demonstrated the existence and uniqueness of the
operator and integral equation solution in such space. The existence and uniqueness of fixed points and
common fixed points in C*-algebra under various structures have been discussed by many researchers
(for reference, see [1] - [15] and references therein).

In this article, we vouched for some results on common fixed points for two pairs of weakly compat-
ible mappings with a generalized contractive condition satisfying (E.A.) and (CLR) properties in the
framework of C*-algebra valued b-metric spaces. The proven results extend and generalize some of the
results in the literature. To verify the confirmed results, we demonstrated some examples.

We gave some notations and definitions mentioned in [19], which will be required in the sequel to
prove the results. Throughout the paper, by A, we denote a unital C*- algebra with the unity element
1.

Definition 1.1 [19] Suppose T is a non-empty set. A function d:T' x T' — A satisfies :
(7) d(p,<) = 0 and d(p,s) =0 if and only if p =< ;

(1) d(p,<) = dls, @) ;

(iid) d(ep,) = x(d(p,€) +d(e,)) ;

for all p,¢,e € T and x € A’. Then, d is called a C*-algebra valued b-metric and (T, A, d) is called a
C*-algebra valued b-metric space.
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Definition 1.2 [19] A sequence {pyn} in (I', A, d) is said to be

1. (i) convergent with respect to A, if for given € > 0, there exists a positive integer k such that

ld(@n, ©)|| < € for alln > k;

(13) Cauchy sequence with respect to A, if for any € > 0, there exists k € N such that ||d(¢n, om)|| <
€ for all n,m > k.

2. (T, A,d) is called a complete C*-algebra valued b-metric space if every Cauchy sequence with respect
to A is convergent.

Definition 1.3 [8] Let f and g be two self-mappings of a metric space (T',d). Then, the pair (f,g) is
said to satisfy (E.A.) property if there exists a sequence {¢n} in I’ such that

lim fy, = lim gp, =7 for some T€T.
n—oo n—oo

Definition 1.4 [16] Let f and g are two self-mappings of a metric space (I',d). Then, the pair (f,g) is
said to satisfy (CLR)y property if there exists a sequence {¢,} € T such that

lim fo, = lim gy, = fr for some T €T.
n—oo n—oo

From the above, if fT is a closed subspace of I" in (E.A.) property, it must satisfy the (CLR); property.

Definition 1.5 [17] Let f and g be two self-mappings of a metric space (I',d). Then, the pair (f,g) is
said to be weakly compatible if they commute at coincidence points.

2. Main Result

This section discussed some theorems on common fixed points in C*-algebra valued b-metric space.

2.1. Common Fixed Point Theorem.

Theorem 2.1 Let (I', A, d) be C*-algebra valued b-metric space and A, B, f and g are four self mappings
on ' satisfying the following conditions:

(i) A(T) Cg(T) and B(T) C f(T);
1
(i) for every ¢, €T, ¥,a,b € A with ||9|| <1 and ||a|, ||b]] < 3
d(Ap, BS) 29" m(p,<)0;

where,
m(p,<s) € {d(fp,gs),ald(fp, Ap) + d(gs, Bs)), b(d(fe, Bs) + d(gs, Ap))}.

If one of f(I'), g(T'), A(T) and B(T") is a complete subspace of T, then the pairs (A, f) and (B, g) have
a coincidence point. Moreover, if the pairs (A, f) and (B,g) are weakly compatible, then the mappings
A, B, f and g have a unique common fixed point in T.

Proof: Let ¢y € ' be an arbitrary point. From (i), we can construct a sequence {g,} in I' as follow:

Sont1 = Aoy, = gpon+1  and  Sopyo = Boopt1 = foanto.

Define d,, = d(sn,Sn+1). Suppose that da, = 04 ie. d(San,sont+1) = Oa for some n. Then, Aps, =
gpon+1 = Byan_1 = fpan. Thus, A and f have coincidence point. Hence, the result proved. Now,
suppose that da, > 04 for all n € N. Then, substitute ¢ = s, and ¢ = @2,,41 in condition (i), we have

d(Apan, Boant1) = 0 m(an, 2n+1)0; (2.1)
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where,

m(p2n, Pant+1) € {d(fpan, gpan+1), a(d(fp2n, Apan) + d(gpan+t1, Boantt)),
b(d(fe2n, Boant1) + d(gpan+1, Ap2n))}
€ {d(s2n;S2n+1); a(d(S2n, San+1) + d(S2n+1,S2n+2)),
b(d(S2n, S2nt2) + d(S2n+1,S2n+1)) }
€ A{dan,a(dan + dant1), bd(S2n, S2n42)}-

Following cases arises:
Case (i) Substitute m(pan, Yant+1) = dan in (2.1), we get
dont1 = ¥ dan?.

