Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-13
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.66340

An nonlinear elliptic problem involves two types of terms: degenerate coercivity and
singular nonlinearity

Hichem Khelifi and Mohamed Amine Zouatini

ABSTRACT: In this paper, we investigate the existence and regularity of solutions for nonlinear elliptic equa-
tions featuring degenerate coercivity and a singular right-hand side. The outcome of our study is contingent
upon the summability of the function f within specific Lebesgue spaces, as well as the exponent of the singular
terms.
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tions.
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1. Introduction

Let Q be a bounded open subset of RY, where N > 2. We are interested in the following problem

. (a(x)|VulP~2Vu .
_ A Ty — L Q
d“’( )P D ) = ™ (L.1)
u=20 on 01,

where f is a non-negative function belonging to a suitable Lebsgue space L™(Q2) (m > 1), 6 and v are
positive reals, 1 < p < 2 and a : Q — R is a measurable function such that 0 < o < a(z) < f a.e. x in
Q, for two positive constants o and .

We will now discuss some characteristics of problem (1.1) as well as the main difficulties we encounter.
Firstly, let us observe that (1.1) could exhibit singularity in the following manner: the solution is required
to be zero on the boundary of the domain; however, simultaneously, the right-hand side of (1.1) could
become unbounded or ”blow up.” Another crucial feature is the absence of coercivity for positive §. The

m%) is well defined between Wolp( ) and its dual space W‘l’pl(Q), where
/

= s —L-: however, it is not coercive. Due to the absence of coercivity, the classical theory for elliptic
operators that act between dual spaces cannot be applied, even when the data f exhibits sufficient
regularity (as indicated in [18]).

As we will see, existence and summability of solutions to problem (1.1) depend on these features. We
will overcome these two difficulties by approximation, truncating the degenerate coercivity of the operator
term and the singularity of the right-hand side (see problems (2.1)). We will prove by Schauder’s theorem
that these problems admit a bounded finite energy solution w, with the property that : for every subset
w CC § there exists a positive constant C, > 0 such that u,, > C,, almost everywhere in w for every
n € N. This condition, combined with some a priori estimates on u,, obtained in Section 4, will allow us

operator —div (
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to pass to the limit in the approximating problems and get a solution to problem (1.1) in the sense of
(2.1).

In the following, we provide a concise overview of several papers that have had a significant influence
on our work. Problem (1.1), particularly in the coercive case where § = 0, was addressed in a study by
Boccardo et al. [2]. They successfully demonstrated the existence and uniqueness of solutions to this
problem.

—Au = 2 in Q,
uY

u >0 in Q,

u =0 on 0.

In [4,6], a nonlinear version of the above problem was studied, considering an operator as the p-Laplacian
—div (|Vu|p_2Vu) instead of —Auwu, the authors prove existence of and regularity results if f belong to
L™(Q). For more and different aspects concerning singular problems we refer to [7,8,10].

When 6 > 0, v =0, and f is a measurable function with appropriate integrability properties, we refer
to [1] for the existence of solutions. The result is obtained by means of approximation through suitable
coercive problems. In particular, the authors show that if f € L'(£2) a solution exists if # < 1. For § =1
a bounded and finite energy solution to (1.1) is proven to exist if f € L™(Q2) with m > %. When 6 > 1
nonexistence of solutions is shown for datum f with norm large enough.

In [5], the author proved the existence and regularity of solution to the problem p = 2, f € L™(Q)
non-negative function and a : 8 — R is a measurable function such that 0 < a < a(z) < § a.e. = in Q.
In [21], the author proved the existence and regularity of solution to the problem (1.1) with v > 0 and
0<H<1.

The existence and regularity results for weak solution of degenerate anisotropic elliptic equation with
singularities data have been proved in [17]. The corresponding results for degenerate parabolic and
elliptic equations with singularities have been developed in [15,9,11,12,13,14].

Our results will depend on the summability of f in some Lebesgue spaces, and on the values of v :
We distinguish the cases (§ —1)(p—1) <vy<8(p—-1)+1,v=6(p—1)+1landy>6(p—1)+1.

