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Algebraic integers of pure quintic extensions*

A. A. Andrade’, L. S. Facini and L. C. Esteves

ABSTRACT: Let Q denote the field of rational numbers and K be a pure quintic extension, that is, K = Q(¥/d),
where d € Z, d # 1 and square-free. The purpose of this work is to construct an integral basis of K.
Furthermore, we present the norm and trace of an element of K and the discriminant of the field K.
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1. Introduction

In this paper we give a complete answer to an old problem of H. Hasse relative to the existence of a
power integral basis of a number field, for the particular case when K = Q(6), where 6 = v/d is the real
root of the irreducible polynomial p(x) = 2° — d € Z[z], with d # 1 and is a square-free integer. Hasse’s
problem (in fact this problem appeared many years before, even in time of Dedekind) consists in finding
necessary and suficient conditions such that the ring of algebraic integers Ok of a number field K = Q(«)
is a free Z-module of rank m = [K : Q] with a power integral basis, i.e., with an integral basis of the form
{B1,B2, .-, Bm—1}, where « is an algebraic integer in Q(5). In all its generality, up to now, this problem
was not completely solved.

2. Basic results

An algebraic number field K is a field that is a finite degree extension of Q. If K is a number field of
degree n, then K = Q(«), where o € C is a root of a monic irreducible polynomial p(z) € Z[z]. The n
distinct roots of p(x), namely, aq, @, . .., @y, are the conjugates of a. If 0 : K — C is a Q-embedding then
o(a) = a; for some i = 1,2,...,n. Furthermore, there are exactly n Q-embeddings o;, for i = 1,2,...,n,
of Kin C. An element « € K is called an algebraic integer if there is a monic polynomial f(x) with integer
coefficients such that f(a) =0. The set Ox = {a € K : « is an algebraic integer} is a ring, called ring of
algebraic integers of K. It can be shown that Ok, as a Z-module, has a basis {a1, as, ..., ay, } over Z, called
integral basis, where n is the degree of K. The trace and the norm of an element a € K over Q are defined

n

as the rational numbers Trg(a) = Z oi(a) and Ng(a) = [[i-, 0i(@). If @ € Ok, then Trg () and Ng(«)
i=1

are integers. The characteristic polynomial of « is defined as f,(z) = (z—01(@))(z—02(a2)) ... (x—0,(@))
and a € O if and only if the coefficients of the characteristic polynomial are integers. The discriminant

of K over Q is defined by Dx = D(a1,q9,...,0,) = 1<det< (Trr(aay)) = 1<det< (0i(a;))?, where
S,)sn <z,7<n

{a1,a3,...,a,} is an integral basis of K [1].
An element 6 € Ok generates a power integral basis {1,6,6%,...,0" '} for K if Ox = Z[f]. When
K has a power integral basis, the field K is said to be monogenic. In this work, we show that the field
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Q(v/d), where d # 1 is a square-free integer, if d # +1,47(mod 25). The existence of power integral
bases in algebraic number fields is a classical problem in algebraic number theory [2,3,5,4].

3. Pure quintic extension

Let K be a number field given by K = Q(6), where 6 = Vd, d € Z, d # 1 and is square-free. The
element 6 is an algebraic integer, that is, 6 is a root of the polynomial p(z) = 2% — d € Z[x]. The roots of
p(z) are 0, 6¢s, 02, ¢ and 6¢2, where (5 is a primitive 5-th root of unity. Let o, be the Q-embeddings
of Q(f) em C, that is, 01,(0) = ¢, for k = 1,2,3,4,5. Since {1,0,02,0%,0*} is a basis for K over Q, if
a € Og CK, it follows that o = ag + @10 + a26? + a6 + a40* + a560°, where a; € Q for 1 =0,1,2, 3, 4.

Proposition 3.1 The characteristic polynomial of o is given by

fal(z) = 2° — byx* + b3a® — boa® + bz — by,
where by = 5ag, by = 5(2a2 — (agaz +ajas)d), ba = 5(2a3 + (—3apazas — 3apaias +ara3 +ataz)d+ (alay +
aza?)d?), by = 5(ad + (—3aasas — 3akaias + 2apara3 + 2apaias — ai’az)d + (2a0a§a4 +2apazat + ata? —
aia3 —ajasazay +a3a? —ajay)d? + (—azai)d®) and by = ag +(—5adazasz — 5a0a1a4 +5a2aia3 +5a2a3as —

5a0a§’a2+a?)d+(5a%a§a4+5a%a2ai+5aoa%a4 5a0a1a3 5a0a1a2a3a4+5a0a2a3 5a0a§’a4—5a‘;’a3a4—|—
5aZagal+5a2a3as—5arajaz+ad)d? 4+ (—5agazai +5a1a2a3 —5ajazal +a3 —basaias+5a2azad)d + (a3)d*.

