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ABSTRACT: For a positive integer n, let d(n), ¢ (n) and w (n) denote the number of positive divisors of n,
the Euler’s phi function of n and the number of different prime divisors of n, respectively. In this paper, we
focus on positive integers n such that d (n) = d (¢ (n)) with w (n) = 4.
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1. Introduction

Let n be a positive integer and let d (n) be the divisor function, which counts the number of positive
divisors of n. That is,
(n) = Z 1.
d|n

Recall that d(n) = 2 if and only if n is prime and that d(n) is prime if and only if n = p?~!, where p
and ¢ are both prime. The Euler’s phi function ¢ (n) counts the number of positive integers up to n that
are coprime to n. That is,

>

(k,n)=1
k<n
It is well-known that for the natural number n > 2 with canonical representation n = ¢y ¢5*...q."
(where k,aq,...,a, are positive integers and q1, g, . . ., g are different primes), we have
din) = (ar+1)(az+1)...(ax+1),
) = ¢ o -1 (@1 g T (@ - 1).
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Many problems in number theory may be reduced to finding the intersection of two sequences of
positive integers (see, e.g [8],[9],[11]). Recently, De Koninck [6, page 78] studied the multiplicative
functions d (n) and ¢ (n) for which the equation ¢ (d(n)) = d (¢ (n)) has infinitely many solutions. On
the other hand, Sdndor [13, pages 110-111] gave all solutions of the following equation

d(n) = ¢ (n). (L1)

In fact, Sdndor proved that 1,3,8,10,24 and 30 are the only solutions of (1.1), while ¢ (n) > d(n) for
n > 31.

The current paper is a continuation of [1],[2],[3],[4] and [5], where the proofs are all on the elementary
side and depend on long case by case analysis type arguments. In fact, in [4] the authors studied the
comparison between the value of the divisor function to its value at Euler’s function. More precisely,
based on (1.1), they investigated the solutions n of the equation

d(n) =d(p(n)), (1.2)

where n has at most three different prime divisors. As a continuation of the subsequent paper [4], we
determine all solutions n of the above equation that have four different prime divisors.

Before proceeding, we introduce the notations to state the problem that we study. Let us denote by
S the set of positive integer solutions n for the equation (1.2), that is,

S={neN:dn)=d(p(n))}.

With the help of a computer, we find that the first elements of S are 1, 3, 14, 15, 22, 28, 44, 46, 50, 56,
68, 70, 78, 88, 92, 94, ..., 3045365504, .. .. Also, the first few odd elements of S are 1, 3, 15, 255, 65535,
77805, 161595, 331695, 575025, 664335, .... Further, to make the work more interesting we define for
any k > 1 the subset Sy, C S by S, = SNWy, where Wy, = {n € N: w(n) = k} and w(n) denotes the
number of distinct prime factors of n. So the purpose of the present paper is to characterize the elements
of 54.

Recall that a positive integer of the form F,, = 22" + 1 is called a Fermat number. The numbers
Fy =3, F1 =5, F», =17, F3 = 257, and F; = 65537 are the only known Fermat primes. It is well-known
that if p = 2 4 1 is a prime then k& = 2" for some n > 0. Moreover, a prime p is said to be a Sophie
Germain prime [7] if 2p + 1 is also a prime, in which case, the later prime is called safe prime. It has
been conjectured that there are infinitely many Sophie Germain primes, but this remains unproved. For
details, see [10]. Note that these special primes are the factors of the elements of S; and Sa, as we see in
the following theorem:

Theorem 1.1 (see [4]) The only elements of S1 are 1 and 3 and the only elements of Se are 15, 22' -2,
where F; is a Fermat prime with i > 2, 2%q where a > 1 and ¢ > 7 is a safe prime, and 2(2171)j71Fij
where F; is a Fermat prime with i > 1 and j > 2.

As a consequence of Theorem 1.1, the set Sy is infinite since 2% - 7 € Sy for every a > 1. In addition,
in [4], the authors characterized the elements of Ss5. That is, they found all solutions that have three
different prime divisors. Similarly, the authors found the set S3 infinite and proved a necessary condition
for a number n to be in S and some corollaries.

Proposition 1.1 (necessary condition, [4]) Let k > 2 and let 1 < q2 < ... < qi be primes. Con-
sider the number n = ¢y q3* ...q.", where ai,asz,...,a; are positive integers with ay > 2. If n € Sk,

then
k—1
ar | H(ai +1). (1.3)
i=1
Noting that (1.3) is not a sufficient condition for a number n to be in Si. In fact, the numbers

ny = 2-3? and ny = 3-5% are the smallest natural numbers that satisfy (1.3) for k¥ = 2 with the fact that
d(n1) > d(¢(ny)) and d(n2) < d (¢ (ng)). Similarly, ny = 2-3-52 and ny = 2-3 - 112 are the smallest
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natural numbers that satisfy (1.3) for k = 3, where d (n1) > d (¢ (n1)) and d (n2) < d (¢ (n2)). Moreover,
the importance of Proposition 1.1 is that for k = 4, if a4 does not divide (a3 + 1) (a2 + 1) (ag + 1) then

n=qi'q°q3°q4* ¢ Sa.

Corollary 1.1 (see [4]) Let k be a positive integer with k < 4. If n = qoq1 - .. qx, where qo,q1, ..., qk
are primes with qo < ... < qx, then d(n) /d (¢ (n)) # 1 except for (qo,q1,-..,qx) = (Fo, F1,..., F}).

Corollary 1.2 (see [4]) Let k > 2. Assume that there exist infinitely many Sophie Germain primes
(or equivalently infinitely many safe primes), then there are infinitely many even positive integers n such
that n € Sk+2,

Corollary 1.3 (see [4]) Assume that 2 < k < 7. The Sophie Germain prime conjecture implies that
there exist infinitely many square-free numbers n such that n € Sk.

Recall that a natural number n is k powerful prime power (see [12, page 32]) if exponents of exactly k
distinct prime divisors of n are greater than 1. For example, in [4] the infinite families {2 - 3¥ - 13, y > 2}
and {2-5Y - 11, y > 2} are in S3, where every element has one powerful prime power'. However, for the
infinite family of solutions {22 23V oy > 2} their elements have three powerful prime powers.

The aim of the present paper is to characterize all positive integers of the form n = ¢{¢5¢5q% such
that d (n) = d (¢ (n)), where g1, ¢2, g3, g4 are distinct primes with 2 < ¢; < ¢2 < ¢3 < g4 and a,b,¢,d are
positive integers. Precisely, among these numbers, we find infinitely many solutions having k powerful
prime powers (1 < k < 4). For this purpose, consider the case when n is square-free and we distinguish
four cases when n has one powerful prime power, six cases when n has two powerful prime powers, four
cases when n has three powerful prime powers and one case when n has four powerful prime powers. We
also consider separately the parity of n. Assume first that n is odd, that is, n = ¢{q5¢5q% € S, where
3 < g1 < g2 <q3 < qq are primes and a, b, ¢, d are positive integers. Then we put

g1 —1=2%my
g2 —1=2Y¢"my
g3 —1=2%¢"q5 " ms 14

qa — 1 =241 q5° 5" my
where o; > 0 and z,y, z,t,m; > 1 with (2¢192g3q4, mimamsmy) = 1. In the case when n is even, i.e.,
q1 = 2 we put
G2 —1=2"my
gs —1=2Y¢5"my (1.5)
a4 —1=2%¢3"q5°ms

where o; > 0 and z,y, z, m; > 1 with (2¢g2¢3q4, mymams) = 1. In both cases, we put m = [[ m;. Thus in
order to prove that n satisfies (1.2), it suffices to confirm that the exponents of n and the above variables
satisfy one of the following Diophantine equations:

(a+1) b+ (c+)(d+)=(x+y+z+t+ D) (a+ar+as+az)(b+as+as)(c+ag)d-d(m),

(1.6)
and
(a+1)(b+1)(c+1)(d+1)=(a+z+y+z) b+ +a)(c+az)d-d(m). (1.7)
Now, we are in a position to state our main theorem.
Theorem 1.2 (Main Theorem) Let n € Wy. Then
1. S4 has no elements of the form
GP20501, Q20301 01920595, 019503qf,  @adaSas,  afasasad, (1.8)

20501,  @tdase  wdddsad,  2d545q) . aldbdsdl-

1A prime power is a positive integer power of a single prime number.
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2. Only square-free numbers in Sy are FoF1F3F5, 2-5-11-17, 2-5-7-17, 2-5-17- (2p+1),
2:3-(2p+1)(2¢+1) and2-3-(2p+1) (2p* +1).
3. Sy has some elements of the form ¢¢q2q3qs and q145q3q4.