2. Statements of Results

Definition 2.1 Let f € L™(QQ), m > 1. A measurable function u is a solution of (1.1) in the sense of
distributions if, for every w CC € there exists ¢, > 0, such that u > ¢, > 0 a.e. inw and

VuP2VuVe fe .

Theorem 2.1 Let (0 —1)(p—1) <y <fO(p—1)+1.

(i) If f € L™(Q), with m > %. Then, there exists a distributional solution w to problem (1.1) in the
sense of (2.1), such that u € Wy () N L®(Q).

(ii) If f € L™(Q), with

pN N
my = —.
p

NN @Dl ="

Then, there exists a distributional solution u to problem (1.1) in the sense of (2.1), such that
we WyP(Q) N L3 (), with

(2.2)

_ Nm[(p-1)(1 = 0) +1]
s = N —pm . (2.3)

(iii) if f € L™(Q) with
m X{l N
TV N (N D -1) +1-1]

} <m < mjy. (2.4)
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Then, there exists a distributional solution u to problem (1.1) in the sense of (2.1), such that
we Wy(Q), with
_ Nm[(p—-1)(1—6) +1]
N—-m[(p—-1)+1-1]

(2.5)

Remark 2.1 (i) The hypothesis (2.2) is meaningful, because

N
N >p and (9—1)(p—1)<'y<9(p—1)—|—1(:>1<m1<E,

(ii) Observe that the hypothesis (2.2) guarantee that s > p*. If (0 —1)(p—1) <y <6(p—1)+1, we

*

explicitly note that m = my is equivalent s = p*.
(iii) The hypothesis (2.4) implies 1 < n < p.

Theorem 2.2 Let v = O(p — 1) + 1 and assume that f € L'(Q). Then, there exists a distributional
solution u to problem (1.1) in the sense of (2.1), such that u € W,P(Q).

Theorem 2.3 Let v > 0(p — 1) + 1 and assume that f € L'(Q). Then, there exists a distributional
solution u € WEP(Q) to problem (1.1) in the sense of (2.1), such that IR € Wy ().

loc

Remark 2.2 If p = 2, the result of Theorems 2.1-2.3 coincides with reqularity results for elliptic equa-
tions with coercivity and singularity (see [5]).

3. Approximating problems
Let n € N, we approximate the problem (1.1) by the following non-degenerate and non-singular
problem
p—2 T

1+ | (un) ) =1 lun| +1)7
Uy =0 on 0f2,

(3.1)

Lemma 3.1 The problem (3.1) have a solution u, € Wy P(Q) N L>(Q) for every fized n € N.

Proof: This proofs derived from Schauder’s fixed point argument in [19]. Let n € N be fixed and
v € LP(Q) be fixed. We know that the following non-singular problem:

o (L@l Ve N T
i ((1+ |Tn(w)|)9(1’1)> - (‘Ul + %)7 in Q,
v on 0f)

(3.2)

has a unique solution w € I/VO1 P(Q) follows from the classical results [16,1,20]. In particular, it is well
defined a map
S LP(Q) — LP(Q),

where v) = w. galn, anks to regularity o € datum ¥, WE canl takKe w as teSt runction in
here S Again, thanks t larity of the dat (Ileﬁ)) tak test function i

(3.2), then '

P
a/ ﬂdmﬁn”“/ |w|dx,
o (14mn)fr—1 Q

using the Poincaré inequality and Hoélder’s inequality on the right-hand side, we have

C
/ |[VwPdr < —1n7+1(1+n)‘9(1”_1)/ [Vw|dx
Q @ Q

<l ([ 1vupas)”.
Q
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thus,
/ Vwlde < Ca(n, [0).
Q

Using the Poincaré inequality on the left-hand side, we get
[wllrr @) < Caln, [2),

where Cy(n,|Q|) is a positive constant independent form v and w. So that the ball B of L?(Q2) of radius
Cy(n,|Q]) is invariant for the map S. Moreover it is easily seen that S is continuous and compact by
the Wy (Q) << LP(€) embedding. Ten by Schauder’s fixed-point theorem there exist u, € Wy (Q)
such that S(u,) = uy, i.e., up, solves (3.1). Observe that w, is bounded by the results of [20]. Since

n

m > 0, the maximum principle implies that u,, > 0. O
n n

Lemma 3.2 Let u,, be the solution to problem (3.1). Then, the sequence {u, }, is increasing with respect
to n.