Proof: Let a; = 04(«), for i = 1,2,3,4,5. Thus,

a1 = ag+ a0+ CL292 + a393 + a494.

ay = ag+ CL10C5 + a202C52 + a303C§’ + (1404<54.
Qs = ag —+ a10C52 —+ a292Cé —+ CL303C5 =+ 11494Cg.
s = ag+ a0 + a260?(s + az63¢E + alb* 2.
a5 = ao+ a19C§ + a292C53 + a393§§ + a494C5.

The characteristic polynomial of « is given by

Ja(z) = (@ —a1)(@ — a2)(z — as)(z — au)(z — as) =
=2’ — 334(041 +as+tas+as+as)+ .233(051042 + ajas + azas + ajoy + agay+-
+ agay + ajas + asas + azas + aga) — m2(a1a2a3 + ooy + ajagas + ajazost+
+ arazas + aragas + asasay + asagas + asaas + agagas) + o(apasazag+

+ arasazas + agagagas + apazaaas + asagagas) — (@pagazagas).
Since (5 4+ (2 + (3 + (& = —1, it follows that
1. a1 + as + ag + ayg + a5 = dag.
2.y +aras + anas + a0y + a0y + azay + aras + aaas + azas + agas = 5(2a3 — (azaz +ajay)d).

3. 0110é2043+0410420é4+Ot10[20é5+0[10[30[4+0[10[30[5+0110t4015+0520t30[4+0520130t5++O¢20&40&5+0[30[40[5 =
5(2a3 + (—3agazas — 3apaiays + ara3 + ataz)d + (a3aq + aza?)d?).

4. oqa2a3a4—|—oqagocgoz5—|—a1a2a4a5+a1a3a4a5—|—agaga4a5 = 5(a0—|—( 3a0a2a3 3a0a1a4—|—2a0a1a§+
2apalas — ajaz)d + (2apa3ay + 2apazal + ata? — a1ai — ajasazay + a3a? — ajay)d® + (—azal)d?).

5. ajasazoyas = ag + (- 5a0a2a3 — badaras + 5a0a1a2 + 5a0a1a3 - 5a0a1a2 + al)d + (5a0a3a4 +
5a0a2a4 + 5a0a1a4 — 5aoa1a3 Sagaiasaszays + 5a0a2a3 — 5aoa2a4 — 5a1a3a4 + 5a1a2a3 + 5a1a2a4 —
Saja3as + a3)d? + (—5agazali + 5ajaia? — 5ajasal + a3 — Sagaiay + 5adaza?)d® + (af)d*.
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Thus,

fo(z) = 2° = Bagz® + (5(2a3 — (agas + aras)d))z® — (5(2a3 + (—3apazaz—

— 3apaiay + aya3 + alaz)d + (a2ay + aza?)d®))z® + (5(ay + (—3alasaz—

— 3aga1a4 + 2a0a1a§ + 2a0afa3 — ai’ag)d + (Za()a§a4 + 2a0a2ai + a%ai—
—a1a3 — ajazazay + a3a3 — asas)d® 4 (—azal)d*))x — (a) + (—5ajazaz—
— 5adajay + balaiai + 5adalas — bagaday + af)d + (5adaias + bajasai+
+ E)CLOCL%CL?L — 5aoa1a§ — dagaiasazay + 5a0a§a§ — 5a0a§a4 — 5a:{’a3a4+

+ 5alagai + 5aa3ay — bajasas + a3)d? + (—5agazal + 5aya3a3—

— Bayagal + a3 — bagalay + Saiazal)d® + (a3)d*),
which proves the proposition. O
From [2, Proposition 3], it follows that

0,ifk=1,23,4
Trg(0F) = { 5d%, if k = 5s, with s € N, (3.1)
0, if £ > 5 and k # 0(mod 5).

Thus, Trr(1) = 5, Trg(0) = 0, Trx(6%) = 0, Trx(0®) = 0, Trx(0*) = 0, Trr(d) = 5d, Trr(0%) = 0,
Trg(07) = 0 and Trg(6%) = 0.

