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Zeros of harmonic trinomials with complex parameter

Chahrazed HARRAT

ABSTRACT: In this paper, we study the number of zeros of harmonic trinomials with complex parameter of
the form pg(z) = 2" 4+ azF — 1, a € C,n > k, and gcd(n, k) = 1. We are interested about two problems, first
problem about the location of this roots, seconde problem about the number and the location of roots of the
harmonic polynomials.
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1. Introduction

Lewy’s [8] proved that f = h+g (where h and g are analytic) is locally univalent and sense-preserving
if and only if h'(z) # 0 and the dilatation function w of f, defined by

_9'()

CU(Z) - h,(z)a
satisfies |w(z)| < 1. The dilatation function w(z) can be viewed as a measure of how far f(z) is from being
analytic w(z) = 0 for analytic functions, and |w(z)| < k < 1 is the well-studied class of quasiconformal

functions [6] .

The multiplicity of a zero zg of a complex-valued harmonic function is defined via its power series
expansion about the zero. That is, let

f(2) =h(z) +g(z) = ap + Zai(z —20)" + (bo + Zbi(z —2)) (1.1

where a,. # 0 and bg # 0.

1. If zp is in the sense-preserving region of the plane,then » > s, and the order of the zero is r.
2. If zy is in the sense-reversing region of the plane, then s > r, and the order of the zero —s.

3. If p = h+ 7 is a harmonic polynomial for which the degree of h is n, the degree of g is m, and
m < n, then Sheil-Small [11] conjectured that the maximum number of zeros of p is n?. Wilmshurst
[12] proved this conjecture and provided an example to show that n? is sharp.

Peretz and Schmid [10] also proved the conjecture, while Bshouty et al. [3] provided another example
to establish the sharpness of the bound. Wilmshurst further conjectured that in the more restrictive case
in which 1 <m < n — 1, p has at most m(m — 1) + 3n — 2 zeros.

Khavinson and Swiatek [4] looked at the subclass of harmonic polynomials p(z) = h(z) — Z related to
gravitational lensing. They showed that if the degree of h is n > 1, then
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the number of zeros is bounded by 3n — 2, which satisfies Wilmshurst’s conjecture.

Melman [9] investigated trinomials of the form q(z) = 2" — azF — 1, where 1 < k < n—1,n > 3,
a € C, and ged(n, k) = 1. He gleaned information relating to the location of the zeros of ¢. In a similar
fashion, Brilleslyper and Schaubroeck [1], [2], considered the family of trinomials p(z) = 2™ + 2% — 1,
where 1 < k <n-—1,n > 2, and derived a formula for the number of zeros of p located on the unit circle.

M. Brillesl Yper, J. Brooks, M. Dorff, R. Howell, and L. Schaubroeck [13] considered the family of
harmonic trinomials p.(z) = 2" + ¢z* — 1, where 1 <k <n—1,n >3, c € R*, and ged(n, k) = 1.

Much work has been done examining the similarities and differences between analytic and harmonic
functions. Many familiar results for analytic functions hold for complex-valued harmonic functions with
only slight modifications. In this paper we are interested about two problems, first problem, about the
location of this roots, seconde problem, about the number and the location of roots of the harmonic
polynomials.

So we are interested about this two familly of trinomials

pa(z) = 2"4az" -1,
() = Mtak-1,
where, 1 < k<n-—1n2>3,a€C,and ged(n,k) = 1.

2. Preliminary

Definition 2.1 [5] A hypocycloid centered at the origin is the curve traced by a fixed point on a circle
of radius b rolling inside a larger origin-centered circle of radius a. The curve is given by the parametric
equations:

x(@) = (a—0b)cos(f)+ bcos(a 0),

a —

y(0) = (a—0b)sin(f) — bsin( b@).

If ¢ is written in reduced form as f}i € Q, then the hypocycloid has p cusps, and each arc connects
cusps that are q units away from each other in a counterclockwise direction. Such a hypocycloid is called
a (p,q) hypocycloid, and the range of 0 values to trace the the entire hypocycloid is 0 < 6 < 27q.

We show that po(T'y) is a hypocycloid of type (n + k,n).

Definition 2.2 [5] The argument principle. A harmonic function f = h+g, where f and g are analytic
functions, is called sense-preserving at zy if the Jacobian

2
>0,

’

’27 g (2)

(=) =1 ()

Jor every z in some punctured neighborhood of 2.
We also say that h is sense-reversing if h is sense-preserving at zo. If h is neither sensepreserving
nor sense-reversing at zq, then zq is called singular and necessarily (but not sufficiently) Jy(z0) = 0.

Remark 2.1 Note that for harmonic functions

z—p(z),degp > 1

Then, zy is sensepreserving, reversing or singular if and only if ‘p/(zo)‘ is less than 1, greater than 1 or

equal to 1, respectively.
-If T is an oriented closed curve and F' does not vanish on I', then the notation

Ar arg F(z),

means the increment of the argument of F(z) along T.
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Theorem 2.1 [7] Let F(z) be a complex harmonic polynomial with complex coefficients where

F(z) = P(2) + Qm(z2), n>m,

then F(z) =0 has at most n*> — n solutions, in the set Rez # 0 and Imz # 0.
Where Pp(z) = 2"+ (z = 1)" , Qm(z) = 2™ — (2 = 1)™, and F(z) = Pp(2) + Qm(2) (n,m € N).