Proof: Due to T, (f) < Tp41(f) and v > 0,

div (a(x)|Vun|P2Vun > L) Tl
- = 7= 7
(14 T (un))? @1 ) (un + 3) (un + ril)

So that

— le a($)‘vun|p72vun a(x)|Vun+1|p72Vun+1
(1+ T (up))?®=1 (14 Thpq(tpyr))?®—D

< Tor(f) L ! <o. (3.3)

1 \” 1\~
(un + m) (UnJrl + m)

Let choose Tg((un — tpt1)™) (with (un — upt1)™ = max{u, — un41,0}) as test function in (3.3), by the
hypotheses on a and the fact that

1 1
’ (1+ Tn+1(un+1)9(p_1) B (1+ Tn(un)e(p_l)

1 1
<k
B [(1 + Tn+1(un+1)0(p71) * (1+ Tn(un)a(pil)

:|7 in{ogun_unJrlSk}a

In the other hand, we have

1
T, =
1 O‘/Q (1+ T (u))?=D
X [|Vun P72 Vuy, = [Vtn i1 [P V1 | VT ((Un — upg1) ™ )dz

<p / Vtnir [P VT (i — tns1)*)
Q

1 1
— d
g {<1+Tn+l<un+1>0<p—1> <1+Tn<un>9<p—1>} g
<k [ Vs VL~ 1))
Q

1 1
. {(1 + Tog1 (U g)?@=D - (14 Ty (uy, )01

)} da = BkT,. (3.4)
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We recall the following well-known inequality that hold for any two real vectors £, and areal 1 < p < 2:

_ _ € —nl?
EP2e—mPP ) (=) > (p—1) s 3.5
(3 nlP~*n) (€ —n) = ( )(|§|+|n|)2_p (3.5)
Using the Holder inequality, (3.5) and uy,, 41 € Wol’p(Q), we get
r(2—p)
VT ((un = un 1) " IV (un — ttny1)) P ([Vun| + [Vunia|) 2

Xr = —p —p
o (14 Tn(u,))f®=b /Q (14 T (un)) PP D5 (V| + [Vttn 1) 2572 (1 + T (uy))? 05"

([ 9 (tn = i) )’
(4 T ()0 (Vi + [Vt )

(V| + [Vitia )\ 7
( (14 T ()P

2—p

2

< C’lofgl'lg </ [Vu,|? + |V’un+1|pd$>
Q

p P p(2—p) p(2—p)
< G [l g + Tl
< CoTf. (3.6)
From (3.6), we obtain

VT ((un — un+1)+)|p
o (1+ Tn(un))e(pil)

dx < C3kT, (3.7)
Now, for sufficiently small k, and for every p > 0, one has in By, = {z € Q: 0 < (uy, — upy1)" < k}

iu (L+ T (un)" < (14 Togr (uns1))" <2 (1+ T (un))”

This implies that

_0p=1)? o(p=1)2
1 1 _ (14T (un)) 7 (14 Toga(uny1))”
0(p—1 0(p—1) o(p—1) 8(p—1)
(4 Ba ()07 (U Tl 00 (4 73 ) 5 (14 T ()7
—0(p—1) 6(p—1)
+ I+ Tog1(ung1))” » (1 +To(un)) »
o(p—1) o(p—1)
(1+ Tn(un)) (1 + Dot (unt1))
< Ca
— o(p—1) o(p—1) *
(1 + T (un)) 1+ Tn+1(un+1)) v
From the previous estimate and using Holder’s inequality, we get
p—1 _ +
7 <c / V41 . VT ((un, unj(j_)l))l e
(1 + Tot1(unsr)) ¥ (1+To(un)) »
a 1
<y / Vil i) / VTl a1 ) (3.8)
- By, (1 + Tn+1<un+1)>a(p_1) By, (1+ Tn(un))e(p_l) . .
Combining (3.7) and (3.8) gives
T n — Un +\|p , nt1|P
VI = )P / Vit . 59)
o (14T (uy))f®=D B, (1+ Ti1(Ung1))?P=0
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On the other hand, by Poincaré’s inequality and (3.9), we have
kPmeas{B§} = k’meas{z € Q: (up — Uns1)" > k}dz