Lemma 3.1 D(1,6,02,63,6%) = 3125d*.

Proof: The discriminant

Trr(1)  Trg(0) Trx(0?) Tre(0®) Tre(6)
TT‘]K(G) TTK(QQ) TT]K(Qs) TT’K(94) T?”K(d)
D(1,0,0%,0%,0) = det | Trx(6?) Trx(0®) Trx(0*) Trr(d) Trx(6°)
TTK(G?’) T’I‘K(6‘4) T’I"K(d) T’I‘K(6‘6) TTK(97)
TTK(94) T’I“K(d) TTK(HG) TTK(97) T?‘K(es)
5 0 0 0 0
0 0 0 0 bd 0 0 b5d
= det| O 0O O 5d O :5.(—1)1+4.5ddet 0 5d 0 ,
0 0 5d 0 O 5 0 O
|0 5d 0 0 O
and therefore, D(1,6,62%,03,0%) = 3125d*. O

Similarly to Lemma 3.1,

L If By = (1460 + 6%+ 6%+ 6*)/5, then D (1,6,6% 63, 3;) = 125d*.

2. If By = (1446 + 62 + 46° + 6*) /5, then D (1,6,6%,63, 3;) = 125d*

3. If B3 = (1 + 36 + 462 + 26% + 6*) /5, then D (1,6,6%,6°, B3) = 125d*.
(

W

CIf By = (14260 +46% + 36% + 6) /5, then D (1,6, 62,63, B,) = 125d".

4. Ring of algebraic integers

In this section, we present the ring of algebraic integers Ok of K = Q(f), where § = v/d with 1 # d € Z
and square-free.
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Theorem 4.1 The ring of algebraic integers Ok of K is given by

7+ 70 + 7.0° + 703 + 7.0*, if d # £1,+7(mod 25)
OK = 2 3 4
L+70+10° +20° + 2 (HEECH0) i g = 41, 47(mod 25).

Proof: If o € K is an algebraic integer, then o = ag +a10 +a20? +as0> +a,6*, with ag, a1, as, as, as € Q.
From [2, Proposition 4], it follows that 5ag, 5a1, 5as,5as,5a4 € Z. Let 5a; = p;, with p; € Z, for all
i=0,1,2,3,4. Thus,

a; = %, for i=0,1,2,3,4,

and p; can be rewritten as
Pi = 9¢; + 13,

where g;,r; € Z and r; € {0,1,2,3,4}, for i =0, 1,2, 3,4. Therefore,

Po
)
) 5 5 5 5
_Sofro Sntri, S9atrag 543 trsgs  54atra
5 5 5 5 5
— a0t b+ a0 e e By

P4 54
—0

)

94
T4
)

a = ag+a10 + as0® + az0® + a,0* = +%9+%92+%03+

6%,

So,

a:(qo—l—%o)-i-(ql—I—%)H—l—(qQ—i—%)@Q—i—(q3+%)93+(Q4+%)04. (4.1)

Since ¢ = qo + q16 + q20% + @303 + q40* € Ok, it follows that
To 1 T2 09 3,3 , T4 ,4
ek r=—+—0+—=60“4+—0 —6% € Ok. 4.2
a€Ox&r=—o+ 20+ 20+ 26"+ < K (4.2)

From Proposition 3.1, it follows that r € Ok if and only if

ER

2 2 2 2
_ 3rorery _ 3rorira T1T5 TiT3 Tr3T4 T2TY N\ 12
%25 %25 + 125 +2 125 )dj ( 1253+ 125 )d ] €2Z,
3rgrars 3rgrira + 2ror1Ts + 2roriT3 _ rlrg)d+ (2ror3r4+

- 9225 - 3625 625 5 9 6253 625 N 625
TiTa _ TiT3  riTorT3rs TaT3 _ TaTay g2 _Tr3Tiy g3
+ 625 + 625 625 625 + 625 625 )d + ( 625 )rd ] € Z and (43)

=
“‘cn‘
+
Vo~~~

5 3 3 2 2 2 3

o _5r0r2r3 _ SroTiTa Srgrirs SroriTs _ SroriT2 (81

3125 j2( 31252 N 3125 zt 3125 + 3125 3125 + 31%5)d+ 3
+(5r0r3r4 + Srgrary + Sroriry S5roriTy 5roTr1Tar3Ty + Sroryrs SroryTy

33125 231252 231225 31325 _ 3125 312% 3%2%
_ 5ryrary Srirars Sriryrs _ 5TiTyT3 5 2 __ Drorsry Srirgzry
3125 + 3125 + 3125 3125 + 3125r)d + ( 3125 + 3125
57”17"27“2 T3 5r2rgr4 57“57‘37“2 Ty

~ 3125 T 3125 — 3125 T 3125 )d3+(3125)d4 €Z.