4. Sy has some elements of the form 2°q2q3qs, 2¢5¢3qs and 2q2q5qs. Moreover, the only solutions of
the form 2qaq3qf are2-3-5-13%,2.3.5.7 and 2-3-5- 2572

5. Sy has some elements of the form q¢q2q3q%, 41924544, 4¥q5q3qs and 2“Q2Q§qg-
6. Elements of the form 2¢5q5qs of n in Sy are 2-3%-5%.7,2.3*.57.11,2-.3%.52.17,2.32.53. 17
2. 35(+a2)=6 (9. 301 4 1) (22.3%2 1 1) and 2 3(*1te2—Deml (2. 301 1 1)%(2. 3% 4 1),

7. Elements of the form 2¢5qsq? of n in Sy are 2-3(@ate2=Dd=1 (2. 301 4 1) (2.3%2 4 1) p=2.33.
5(aptag)d—4d—4

5-17%, 2(2°4+1) i-d (29 (27 + )™ +1) (2% (2° + 1)°2 + 1), where  + y + 2 = 4 and
de{2,3,4},2-32-5-17 and 2- (2° +1 )" (2¥ + 1) (27 (2% + 1) + 1)°.

8. Elements of the form 2¢2q5q3 of n in Sy are 2-3-53-172, 2.3.52.173, 2.3.5%-114, 2.3.55¢76 (2. 5¥ + 1)2
and 2-3 - 515716 (2. 57 4 1)
9. Sy has infinitely many elements of the form 2“q’2’q3q4, 2%g2q5qa, 2aq2q3qf, 2“q§q§q4, 2“q127q3q§f and
2°¢84541 -
2. Proof of Theorem 1.2
First of all, let us find all numbers n that have four distinct prime factors but n ¢ Sy.
2.1. Proof of Part 1

Let n be one of the forms stated in (1.8). For the sake of contradiction, assume that n € Sy and apply
(1.4) and (1.6).

1) n = q192¢5q4- We get 8(c+1) = (z+y+z+t+ 1) (a1 +as+as+1)(as+as+1)(c+ ag) -
d(m). When ag > 1 or d (m) > 2 there are no solutions. When ag = 0 and d(m) = 1, we have

8(c+tl)=(r+y+z+t+1l)(ar+artaz+1)(astas+1)c
We also see that a1 + as + a3 =0 or ag + a5 = 0. When a7 + as + ag3 = 0 and ay + a5 > 1, we have
8(c+)=(x+y+z+t+1)(astas+1)c
This is impossible since y > 2 and z > 4. When oy + as + asg > 1 and a4 + a5 = 0, we also have
c(T—(z+y+z+t)=@+y+z+t+1) (a1 +az+as+1)—8.

Likewise, if a; + ag + a3 = 1 then = + y + z + ¢t > 8 which is impossible. Similarly, if a7 + as + ag > 2,
then we get a contradiction.

2) n = qlnggqff. We can easily show that this case does not provide solutions. In fact, if d(n) =
d (¢ (n)) then 8(d+ 1) =d(A)d > 16d, where A = (g1 — 1) (g2 — 1) (g3 — 1) (g4 — 1). This is impossible.
Thus, the equation (1.2) has no positive integer solutions of the desired form.

3) n = q1q2q5q$. We obtain

dc+)(d+)=(z+y+z+t+)(acr+as+as+1)(aa+as+1)(c+ag)d-d(m).
Clearly, d (m) cannot be > 2. Then m = 1 and hence
d(c+1)d+l)=(x+y+z+t+1)(ar+as+az+1)(au+as+1)(c+as)d.

If g +ag+ag > 1 or ag + as > 1, then we get a contradiction. Thus a; = 0 (1 < ¢ < 5). Hence,
4(c+1)(d+1)=(r+y+z+t+1)(c+ as)d. Note that ag cannot be > 1 since ¢; is a Fermat prime
for i = 1,2,3. Thus, g4 is also a Fermat prime and this is impossible.
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4) n = q1¢5q3q3 or n = q¥q4q3q¢. The proof of these cases is similar to the proof of Case 3).
5) Let n = ¢¥¢5q3q%. Applying (1.4) and (1.6) we have

26+ b+ d+1l)=(z+y+z+t+ ) (a+m +as+az)(b+oa+as)(ag+1)d-d(m).
Note that d (m) cannot be > 2. Then m = 1, and so
26+1)(b+1)(d+1l)=(+y+z+t+1)(a+or+as+as)(b+as+as)(as+1)d.

Also ag = 0 and hence 2(a+1) (b+1)(d+1) = (x4+y+z+t+1)(a+ a1 +as+a3) (b+aq+ as)d.
There are two possibilities: a; +as + a3 =0and ag + a5 > 1or a3 + as +az > 1 and as + a5 = 0.

i) a1 +as + a3 = 0 and ay + a5 > 1. We obtain that © + y + 2z + ¢ > 5, a contradiction since
6ab >2(a+1)(d+1).

i1) a1 + ag + az > 1 and ay + a5 = 0. We obtain

26+1)(b+1)d+l)=(x+y+z+t+1)(a+ a1 +az+as)bd

This is impossible since a + a1 + as +az >a+1land (x+y+z+t+1)bd>2(0+1)(d+1).
6) n = q¢q2q5q% or q2q5q5qs or q1g5q5q3. The proof of these cases is similar to the proof of 5).
7) Assume that n = 2¢5¢5¢¢. By (1.5) and (1.7), we have

20+ (c+)(d+1)=(@+y+z+1)(b+as+a)(ct+az)d-d(m).
We see that d (m) = 1, otherwise the above equation is not true. Therefore,
24+ 1) (c+1)(d+1)=(z+y+2z+1)(b+ a1+ az) (c+as)d. (2.1)
Also, the inequalities a; +ag > 1 and a3 > 1 cannot hold simultaneously. Then we have three possibilities:

e a; = az = 0 and ag > 1. From (2.1), we can immediately deduce that 2 (b+1)(d+ 1) > 5bd,
which is impossible.

o a; +az>1and ag=0. If a3 =0 or az =0, then by (2.1), 2(¢+ 1) (d + 1) > 5ed. Impossible. If
aq, o2 > 1, This gives 4ed < 2 (¢ + 1) (d + 1), which is a contradiction for (¢, d) # (2,2), (3,2) and
(2,3). But in these points the equation 2(b+1) (c+1)(d+1) = (x+y+2z+1)(b+ a1 +a2)cd
does not hold.

o a; = ay = ag = 0. Similarly, we find that 8bcd < 2(b+ 1) (¢ + 1) (d + 1), which is impossible.
8) Let n = ¢q5q5q%, then by (1.4) and (1.6) we get
(a+1)b+1)(c+l)d+l)=(x+y+z+t+1)(at+ar+as+as)(b+as+as)(c+as)d-d(m).

Notice that d(m) cannot be > 2, otherwise (a+ 1) (b+ 1) (¢+ 1) (d+ 1) > 10abcd, which is not true.
Moreover, if one of the inequalities a; + ag + ag > 1, ag + a5 > 1 and ag > 1 holds, then exactly one of
the inequalities: (b+1) (¢+ 1) (d+1) > 5bed, (a+1) (b+1)(d+ 1) > babd and (a + 1) (c+ 1) (d+ 1) >
Sacd holds; but this is impossible. Thus, m = 1 and o; = 0 for 1 < i < 6. Hence, ¢; (1 <i <4)isa
Fermat prime from which it follows that (a+1) (b4 1) (c+ 1) (d + 1) > 16abed, which is impossible as
well. The proof of Part 1 is finished.

2.2. Proof of Part 2

By [4, Corollary 2.2.1], we make here some minor revisions when n € Sy is square-free. In fact, by
Corollary 1.1, if n € Sy is odd square-free, then n = FyFy F5 F3. Moreover, if n = 2¢g2q3q4 € Sy, then 16 =
d((qg2 —1) (g3 — 1) (4 — 1)). We will now consider separately three cases (g2 — 1) (g3 — 1) (q4 — 1) = 2'5,
(q—1)(r—1)(s—1) =27 -m with m is odd prime and (g2 — 1) (g3 — 1) (g2 — 1) = 23 - m with m is odd
positive integer such that d (m) = 4. In the case when (g2 — 1) (g3 — 1) (g4 — 1) = 215, Tt follows that
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2k 4 2k2 4 9ks = 15 for some k3 > kg > k1 > 0, this is a contradiction. When (g2 — 1) (g3 — 1) (2 — 1) =
27.m, where m is prime. We must therefore have n = 2-5-7-17orn =2-5-11-17orn = 2-5-17-(2p + 1),
where p is a prime such that 2p+1 is also prime. When (g2 — 1) (g3 — 1) (g4 — 1) = 23-m, where m is an odd
positive integer with d (m) = 4. We draw a similar conclusion to deduce that n =2-3-(2p+ 1) (2¢ + 1),
where p, ¢ are prime numbers such that 2p + 1 and 2¢ + 1 are also prime or n =2-3- (2p+ 1) (2p? + 1),
where p is a prime such that 2p 4+ 1 and 2p? + 1 are also prime.