< /Q ITe(tn — ) )Pl

< Gy / VT4 ((tn — i) ") Pelc
Q
|VT1€((UH — un+1)+)|p
o 1+ Tn(“n))e(pil)

VT3 ((un = uns1) ) [P(1 + n)?e—)
<
< CG/Q (LT T ()7 dz

=C (14 T (un )P Vdz

’ _ VUT 1|p
< C7kP (n4 1)@ 1>/ [Vitns dz,
ke ) B, (1+ Thg1(unt1))?@—1

and so we get,

|vun+1|p

meas{z € Q: (uy, — Up11)T >k} < Cs , kP 7P /Bk a7 Tn+1(un+1))0(p71)dx.
Since, as k tends to zero, we have
Br={r€Q:0< (up —upnp1)" <k} —0. (3.10)
Using (3.10), 1 < p < 2 and the fact that (1+Tn‘j(l::;:11‘;)9@*1> belongs to L1(Q) (since Vu,41 € LP()
and (1+Tn+1(ui,+1))9<11*1> < 1), we deduce that
meas{z € Q: (up — Uns1)T >0} = 0.
This implies that u,, < u,41 a.e. in Q. O

Remark 3.1 Ramark that, 1 <p <2 = p —p > 0. So, the condition 1 < p < 2 is necessary in order
prove that {u,} is increasing. This result of monotonicity plays a crucial role in the proof of the following
Lemma.

Lemma 3.3 Let u,, be the solution to problem (3.1). Then, for every w CC €, there exists ¢, > 0 such
that u, > ¢, a.e. in w for every n € N.

Proof: By lemma 3.1, one has u; is bounded, that is [|u1]| (o) < Cs, for some positive constant C.

We set h(s) Then u; satisfies, distributionally,

_ 1
= G4 ()P

Ti(f) S Ti(f)
(1 + flurll Lo (@)Y = (14 Coo)Y’

—div(a(z)h(u1)|Vur [P~ V) >
that is,
- div(a(:z:)|Vu1|p’2Vu1)h(u1) — W (ur)a(x)|Vui|? > CoTy(f). (3.11)
We define, for s > 0 .
v = [ ()T an (3.12)

We remark that (3.12) implies

V'(s) = (h(s)™ D, and (3.13)
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We define v = t(uq). Then
div (a(2)|Vo[P2Vv) = [¢' (u1)[P72¢" (w)div (a(z)|[Vuy [P7>Vuy)
+(p = Da(x) [V [Py" (u) [ (ur) P72,
and therefore

div (a(z)|Vv[P~2Vv)
|9 () [P=2¢" (ua)

(p— Va(e)hu )w"(( )>|v . (3.14)

—h(uy)div (a(z)|Vui [P7?Vuy) = —h(u;)

By inequality (3.11), (3.13) and (3.14), we have

div (a(2)|Vo[P2Vo) B, P _ ol p
S Zm) + at@h @) Vul —a@h ()| Vul” 2 CTi(). (3.15)

Using that A'(s) <0, a < a(x) < f, and (3.15), we obtain

— h(u1)

div (a(z)|Vv|P~2Vv)

_h(ul) ‘wl(u1)|p_2¢,(u1) Z CQT1<f); (316)
using the fact that
[0/ ()[P~29/ (s) = (h(s))5 > 0. (3.17)
By (316),(317) and hl(ul) Z W, we get
B_ CoTi(f)

~Av(a(@) VoY) 2 Coth(wn)) =) 2 o R Ty

thus,
—div(a(z)|Vv|P~2Vv) > C1oTi(f) > 0.