In general, we have

dp 29 (dp—1)9 forall neN,

i.e
d(Snssnt1) = (07)d(sn—1,50)0
= (9")d(sn_2,6n-1)0*
j (ﬁ*)”d(qo,gl)ﬁn.

For any p € N, we get

d(Smtpssm) = X(d(Smps Smap—1) + d(Smtp—1,5m))
= Xd(Sm+ps Sm+p—1) T XA(Sm+p—1,Sm)
= Xd(§m+pa gm—&-p—l) + X2 (d(gm-&-p—la §m+p—2) + d(gm-i-p—?v Sm))
= Xd(<m+p7 §m+p71) + X2d(§m+p717 §m+p72) + X2d(§m+p727 §m)
= Xd(§m+pv §m+p71) + de(§m+pflv §m+p*2) + ..
X (Gt Smtt) + XP T (St Sm)
< x0Tl gyl (g ymAP T gymAe2
P9 gL (Pl (g ) megm
p—1
= D@ R 9™
k=1
p—1
= (@R (VRS
k=1
()X V) (Vi 0m)
p—1
S (@i R (R
k=1

()T VR) (VX T o)

p—1 E ama k|2 pot 12
= Z‘\/Ex“? P ‘+’\/Ex2z9 ‘
k=1
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p—1
= N IR ETTTE P 4 || ey T A
k=1
p—1
< WEP D IIPITR I EL VR P o2
k=1
mapy XU —2)P~) = 1 “1y.9m
= |sf[o)>mrP NEEE T+ [l x P~ o2
[P |9 2Cm+) -
= ||HHWI+ Il )P o)™ 1

= 0(m — o0);

where |k| = d(sp,<1) for some k € Ay and I is the unity element in A. Hence, {¢,} is a Cauchy sequence.

Case (ii) Substitute m(pan, P2n+1) = a(don + dany1) in (2.1), we have

dont1 =X 9" (a(dan + dony1))?

= ﬁ*adgn’ﬂ + ﬂ*ad2n+119
(1 — ﬂ*aﬁ)d2n+1 j ﬂ*adgnﬂ
¥*a?
d < —————da, = ndap;
2n+1 2D 1 — 9% ad 2n Na2n;
where, n = lf;’iiﬁ with ||n]] < 1. On the similar argument, we can conclude that da, =< nda,_1,

dop—1 = ndap—2 and so on. In general, we have
dp 2 nd,_1 forall néeN,

On the similar lines as Case (i), we have {¢,} is a Cauchy sequence.

Case (iii) Substitute m(wayn, Yan+1) = b(d(s2n, S2n+2), We have

dony1 = 9b(d(s2n, Sony2)V
< 9%bdy, P + ﬁ*bd2n+119
(1 =v"09)dap+1 = 0%bde,?
9*at
-< —_— p— N
dapy1 = 1_ 19*@19d2n ndan;

¥*av

where, 7 = ;558 with ||n]| < 1. In general, we have

dn 2 nd,—1 forall neN,

On the similar lines of Case (), we have {¢,} is a Cauchy sequence.

Since fT' is a complete subspace of I'. Therefore, sequence {¢,} is contained in fI" and has a limit
in fT, say o. Let v € f~1p, then fv = .

Next, we shall show that Av = p. Assume that, Av # p. Substituting ¢ = v and ¢ = ¢, _1 in con-
tractive condition (i7), we get
d(Av, Bop—1) 2 9"m(v, pn_1)v; (2.2)

where,
m(l/’ ()071—1) € {d(fV,g(pn_l),CL(d(fV, AV) +d(g<pn—17B<Pn—l))a

b(d(fv, Bon—1) + d(gpn—1, Av))}
€ {d(fl/a gn—l)a a(d(fy, AV) + d(gn—la ’;n)); b(d(fl/, gn) + d(gn—la AI/))}
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Taking limit as n — oo in (2.2), we get

nh_{gom(l/,@n—l) € {d(g7g)7a(d(g,Al/)—i—d(g,g)),b(d(g,g)—|—d(g,Ay))}
€ {0a,ad(p, Av),bd(o, Av)}.