This completes the proof of Part 2.

2.3. Proof of Part 3

First, assume that n = ¢{q2q3qs. Define A = (¢1 — 1) (g2 — 1) (g3 — 1) (g4 — 1) . Since ¢, is prime, we
distinguish two cases:

Case 1. Assume that (A,q1) = 1. In fact, we see that 8 (a + 1) = d (A) a > 16a, which is impossible.

Case 2. Assume now that (A,q1) = ¢1. From (1.4) and (1.6), we can derive the equation

8a+)=(x+y+z+t+1)(a+o1+az+az)d(m).

We observe that m = 1, and so 8(a+1) = (r+y+ 2+t +1) (e + a1 +az + az). Or, equivalently, we
see that a (T— (z+y+2+1t) = (r+y+z+t+1)(ar+as+a3z)—8 Thustd<z+y+z+t<6.
Then the solutions are given by

(z+y+z+t+1) (a1 +astasz)—8
n=(2"+1) 7—(zty+z+t) (2Y- 2"+ DM +1)(2°- 2"+ D)™ +1) (28 2"+ )™ +1) .

In particular, if x + y + 2z +t = 6 then « € {1,2} and y,z,t € {1,2,3}. Also, if z+y+ 2+t =075,
then z,y,z,t € {1,2}. While, if x + y + z + ¢t = 4 then (z,y,2,t) = (1,1,1,1). Here, 3 must be divides
Slartastas)=8 popce

3 : J

5 (a1 + oo + a3) — 8 since a =

5(ai+az+asz)—8
n=3" 5 (2:39+1)(2-3 +1)(2-3% +1). (2.2)
For example, for a; = 1, ay = 2 and a3 = 4 we get n =3 -7-19 - 163.
Second, assume that n = q;¢4g3qs € Sy. We have by (1.4) and (1.6) that

8b+1)=(@+y+z+t+1)(ar+az+az+1)(b+as+as)(as+1)-d(m).
Clearly, d (m) cannot be > 2. From this, it easily follows that
8b+1)=(x+y+z+t+1l)(an+az+az+1)(b+og+as)(as+1).

Following are the only cases to study.

i) agtast+az=0,a4+a5=0and ag > 1. Here weobtain8(b+1)=(z+y+2z+t+1) (ag+1)b,
and this is impossible.

i) o +as+a3=0,as+as>1and ag=0. Weget8(b+1)=(z+y+z+t+1)b+as+as),
andsob(7T—(x+y+z+t)=(x+y+z+t+1)(as+as)—8. If ag + a5 = 1, this is impossible since
at least three of the primes q1, g2, g3, g4 are Fermat numbers. If ay + a5 > 2, then 4 <z +y+ 2+t < 6.
For © 4+ y + z +t = 4 there are no solutions. For z + y + 2+t = 5, we have

S5(agtas)—8
n=3-5"_ 35  (2:5%41)(2-5"+1), (2.3)
where 2:5% +1 and 2-5% +1 are primes with oy < a5 and 3 divides 5 (ay + a5) —8. For a+y+2z+t =6
we also obtain n = (27 + 1) (2¢ + 1)7(@4+) =8 (92 (9v 4 )™ 4 1) (2 (2 4+ 1)*® 4+ 1). For example, for
r=z=as=1,y=t=2and as = 24 we have n = 3- 537 - 11 - 119209 289 550 781 251.
iii) a1 +as+asz > 1, ag + as =0 and ag = 0. We can write the given expression as follows:

b(T—(z+y+z+t)=(+y+z+t+1)(q+az+as)—8.

When a; + as + a3 = 1, there are no solution since three of the primes ¢, g2, q3, g4 are Fermat numbers.
But, when a7 4+ as + a3 > 2, we see that 4 < x +y+ z 4+t < 6 and therefore,

(z+y+z+t+1) (a1 +as+az)—8
n=02"+1)2Y 2" +1)*" +1) T—(etytatt) 22"+ 1™ +1) (2" 2"+ 1) +1).
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2.4. Proof of Part 4

We will prove that our equation has solutions of the form 2%q2q3q4, 245344, 2q2q5q4 and 2¢2q345.
A. Assume that n = 2%gaq3qs € Ss4. By (1.5) and (1.7), we have

8a+l)=(a+z4+y+2)(ar+as+1)(az+1)-d(m).

e When d (m) = 1. From the above equality, we get

(g tagt)(az+)(z+y+2z)=8

n=2 s-GafexiDest (27 41)(2Y (2" +1)™ +1) (2 (2° + )™ ((2Y (2 + )™ +1))™ +1).

In particular, if (z,y, z) = (1,1,2) and (a1, a2, a3) = (1,1,0) we get n = 22.3-7-29.

e When d(m) = 2. It follows that 4(a+1) = (a+z+y+2) (a1 +az+1)(as+1). We have

only the following possibilities: a; + @ = 0 or ag = 0. For example, if a3 + as = 0, then
d(a+l)=(a+z+y+2)(ag+1). Fre =y=z=a3=1and a =2 we have 22 -3-5- 71.

e d(m) = 3. Here oy + a2 = 0 or ag = 0. In the first case we get

3(ag+)(z+y+z)—8

n=2 san (27 41) (2 4+1) (27 p* +1).

3(z+y+2)—8
5

In particular, for az = 0 we have n = 2 (27 +1) (2 +1) (22 - p* +1).

o If 7>d(m) >4, then ay =as =a3 =0and so a = %W. For d (m) = 4, the solutions
are:

n=2"TYT"2 (27 4 1) (2 +1) (27 - p* +1). (2.4)

B. Let n = 2¢5q3q4 € Si. By (1.5), (1.7), 8(b+1) = (z+y+2z+1)(b+as +az) (az +1) - d(m).
We now consider the following two cases.

Case 1. Ifa; +as > 1, then m=1s08(b+1)=(x+y+2z+1)(b+ a1 +az)(ag+1). Thus, we
have a3 = 0. Then b(7T— (z+y+2)) = (r+y+2+1)(oq +az) —8, and so 3 <z +y+ 2z < 7. Thus
the solutions are given by

(ztyt+z+1)(agt+ag)—8

n=202"+1) TG V25 + D)+ 1) (2°(2°+1)* 4+ 1), (2.5)

where 7 — (x +y + z) divides (z +y+ 2+ 1) (aq + ) — 8.

Case 2. Ifag =as =0. Then8(b+1) = (x+y+2z+1)b(as+1)-d(m). Here we must have
az=0and d(m)>1or ag >1and d(m) = 1.

e a3 =0 and d(m) > 1. Therefore, b((x +y+ 2+ 1) -d(m) —8) = 8. In this case the primes g2, ¢3
and g4 are Fermat numbers and hence the last equation is not true.

e a3 > 1 and d(m) = 1. That is, 8(b+1) = (x+y+2z+1)b(ag+1). Then ag = 1 and so
b(z+y+ z—3) =4. Here we have two facts:

i) For b =2 we have x + y + z = 5. There are no solutions.
ii) For b =4 we have x + y + z = 4, which gives rise the solution n =2-3*-5-11.

C. Let n = 2¢2q5qs € S4. As above, wehave 8(c+ 1) =(z+y+2+1) (a1 + a2+ 1) (c+ a3)-d(m).
If we assume that ag > 1, thend (m) =1landso8(c+1)=(z+y+2z+1) (a1 + a2+ 1) (¢c+ a3). When
ag=1. That is, 8 = (x +y+ 2+ 1) (aq + az + 1). The above equation has sense whenever a; + as =1
and x = y = z = 1, this is impossible. When a3 > 2, that is, a; = as = 0. We see that

c(T—(r+ty+z2)=(+y+z+1)az -8,
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where z +y+ 2z € {4,5,6}. For t =1 and y = z = 2 we have
n=2-3-5%"1.(22.5% 4+1). (2.6)

For example, a3 = 2 we get n =2-3-52 - (22 52 4 1). The proof is finished.

D. The case n = 2¢oq3qi. Here, we will prove that there are only a finite number of solutions of
this form. By applying (1.5), (1.7),8(d+ 1) =(x +y+ 2+ 1) (a1 + az + 1) (az + 1) d-d (m). Note that
m=1s08(d+1) =(x+y+z+1) (a1 +as+1)(az+1)d. The case a; + @z > 1 and a3 > 1 is
impossible. It remains the following possibilities:

Case 1. a1 + a2 > 1 and ag = 0. This implies that 8 (d+ 1) = (r+y+ 2+ 1) (g + a2 + 1) d, and
sod((z+y+2z+1) (a1 +az+ 1) —8) = 8. Clearly, the last equation is not true whenever oy + ag > 2.
If oy + ag =1, then (z + y+ z — 3)d = 4. That is, d is either 2 or 4.

e For d = 2 we have  +y + z = 5. This implies n = 2-3 -5 - 132, which is the only solution for this
case.

e For d = 4 we have x 4+ y + z = 4. The only solution here is n =2-3-5- 7%,

Case 2. o; = ag = 0 and ag > 1. This implies that 8(d+ 1) =(z +y+ 2+ 1) (ag+1)d. If az > 2,
then we must have a3 = 2 and so the above equation has no solutions in positive integers.