Let z be the W, *(Q) solution to —div(a(z)|Vz[P~2Vz) = C1oTi(f). By the strong maximum principle,
for every w CC € there exists a constant ¢,, > 0 such that z > ¢, a.e. in w. By the comparison principle,
we have v > z > ¢, a.e. in w. Recalling that v = 9(u1), one has ¥(u1) > ¢, a.e. in w. Since u, is
an increasing sequence and 1 is increasing, we deduce that u, > ¢ ~1(¢,) = ¢, > 0 a.e. in w for every
n € N. O

4. Uniform estimates

In this section, C' will denote a constant (not depending on n) that may change from line to line.
Lemma 4.1 Assume that (0 —1)(p—1) <y <8(p—1)+1.

(i) Let f € L™(Q)) with m > % and let u, be a solution of (3.1). Then, the sequence u, is bounded in
WyP () N L®(9).

(i) Let f € L™(Q) with m satisfied (2.2) and let u,, be a solution of (3.1). Then, the sequence u, is
bounded in Wy () N L*(Q), where s as in (2.3).

(iii) Let f € L™(Q) with m satisfied (2.4) and let u, be a solution of (3.1). Then, the sequence wy, is
bounded in W, (Q), where i as in (2.5).

Proof:
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s 1
5):/ o dt,
o (L48)" 7

noting that H(s) — oo as s — oo if and only if v > (§ — 1)(p — 1). Hence, the proof of (i) will
be concluded once that is shown that H(u,) is bounded. Let us consider ¢(u,) = Gi(H (u,))(1 +
u,)Y, k> 1, with Gi(s) = s — Ti(s) for all s € R. Since u,, € W, P(Q) N L>®(2) be a solution of
(3.1) and by definition of H and Gy, then ¢ it belongs to Wy (Q) N L>°(£2). Testing (3.1) with
©(uy,), using the hypotheses on a, dropping the non-negative terms on the left-hand side and the
fact that

We define H : Rt — R as

Ve(un) = H' (un) (1 +un) Vg + (1 +up) " Gro(H (1)) Vatn,

we obtain
Vu,|P 1+wu,)”
a/ Vel e < / FaG(H () ) g
Q(1+u,) » 1 Q Un,

The previous inequality and the fact that

Va >0,V > 0,3 C(u,a) >0, (1+t)* <Ct*, Vi€ [a,+00), (4.1)
yielding

[Vup,|P
[ VG e = [ e
Q Q (1 —+ un) p—1
<C [ fGu(H(u)ds. (4.2)
Q

the inequality (4.2) is exactly the starting point of Stampacchia’s L —regularity proof (see [28]),
so that there exists a constant C' independent of n such that 0 < H(u,) < C. Therefore, the strict
monotonicity of H implies the boundedness of the sequence w, in L>(Q). It is easy to get an
estimation in WO1 P(Q). Taking u,, as test function in formulation (3.1). Using the hypotheses on
a, the boundedness of the sequence wu, in L>(Q) and Holder inequality, we obtain

aC/ |V, [Pde < Hu};’YHLN(Q)/ fdx < C, (4.3)
Q Q

so that the sequence u,, is bounded in W, (). This finishes the proof of the case (i).

Let us use ¢ = (1 + u,,)?®~ D+t — 1 as test function in (3.1); the hypotheses on a and (4.1) imply
that

a[o(p—1)+1]/ﬂ|vun|17dx < C/Q|f|qu<P*1>+1*7dx.

By Sobolev’s inequality (with exponent r = p*) on the left-hand side and Holder’s inequality (with
exponent my > 1 ) in the right one, we obtain

P 1
</ uﬁ*da}) P S CHf”L"’l (Q) (/ u7nn/1[9(17—1)+1—"/]dx> m) .
Q Q

We remark that p* = mj[0(p — 1) + 1 — 7). Moreover, L > L. Then the above estimate implies

my
that the sequence u,, is bounded in L?" (€2) and in Wy*(Q).