Following cases arises:

Case (i) : Substitute lim m(v, ¢,—1) = 04 and taking norm on both side in (2.2), we get |d(Av, 0)|| <
n—0o0
0.

Case (ii) : Substitute lim m(v,v,—1) = ad(o, Av) and taking norm both side in (2.2), we get
n—oo
|d(Av, o)|| < [|19)|*||all||d(e, Av)|; which is a contradiction.

Case (iii) : Substitute le m(v, pn—1) = bd(p, Av) and taking norm on both side in (2.2), we get
ld(Av, 0)|| < [|9]12|6]l]|d(o, Av)]||; which is a contradiction. Hence, from all the above cases, Av = p.

Thus, we have fv = p = Av where v is the coincidence point of the pair (A4, f). Since, AT' C ¢TI,
Av = o implies o € ¢gT'. Let w € g 'p, then gw = p. Using the same argument as above, we can easily
verify that Bw = gw = p, i.e. w is the coincidence point of the pair (B,g). The same result can be
verified assuming gI" is complete instead of fT". Now, if B(I") is complete, then by (i), o € B(T') C f(I).
Similarly, if A(T") is complete o € A(T") C g(T"). Since the pair (A, f) and (B, g) are weakly compatible.
Therefore,

o= Av = fvr =gw = Buw,

then,

go = gBw= Bgw = By,
fo = fAv=Afv = Ao

We claim that Bp = . If possible, let Bu # p.
d(o, Bo) = d(Av, Bp) =< 9¥*m(v,0)d; (2.3)
where,

m(v,0) € {d(fv,g0),a(d(fv, Av) +d(ge, Bo)),b(d(fv, Bo) + d(ge, Av))}
€ {d(e, Bo),04,b(d(0, Bo) + d(Bo, 0))}-

The following cases arise:
Case (i) : Substitute m(v, ) = 04 and taking norm on both side in (2.3), we get ||d(Bp, )| < 0.

Case (ii) : Substitute m(v, ¢) = d(o, Bo) and taking norm on both side in (2.3), we get ||d(Bo, 0)|| <
1911?]|d (0, Bo)||; which is a contradiction.

Case (iii) : Substitute m(v, 0) = 2b d(p, Bo) and taking norm on both side in (2.3), we get
ld(Bo, 0)|| < 2||9]1?]|bl|||d(0, Bo)||; which is a contradiction. Hence, from all the above cases, Bp = 9. On
the similar lines, we can show that Ap = o.

Thus, we get Ao = fo = go = Bo = 0. Hence, o is the common fixed point of A, B, f and g.

Next, to prove uniqueness, let £ be another common fixed point different from g i.e £ # o of A, B, f
and g.
Consider,

d(§,0) = d(AE, Bo) = 9"m(§, 0)V; (2.4)
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where,

m(€,0) € {d(fE,g0),a(d(fE, AS) + d(go, Bo)),b(d(f€, Be) + d(ge, AS))}
€ {d(& 0),a(d(&€) +d(o,0)),b(d(&, 0) +d(0,€))}
€ {d(f, Q)v HA, de(ga Q)}

Following cases arise:
Case (i) : Substitute m(, o) = 04 in (2.4), we get ||d(&, 0)]| < 0.

Case (ii) : Substitute m(&, 0) = d(p,€&) and taking norm on both side in (2.4), we get ||d(&,0)|| <
19112]|d( o, £)||; which is a contradiction.

Case (iii) : Substitute m(€, o) = 2b d(p, ) and taking norm on both side in (2.4), we get
d(&, 0)|| < 2||9]12]bll[|d(0, £)|; which is a contradiction. Hence, from all the above cases, £ = o. O
2.2. Common Fixed Point Theorem Using (E.A.) Property.

Theorem 2.2 Let (T', A, d) be C*-algebra valued b-metric space and A, B, f and g are four self mappings
on I satisfying the following conditions:

(i) A(T) € g(T) and B(T) C f(T);

1
(#i) for every ¢, € T, ¥ € A with ||9|| < 1, and |al|, ||b]] < 3

d(Ap, BS) 2 9"m(p, )0

where,
m(p,s) € {d(fp,95),ald(fp, Ap) + d(gs, Bs)), b(d(fp, Bs) + d(gs, Ap))}.