Case 3. «a; = as = a3 = 0. This implies that (x4+y+2z—7)d = 8. Since ¢; (1 < i < 3)isa
Fermat prime, we deduce that the above equation has the only solution (z,y,z,d) = (1,2,8,2) and so
n=2-3-5 2572

2.5. Proof of Part 5
Here, we will prove that our equation has solutions of the form q?nggqff, 47929544, q%q§q3q4 and
2°q2454-
A) Let n = ¢¥q2q3q§ € S4. By (1.4) and (1.6), we obtain
4(a+1)d+1)=(x+y+z+t+1)(a+ar+ar+a3)(ags+as+1)(ag+1)d-d(m).
We have ay = a5 = ag = 0 and d (m) = 1. Implying that
da+)(d+1)=(z+y+z+t+1)(a+a1+as+as)d.

Note that o + aa + ag cannot be 0 or 1 since z +y+ 2+t >8andso9(a+1)d >4(a+1)(d+1) or
16ad > 4(a+1)(d+1). If oy + a2 + ag > 2, then d cannot be > 4 and hence d is either 2 or 3. For the
cased =2, wehave a(5— (z+y+z2+1t) =(r+y+z+t+1) (a1 +as+ asz) — 6. This is impossible
except for (z,y,2,t) = (1,1,1,1). That is, a = 5 (a1 + a2 + a3) — 6 from which it follows that

n = 3olertextas)=6 (9. 301 4 1)(2.392 4 1)(2.3% 4+ 1)°. (2.7)
For the case d = 3, it is clear that a = 15 (aq + a2 + a3) — 16 and so
n = 3io(artaztas)=16 (9. ga1 4 1) (.39 4 1)(2.3% +1)°.

For example, for a; =1, ap =2 and a3 = 4 we get n = 3% .7.19-1633.
B) Let n = ¢'¢2¢5q4 € S4. By (1.4) and (1.6), we obtain

4d(a+ D) (c+l)=(z+y+z+t+1)(at+ar+as+tas)(as+as+1)(c+ag) -d(m).
Clearly, oy = a5 = 0 and d (m) = 1. Therefore,
4(a+1)(c+l)=(z+y+z+t+1)(a+a1 +as+as)(c+ ap).

There are only two possibilities: a3 + a2 + a3 > 1 and ag = 0 or a1 + a3 + az3 = 0 and ag > 1. When
a1 +as+as >1and ag = 0. Thatis, 4(a+1)(c+1) = (z+y+z+t+1)(a+a1+as+as)c If
a1+ ag + az =1, we obtain ¢(x +y + 2+ ¢ — 3) = 4, and this is impossible since z +y + z +¢ > 8. If
a1 + as + ag > 2, then c is either 2 or 3. When ¢ = 2, we obtain

6(a+)=(x+y+z+t+1)(a+o1+az+as),
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which gives (x,y, z,t) = (1,1,1,1) and so a = 5 (a1 + as + a3) — 6 in which case
n = golertestas)=6 (9. 3o 4 1)(2.3%2 1 1)%(2.3% 4+ 1). (2.8)

When ¢ = 3, by the same argument we get n = 315(eataztas)=16 (9. 301 4 1)(2.3%2 4 1)*(2.3% 4 1),
C) Let n = ¢%¢5¢3g4€Ss. By (1.4) and (1.6), we obtain

4(a+1)b+)=(x+y+z+t+1)(at+ar1+as+a3)(b+as+as)(ag+1)-d(m).
We remark that ag = 0 and d (m) = 1. Hence,
4(a+1)(b+1)=(z+y+z+t+1)(at+ar+as+as)(b+as+as).

Also if a1 +as+az > 1 and ag+as > 1, then the above equation has no sense. Similarly, a; +as+az =0
and a4 + a5 = 0 give us a contradiction since x +y + z + ¢t > 15. Then only two cases are possible:
Case 1. a1 + as + ag =0 and ay + a5 > 1. This case implies that

Aa+1)(b+1)=(@+y+z+t+1)(b+as+as)a
o If oy + a5 =1, then a(z +y+ 2+t — 3) =4. This is impossible since x +y + z + ¢ > 8.

o If aytas > 2, then aiseither2or3. Fora =2, wehave6(b+1) = (z+y+2+t+1)(b+aq + as)
and so (z,y,2,t) = (1,1,1,1), there by contradicting the fact that ¢; < ¢a. For a = 3, we get the
same contradiction as the case a = 2.

Case 2. a1 + az + a3 > 1 and ag + a5 = 0. We consider the following two possibilities:

e If oy + as + a3 = 1. This is impossible since there are three Fermat primes.

e lfa;+as+ag>2 thend(a+1)(b+1)=(z+y+z+t+1)(a+a1+az+as)b, and so b is
either 2 or 3. For b =2, we have 6 (a+1) = (r+y+2z+t+1)(a+ a1 + az + asz), and therefore
(z,y,2,t) = (1,1,1,1) in which case we get n=33(@rtoetas)=6 (2. 30n 1 1)? (2. 392 11)(2.3% +1).
For b = 3, we may repeat the previous argument to obtain:

n = 3d(atartas)=16 (9 ga1 4 1)3 (9. 392 1 1)(2.3% 4 1), (2.9)

D) Assume that n = 2%¢2q5q% € S4. By (1.5) and (1.7), we have
2+ D (c+)(d+1)=(a+x+y+2) (a1 +az+1)(c+az)d-d(m). (2.10)

Note that d (m) cannot be > 5. First, assume that d(m) = 4. In this case, the only possibilities are
(c,d) = (2,2,), (3,2) or (2,3). If (¢c,d) = (2,2), then a1 = aa = a3 = 0, in which case the solution is
given by n = 2842 (2%, 4 1) (2¥my + 1)% (22ms + 1)?, where d (mymams) = 4. For example, for
(2,9, 2,m1,ma,m3) = (1,2,3,1,7,11) we have n = n = 239 . 3. 52 . 6172,

When d(m) =3. Weget 2(a+1)(c+1)(d+1)=3(a+x+y+2)(aq +as+1)(c+ as)d. For ex-
ample, when a1 = as =ag=0weobtain2(a+1)(c+1)(d+1)=3(a+z+y+2)cd. If (¢,d) = (2,2),
then the solution is given by n = 23(=+¥+2)~4 (271, 4 1) (2¥my 4 1)® (22ms + 1)°, where d (mymaoms) =
3. In particular, for (z,y, z,m1, ma,m3) = (1,2,2,1,1,7%) we have n = 2!*-3-5%-197%. When d (m) = 2.
We have a1 = az =0 or az = 0. In the case when oy = ag = a3 =0 we obtain (a+ 1) (¢+ 1) (d+ 1) =
(a+z +y+ 2)cd. For example, for (a,c,d,z,y,2) = (5,2,3,1,2,4) we obtain n = 25-3-17-293. When
d(m) = 1. The solution is given by

n=2%(2" +1) (2% +1)° (2°¢02¢5 + 1)*. (2.11)

For example, if (x,y,2) = (1,1,4), (a1, as,a3) = (0,1,0) and (a,c,d) = (3,2,2), then n = 23-3.72. 172
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2.6. Proof of Part 6
Let n = 2¢5¢5q4 € S4. By (1.5) and (1.7), we can derive the following equation
4b+D)(c+)=(z+y+2z+1)(b+ a1+ a2)(c+a3)-d(m). (2.12)

Note that (2.12) is not valid whenever d (m) > 3. Then we distinguish two cases:
Case 1. d(m) = 2. By (2.12),2(b+1)(c+1) = (z+y+2+1)(b+ a1+ a2)(c+ as). Also the
above equation is not valid for oy + as > 1 or ag > 1, that is, a; = as = ag = 0. Therefore,

20+ D) (c+)=(x+y+2z+1)bc. (2.13)
Since there are only two Fermat primes; let, for example, ¢2 and g3, from (2.13) we deduce that
20+ 1)(c+1)> (4+2)cd > 5be.
But this is impossible.