Now, we are going to prove that u, is bounded in L*(£2) where s as in (2.3). We take ¢ = (1+u,)*—1
as test function in (3.1), by the hypotheses on a, one has

A d < 1 mn -1 )
a /Q(l—l—un)"(l’_l)_/\“ x < ; (un—l—l)ﬂ{[( + up) Jdx

n
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J

By Sobolev’s inequality on the left-hand side and Holder’s inequality on the right one we have

(],

Let A > v be such that

thus,

—6(p—1)+A+p—1 p
e 1}

V[ +uw) T

de < c/ F(1+u,) N Vd.
Q

P

p* p* -4
m) SCWﬂme)</(L+me“‘”m0 (4.4)
Q

—0(p—1)+A+p—1
_ 1}

{(1 + uy) »

m

6= 1)+ A+ p— I = A==,

the previous equality is equivalent to

N(m—-1)(1-0)(p—1) + ym(N —p)

A=
N —pm ’

since m < % and v > (f — 1)(p — 1), we observe that

m Nm[(p—1)(1—-0)+~

Oy Nollp =)= 6)
m—1 N —pm

Hence, it follows from (4.4) and (4.5) that u, is bounded in L*(2).

=s>1 (4.5)

(iii) Let us consider ¢ = (1 + uy)” — 1 as a test function in (3.1) with

_Nm-1)(A-0)(p—1) +ym(N —p)
N —pm '

With the same arguments as before, we have

|Vun|?
</Q x) <C/ (1 + up)?P=1= e

< Ol fllLm o) </ (14 un)m/(“”)dx) ) (4.6)

—0(p—)+7+p—1
e 1}

[(1 +up) »

Ni(p=n(=6)+7]
As above, we conclude that wu, is bounded in L™ (). We observe that v < 7 <

O(p — 1) + 1, by the assumption on m. Now, let 1 < 1 < p By Holder’s inequality with exponent %
and (4.6), we obtain

[V [" [6(p—1)— 1
Nlp — p—1)—7+1] ]
]Q'vu"dxj£(14—unﬂﬂpnr+ﬂz<l4u") e

n

[V [P v now-v-rtry  \ 7
= (/Q (1+ un)‘)(pl—l)—fﬂ dzx /Q(l ‘u,) P dx

p—n

Q

The estimates (4.7) imply that the sequences u,, is bounded in W, '"(€) if
nfp—1) —7+1 _ Nilp-1D(1—-0) +7]
P N—p ’

that is
_ Nm[(p—1)(1—-0)+1]
N—-mlf(p—1)+1—1]

This completes the proof of Lemma 4.1.
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a

Lemma 4.2 Suppose that the hypotheses of Theoreme 2.1 are satisfied. Then, the solution u, to problem
(3.1) are uniformly bounded in Wy™P(Q).

Proof: Let us choose ¢ = (1 4 u,)?®~1D+1 — 1 as a test function in (3.1). Using the hypotheses on a,
we have

o —1)+1] [ [Vunde < C [ |fldr < Clfo
Q Q
The previous estimate implies that the sequence u,, is bounded in VVO1 P(Q). a

Lemma 4.3 Suppose that the hypotheses of Theoreme 2.2 are satisfied. Then, the solution u, to problem

y+P-1)(A-6)

(3.1) are uniformly bounded in W,5P(Q) and un, ~ * is uniformly bounded in W, (52).

il
n

n
y+P—1)1-6)
Viu, *

Proof: Taking u] as test function in (3.1), since <1, us the hypotheses on a, we obtain

p

dx < a'y/ |V, [Pu) =10 Dy
Q

< [ I1de
Q
yHp-1)(1-6)

This proves that the sequence u, 7 is bounded in WO1 P(Q). Now by Sobolev’s inequality applied
in the left hand side, we deduce the boundedness of u,, in L*(Q) with s = M.
To prove the VVﬁ)f(Q) bounded, let ¢ be a function in C§°(£2), and let w be the set {¢ # 0}. Choosing