Theorem 2.2 [13] Let p.(z) = 2" +cz" — 1, where 1 <k <n—1,n >3, c € R, and gcd(n, k) = 1
and let N = [g] + 1. There ewist N critical values cj, with 0 < ¢y < ¢ < .... < ¢n, such that

1. If 0 < ¢ < ¢, then p.(z) has n distinct zeros.
2. Ifc; < ¢ < cjpq for some 1l < j< N —1, then p.(z) has n+4j — 2 distinct zeros.
3. If ¢ > cn, then pc(z) has n+ 2k distinct zeros.

Example 2.1 Consider
pe(z) = 2° +¢c2° — 1.

Where N = 2, ¢; = 1.26 and ¢y < 1.96.

SIS

1. If c=1 < cq, the trinomial pc(z) has n =5 zeros. |z| =a = (2)

Nl

2. Ifc=1.5, c1 < c<co, then pe(z) hasn =5+ 4(1) —2 =7 zeros. |z| = b= (%3)

N

3. Finally if c = 3 > ¢y, then the number of zeros has increased to 5+ 2(3) = 11. |z| = e = (2)

Remark 2.2 The number of zeros of po(z) = 2™ + az® — 1 increases from n to n+ 2k as « increases.
The a-values at which the number of zeros increases will be called the critical c-values.

A straightforward computation gives that |w(z)| = 1 if and only if |z| = (C:—Z“)ﬁ, with pa(z) being
sense-reversing on the interior of the critical circle T, and sense-preserving on its exterior.

Where: L
T, = {z 2| = Ra(a)nlk}.

n
3. Main results

Lemma 3.1 Let po(z) = 2" +azF — 1, where 1 <k <n—1,n>3, a € R, and ged(n, k) = 1 and let
N = [g] +1, for R sufficiently large, the winding number of the image of |z| = R under po(z) around the
origin is n. Thus, for all o, the sum of the orders of the zeros of ps(z) is n.

Proof. From a standard Rouche-type argument by comparing

’pa(R eit) _ Rneint| ,

with |R"e™*| for sufficiently large R. O

Lemma 3.2 All zeros of pa(z) = 2" + az® — 1 have order 1 or —1.

Proof. Let zg be a zero of

Pa(z) = h+g
(z" — 1) + azx.
Then zp # 0 since p,(0) = —1.
Since h and g are polynomials, the series expansions of h and g about zy are finite series.

From (1.1),
a) = nzg_l and b, = ozkzg_l

neither of zero. Thus the order of the zero at zg is either +1 if |z9| > Ra, or —1 if |29] < Rov. O
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Lemma 3.3 The image po(Ty) of the critical circle is an (n+ k,n) hypocycloid centered at z = —1. The
value of a affects only the size of the hypocycloid.

Proof. We have
p(x(Ra ezt) — RZemt + aR(l;efzkt _ 1’

real part is

S|

; n k. = .
u(Ry ") = en—F {(n)nk cosnt + ( )ﬁ coskt] -1,

i z k, n k. &
R, €)= en % |(=)7°F sinnt — (=) 7% sinkt| .
v(Ro ) =e {(n) sinn (n) sin }
‘We notice
n k.o & n+k
= —k ( — —k
o = )RR,
n k. _k
b = n—k(—)n—k
()=,
nt =
‘We have
n k. _n
_b = n—k(—)n—k
a arw (D),
a—b ﬁ
b oo
a—>b
kt = )
b ®

By definition (2.1), we see that the equations for u and v describe a hypocycloid centered at z = —1
instead of the origin. We observe that

a n+k
b n
does not depend upon the constant «, and the entire hypocycloid is traced for 0 < ¢ < 27. O

Lemma 3.4 [13] The hypocycloid po(T's) has N = [5] + 1 distinct intersections with the real azis to
the right of its center. These intersections, in turn, correspond to the N critical o-values o , with
0 < <..<ay, at which po(Ty) intersects the origin. The winding number H,, of po(Ty) around
the origin is as follows:

If0 < a < aq, then Hy, = 0.

If oy <o <ajyr forsomel <j <N —1, then H, = =25 + 1.

-If o> ay, then H, = —k .

Theorem 3.1 Let
pa(z) = Zn + a’zk - 15

where 1 <k <n—-1,n>3,a€C,a=s5+ip, a € R} and gcd(n,k) =1 and let N = [%]Jrl.
There exist N critical values aj, with 0 < |a1| < |as| < .... < |an/|, such that

1. If 0<a| < |a1|, then pa(z) has n distinct zeros.
2. If laj| < |a| < |ajy1| for some 1 < j < N —1, then p,(z) has n+4j — 2 distinct zeros.