Let )
oy = 2r5 — (r2r53 + r1r4)d. (4.4)

_2ry + (=3rorars — 3rorira + r1r3 + rirg)d + (r3ry + ror)d?
- 25 '

w2

ra 4+ (=3r2rors — 3r3riry + 2ror1r3 + 2rorivs — riry)d + (2roriry)d?

125
(2rorar? + 7213 — rird — rirorsry + r3r: — riry)d? + (—r3ri)d®
125 '

w3 =
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7"8 + (—57"37"27“3 — 5’1"8’7’17"4 + 57"37‘17“3 + 57’(2)7“%7“3 — 57“07"%7"2 + r‘;’)d

wa = 3125 +
(57"87“32)7“4 + 57"37“27”2 + 57”07“%7“3 — 5r0r1r§’ — Brorirersry + 5T0r§r§)d2
3125 (4.7)
(=5roriry — 5r3rary + 5rirera + 5rirdry — 5rirgrs +r3)d?
3125
n (=5rrary + 5r1r3rg — 5rireri + 13 — 5roriry + 5rarsrd)d® + (rf)d*
3125 '
From Equations (4.2) and (4.3), it folllows that
a € Og & wy,ws,ws,ws € Z. (4.8)

Since 1o, 71,72,73,74 € {0,1,2,3,4}, it follows that there exist 3125 possibilities for s; = (rg,r1,72,73,74).
Letozz(qo—i-%o)—i—(ql—i— )9+(q2—|— )92 (Q3+ )93 (q4+5)94 where ¢; € Z and
r € {0,1,2,3,4}, for i = 0,1,2,3 4,
1. If
a=2zy+ 210+ 2902 + 2303 + 240% € Ok,

with zg, 21, 22, 23, 24 € Q, then

L1
21 :ql—’_ia

To
z0=qo+ —, 5

T T T.
5 =@+ =, =g+ — and z4 = g1+ —.

5’ ) 5

Since {1,0,62,6,6*} is an integral basis for K if and only if zq, 21, 22, 23, 24 € Z and r; €{0, 1,2, 3,4},
for i =0,1,2,3,4, it follows that

T0:7‘1:T2:T3:7"4:0.
Therefore, the only solution is s; = (0,0,0,0,0).

2. If

1 2 3 4
a:zo+z19+z262+2303+Z4< +o+0"+96 +9>

5
=0+ 3)+ (a4 20+ (2t 2) 02+ (e + 2 ) 07+ (5) 01,

with zg, 21, 22, 23, 24 € Q, then

z T z T z T
2+ = =g+ at—=q+— Bt =gt 2
5 75 P 50T
Bt =gt TEwt
5 5 5 5

140462+ 06+ 6*
Since 41,0,02, 0%, ~ 7T 5+ +

r; €{0,1,2,3,4}, for i =0, 1,2, 3,4, it follows that

is an integral basis if and only if zg, 21, 29, 23, 24 € Z, and

ry =0,1,2,30r 4 and ro =r; =19 =13 = ry4.

Therefore, the solutions are s;1 = (0,0,0,0,0), so = (1,1,1,1,1), s3 = (2,2,2,2,2), s4 = (3,3,3,3,3)
and s; = (4,4,4,4,4).
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CIf

1+ 46 + 6% + 463 + 9*
azo+219+zg02+2303+z4< TAT O + >

5

::GW+?>+<ﬁ+i?>$+Gm+?)¥+<%+4?>ﬁ+<?>¢,

with zg, 21, 29, 23, 24 € Q, then

Z_ o dog r 2 r2
Z0+4?Z_q0+5r 2;14— 5 —;]1—1—5 2’2+5 —qQ+5
4 _ 3 4 4
z3 + 5 —(J3+5 5 (J4+5.