Case 2. d(m) = 1. The equation (2.12) can be rewritten as
40+ (c+)=(x+y+z+1)(b+a1+az)(c+as). (2.14)

First, we notice that if oy + a2 > 2 and a3 > 1 or a3 + as > 1 and ag > 2, then the above equation has
no sense. Thus, it remains the following possibilities:
a) a; +az =1 and ag = 1. By (2.14), we obtain x = y = z = 1 from which we get ¢ = 3,¢3 = 7 and
qs = 15 or g0 = g3 = 3 and ¢4 = 7. This is a contradiction with the fact that g4 is prime and ¢ < g3.
b) a1 + as =0 and ag > 0. The equation (2.14) is equivalent to

4b+1)(c+l)=(@+y+2z+1)b(c+as).

If b > 5, the above equation has no sense. Then b € {2,3,4}.
b.1) b =4 we obtain 20 (c+ 1) =4 (z +y + 2+ 1) (c + a3) and we deduce that

clz+y+z—4)=6—-—az(x+y+z+1).

If a3 = 0 we obtain ¢ (z + y + z — 4) = 5, this implies that ¢ =5 and  + y + z = 5, impossible because
G2, q3,q4 are all Fermat primes. If a3 = 1, when z +y + 2z = 4; exactly = 1,y = 2 and z = 1, we obtain
g2 =3,g3=5and g4 = 11. Then n = 2-3*-5% - 11. However, when z +y + 2 >4 or  +y + 2z < 3, there
are no solutions. Similarly, if a3 > 1we have no solutions.

b.2) b = 3, we have c3(z+y+2+1)—16) = 16 —3ag(r+y+2z+1). If a3 = 0 we obtain
c(B(xz+y+2z+1)—16) = 16. Then (¢,3 (z +y + z) — 13) is either (2,8), (4,4), (8,2) or (16,1). For
c=2and 3(x+y+z)—13 =8wegetc+y+z =T, exactly z = 1, y = 2 and z = 4. Then
n=2-3%52.17. Forc=4 and 3 (z + y + 2) — 13 = 4 we also get z +y + 2 = 17/3 and this is impossible.
For ¢ =8 and 3(x +y + z) — 13 = 2 implies that = + y + z = 5, this also is impossible. For ¢ = 16 and
3(r+y+2)—13=1 we have x +y + z = 14/3. A contradiction. If ag = 1, we obtain

cBr+y+2)—-13)=16—-3(x+y+2z+1),

implying that ¢ = —1, a contradiction with ¢ > 2. If a3 > 2, then ¢c(3(z+y+2) —13) = 16 —
3az (z+y+ z+1). This is impossible. Therefore,

from which we obtain x =y = z = 1 and g3 = g3 = 3. This is a contradiction.
b.3) b=2 wehave 6(c+1)=(z+y+2+1)(c+ a3), i.e.,

cle+y+z-5)=6—as(z+y+z+1).
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If ag = 0, then we obtain c(x +y+ 2 —5) = 6, gives (c,z+y+2z—5) = (2,3). This is impossible.
Otherwise, (¢, +y + 2 — 5) = (3,2) implying that x = 1,y =2,z =4 and son = 2- 32 .53 . 17. Also if
(¢c,z+y+2z—5)=(6,1), and this is impossible

c)ag=0and ag+as > 1. Wehave4(b+1)(c+1)=(z4+y+z+ 1) (a1 +az+bc Hfag+az=1
and a3 = 0, we obtain ¢(x +y+2—3) =4. Then ¢ = 2 and x + y + z = 5 and this is impossible. Or
¢ =4 and z 4+ y+ z = 4, from which we obtain (x,y,z) = (1,2,1). Hence, g2 = 3,q3 = 5 and ¢4 = 7.
Other cases are impossible. Then n = 2-3% - 5. 7. If a1 + a3 > 2 and a3 = 0, we obtain

dc+) > (x+y+z+1)c

If z +y+ 2z > 6, then our equation has no solutions for all ¢ > 2. Otherwise, we have the following
observations:

i)x4+y+2z=05 weobtain 4(b+1)(c+1) =6(ay + ag +b)e. For ¢ =2, implies that 12(b+ 1) =
12 (o + ag + b) this is impossible because a; + ag > 2. For ¢ > 3, we obtain 4 (¢ + 1) > 6¢, a contradic-
tion.

ii) x+y+ 2z =4, we have 4(b+1)(c+1) = 5(a1 +az+b)c. For ¢ = 2, we have 12(b+1) =
10 (aq + ag + b) implies b = 5 (o; + a2) — 6. Thus, (z,y,2) = (1,1,2) and so

n=2.3%(cate2a)=6(g. g0 4 1)% (92302 4 1),

ili) s +y+2=3,4e,2=y=2=1wehave 4(b+1)(c+1) = 4(ay + a2 +b)c. Then b =
(1 +az —1)c — 1 and hence n = 2 - 3(ertaz=le=1(9. 30 4 1)¢(2.3% 4 1), where 2 - 3%t 4+ 1 and
2-3% 4 1 are primes with 3t < 3%2. So there are infinitely many solutions of the desired form.

2.7. Proof of Part 7
Let n = 2¢5q3q% € S4. As above, we have

Ab+1D)(d+1) =(@+y+2+1)(b+on +az)(as+1)d-d(m). (2.15)

We note that (2.15) has no solutions whenever d (m) > 3. Then we have two cases:
Case 1. d(m) = 2. It follows from (2.15) that

204+1)(d+1)=(x4+y+2z+1)(b+ a1+ a2) (ag + 1) d.

Also the above equation is not valid for a; + as > 1 or ag > 1, in which case a; = as = a3z = 0.
Therefore,
2b+1)(d+1)=(z+y+2z+1)bd. (2.16)

Note that there are only two Fermat primes; let, for example, go and g3. The equation (2.16) becomes
2(b4+1)(d+1) > (4+ 2)bd > 5bd.

But this is impossible.
Case 2. d(m) = 1. The equation (2.15) can be rewritten as

4b+1)(d+1)=(+y+2+1)(b+ a1 +a2) (az +1)d.

First, we notice that if a; + as > 1 and a3 > 1, then the above equation has no solutions. Thus, it
remains the following possibilities:
a) a1 = as = ag = 0. Here, g2, q3 and ¢4 are Fermat primes. By (2.15), we obtain

4(b+1)(d+1)= (2" +27 + 2% +1) bd,

where 0 < i < j < k < 2; otherwise 4 (b+ 1) (d + 1) > (2° + 2 4 23 + 1) bd = 12bd, which is impossible.
That is i = 0, j = 1 and k = 2, from which it follows that b = (d+ 1) / (d — 1). This last equation has
only two pairs of solutions (b,d) = (3,2) or (2,3). Observe that g = 3, g3 = 5 and ¢4 = 17, in which
case weget n=2-3%-5-172orn=2-32.5-173.
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b) a3 = a3 = 0 and a3 > 1. Here, g2 and g3 are Fermat primes. From (2.15), we have
2(b+1)(d+1)> (2" +2/ + 2+ 1) bd,
where 0 <i < j,and so 2(b+ 1) (d+ 1) > (44 z) bd > 5bd. This is impossible.
c) a1 + a2 > 1 and ag = 0. The equation (2.15) follows

Ab+1)(d+1) = (z4+y+2+1) (a1 +as+b)d. (2.17)

Here we see that « + y + z cannot be > 6; otherwise 4 (d + 1) > 7d, which is impossible. Then consider
three subcases:

c.1) Consider the case when x +y + z = 5. By (2.17), we obtain 2b + 2d + 2 = 3 (a1 + a2) d + bd.
Note that d cannot be > 3, i.e., d = 2 and hence a; = 0 and a5 = 1, in which case

n=2(2"4+1)"(2Y+1)(2*(2° + 1) + 1),

where 2% + 1, 2¥ + 1 and 2% (2* + 1) + 1 are primes with < y. For example, for z =1 and y = 2z = 2
we have n =2-3%. 5132,

c.2) Consider the case when x +y + z =4. By (2.17), 40 +4d + 4 = 5 (a1 + a2) d + bd. Note that d
cannot be > 5, i.e., d € {2,3,4}. Therefore,

5(aytag)d—4d—4 d

n=2(2"+1) i—d U+ + 1) (272" + 1) +1)".
Ford=2,ifr=y=0a;=1,2=2and ay =3 we have n = 2-3%.7-1092.
c.3) Consider the case when x =y =z =1. By (2.17), b= (a1 + a3 — 1) d — 1 and hence
n=2.3te—Nd=1 9. 30 4 1)(2.3% 4 1)¢

where 2 - 3% + 1 and 2 - 3*2 + 1 are distinct primes with a; < «as. Here, we obtain infinitely many
solutions.
2.8. Proof of Part 8

Assume that n = 2¢2q5¢¢ € S4. We can obtain the following equation:
d(c+1)(d+)=(z+y+z+1) (a1 +az+1)(c+az)d-d(m). (2.18)

Note that (2.18) is not valid whenever d (m) > 3. Then we distinguish two cases:
Case 1. d(m) = 2. Tt follows from (2.18) that

2(c+)(d+ 1) =(x+y+z+1) (a1 +a+1)(c+a3)d.