(#i1) The pair (A, f) and (B, g) are weakly compatible;
(iv) one of the pair (A, f) or (B,g) satisfy (E.A.) property.

If the range of one of the mapping f(T') or g(T) is a closed subspace of T', then the mappings A, B, f and
g have a unique common fized point in I

Proof: Firstly, we assume that the pair (B, g) satisfies the (E.A.) property. Then, there exist a sequence
{¢n} in I" such that lim B(y,) = lim ¢(p,) =7 for some 7 € I.
n—oo n—oo

Further, B(T") C f(T') so there exist a sequence {g, } in I" such that B(y,) = f(s,). Hence, lim f(g,) =
n— oo
7. We claim that li_}rn A(s,) = 7. Let if possible li_>m A(pn) = 71 # 7. Then, substitute ¢ = ¢, and
n o0 n o0

¢ = ¢y, in condition (ii), we have
d(Asn, Bon) = 0" m(Sn, on)0; (2.5)
where,

m(Snspn) € {d(fsn, gpn), ald(fen, Asn) + d(gpn, Bon)),
b(d(f(n, B@n) + d(Q‘Pm Agn))}-

Taking limit as n — oo in (2.5), we get

Jim m(sn, on) € lim {d(fon, gon); ald(fsn, Asn) + d(gpn, Ben)),

b(d(fsn, Bon) + d(gpn, Asn))}
€ {ba,ad(r,m),bd(T,71)}.
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Following cases arise:
Case (i) : Substitute lim m(s,, ¢,) = 64 and taking norm on both side in (2.5), we get ||d(m1, 7)|| < 0.
n—oo

Case (ii) : Substitute lim m(s,,p,) = ad(7,71) in (2.5) and taking norm on both side, we get
n—roo

ld(7, )| < ||9]|?]|al/||d(T, 1)||; which is a contradiction.

Case (iii) : Substitute lim m(<,,¢,) = bd(r,7) in (2.5) and taking norm on both side, we get
n—oo

ld(7, )| < |9]12]|bl|||d(T, 71)||; which is a contradiction. Hence, 71 = 7 from all the above cases.

Now, we suppose that f(T') is closed subspace of T' and fo = 7 for some p € T'. Subsequently, we
get

Jim A(c,) = lim B(py) = lim g(pn) = lim f(s) =17 = fo.
We claim that Ap = fo. Substitute ¢ = p and ¢ = ¢,, in condition (ii), we have
d(Ae, Bpn) = 9"m(o, pn)V; (2.6)

where,

m(o,pn) € {d(fo,9¢n),ald(fo, Ao) + d(gpn, Byn)),
b(d(fo,gpn) + d(gpn, A0))}-

Taking limit as n — oo in (2.6), we get

lim m(g,n) € lim {d(fe,g¢n),a(d(fe, Ag) + d(gpn, Ben)),

b(d(fo,9¢n) + d(gpn, Ao))}
€ {0a,ad(r,Ap),bd(t, Ap)}.

Following cases arise:
Case (i) : Substitute lim m(p, ¢,) = 04 and taking norm on both side in (2.6), we get ||d(Ap, 7)|| < 0.
n—oo

Case (ii) :  Substitute lim m(p,p,) = ad(r, Ap) and taking norm on both side in (2.6), we get
n—oo
ld(Ao, 7)|| < ||9]1]lall|ld(Ae, 7)||; which is a contradiction.

Case (iii) : Substitute lim m(p,¢,) = bd(Ap,7) and taking norm on both side in (2.6), we get
n—roo
ld(Ao, 7)|| < |9]1?|16]|||d(T, Ao)||; which is a contradiction.

Hence, from all above cases, we have Ap =7 = fp i.e p is the coincidence point of the pair (A, f).

