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Common fixed points for generalized weakly contractive maps using simulation function

Manoj Kumar and Rashmi Sharma

ABSTRACT: In this paper, we shall introduce new notions of generalized (o, — 1)) contractive mappings of
type-I and type-1I in generalized metric spaces. In addition to this, some fixed point results are also proved
by making use of such types of contractions in the mentioned spaces.
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1. Introduction

Fixed point theory is one of the most powerful and fruitful tools in nonlinear analysis. Moreover, being
based on an iteration process, it can be implemented on a computer to find the fixed point of a contractive
mapping. A point x € X is called a fixed point of T if Tx = x. The well-known Banach Contraction
Principle ensures the existence and uniqueness of a fixed point of a contraction on a complete metric
space. In 1977, Alber et al. [1] generalized Banach contraction principle by introducing the concept of
weak contraction mappings in Hilbert spaces. Very recently, Samet et al. [2] suggested a very interesting
class of mappings, known as « — 1) contractive mappings, to investigate the existence and uniqueness
of a fixed point. Several fixed point results including the Banach contraction principle were concluded
as a result of this paper. The techniques used in this paper have been improved by so many authors,
[3,5,6,7,8,9].

2. Preliminaries

In the literature, notice that there are distinct notions that are called ‘a generalized metric’. In the
sequel, when we mention a‘generalized metric’ we mean that the metric introduced by Branciari [4]
introduced the concept of generalized metric space. As such, any metric space is a generalized metric
space but the converse is not true. He proved the Banach fixed point theorem in such a space. For more
details, the readers can refer to [10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30].

N and R* denote the set of positive integers and the set of nonnegative reals, respectively.
Let ¥ be the family of functions 1 : [0,00) — [0, 00) satisfying the following conditions:

(i) * is upper semi-continuous;
(ii) (¥"(t))n € N) converges to 0 as n — oo, for all ¢ > 0;
(iii) % (t) < t, for any ¢t > 0.

In the following, we recall the notion of a generalized metric space introduced by Branciari [4].
Definition 2.1.[4] Let X be a non empty set and let d : X x X — [0, 00| satisfy the accompanying
conditions, for all z,y € X and all particular u,v € X every one of which is different from x and y.

(GMS1) d(z,y) =0 if and only if x = y;
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(GMS2) d(z,y) = d(y, »);
(GMS3) d(z,y) < d(x,u) + d(u,v) + d(v,y).
Then the map d is called a generalized metric. Here, the pair (X, d) is called a generalized metric space

(GMS).
Definition 2.2. [4]

(i) A sequence{z,} in a GMS (X,d) is GMS convergent to a limit z if and only if d(z,,z) — 0 as
n — oo;

(ii) A sequence {z,} in a GMS (X,d) is GMS Cauchy if and only if for every & > o there exists positive
integer N (g) such that d(x,,zy) < ¢, for all n > m > N(¢g);

(iii) A GMS (X, d) is called complete if every GMS Cauchy sequence in X is GMS convergent;

(iv) A mapping T : (X,d) — (X, d) is continuous if for any sequence {z,} in X such that d(x,,z) — 0
as n — oo, we have d(Tz,,Tz) — 0 as n — 0.

Recall that Samet et al. [2] introduced the following concepts:
Definition 2.3.[2] For a nonempty set X, let T: X — X and a : X x X — [0, 00) be mappings. We
say that T is a-permissible if, for all z,y € X, we have

alz,y) > 1= a(Tz,Ty) > 1. (2.1)

Definition 2.4. [2] Let (X, d) be a metric space and T : X — X be a given mapping. We say that
T is a o — 1 contractive mapping if there exist two functions a: X x X — [0, 00) and a specific ¢ with
the end goal that

oz, y)d(Tx, Ty) < Y(d(z,y)), for all z,y € X. (2.2)

Very recently, Karapinar [7] gave the analog of the notion of a @ — ¢ contractive mapping, with
regards to generalized metric spaces as takes after.

Definition 2.5. [7] Let (X, d) be a generalized up metric space and 7' : X — X be a given mapping.
We say that T is a o — ¢ contractive mapping if there exist two functions o : X x X — [0,00) and a
specific ¥ such that

alz,y)d(Tz, Ty) < Y(d(z,y)), for all x,y € X. (2.3)

Proposition 2.6.[31] Let {7, } is a convergent sequence in a GMS (M, d) with limn,, eed(Fn, M) = 0,
where M € X. At that point limy,_eed(9n,0) = d(M,6), for all § € M. In Particular, {7,} series does
not converge to ¢ if § # .