3. If |la| > |an]|, then pa(z) has n+ 2k distinct zeros.
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pa(z) =2"+ azk - 1;

a€C, a=s+1i8,s € R".

2"+ azF +ipzF -1
2" 4 5728 — 14+ ipzF
ps(2) + iBz".

ps(z) = 2" + s7F — 1.

Proof. Let
where
Then
Pa(z) =
Where
D)-If 8 =0,

Pa(2) = ps(2).

According to [theorem 2 [13]],

1) If 0 < s < s1, then ps(z) has n distinct zeros.
2)If s; < s < sj4q for some 1 < j <N —1, then ps(z) has n + 45 — 2 distinct zeros.
3) If s > sy, then ps(z) has n + 2k distinct zeros.

IN)-If g #0
Let zo the zero of ps(z),

D 4sH—1=0=7%" =

then
iB7"
And
pa(ZO)
If zg is the zero of p.(2),
pa(z(])
Then
1-Z

1— 5"

S

= Pa =)

28+ st + Bz — 1
2y + 57" — 1+ ifz"
ps(ZO) + zﬁ%k

iBz".

= ifm"
= L=

0.

= =1
— ZzZg=1lor—1
= zg=1or—1.

By Lemma (3.1) and the argument principle for harmonic functions, the sum of the orders of the zeros
of pa(z) is always n, and by Lemma (3.2), all zeros of p,(z) have order 1 or —1.

We apply the argument principle to say that the number of zeros in the sense-preserving region of the
plane must be n + |1 — 25| = n + 25 — 1. Thus the total number of zeros is n +2(25 — 1) =n + 45 — 2.

Since H, = —k for |a| > |an|, we have that p,(z) has n + 2k zeros in this case. O



10.

11.
12.

13.

C. HARRAT

References

. M. A. Brilleslyper and Lisbeth E. Schaubroeck, Locating unimodular roots, College Math. J. 45 (2014), no. 3, 162-168,

DOI 10.4169/college.math.j.45.3.162. MR3207562.

M. A. Brilleslyper and Lisbeth E. Schaubroeck, Counting interior roots of trinomials, Math. Mag. 91 (2018), no. 2,
142-150, DOI 10.1080/0025570X.2017.1420332. MR3777918

. D. Bshouty, W. Hengartner, and Tiferet Suez, The exact bound on the number of zeros of harmonic polynomials, J.

Anal. Math. 67 (1995), 207-218, DOI 10.1007/BF02787790. MR1383494.

D. Khavinson and Grzegorz “Swiatek, On the number of zeros of certain harmonic polynomials,Proc. Amer. Math. Soc.
131 (2003), no. 2, 409-414, DOI 10.1090/S0002-9939-02- 06476-6. MR1933331

M. M. Johnson, Book Review: Analytic Geometry by Charles H. Lehmann, Natl. Math. Mag. 17 (1943), no. 6, 280.
MR1570119.

O. Lehto and K. I. Virtanen, Quasiconformal mappings in the plane, 2nd ed., Springer-Verlag, New York-Heidelberg,
1973. Translated from the German by K. W. Lucas; Die

Grundlehren der mathematischen Wissenschaften, Band 126. MR0344463

C. Harrat, Zeros of Harmonic Polynomials with Complex Coefficients, Colloquium Mathematicum, Vol. 168 (2022), No.
1, DOI: 10.4064/cm7874-4-2021 .

H. Lewy, On the non-vanishing of the Jacobian in certain one-to-one mappings, Bull. Amer. Math. Soc. 42 (1936), no.
10, 689-692, DOI 10.1090/S0002-9904-1936-06397-4.

MR1563404

A. Melman, Geometry of trinomials, Pacific J. Math. 259 (2012), no. 1, 141-159, DOI 10.2140/pjm.2012.259.141.
MR2988487

R. Peretz and J. Schmid, Proceedings of the Ashkelon Workshop on Complex Function Theory, (1996), 203-208,
Bar-Ilan Univ., Ramat Gan, 1997.

T. Sheil-Small in Tagesbericht,Mathematisches Forsch. Inst. Oberwolfach, Funktionentheorie, 16-22.2.1992, 19.

A. S. Wilmshurst, The valence of harmonic polynomials, Proc. Amer. Math. Soc. 126 (1998), no. 7, 2077-2081, DOI
10.1090/50002-9939-98-04315-9. MR1443416.

M. B. Yper, J. Brooks, M. Dorff, R. Howell, and L. Schaubroeck, Zeros of a One-Parameter Family of Harmonic
Trinomials, Procceding of the American Mathematical Society, Series B Volume 7, Pages 82-90 (June 17, 2020)

Department of Mathematics, Faculty of Mathematics and Computer Sciences,

University of Sciences and Technology "M.B”of Oran, B.P. 1505 El M’naouar Oran 31000,
Laboratory of Fundamental and Applied Mathematics of Oran (LMFAQO), University Oran 1
Algeria.

E-mail address: harratchahrazed@gmail.com



	Introduction
	Preliminary
	Main results