Now the weak compatibility of the pair (A, f) implies that Afo = fAp or AT = fr.
Since A(T") C ¢g(T'), there exits v € T" such that Ap = gv = fo = 7. Now, we prove that v is
coincidence point of pair (B, g), i.e Bv = gv = 7. Substitute ¢ = ¢ and ¢ = v in condition (ii), we get

d(Ap, Bv) < 9"m(p,v)¥; (2.7)
where,

m(o,v) € {d(fo,gv),a(d(fo,Ao)+ d(gv, Bv)),b(d(fe, Bv) + d(gv, Ae))}
€ {0a,ad(r,Bv),bd(r, Bv)}.
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The following cases arise:
Case (i) : Substitute m(g,v) = 0, and taking norm on both side in (2.7), we get ||d(Bv,7)|| < 0.

Case (ii) : Substitute m(p,v) = ad(r, Ap) and taking norm on both side in (2.6), we get ||d(Bv, 1)| <
|1911?]|a|||d(Bv, 7)||; which is a contradiction.

Case (iii) : Substitute m(p,v) = bd(Bv, 7) in (2.7), we get ||d(Bv,7)|| < ||9]|||b||||d(7, Bv)||; which is
a contradiction. Hence, we get Bv = 7 from all the above cases.
Further, the weak compatibility of pair (B, g) implies that Bgv = gBv, or Bt = g7. Therefore, 7 is
a common coincidence point of A, B, f and g.
Now, we prove that 7 is a common fixed point of A, B, f and g. Substitute ¢ = p and ¢ = 7 in
condition (ii), we get
d(Ap, BT) < ¢"m(e, 7)V; (2.8)

where,

m(o,7) € {d(fe,g7),ald(fo,Ao) + d(gT, BT)),
b(d(fe, BT) +d(g7, Ao))}
€ {d(r, Bt),0a,2bd(T, BT)}.

Following cases arise:
Case (i) : Substitute m(p,7) = 05 and taking norm on both side in (2.8), we get ||d(7, BT)|| < 0.

Case (ii) : Substitute m(p,7) = d(r, Ap) and taking norm on both side in (2.8), we get ||d(B7,7)| <
|19||?||d(BT,7)||; which is a contradiction.

Case (iii) : Substitute m(p,7) = 2bd(B7, 7) and taking norm on both side in (2.8), we get ||d(B7, )| <
2([9]1?||6]|||d(r, B7)||; which is a contradiction. Hence, we get BT = 7 from all the above cases.

Thus, Ar=Br = fr=g7=T1.

Similar arguments arises if we assume that g(I") is closed subspace of I'. Similarly, the (E.A.) property
of the pair (A, f) will give a similar result.

For uniqueness, let w is another common fixed point of A,B,f and g. Then, substitute ¢ = w and
¢ = 7 in condition (i¢), we get

dw,7) =d(Aw,B1) =< ¥"'m(w,7)V; (2.9)
where,

m(w,7) € {d(fw,g7),a(d(fw, Aw)+ d(g7, BT)),b(d(fw, BT) + d(g7, Aw))}
€ {d(w,7),04,2bd(w,T)}.

Following cases arise:
Case (i) : Substitute m(w,7) = 04 and taking norm on both side in (2.9), we get ||d(r,w)| < 0.

Case (ii) : Substitute m(o,7) = d(7r,w) and taking norm on both side in (2.9), we get ||d(w,7)| <
19]|12||d(w, 7)||; which is a contradiction.

Case (iii) : Substitute m(w, 7) = 2bd(w, 7) and taking norm on both side in (2.8), we get ||d(w,7)|| <
2([9]|?||6]|||d(7,w)||; which is a contradiction. Therefore, we get w = 7 from all the above cases. Hence, T
is the unique common fixed point of A, B, f and g. O
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2.3. Common Fixed Point Theorem Using (CLR) Property.

Theorem 2.3 Let (I', A, d) be C*-algebra valued b-metric space and A, B, f and g are four self mappings
on ' satisfying the following conditions:

(i) AT) € g(I') and B(T') < f(I');
1
(i3) for every p,c € T with ||¥] <1 and |la|, ||b]| < 3 satisfying

d(Ayp, Bg) 2 9"m(p,<)0;

where,
m(p,s) € {d(fp,9c),a(d(fp, Ap) + d(gs, Bs)), b(d(fp, Bs) + d(gs, Ap))}.

(#3t) The pairs (A, f) and (B,g) are weakly compatible;
(iv) one of the pair satisfying (CLR) property.
Then, the mappings A, B, f and g have a unique common fixed point in T'.