Also the above equation is not valid for ay + as > 1 or a3 > 1, in which case a; = a9 = az = 0. The
above equality implies
2+ 1) (d+1)=(z+y+2z+1)cd, (2.19)

where there are only two Fermat primes; let, for example, g2 and g3. The equation (2.19) becomes
2(c+1)(d+1)> (4+ 2)cd > 5cd. But this is impossible.

Case 2. d(m) = 1. The equation (2.18) can be rewritten as
d(c+1)d+l)=(x+y+z+1) (a1 +az+1)(c+asz)d. (2.20)

First, we notice that if a; + as > 1 and a3 > 1, then the above equation has no sense. Thus, it remains
the following observations:

a) a; = az = ag = 0. Here, ¢, ¢35 and g4 are Fermat primes. By (2.20), we obtain 4 (¢+ 1) (d 4+ 1) =
(20427 +2F + 1) ed, where 0 < i < j < k < 2; otherwise 4 (c+ 1) (d + 1) > (20 + 2! + 23 4+ 1) ed = 12cd,
which is impossible. That is, ¢ = 0, 7 = 1 and k = 2, from which it follows that ¢+ d+ 1 = cd, and hence
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c¢=(d+1)/(d—1). This last equation has only two pairs of solutions (¢,d) = (3,2) or (2,3). Observe
that go = 3, g3 = 5 and q4 = 17, in which case we get n =2-3-5%-172 orn =2-3-52. 173

b) @y = @z = 0 and a3 > 1. Here, g2 and g3 are Fermat primes. From (2.20), we have 4 (¢+1) (d+1) =
(20427 +2+1) (c+a3)d, where 0 < i < j < 1. Otherwise, 4(d+1) > (2°4+22 + 2+ 1)d > 7d, and
this is a contradiction. Hence,

A(c+1)(d+1) = (d+2)(c+as)d. (2.21)

We consider four possibilities:

e z,a3>2 Weseethat 4(c+1)(d+1) < (4d+2)(ag+c)d,sinced(d+1) < (44 2z)dand c+1<
c+ as.

ez>2and a3 = 1. We have 4(d+1) = (4+ 2)d, and therefore the only pair is (d,z) = (2,2).
Hence g4 = 21, contrary to our earlier observation.

e z =1 and ag > 2. From (2.21) we obtain that 4 (¢4 1) (d+ 1) = 5 (ag + ¢)d. This equation has
no solution whenever d > 4. It remains to settle the possibilities d = 2 and d = 3. For d = 2, we have
c=5as—6andson =2-3-56.(2.5% 4+ 1)* For d = 3, we also have ¢ = 1503 — 16 and so
n=2-3.5%16.(2.5% 4 1)® Take for example ag = 3,13,

et =1and az = 1. From (2.21) it is clear that d = 4 and consequently n = 2-3-5¢- 11%, where
¢ > 2. This gives the infinite family of solutions above.

c) ag + az > 1 and az = 0. The equation (2.20) is equivalent to

Ac+1)(d+1) = (z+y+2+1) (a1 +as+1)cd. (2.22)

Observe that if a; + as > 2, then this equation has no solutions. This gives a; + as = 1, and therefore
also (2.22) becomes 2 (¢ + 1) (d + 1) = (z +y + z + 1) cd. Here one can distinguish two possibilities:
Consider the case when a; = 0 and as = 1. It follows that 2(c+1) (d+1) = (20 + 2/ + 2+ 1) cd,

where ¢ = 0 and 7 = 1. Thus,
2(1+d)
=0 2.23
‘T R2tzd-2 (2:23)
This equation fails for z > 3, since (2+2)d—2 > 2(1+d). For z =2, by (2.23) we get c =2 and d = 1.
This is impossible. For z = 1, by (2.23) we also get ¢ =1 and d = 2. This is imposs_ible as well.
Consider the case when a; =1 and ap = 0. Then 2 (c+ 1) (d+ 1) = (2" + 2+ 27 + 1) cd, where i =0
and j = 1. Thus, g4 = 5 which is impossible since g4 is greater than gs.
The proof Part 8 is finished.

2.9. Proof of Part 9

In this subsection, we will consider the forms stated in Part 9 and we prove that there are infinitely
many solutions for each case.
A) Let n = 2°¢8q3q4 € Sy. We first observe by (1.5) and (1.7) that

4(a+1)(b+1)=(a+zx+y+2)(b+a1+a)(as+1)-d(m). (2.24)

We note that (2.24) has no solutions whenever d(m) > 6 since (b+ ay + as) (a3 +1)d(m) > 6b >
4(b+1)and (a+x+y+2) >a+ 1. Then we have five possibilities:

1. d(m) = 5. It follows from (2.24) that 4 (a+ 1) (b+1) =5(a+x+y+ 2) (b+ a1 + a2) (az + 1).
The last equation is not valid whenever b > 4. It remains to settle the cases b =2 and b = 3. When b = 2,
we have 12(a+1) = 5(a+ 2 +y+ 2) (a1 + ag +2) (az +1). Here we must have a1 = as = a3 = 0;
otherwise, 12(a +1) >5(a+3) (1 + a2 +2) (a5 + 1) > 15(a + 3). A contradiction. It follows that a =
5(z+y+2)—6and so n = 25 T¥+2)=6 (9710, 1 1) (2¥my 4+ 1) (2%ms3 + 1), where m = mymams = p*
for some odd prime p. For example, for (z,y,z) = (1,2,4) and p = 5 we get n = 22 . 32 . 101 - 401.

When b = 3, we also have 16 (a+1) =5(a+x+y+ 2) (a1 + @z + 3) (ag + 1). Similarly, we must
have a1 = o = ag = 0; otherwise, 16 (a +1) > 5(a+3) (a1 + a2 +3) (g +1) > 20 (a + 3). This is
impossible. Therefore, a = 15 (x 4+ y + z) — 16 and hence

n = 2WEFY+A=16 9z, 1 1) (2Wmy 4 1) (27ma + 1),
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where m = p* for some odd prime p. For example, for (z,y,2) = (1,2,4) and p = 5 we get n =
289.33.101 - 401.

2. d(m) = 4. Tt follows from (2.24) that (a+1)(b+1)=(a+x+y+2)(b+ a1 + a2) (az+1). We
must have a3 = ag = a3 =0. Thus, (a+1)(b+1)=(e+z+y+2)b,andsoa=b(z+y+2z—1)—1.
Hence, n = 20@+ut2=1=1 (97, 4 1)* (2¥my 4 1) (22mg + 1), where m is either p® or pq for some odd
primes p, q. For example, for (z,y,2) = (1,1,2) and m =5 -7 we get n = 230=1.3%.11.29, b > 2.

3. d(m) = 3. Tt follows from (2.24) that 4(a+1)(b+1) =3(a+z+y+2)(b+ a1 + az) (ag + 1).
We must have a3 = 0. That is, 4(a+ 1) (b+ 1) =3(a+x+y + 2) (b+ a1 + az). Some of the solutions
are of the form n = 2% - (2% +1)"(2¥ (2° + 1)™ +1) (22 (2% +1)**p*> +1). For example, for a = 29,
b=3, x=y=z2=a; =ay =1 and m =52 we get n =2%2.33.7.151.

4. d(m) = 2. It follows from (2.24) that 2(a+1)(b+1) = (e +z+y+2) (b+ a1 + az) (g + 1).
Here, ag = 0 or oy = a2 = 0. When a3 =0, we get 2(a+ 1) (b+1) = (a+z+y+2) (b+ a1 + az).
Some of the solutions are of the form n = 27 (2% +1)° (2¥ (2 + 1)* +1) (22 (2° + 1)** p+ 1). For ex-
ample, fora =3, b=2,r=y=2=0a; =az =land m =5 we get n = 23-32.7-31. When
a1 =ay=0wehave 2(a+1)(b+1)=(a+z+y+2)(az +1)b. Some of the solutions are of the form
n=2%(2°+1)"(2¥ 4+ 1) (27 (2¥ + 1)** p+ 1). For example, for 2 =z = a3 =1, y = 2 and m = 7 we get
n=2%"1.3".5.71 (b > 2).

5. d(m) = 1. Tt follows from (2.24) that 4(a+1)(b+1) = (a+x+y+2)(b+ a1 + az) (az + 1).
Thus, the solutions are of the form

n=20 (27 + )" (2Y (2° + )™ +1) (27 (2° + 1) (2Y (2" + )™ + )™ 4 1).