Since {1 0 020 1+ 46 + 6% + 463 + 9*
b b b 9 5

and r; € {0,1,2,3,4}, for i =0,1,2,3,4, it follows that

is an integral basis if and only if zg, 21, 29, 23,24 € Z,

rg=0,1,2,3 0r 4, r; =r3=4ry(mod 5) and 19 =19 = ry.

Therefore, the solutions are s; = (0,0,0,0,0), s¢ = (1,4,1,4,1), s7 = (2,3,2,3,2), ss = (3,2,3,2,3)
and sg = (4,1,4,1,4).

CIf

5

Z 3z 4z 2z z
= (20+§4) + <zl+54>9+ (zQ+54)92+ <23+54>93+ (?)94,

with zg, 21, 22, 23, 24 € Q, then

1+ 360 + 462 + 263 + 94
a:z0+z19+z292+2393+z4< TevT + + )

Z4_ To 324_ T1 42’4_ ’/‘72
zo + Z—(J0+5T ZZ1+ 5 —TQ1+5 z2 + 5 —Q2+5
4 _ 3 Z 4
z3 + 5 —QS+5 5 C]4+5

Since {1 0 02 0% 1+ 360 + 462 + 263 + 9*
b b b) b) 5

and r; € {0,1,2,3,4}, for i =0,1,2,3,4, it follows that

is an integral basis if and only if zg, 21, 22, 23, 24 € Z,

ro=r4=0,1,2,3 0or 4, r3 =2ry(mod 5), r9 = 4rs(mod 5) and r; = 3r4(mod 5).

Therefore, the solutions are s; = (0,0,0,0,0), s10 = (1,3,4,2,1), s11 = (2,1,3,4,2), s12 =
(3,4,2,1,3) and si3 = (4,2,1,3,4).

L If

a:zo+219—|—2292+2393+24< 5

_ 2 22 42\ go 324 ) g3 4 (Z2) g0
—(zo+5)+<zl+ 5>9+(22+ 5>0 +<23+ 5>0 +<5)9,

with zg, 21, 29, 23, 24 € Q, then

1+29+492+363+04>

z T 2z T 4z T
nt =0ty at S =at g ot =gty

R 2
z3 + 5 —Q3+5 5
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2 3 4
1,9,92,93,”29“9;39 .

Z, and r; € {0,1,2,3,4}, for i = 0, 1,2, 3,4, it follows that

Since is an integral basis for K if and only if zq, 21, 22, 23, 24 €

ro=r4=0,1,2,30r4, r3=3rs(mod>5), ry=4rs(mod5) and 1 = 2ry(mod 5).

Therefore, the solutions are s; = (0,0,0,0,0), s14 = (1,2,4,3,1), s15 = (2,4,3,1,2), s15 =
(3,1,2,4,3) and s17 = (4,3,1,2,4).

Thus, there are 17 solutions s; = (rg,71,72,73,74), for j = 1,2,...,17. Now, replacing these solutions
in the Equations (4.4), (4.5), (4.6) and (4.7), we found the equivalences of d modulo 25 such that
w1, W2, w3, wWs € 7.