Proof: Firstly, we suppose that the pair (B, g) satisfies the (CLR)p property. Then, there exist a
sequence {p,} in ' such that

lim B(pn) = lim g(pn) = Bp =7,

n—oo

for some p € T'.
Since, B(I') C f(T"), we have By = fp, for some p € I'. We claim that Ap = fo = 7. Substitute
¢ = p and ¢ = ¢, in condition (i7), we get

d(Ag, Bon) = 9*m(o, pn)0; (2.10)
where,

m(o,pn) € {d(fo,9¥n),ald(fo, Ae) + d(gpn, Ben)),
b(d(fo, Ben) + d(gpn, Ao))}-

Taking limit as n — oo in (2.10), we get

lim m(g,¢n) € lim {d(fo,9¢n),a(d(fo, A0) + d(g¢n, Ben)),

b(d(fo, Ben) + d(gpn, A0))}
€ {0a,ad(r, Ap),bd(t, Ap)}.

Following cases arise:
Case (i) : Substitute lim m(p, p,) = 0 and taking norm on both side in (2.10), we get ||d(Ao, 7)|| < 0.
n—oo

Case (ii) : Substitute ILm m(o, pn) = ad(r, Ap) and taking norm on both side in (2.10), we get
ld(Ao, 7)|| < |9]|?|lall||d(Ae, T)||; which is a contradiction.

Case (iii) : Substitute lim m(w,7) = bd(Ap,7) in (2.10), we get ||d(Ao,7)| < ||9]2||b]/ld(T, Ao)|l;
n— oo

which is a contradiction. Hence, we get Ap = 7 from all the above cases. Therefore, Ap = fo = By = 7.

Since, A(T') C g(I'), there exist v € T" such that gv = Ap= fo=T.
Now, we prove that gv = Bv = 7, i.e v is the coincidence point of (B, g). Substitute ¢ = p and ¢ = v
in condition (ii), we get
d(Ap, Br) < 9" m(o,v)V; (2.11)
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where,

m(e,v) € {d(fo,gv),a(d(foe,Ao)+ d(gv, Bv)),b(d(fe, Bv) + d(gv, Ao))}
€ {6a,ad(r,Bv),bd(r, Bv)}.

The following cases arise:
Case (i) : Substitute m(7, Bv) = 04 and taking norm on both side in (2.11), we get ||d(Bv,7)|| <0

Case (ii) : Substitute m(7r, Bv) = ad(r, Br) and taking norm on both side in (2.11), we get
|d(Bv, )| < ||9|?|al/||d(Bv, 7)||; which is a contradiction.

Case (iii) : Substitute m(r, Bv) = bd(Bv, T) and taking norm on both side in (2.11), we get
|l d(Bv, )| < ||9|?||6]|||d(r, Bv)||; which is a contradiction.

Hence, from all the above cases, we get By = 7 i.e Bv = gv = 7, and v is the coincidence point of
B and g.

Further, the weak compatibility of pair (B, g) implies that Bgv = gBv, or Bt = gr. Therefore, 7 is
a common coincidence point of A, B, f and g. Now, We prove that 7 is common fixed point of A, B, f
and g. Substitute ¢ = p and ¢ = 7 in condition (i), we get

d(Ag, BT) < 9*m(o,7)¥; (2.12)
where,

m(o,7) € {d(fe,g7),a(d(fe,Ae) + d(gr, BT)),b(d(fe, BT) + d(g7, Ao))}
€ {d(r,Bt),04,2bd(7, BT)}.

Following cases arise:
Case (i) : Substitute m(7, BT) = 6, and taking norm on both side in (2.12), we get ||d(Br,7)| < 0.

Case (ii) : Substitute m(r, Br) = d(7, Br) and taking norm on both side in (2.12), we get ||d(B7,7)| <
|19||?||d( BT, 7)||; which is a contradiction.

Case (iii) : Substitute m(r, Bt) = 2bd(BT, 7) and taking norm on both side in (2.12), we get ||d(B7, 7)|| <
2[[9]1?||6]|||d(r, B7)||; which is a contradiction. Hence, we get BT = 7 from all the above cases.