For example, fora =3, b=2, =y =2 =0a; = ay = a3 = 1 we obtain n = 23 .32 .7.43.
B) Let n = 2%2¢5qs € S4. From (1.5) and (1.7), we obtain

d(a+D)(c+)=(a+z+y+2) (a1 +as+1)(c+as) d(m), (2.25)

We note that (2.25) has no solutions whenever d(m) > 6 since (a1 +az + 1) (c+ as)d(m) > 6¢ >
4(c+1) and (a+y+2z+1t) >a+ 1. Then we have five cases:

1. d(m) = 5. Tt follows from (2.25) that 4 (a + 1) (c+1) =5(a+x+y+2) (a1 + az + 1) (¢ + az).
The last equation is not valid whenever ¢ > 4. It remains to settle the cases ¢ = 2 and ¢ = 3. When ¢ = 2,
the above equality implies 12 (a +1) =5(a+z +y + 2) (a1 + a2 + 1) (a3 + 2). Here we must have ay =
ag = ag = 0; otherwise, 12(a+1) > 5(a+3) (a1 + a2 + 1) (g +2) > 15(a + 3). A contradiction. It
follows that @ = 5 (z + y + 2z) — 6 and so n = 25@+v+2)=6 (22, 4 1) (2¥my + 1) (273 + 1), where m =
p* for some odd prime p. For example, forz = 1,y = 2, z = 4 and p = 5 we get n = 229.3-1012-401. When
c=3,wehaved(a+1)(c+1)=5(a+z+y+2) (a1 +az+1)(ag+ 3). Similarly, we must have oy =
as = az = 0; otherwise, 16 (a+1) > 5(a+3) (a1 + a2+ 1) (g +3) > 20 (a+ 3). This is impossible.
Therefore, a = 15 (z + y + z)—16 and hence n = 215@+v+2)=16 (971 4 1)3 (2¥my + 1) (2%m3 + 1), where
m = p? for some odd prime p. For example, for (z,y,2) = (1,2,4) and p = 5 we get n = 259.3.1013-401.

2. d(m) = 4. It follows from (2.25) that (a+1)(c+1)=(a+z+y+2) (1 +az+1) (c+ as). We
must have a3 = ag = a3 =0. Thus, (a+1)(c+1)=(a+z+y+2)c,andsoa=c(z+y+2z—1)—1.
Hence, n = 2@ +ty+2=1=1 (221, 4 1) (2¥my 4 1)° (2°ms + 1), where m is either p* or pq for some odd
primes p, q. For example, for (z,y,2) = (1,1,2) and m = 5-7 we get n = 23¢=1.3.11¢.29, ¢ > 2. This
an infinite family of solutions.

3. d(m) = 3. It follows from (2.25) that 4 (a+ 1) (c+1) =3(a+x+y+2) (a1 + az + 1) (c + as).
We must have oy = ag = 0. That is, 4 (a+ 1) (c+1) =3(a+ 2 +y + 2) (¢ + a3). Some of the solutions
are of the form n = 2% (2° +1) (2¥ +1)° (27 (2¥ +1)** p* + 1). For example, for a =8, ¢ =2,z = z =
as=1,y=2and m =72 we get n = 2% -3 -52.491.

4. d(m) =2. From (2.25),we obtain 2 (a + 1) (c+ 1) = (a+ x4+ y+ 2) (aq + a2 + 1) (¢ + a3). Thus,
ag=0o0r a; =as =0. When a3 =0 we obtain 2(a+1)(c+1) = (a+z+y+2) (a1 +az+1)c, or,
equivalently,

((z+y+2)(acr+as+1)—2)c—2

T el tam 1)) (2:26)
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Here we must have a; + as < 1. If ay + as = 1, then some of the solutions are of the form
n = 2@+ytz—le=l 9z L 1) (2% 1 1)°(2% (2 +1)p+1).

For example, for (x,y,2) = (1,2,2) and m = 13 we get n = 2%~1.3.5¢. 157, which is an infi-
(z+y+z—2)c—2
2+4+c

nite family of solutions. If @ = as = 0, then by (2.26) we have a = , in which

T4+y+2z—2)c—2

case the solutions are of the form n = 2( = : (2°my + 1) (2¥mg + 1)° (2°m3 + 1) . For exam-
ple, for (v,y,2) = (2,2,4), ¢ = 5and m = 7 we get n = 2*.5-17°-29. When a; = ay =
0 we have 2(a+1)(¢+1) = (a+x+y+2)(az+c). Some of the solutions are of the form n =
20(27 4+ 1) (2 +1)° (27 (2 + 1)* p+1). For example, for v = 2z = a3 = 1, y = 2 and m = 7 we
get n =22-3-52- 71

5. d(m) = 1. Tt follows from (2.25) that 4(a+1)(c+1) = (a+x+y+2) (a1 + a2 + 1) (c + as).
The solutions are of the form:

n=2"(2"4+1)(2Y (2" + D™ +1)° (2 (2* + )™ (2V (2" + 1) + 1)™ +1)..

For example, for (x,y,2) = (1,1,1), (a,c) = (5,2) and a; = oo = a3 = 1, we get n = 2° -3 - 7% . 43.
C) Let n = 2%2q3q§ € S4. As above, we have

Aa+1)(d+1)=(a+z+y+2) (a1 +as+1)(as+1)d-d(m). (2.27)

We note that (2.27) has no solutions whenever d (m) > 6 since (aq +ag +1) (az+1)d-d(m) > 6d >
4(d+1) and (a +x+y+ z) > a+ 1. Then we have five cases:
Case 1. d(m) = 5. It follows from (2.27) that

4(a+1)(d+1)=5(a+z+y+2) (a1 +as+1)(az+1)d.

The last equation is not valid whenever d > 4. It remains to settle the cases d = 2 and d = 3. When d = 2,
we have 6 (a+1) = 5(a+x+y+2) (a1 +as+ 1) (as +1). Here we must have oy = as = az = 0;
otherwise, 6 (a+1) > 5(a+3) (a1 +az+1)(ag+1) > 10(a+3). A contradiction. It follows that
a=5(x+y+2)—6and son = 25@H+2=6 (271, 4 1) (2¥my + 1) (27mg + 1), where m = p? for some
odd prime p. For example, for z =1,y =2, 2 =4 and p = 5 we get n = 229 - 3.101 - 401%2. When d = 3,
we also have

16(a+1)=15(a+x+y+2)(n+az+1)(az+1). (2.28)

Similarly, we have a; = ag = a3 = 0; otherwise,
16(a+1)>15(a+3) (a1 +az+1)(ag+1)>30(a+3).
This is impossible. Therefore by (2.28), a = 15 (x + y + z) — 16 and hence
n = 2@yt =16 (97 4 1) (2my + 1) (2Pms + 1),
where m = p? for some odd prime p. For example, for (z,y,2) = (1,2,4) and p = 5 we get n =
289.3.101 - 4013.
Case 2. d(m) = 4. It follows from (2.27) that
(a+1)(d+1)=(a+z+y+2)(an+as+1)(az+1)d.
We must have a1 =as = a3 =0. Thus,a =d(x +y+2—1) — 1 and so
n = 24@+yt2=D)=1 (97 4 1) (2¥my 4 1) (2°mg + 1)¢,

where m = mjmamyg is either p3 or pq for some odd primes p, q. For example, for (x,y,2) = (1,1,2) and
m=>5-7weget n=23"1.3.11.29% d > 2. This an infinite family of solutions.
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Case 3. d(m) = 3. It follows from (2.27) that
d(a+1)(d+1)=3(a+x+y+2) (a1 +az+1)(as+1)d.

We must have a1 = as = a3 = 0. The above equality implies4 (a + 1) (d+1) =3 (a+ 2+ y + z) d. Some
of the solutions are of the form n = 2% (2 + 1) (2¥ + 1) (2°p* + 1)d. For example, for (z,y,z) = (1,2,2),
a=3,d=2andm="7>wegetn=2%-3.5-1972

Case 4. d(m) = 2. By (2.27), we get 2(a+1)(d+1) = (a+z+y+2) (a1 +az+1)(ag+1)d.
Here, we see that az3 = 0 or a; = as = 0. When a3 = 0, we obtain

20+ ) (d+1)=(a+x+y+2) (a1 +az+1)d,

_ ((z4y+2)(a1tas+1)—2)d—2
o 2+d(2— (a1 +az+1))

of the solutions are of the form n = 2@ Fy+2=1d=1 (92 4 1) (2¥ 4 1) (2% (27 + 1) p + 1)*. For example, for
r=1y=2z=2and m = 13 we get n = 241 .3.5.157% d > 2. Here there infinitely many solutions
of this kind.