[(un + 1)f—D+1 1] ©P as test function in (3.1), one has by the hypotheses on a and Lemma 3.3, we
have

pory
(v+@-1A-0))P /Q

04(9(29—1)+1)/ |Vun|PpPde +pa/ |V [P~ 2V, VP~ u, de
Q Q
|f] 0(p—1)+1

< | |(up + 1) 1| P

—/Q(un_i_}l)'y[( ) }‘P

< [ |flerds

Q
< colllieq) [ |fldz. (4.8)
Q

On other hand, using Young’s inequality, we get

pa

/ |V P2V, VP u, d
Q

Se/ |Vun|pg0pdx+0(5)/ |Vouy, |[Pdz. (4.9)
Q Q
By (4.8), (4.9) and the boundedness of w,, in L*(Q2) (where s > p) yields
/ |Vu,|? pPde < C/ |Vga|pufldx+cw||50||poo(m/ | fldx
Q Q Q

< C”v@H]Zao(Q) ub dx + Cw”SD”poo(Q) | f|dz
Q Q

< Cw,

so that the sequence u,, is bounded in Wlt)’f (Q) as desired. O
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5. Proof of Theorem 2.1-2.3

We only give the proof of Theorem 2.1 because Theorem 2.2 and 2.3 can be proved in a similar way.
We restrict to the proof of point (1); the second and the third point are similar.
By Lemma 4.1, the sequence (uy), is bounded in WO1 "P(Q). Therefore, there exists a function u €
W, P (€2) such that (up to a subsequence)
{ U, —u in Wy P(9Q), (5.1)
U, — u a.e.in . '

Step 1 : Since u,, satisfies Lemma 3.3. For every ¢ € C§°(Q2), we have

fn < ||50||L°°(Q)f’

1
Uy + pos Cw

0<

where w is the set {¢ # 0}. Therefore, by Lebesgue theorem, one has

lim fnitpldx = / de, (5.2)
o (un + )7 o u”

n—-+oo
Step 2 : Now, we are going to prove
Vu, — Vu a.e. in Q.

Taking w, — u as a test function in (3.1), we have

a(m) P=2%74, U — u)dr = w T
/Q )|Vun| A% nv( n )d /Q dz.

(1 + Tn(un))e(pil (Un —+ %)’Y
So that
/Q 1+T, Céz(f)))e(p—l) [IVun "™V uy — [VulP =2 Vu] V(up — u)dz
T (f) (up — u) a(z) _
- /Q T T /Q T T e Vel Y (= u)de

Passing to the limit as n — oo in the previous inequality and using (5.1), (5.2), we can easily prove that
I, = / [[Vun [P*Vu, — [VuP~*Vu] V(u, — u)de — 0, as n — oo. (5.3)
Q

Now, By Holder’s inequality and (3.5) we get

— p r(2—p
/ |Vu, — Vul? dz §/ [V vumep) (IVun| + |Vul) e
Q 2 (|Vun| + [Vul) 2
2 3 e
< ([ =) ([ 09wl vura)
o (|Vun| +[Vul) Q

2-p

<1, (/Q(|Vun+|Vu|)pdm> " (5.4)

Since u,, is bounded in Wy*() and u € W, ?(Q), after letting n — +oo in (5.4) we find

n—-+oo

lim / |Vu, — VulP dz =0,
Q
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which implies,

Vu, = Vu strongly in LP(2) and a.e. in 2. (5.5)

Step 2 : We are going to prove (2.1) by passing to the limit in

p—2
/Q o) (|1V:_‘”T|n (u”v;)‘g(f_ﬁ da — /Q mczx, (5.6)
for every ¢ € C§°(£2). By (5.5) we have
Van P2V, — [VulP 2 Vu  weakly in L (). (5.7)
Since
a(z) a() in L"(Q), for every r > 1. (5.8)

—
(L T ()77 (L)Y

From (5.7), (5.8), we obtain

p—2 p—2
/a(x)|Vun| Vunsé’dm_>/ a(@)|Vul vadm, (5.9)
o Q

(1+T), (un))®™Y (14 u)br=1)

for every ¢ € C§°(Q). Using (5.2) and (5.9), and passing to the limit in (5.6) we get (2.1).

10.

11.

12.

13.

14.

15.

16.
17.

18.
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