Thus, At = Bt = fr = g7 = 7. i.e 7 is common fixed point of A, B, f and g.
For uniqueness, let w is another common fixed point of A,B,f and g. Then, substitute ¢ = w and
¢ = 7 in condition (i¢), we get

dw,7) =d(Aw,B1) =< 9"m(w,7)V; (2.13)
where,

m(w,7) € {d(fw,g7),a(d(fw,Aw) + d(g7, BT)),b(d(fw, BT) + d(g7, Aw))}
€ {d(w,T),04,2bd(w,T)}.

The following cases arise:
Case (i) : Substitute m(r,w) = 4 and taking norm on both side in (2.13), we get ||d(w, 7)| < 0.

Case (ii) : Substitute m(7,w) = d(7,w) and taking norm on both side in (2.13), we get ||d(w,7)| <
19|12 ||d(w, 7)||; which is a contradiction.
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Case (iii) : Substitute m(7,w) = 2bd(w, ) and taking norm on both side in (2.13), we get ||d(w,T)|| <
2[19]1?||6]|||d(7,w)||; which is a contradiction. Hence, w = 7 from all the above cases.
Hence, 7 is the unique common fixed point of A, B, f and g. O

Example 2.1 LetT' =10,2] and A =C. Defined:T'x T — A by

el sl if p#
d(i:5) = {GA if p=c¢.

Then, (', A,d) is C*-algebra-valued b-metric space.
Define four self maps A, B, f and g on T by

A(@):{O Feelol g —{i if ¢ €[0.1]

t if pe(1,2] 5 if pe(L,2],
3¢ if pe0,1] 4@ if ¢ €10,1]
9(e) = {7@ if p€(1,2]’ and  f(p if p€(1,2].

Following cases arise:
Case (i) : Let p,s € [0,1], clearly AT C gT" and BT C fT.

Now,
d(Ap,Bs) = <, d(fe,Ap)=4p, d(fe,Bs)=4p+cq,
d(gs,Bs) = 4, d(fo,95) =49 +3s and d(gs, Ap) = 3s.
where,
4o + 4 Ao+ 4
m(p,s) € (4<ﬂ+3<, AN 4 g)
3 3
4o + 4
€ (4<p+3g, L g).
3
Thus,

d(Ap, Bs) 2 9"m(p,6)9 ¥V p,c€[0,1] with ||V <1,a=b=

Case (i1) : Let ¢,s € (1,2], clearly AT C gI" and BT C fT.

Now,
2¢ + 5¢ 16¢ S
d(Ap,Bs) = 0 e dp) ==, d(fe,B) =3¢+,
15¢ ¥
dgs,B<) = —=, d(fp,g¢) =3p+Tcand d(gs, Ap) =T+ .
where,
32¢p + 75¢ 32¢p + T5¢
m(p,s) € <3so R Tl )
32 + 756
S (330 + 7§7 10) .
Thus,

1
d(Ap, B) 2 9"m(p,¢)0 ¥V p,c€(1,2] with |9 <l,a=b= 3

Also, [T is a complete subspace of T, the pair (A, f) and (B, g) are weakly compatible. Hence, by Theorem
(2.1), the mappings A, B, f and g have a unique common fized point. Indeed, 0 is a common unique fized
point.



12 R. DHARIWAL AND D. KUMAR

Example 2.2 LetT' =10,2] and A =C. Defined:T'x T — A by

d(p,<) = {';: e Zcf :Zfz_

Then, (T, A,d) is C*-algebra-valued metric space.
Define four self maps A, B, f and g on T’ by

o if pel0,1 0 if pelol
Ay =4% Teclodl gy 10 Feclol
5 Zf¢€(172] 2 Zf@E(LQ]
50 if p€[0,1 8p if pe|0,1
PO AR A T T I i Ao
4o if p€(1,2] T if pe(1,2].

Firstly, we show that the pair (A, f) satisfies the (E.A.) property. Taking {pn} be a sequence in T' such

that {(,On} = (\/ﬁ) . Then,

lim Ay, = lim A <1) = lim (0) =0

n—00 n—00 n3+2n2 +1 n—00

and

1 8
lim fy, = lim — | =lm | ——— ) =4
n—>oof<p n—)oof< n3+2n2+1) n—>oo< n3+2n2+1> A
So, there exist a sequence {p,} in T such that lim Ay, = lim fo, =64 € T. Hence, the pair (A, f)
n—oo n—oo

satisfy (E.A.) property. Similarly, we can show that the pair (B, g) satisfies the (E.A.) property.
Following cases arise
Case (i) : Let ¢, € [0,1], clearly AT' C gI" and BT’ C fT.