Karapinar [7] additionally expressed the accompanying fixed point theorems.

Theorem 2.7. [7] Let (X,d) be a complete generalized metric space and T : X — X be a a — ¢
contractive mapping. Assume that

(i) T is a-admissible;
(ii) there exists x € X such that a(xg, Txo) > 1 and a(xg, T?x¢) > 1;
(iii) T is continuous.

Then there exists a u € X such that Tu = u.

Theorem 2.8. Let (X,d) be a complete generalized metric space and T': X — X be a a — ¢
contractive mapping. Assume that

(i) T is a-admissible;

(ii) there exists z € X such that a(zg, Twg) > 1 and a(zg, T?x) > 1;
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(iii) if {x, } is a sequence in X such that a(x,,z,41) > 1, for all n and z,, » = € X asn — oo , at that
point a(x,,x) > 1, for all n.
Then there exists a u € X such that Tu = u.

Let Z* be the set of simulation functions in the sense of Argoubi et al. [32].
Definition 2.9.[32] A simulation function is a mapping ¢ : [0, 00) x [0, 00) — R satisfying the following
conditions:

o ((1)¢(t,8) < s—tforallt,s>0;
e ((o) if {tn} and {s,} are sequences in (0, 00) such that lim,cotn = liMm,—00sn = € (0,00), then

limp—00C(tn, Sn) < 0.

Karapinar et al. [33] introduced some generalized (a, 1)-contractive mappings.

Definition 2.10. [33] Let (X, d) be a generalized metric space be mappings and T : X — X be a given
mapping. We say that T is a generalized «, 1-contractive mapping of type-I if there exist two functions
a: X x X —[0,00] and ¢ € ¥, such that

alz,y)d(Tz, Ty) < Yp(M(z,y)), for all z,y € X. (2.4)
where
M(z,y) = max{d(z,y),d(z,Tx),d(y, Ty)}. (2.5)

Definition 2.11.[33] Let (X,d) be a generalized metric space be mappings and T : X — X be a
given mapping. We say that T is a generalized «,1-contractive mapping of type-1I if there exist two
functions a: X x X — [0,00] and ¢ € ¥, such that

oz, y)d(Tz, Ty) < (N(z,y)), for all z,y € X, (2.6)

where

d(z,Tz) +d(y, Ty)
2

3. Main Results

N(z,y) = max{d(z,y),

1. (2.7)

We start the main section by introducing the new notions of generalized ap — 1, contractive mappings
of type-I and type-II with simulation function in generalized metric space.

Definition 3.1. Let (X,d) be a generalized metric space, S : X x X be a map. We claim that S is
a generalized (o, — 1) type-1 contractive mapping regards ¢ and ¢ € Z if there are oy :x XX — [0, 00)
and Y € Uy, s.t.

Cap(k, 1)d(Sk, ST), (M (k,1))) > 0,
(K, 1)d(Sk, S1) < oy (M (K, 1)), for all k,1 € X, (3.1)
where
M (k1) = maz{d(k,1),d(k, Sk),d(l, SI)}. (3.2)

Definition 3.2. Assume (X, ci) be a generalized metric space and S be a mapping. We say that S is
a generalized (ap — 1) type-II contractive mapping and ¢ € Z if there are two functions «ay, and 1, € Uy,
s.t.

,S1) < (N1 (K, 1)), for all k,1 € X, (3.3)
where
d(k, Tk) 4 d(1,T1)

Ny (k1) = maz{d(k,1), 5

1. (3.4)

Theorem 3.3. Let the generalized metric space be (%, J), and S : X x X be the mapping provided.
We are claiming S is a (ap — 1p,) type-I contractive mapping generalised. Assume that the fact is
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1. Sis ap-admissible;
2. there is ko € X s.t. ay(ko, Sko) > 1 and ap(ko, $%ko) > 1;
3. S is constant.

Therefore, v € X occurs such that Sv = .