Table 1: K = Q(V/d), d € Z, d # 1 and square-free

’ Sj ‘ w1 %) w3 wy ‘ d= (‘?) ‘
S1 0 0 0 0 Vd
2(1—d) 2(1—d)? (1—ad)® (1—-a)* d=
52 5 25 195 3125 =
8(1—d) 16(1—d)* 16(1—d)* 32(1—d)* d=
53 5 25 125 3215 =
18(1—d) 54(1—d)? 81(1—d)* 243(1—d)”* d=
s4 | —%— 5 o5 _ ~ 3125 _ =
32(1—d) 128(1—d)? 256(1—d)" 1024(1—d)? d=1
S5 5 25 195 3125 =
s 2(1—-44d) 2+44d+17d” 14-48d—207d> —4d°> 141004d—1119d”+1004d°>+d* = _1
6 5 25 125 . 3125 . =
s7 4(2—-3d) 16—33d+26d 16—42d+43d> —24d° 32+3d—58d°+3d°+32d d=—1
5 25 125 3125 =
S 6(3—2d) 54—82d+39d> 81-192d+173d>2—54d> 243—778d+1083d* —778d>4+243d* d=_1
8 5 25 125 3125 =
s 8(4—d) 128—79d+68d> 256—252d+303d> —64d°> 1024—1279d+1644d° —1279d°+1024d”* d= 1
9 5 25 125 3125 =
s 2—11d 2+33d+8d> 1—-9d—23d>—2d° 1—22d+119d?4+22d°+d* d=7
10 5 25 125 3125 =
2(4—7d) 16—71d+44d> 16—119d+182d* —32d° 32—329d+933d” —296d° +32d* d=7
511 5 5 125 3125 =
s 2(9-7d) 54—94d+21d> 81-314d+222d>—27d> 243—1346d+2417d> —1154d° +243d* d=7
12 5 25 125 3125 =
s 32—11d 2(64—59d+26d°) | 256—424d+407d>—192d° | 1024—2528d+3731d>—3097d>+1024d” d="17
13 5 25 125 3125 =
s 2(1-7d) 242d+13d> 1414d+32d>—3d° 1422d+119d* —22d°+-d* d=—7
14 5 25 125 3125 =
8—11d 2(8—=7d+7d%) 16—116d+-47d* —8d> 32—296d+933d* —329d° +32d* =_7
515 5 25 125 3125 =-
s 18—11d 54—91d-+66d> 81-251d+357d>—108d" 24371154d+2417d271346d3+243d4) =7
16 5 25 125 3125 =
s 2(16—7d) 128 —147d+32d> 256—531d+352d> —128d°> | 1024—3097d+3731d” —2528d°+1024d”" =7
17 5 25 125 3125 =

1. For d # +1, +7(mod 25) exclusively, solution is s1. In this case, the integral basis is given by
{1,0,6%,6°,6*} .

2. For d = 1(mod 25) exclusively, solutions are sa, s3, s4 and s5. In this case, the integral basis is

14+60+6%+603+6*
{1,9,92,93, HOOT O }
5
3. For d = —1(mod 25) exclusively, solutions are sg, s7, Sg and sg. In this case, the integral basis is

2 3 4
{1’9’02’9371+4o+95+49 +0 }

4. For d = 7(mod 25) exclusively, solutions are s1g, s11, s12 and s13. In this case, the integral basis is

1+ 360 + 462 + 263 + 9*

{179’ 927037

Sy
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5. For d = —7(mod 25) exclusively, solutions are s14, s15, S16 and s17. In this case, the integral basis
is

2 3 4
{1797027937 14204462 436 + 6 }

5
Since D(1,0,62,0%,0%) = 3125d* and D(1,0,6%,6%,81) = D(1,0,02,03 B5) = D(1,0,0% 6% B3) =
D(1,0,02,0%, B;) = 125d*, where 3 = (1+9+025+93+94)7 8y = <1+49+025+493+94), 53=<1+39+49;+293+94)7

By = (w), it follows that the ring of algebraic integers of K is given by

)

7+ 76 + 70% + 7.6° + 76%, if d £ +1,+7(mod 25)
OK = 2 3 4
Z+ 720+ 26 + 26 + 7 (L) if g = 21, +7(mod 25),

which proves the theorem. O
From Theorem 4.1, it follows that the discriminant of K is given by

3125d4, if d # +1, +7(mod 25)
D(K) =
125d%, if d = +1, +7(mod 25).

Furthermore, if & = ag + @16 + 262 + a36® + a40* € K, with ag, a1, a2, as,as € Q, then the trace « is
Trg(a) = 5a¢ and the norm of « is given by
N(a) = aj + (—bajazas — badayas + 5atara + bajatas — bagaias + af)d+

+ (5a%a§a4 + Ba%agai + 5a0a%ai — 5a0a1ag — bapaiasagay + 5a0a§a§ — 5a0a§a4—

— batazay + batagal + 5aaiay — Sajasaz + ay)d® + (—bagazal + bayaia’i—

— 5ajagal + a3 — Sasaday + SaZazal)d® + (af)d?.
Finally, if € C is such that K = Q(0), where p(z) = 2° + az + b € Z[x], with a # 0, is the minimal
polynomial of #, then {1,6,62, 63, 6%} is a basis for K over Q contained in O and

D(1,60,0%,6%,0%) = (—1)™F2[55%51 + (—=1)%+1(5 — 1)~ 1a%] = 2564 + 3125b*
= 256a° + 3125b".

If D(1,60,0%,0%,60%) is square-free, then the ring of algebraic integers of K is given by
Ok =Z[0] = {ao + a16 + as0? + a30® + as0* : ag, a1, a2, a3, a4 € Z}.
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