Now,
d(Ap,Bs) = ¢, d(fe,Ap) =99, d(fp,Bs) =8¢,
d(gs,Bs) = 5¢, d(fp,g5) =8p+5¢ and d(gs,Ap) = ¢ + 5c.
where,
99 +5¢ 90+ 5
m(p,s) € (8p+5s, o2 TP
3 3
9 + 5
€ (8<p+5§, L <>.
Thus,

1
d(Ap, Bs) 2 9" m(p,¢)d YV p,c€[0,1] with |9 =05,a=5b= 3

Case (i1) : Let ¢,s € (1,2], clearly AT C gI" and BT C T.

Now,
d(Ap, Bs) = 2<pf; 5§, d(fe, Ap) = 36%, d(fe, Bs) =Ty + %
d(gs,Bs) = %, d(fe,gs) = Tp +4cand  d(gs, Ap) = 4s + g.
where,

720 + 45¢ T2 + 45¢
4
m(p,s) € <7s0+ ST T 10 >
72cp—|—45§>

7 4
E(gp+< 10
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Thus,
1
d(Ap, Bs) 2 9" m(p,¢)0 YV ¢, € (1,2] with |9 =.5,a=b= 3

Also, fT is a closed subspace of T, the pair (A, f) and (B,g) are weakly compatible. Hence, by Theorem
(2.2), the mappings A, B, f and g have unique common fized point. Indeed, 0 is a common unique fized
point.

lol + sl if o#¢

) Then,
Oa if p=c.

Example 2.3 LetT' = [0,2] and A =C. Defined: X xI" — A by d(p,s) = {
(T, A, d) is C*-algebra-valued metric space.
Define four self maps A, B, f and g on T by
20 if p€[0,1] ¢ if p€[0,1]

Alp) = . , Bly) = )

o if pe(1,2] 5 if pe(1,2]

3o if p€0,1] flo) =% if p€l

20 if pe(1,2]’ T if pel
Firstly, we show that the pair (A, f) satisfies the (CLR) s property. Taking {p,} be a sequence in T such
that {on} = (n%w) Then,

g(p) =

. . 1 . 2
i A= fin 4 (g ) = i (%) =

and

. . 1 . 4
nh—{gc fSDn - nh—>Holof (n2 + 2) a nlglgo (n2 +2n + 3) = 0a
So, there exist a sequence {@,} in T such that lim Ap, = lim fo, = A(0) =04 for 0 €T. Hence,
n—oo n—oo

the pair (A, f) satisfy (CLR) 4 property. Similarly, we can show that the pair (B, g) satisfies the (CLR)p

property.
Following cases arise
Case (i) : Let p,s € [0,1], clearly AT C gT" and BT C fT.

Now,
d(Ap,Bs) = 2p+¢, d(fp,Ap)=6p, d(fe,Bs)=4p+c,
d(gs,Bs) = 4¢, d(fp,95) =4p+3c and d(gs, Ap) = 2¢ + 3s.

where,

9(6p +4c) 9(6¢ + 45)

m(p,s) € (4<p 3T T g
9(6¢ + 4¢)
4 S B2
S ( » + 3¢, 20 >

Thus,

d(Ap, Be) < 0*m(p,)0 ¥ @€ [0,1] with ||19||:0.9,a:b:%.

Case (ii) : Let p,¢ € (1,2], clearly AT C gI" and BT C fT.
Now

7

d(Ap,Bs) = ¢+05, d(fp,Ap)=9¢+7, d(fe,Bs)="15,
d(gs,Bs) = 2¢+.5, d(fy,gs) =2+ Tand d(gs, Ap) = ¢ + 2.
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where,

(T4+ 26,0 +2c+ 75,0+ 2¢ + 7.5)
(To + 45,0 + 26 + 7.5).

m(p,s) €
S

Thus,

d(Ap, Bs) 2 9"m(p,s)0 V ¢, € (1,2] with |9 =.9,a=b= %

The pair (A, f) and (B,g) are weakly compatible. Hence, by the Theorem (2.3), the mappings A, B, f
and g have unique common fixzed point. Indeed, 0 is a common unique fixed point.
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