Proof There is one point, by assumption(2), kg € X s.t. o (o, Sko) > 1 and ap(ko, S2ko) > 1. We
have a sequence specified as {k:} in X by ki1 = Sk = St ko, V t > 0. Expect that ky, = ky,+1 for
some tg. Since v = ki, = kty+1 = Ski, = Sv. Therefore, all through the verification, we assume that

ki # kyqq for all £.
Look out for this
ap(ko, k1) = aw(ko, Sko) > 1 = ay(Sko, Sk1) = ap(k1, ka) > 1,
Since S is ap-admissible, we infer
ap(ke, ker1) > 1, for allt =0,1,2, ...
By utilizing a similar method, we get
ap(ko, ko) = ap(ko, S%ko) > 1 = ap(Sko, Ska) = ap(ki, ko) > 1,

The expression above yields
ap(ke, kero) > 1, for allm =0,1,2, ...

Step I: We claim that

limtﬁood(kh kt+1) =0.
Combining (3.1) and (3.6), we find that

0 < C(ap(kt—1, km)d(Ske—1, Skm)), p(My (ki—1, k)))
< p (M (ke—1, kt)) — ap(ke—1, ke )d(Ski—1, Ske)
(b1, ke )d(Ske—1, Sk) < 0y (M (ki—1, kt))

d(key k1) = d(Ski—1, Ski) < ap(ke—1, ke)d(Ske—1, Ske) <ty (M (k—1, ke)),
for all ¢ > 1, where

My(ki—1,ke) = max{d(ki—1,ke), d(ke—1, Ski—1),d(ke, Ski)}

d
= max{cz(ktfhkt)ad(ktflakt)ad(ktvktJrl)}
= ma:c{d(kt_l,kt),d(kt,kt+1)}.

If for some t, My (ki—1, k) = J(kt, ki11)(£ 0), then the inequality (3.9) turns into
d(ke, krgn) < Yo(My (k-1 ke)) = p(d(ke, ker) < d(ke, k),

a contradiction. Hence M (ki—1, ki) = cZ(kt,l, k), for all t € N, and (3.9) becomes

0 < ¢(d(ke, keg1), o (d(ki—1,km)))

< Yp(d(ke—1, ki) — d(ke, kigr)

d(ke, kip1) < p(d(ki—1,k;)), for all t € N.

(3.5)

(3.10)

(3.11)
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This yields

0 < C(d(key krgr), d(ke—1, k)
< d(ku kiy1) — d(ke, kigr)

d(ke, k1) < d(ki_1, k), for all t € N.

By (3.11), we have

< C(d(ke, ko), i (d(ko, k1))
< pp(d(ko, k1)) — d(ke, ki)
d(ky, k1) < OE(d(ko, k1)), for all t € N,

Through the 1, property, it is obvious that
l%mm*)oo(i(kt, kt+1) =0.

Step II: We will show ~
limy—sood(ke, kiy2) =0

By (3.1) and (3.7), we get
0 < C(ap(ki—1, ke 1)d(Ske—1, Skigr), Yo (M (ki—1, ke11)))

d(s
< by (My (ko1 ki) — ap(ke_1, kei1)d(Ske_1, Skiy1)
ap(ki—1,keq1)d (Skt 175kt+1) < (M (ke—1,kiy1))-

(ke ker2) = d(Ski—1, Ske1) < ay(ke—1, kes1)d(Ske—1, Skei1)
< (M (ke—1, keg1)),

A

for all ¢ > 1, where

Mi(ky—1, k) = maz{d(ki—1, k1), d(ke—1, Ski—1), d(ker1, ko) }
= max{d(ki—1, k1), d(ki—1, k), d(kip1, keg2)-
By (3.14), we have ) )
My (K1, k1) = max{d(ki—1, k1), d(ke—1, ki) }-
Thus, from (3.16)

bt = d(lﬂt, kt+2) S /ll)b(Ml(ktfl, kt+1>) = be(max{bt,l, thl})7 fOI' all t e N

Again, by (3.14)
¢t < ci—1 < max{bi_1,c1}.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Therefore, the maxz{b, c;} sequence is non-increasing in monotony, and it converges to any ¢ > 0. Sup-

pose, r > 0. Now, by (3.8)
limy—ooby = limy_y oo supmax{bs, ¢} = limy_,oomax{b, c;} = r.
Putting m — oo in (3.17), we get

2 = limy_00by < limy s oosupthy(max{b;_1,cs-1})
< p(limy—soomax{by_1,ci—1})

=p(r) <r
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which appeared to be a contradiction.
Step IIT: We’ll show

ke # kj, every t # j. (3.18)

For all of that ¢,j € N, presume k; = k; with ¢ # j. Since d(ks, ks+1) > 0, for each s € N. without loss
of consensus, we may expect that 7 > ¢+ 1.
Examine it next,