Case 5. Assume that d (m) = 1, that is,

and therefore a . Here we must have a1 + ag < 1. If a; + ag = 1, then some

d(a+1)(d+1)=(a+z+y+2) (s +ax+1)(az+1)d. (2.29)

First note that if a1 +as > 2 and ag3 > 1 or oy + a9 > 1 and ag > 2, then both of which are contradictions.
It remains to consider following three subcases:
Subcase 1. a; + a3 =0 and a3 > 0. Clearly, 0 < a3 < 4. When a3 = 0, we get by (2.29)

4(a+1)
r+y+z—(4+43a)

For example, if (z,y,2) = (1,8,16) then (a,d) = (5,4), in which case n = 2°-3-257 - 65537*. When

az = 1, by (2.29) we also get d = #‘faﬁ) For example, if (z,y,2) = (1,4, 3) then (a,d) = (4,5),
and son = 2%-3-17-137°. When a3 = 2, the equality (2.29) gives d = et por example, if

3(z+y+z)—(a+4)
(z,y,2) = (1,4,10), then we get (a,d) = (40,164). Hence, n = 249 -3 -17-295937'64. When a3 = 3, we
obtain by (2.29) that d = #j;ifl For example, if (z,y,z) = (1,4, 5) then 9 divides a + 1, in which case
we get n = 29271.3.17.157217%, where 2 > 2, which is an infinite family of solutions. When a3 = 4, by

(2.29) we have d = %. For example, if (x,y,2) = (1,4,4), then a + 41 divides 4 (a + 1) from
which we get (a,d) is either (39,2) or (119, 3). Hence, the solutions are n = 239 - 3 .17 - 1336 3372 and
n=219.3.17.1336337%.

Subcase 2. a3 + a3 > 1 and a3 = 0. It follows from (2.29) that

B 4(a+1)
(o +as+1)(z+y+2)+(ar+as+1)a—4(a+1)

Clearly, 1 < ag + ag < 4. For example, if (z,y,z) = (1,2,4) and (a1, a2) = (1,0) then (a,d) is either
(2,2), (3,4) or (4,10). Hence, n = 22-3-13-17%, n=2%-3-13- 17" and n = 2% - 3- 13- 170,

Subcase 3. a; + a2 =1 and ag = 1. By (2.29), we have d = #ﬁ_l For example, if (z,y,z) =
(1,1,2) then we have 3 divides a + 1 and (a1, a2) = (1,0), in which case n = 23#=1.3.7.29% where
x > 2. Hence there are infinitely many solutions of the desired form.

D) n = 2%¢4q5q. From (1.5) and (1.7), we get

2@+ 1) (b+1)(c+1)=(a+z+y+2)(b+ar+az)(ctas)-d(m).
We can easily show that d (m) cannot be > 3. Thus, we have only two cases:

Case 1. When d(m) = 2, we have (a+1)(b+1)(c+1) = (a+x+y+2)(b+ a1 + a2) (c + as).
Note that oy +ag = 0 or g = 0. If we assume a3 + a2 = 1 and ag = 0, then (a+1)(c+1) =
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(x+y+2z+a)c, whichgivesa=(z+y+2z—1)c—1. Fore =y=a; =1, 2 =4 and m = 37 we get
n = 25¢=1.3b.7¢.593 The case ag + s > 2 and ag = 0 is impossible since

(a+z4+y+z2)b+tar+a)(c+asz)>(a+3)2+bc>(a+1)(b+1)(c+1).

Case 2. When d(m)=1,weobtain2(a+1)(b+1)(c+1)=(x+y+z+a)(b+ a1+ a2) (c+ a3).
The solutions are of the form n = 2% (2° 4+ 1)* (2¢ (2% + 1)™ +1)° (27 (27 4+1)"2 (2¢ (2% + 1)™ + 1)**+1).
For example, if  =a; =az3 =1,y=2=1,a =3 and ay = 0 we get n = 23 -3%.13¢.53. Thus we find
an infinite family of solutions.

E) The proof of this case is similar to the proof of Case D), where n = 239=1.3%.5.74 for b,d > 2.

F) Let n = 29¢5q5q¢ € Sy, where 3 < g2 < q3 < q4 and a, b, c,d > 2. From (1.5),(1.7) we get

(a+1)(b+1)(c+1)(d+1)=(a+z+y+2)(b+a1+az)(ct+az)d-d(m).

It is sufficient to assume that o + a2 = a3 =d(m) = 1. Hence, (a+1)(d+1) = (a+z + y + 2) d from
which if follows that a = (x + y + 2z — 1) d — 1. In particular, for a; = a3 = 1, we obtain

n =201 (97 4 1)P (¥ (27 4 1) + 1) (27 (2 (2 + 1) + 1) + 1)°.

For example, if x = 2, y = 3 and 2z = 1 then n = 25?1 .5%.41¢.83¢ where b, ¢,d > 2. Thus our equation
has infinitely many even solutions which have four powerful prime powers. This completes the proof of
Part 9.

3. Corollary

As direct consequences of the proof of Parts 3, 4 and 5 we deduce the following corollary:
Corollary 3.1 We have:

1. If there are infinitely many primes of the form 2 - 3 + 1, then Sy has infinitely many elements of
the form qfq2q3qa, 245q3da, 47929394, 47920591 and 4745G3qa.

2. If there are infinitely many primes of the form 2 -5t + 1, then Sy has infinitely many elements of
the form q145q3qa.

3. If there are infinitely many primes of the form 2' - p> + 1, then Sy has infinitely many elements of
the form 2%q2q3qy4.-

4. If there are infinitely many primes of the form 4 -5° + 1, then Sy has infinitely many elements of
the form 2qg2q5qa.

5. If there are infinitely many primes of the form 6 - 78 + 1, then Sy has infinitely many elements of
the form 2%q1q5q3.

Proof: We present the proof as follows:

1. Assume that there are infinitely many primes of the form 2 -3 + 1 (such primes
Sophie Germain conjectures, see [10]).

a) In view of (2.2) with a; =1, as = 2 and a3 = t, where 3 divides 5t + 7 and 2 - 3t + 1 is prime, in
which case n =337 - 719 (2-3"+1).

b) In fact, by (2.5) withz =y=z2=a;=1land ag =t, weget n =2-3"2.7.(2.3" +1).

¢) This is by (2.7) with a3 = 1, as = 2 and a3 = ¢ we have n = 3%+°.7.19. (2.3t + 1)*.

d) In view of (2.8), for a1 =1, ag =2 and a3 =t we have n = 3>9.7.192. (2.3 +1).

e) In view of (2.9), for a; =1, ap =2 and a3 =t we have n = 351 .73.19.(2.3" +1).

2. If there are infinitely many primes of the form 2- 5!+ 1 with ¢ = 0 (mod 3), then by (2.3), it suffices

¥3% .11+ (2-5' + 1), where 25! + 1 is prime (here

2 are related to

to choose ay = 1 and a5 =t in which case n =353
we have t > 24).

2 Note that the first values of t are 0, 1, 2, 4, 5, 6, 9, 16, 17, 30, 54, 57, 60, 65, 132, 180, 320, 696, 782, 822, 897, ....
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3. If there are infinitely many primes of the form 2! - p® + 1 with p prime, then in view of (2.4), for
(,9) = (1,2) and 2z = t we have n = 2!T1.3.5. (2t p3 4 1)7Where p and 2¢ - p3 4+ 1 must be prime.

4. Tf there are infinitely many primes of the form 4 - 5' + 1, then by (2.6) with a3z = ¢, we have
n:2-3-53t_4~(22-5t+1).

5. If there are infinitely many primes of the form 6 - 7¢ + 1, then in view of (2.11), forz =y = 2 =
a; =az=1and az =t we haven =2%-3-7¢- (6 - 7" + 1)d, where by (2.10) the exponents a, ¢, d, t satisfy
the equality 2(a+ 1) (c+1)(d+1)=3(a+3) (c+t)d and 6 - 7* + 1 is prime®. O

4. Conclusion

From Part 2, we deduce that any even square-free integer n € Sy is always formed by at least one
odd Sophie Germain prime. So, if the Sophie Germain prime conjecture is true, then there are infinitely
many square-free n such that n € Sy. In addition, from Part 9, we proved that the elements of each of
the following infinite families:

Fp={2%71.3.11.29%, 2 > 1},
Fop={2%71.3.7.29% 2 > 1},
F3=1{2-3-57-11*, 2 > 1},
Fy={2°""1.3v.7%.593, z,y,2>1 },
Fs={2%-3v-13-17%, y > 1},
Fo={2%-3Y-137.53, y,z > 1},
Fr={2°""1.5Y.417.83", z,y,2 > 1},
Fg={29°71.3.17-157217%, = > 1}

are all in Sy. But, these sets contain only even solutions. However, as we see with odd solutions, we
note that the existence of an infinite set of natural numbers that contains only odd numbers n such that
n € S, is related to some conjectures about the existence of an infinite number of primes with special
forms, as well as the conjecture on the infinity of some generalized Sophie Germain primes. That is,
primes of the form 27¢Y + 1, where ¢ is odd prime and z,y > 1.

For further research, we close this paper by the following conjecture.

Conjecture 1 Sy has infinitely many odd numbers.
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