0 < C(ap(kj1, k;)d(Skj_1, Skj), (M (k1. k;)))
< po(My(kj1,kj)) — aw(kj—1, k;j)d(Sk;_1, Sk;)
ab(k] 1 ) (Sk] 1)Sk)<wb(M1( j—1, ))
Ci(kt,kt_i_l) = J(kt,gkt) = J(k],gkj) = Ci(gkj_l,gkj) < ab(kj_l,kj)d(gkj_l,gkj)
< Po(Mi(kj—1,kj)). (3.19)
where
My(kj 1, k;) = maa{d(kj—1,k;), d(k;1,Skj—1),d(k;, Sk;)}
= max{d(k;j_1,k;),d(k;j_1,k;),d(k;, Sk;)}

= maz{d(kj_1,k;),d(kj, kjr1)}. (3.20)

If Ml(kj, kj—l) = J(k’j_l, kj), then from (319), we get
d(ke,kev1) = d(ke, Ske) = d(ki, Sk;)
= d(ky, kj1) < ap(ky, ki) d(Skj1, Skj)

Uy (Mi (kug1, ki) = Py (d(kegr, ke))
W) (d(ke, ki) (3.21)

If Mq(kj—1,k;) = d(k;, kjz1), (3.19) becomes

INIA

d(ke,kev1) = d(ki, Ske) = d(kj, Sk;)

d(Skj_1,5k;) < ay(kj_1,k;)d(Skj_1, Sk;)

< My (kjo1,k5)) = Yu(d(ky, kjia))

< gy T (dke ki) (3.22)

Due to a property of 1, (3.21) and (3.22) together yields
d(ke, k1) < ) (d(kr, krgr)) < d(ke k) (3.23)
and
d(key ker) < 07N d(key k) < d(ke, kesr), (3.24)

respectively. There is a contradiction in each case.
Step IV: We must show {k:} to be a cauchy sequence, that is,

limysood(ky, kyypn+) = 0, for all h* € N. (3.25)

Two cases arise: h* = 1 and h* = 2 are proved by (3.8) and (3.14) respectively. Now, carry on the
arbitrary h* > 3. Two situations are plenty to look at.
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Situation(I): Expect that h* = 2] 4+ 1, where j > 1. Next, along with Phase-III and Quadrilateral
Inequality (3.13), we consider

Ak, kpgne) = d(ke,kt + 25 +1) < d(ky, ki) + d(kegr, keo) + oo+ d(kesog kigpogo)
t+25—1
< Z i (d 1(ko, k1))
p=t+2
< Z% (ko, k1)) — 0 as t — oco. (3.26)

Case (IT): Assume h* = 2j, where j > 2 is. By the implementation of quadrilateral inequalities and step
IIT along with (3.13), we consider again

CZ(kt, kiyne) = J(km kt +25) < J(ku kiy1) + dN(kt+17 kivo) + ...+ dN(k’szfl, kiyo5)
t+2j
< d(ke, ko) + Z WP (d(ko, k1))
p=t
< d(kg, kgo) + Zwb (ko, k1)) — 0 as t — oo. (3.27)
p=t

Now, from these two expressions (3.26) and (3.27), we have
limmﬁmd(kj7 kjtn-) =0, for all h* > 3.

We conclude that a CS in (X,d) is {k;}. Due to the completeness of (X,d), it occurs in such a way that
v € X occurs

limy—ood(ky,v) = 0. (3.28)
Because S is continuous, we get that from (3.28)
limt_,ooci(kt+1, SU) = lth_N)oJ(S’kt, SU) = O7 (329)

that is, lim;ookir1 = Sv. R .
Considering Proposition(2), we infer that Sv = v, i.e. v be fixed point of S.
The below sentence is taken from the (3) Theorem due to the inequality of Ny (k,1) < M;(k,1).
Theorem 3.4. Let the generalized metric space be (x d) and S : X x X be the mapping provided.
Expect that Sv = v be fixed point of . We say that S is a generalized (ap — p) type-1I contractive
mapping. Assume that
1. Sis ap-admissible;
2. there is ko € S such that ozb(k:o,gko) > 1 and ozb(ko,g%o) >1

3. S is constant.

There is then v € X such that Sv = v.
Theorem 3.5. If S is a generalized (ay — ) type-II contractive mapping on generalized metric
space (X,d). Assume that

1. Sis ap-admissible;
2. there is kg € X s.t. ab(ko,gko) > 1 and ab(k0,5'2k:0) >1;

3. if {k:} is a X series like ap (K, ke 1) > 1, for all t and ky — k € X as t — oo, then there is a {k:(h*)}
subsequence of {k:}, like ap(ki(R*),x) > 1,V h*.
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So v € X exists, such that Sv = v. R
Proof We know the {k;} series defined by k;11 = Sk; V ¢ > 0 is a cauchy sequence and converges to
some v € X. Provided the Preposition(2),

limh*%md(kt(h*)ﬂ, Sv) =d(v, Sv). (3.30)

Now, we 're going to know Sv = v. On the opposite, assume that Sv # v, S0 J(ﬁv,v) > 0. The
subsequence {k(h*)} of {k:} occurs from (3.6) and (3) in such a way that ap(k:(h*),v) > 1, for all h*.
By applying (3.1), we get
0 < C(((ky(eys 0)d(Skyney, v)), Yo (M (Kyney, v)))
< ’(/}b(Ml(kt h* 7’0)) - ab(kt(h* ) (Skt(h* )
Oéb(k‘t(h*),’l))d(gkt(h*), ) < '(/)b(Ml(kt ,’U))

d* (kuney+1,90) < o (Kyney, 0)d* (Skyney, Sv) < Uy (M (Kyney, v)), (3.31)
where
My(kypey,0) = maz{d(kyney, v), d(keney, Skaney), d(v, Sv)}
= maz{d(kyp-),v), d(ksneys koney1), d(v, Sv) ) (3.32)
By (3.8) and (3.30), we have
limp- o0 My (K, v) = d(v, Sv). (3.33)
Making h* — oo in (3.31) and regarding that v, is upper semi continuous
d(v, Sv) < ¥p(d(v, Sv)) < d(v, Sv), (3.34)

That’s one contradiction. But we consider v to be a fixed point of 5‘, that is, Sv =,
The upper semi-continuity hypothesis of 1, is not needed below. Similar to Theorem(3), we have the
following for the generalized type-1I a; — 1 contractive mappings.

Theorem 3.5. If S is generalized (a;, —1) type-II contractive pair of mappings on generalized metric
space (X, d),

1. Sis ap-admissible;

2. ko € X exists such that a(ko, Sko) > 1 and a(ko, Szko) > 1 are available;

3. if {k;} is a series in X s.t. ap(ky, k1) > 1, for all ¢ and ky — X € X as t — oo, then there exists a
subsequence {k;(h*)} of {k:} such that ay(ki(h*),v) > 1, for all h*.

Then 3 v € X s.t. Sv =w. .
Proof We know that the sequence k,,+1 = Sky, for all m > 0 is cauchy and converges to some v € X
after proof of this theorem is the same as the Theorem(3). Similarly, in Proposition(2), we obtain

limh*%ood(kt(h*)_,_h Sv) = d(v, Sv). (3.35)

We will show that Sv = v. Assume that Sv # v. From (3.6) and condition(3), there is a {k,(h*)}
subsequence to {k;} such that a;(k:(h*),v) > 1, for all h*. By applying (3.3), for all h*, we get
0 < ¢ap(ki(ney, v)d(Skiny, S0), p (N1 (ki) )
< (N1 (o), v) = ap(kegney, v)d(Skygne), Sv)
ay(kigneys 0)d(Ski(ne), Sv) < Up(Ni (igne) )
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d(ke(hey 41, Sv) < ap(kiney, v)A(Skiney Sv) < p(N1 (ki v)), (3.36)

where

d(kt(h*), Skt(h*)) + J('U, S'U)
2

Ni(ky(ney, v) = maz{d(kiney, v), b (3.37)

Letting h* — oo in (3.36), we have

d(v, Sv)

limps 00 N1 (kt(h*)u v) = 2

(3.38)

From(3.38), for a sufficiently large h*, we have Ni(k-),v) > 0, which means

0 < C(¥p(N1(ke(n=ysv)), Ni(kyney,v))
< Ni(kypey; v) — Yp(N1(Ky(pey, v)
Uy(N1(ke(n=y,v)) < Ni(kyney,v).

We have h* big enough from (3.38),

@/Jb(Nl(kt(h*)7U)) < Nl(kt(h*),’l])~

Thus, from (3.36) and (3.38), we have

this’s the fallacy. R X
We therefore consider v to be S as a fixed point. And that is, Sv = v.
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