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Invariant, Anti Invariant and Slant Submanifolds of Locally Poly-Norden Manifolds

Masoumeh Tofighi and Mohammad Bagher Kazemi Balgeshir*

ABSTRACT: In this paper, we study locally almost 3-poly-Norden manifolds and prove several properties of
the curvature tensor and Ricci tensor of these manifolds. We investigate invariant, anti-invariant and slant
submanifolds of almost 3-poly-Norden manifolds from various views. We characterize these submanifolds and
give non-trivial examples.
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1. Introduction

As a generalization of invariant and anti-invariant submanifolds, we investigate slant submanifolds of

almost 3-poly-Norden manifolds [12]. Many authors have studied special models of slant submanifolds
in various structures, for example hemi-slant, invariant, anti-invariant, slant and semi-slant submanifolds
of metallic manifolds have been reviewed in [1,3,6]. Furthermore, in [2,8] slant submanifolds of almost
contact 3-structure manifolds, golden manifolds and locally conformal Kaehler manifolds have been in-
vestigated and the slant light-like submanifolds of indefinite cosymplectic manifold have been studied in
[5].
At the present paper, we first define an almost 3-poly-Norden manifold and give an example for that
in Section 2. In Section 3, we introduce ¢-invariant and ¢-anti-invariant submanifolds of almost 3-poly-
Norden manifolds. Also, in Section 3, we investigate and characterize slant submanifolds and give an
example of a slant submanifold of an almost 3-poly-Norden manifold.

2. Almost 3-Poly-Norden Manifolds

Definition 2.1 Let (M, g) be a smooth Riemannian manifold. An almost poly-Norden structure on M
is a (1,1)-tensor ¢ which satisfies
¢ =mo—1I, (2.1)

where I is identity operator on M. In this case (M, @) is called an almost poly-Norden manifold [10].

We say that Riemannian metric g is ¢-compatible if

for any X,Y € I'(TM). It follows ¢ is symmetric with respect to g, that is
9(0X,Y) =g(X, ¢Y). (2.3)

The Levi-Civita connection on M will be denoted by V.
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Definition 2.2 An almost poly-Norden structure (M, ¢) is called integrable if its Nijenhuis tensor field
N, vanishes, where No(X,Y) := ¢*[X, Y] + [¢X, ¢Y] — [0 X, Y] — ¢[ X, ¢Y].

Note that Ny = 0 is equivalent to V¢ = 0 [10].

Definition 2.3 An almost poly-Norden Riemannian manifold (M, $,q) is a locally almost poly-Norden
manifold if ¢ is parallel with respect to the Levi-Civita connection associated to .

Lemma 2.1 Let (M,¢,3) be a locally _almost poly-Norden Riemannian manifold, then we have
(Vx@)Y = —(Vy¢)X for any X,Y € I(TM).

Proof: In the account of the locally almost poly-Norden definition, we obtain for any X € I'(T'M)
(Vxd)X =0, (2.4)

since by putting Y := X in (Vx¢)Y = 0 for any X € I'(T'M) in this case the above equation is obtained.
So, we set X +Y instead of X in the Equation (2.4), and then for any X,Y € I'(T'M) we conclude

(Vxiv@)(X +Y) =0,
(Vxd)X + (Vy9)X + (Vx9)Y + (Vy9)Y =0,
(Vx9)Y = =(Vyo)X.

Now as a generalization of almost poly-Norden manifolds, we introduce almost 3-poly-Norden manifolds.
Let J;, i € {1,2,3}, be hyper-Hermitian structures on the Riemannian manifold (M,g) [9]. So, we have
J? =—1and J; o J; = Ji. By limiting the m;, mjand my, to the interval (0,2), we define

m;

\/4 — mi2

i =——1 Ji, 2.5
¢ =51+— (2.5)
o, =Map VATm®
79 2 7

m Va4 — my2
oK = 2k1+%<]ka

where [ is the identity tensor field. Now, by using the condition J; o J; = Ji, we get the ¢; o ¢; compo-
sition for any X € I'(TM).
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610 6;(X) = ¢u(TLX + 4_2mj2Jj(X)
=)+ Y 00)
- S S ) T ()
+ A o 1)
T e VAT oy g VAT ()
N V(4 - mgi)(‘l —m;?) Je(X)
_ mlijJr m; 44_ miQ(\/L%XJr 4_2m1_2¢>i(X))
+miw(¢%x+ ﬁ%(ﬂ)
L V- maz)(‘l —mi?) \/4‘j”:1k2x + fmkgm(X))
g,y YATAO ) v

2 2\/4 — ka

mk\/(4fmj2)(4—m¢2) +mimj and § = \/(4—m¢2)(47mj2)

4v/4 — my,? 4 2V/4 — m2

, in that case we drive

So if we put a =

piod; =—al + %qﬁj + %@' + Bok. (2.6)

Thus, we say the Riemannian structure (M, g, bi)ic{1,2,3} is an almost 3-poly-Norden manifold in which
¢;’s are defined in the Equation (2.5).

It should be noted that, conversely if ¢;,¢; and ¢ for i,j,k € {1,2,3}, are almost poly-Norden
structures on manifold M, then each given almost poly-Norden structure induces complex structures as
follows

—m; 2

Ji: I+ 2
\/4—mi2 \/4—’17’LZ‘2Q5
—m; 2
Jj = LT+ i
I \/4—mj2 \/4—mj2¢j
-m 2
Ik i Dk

= I+
Va4 —my? Va4 —my?

Example 2.1 Let M = R® and J;’s be the natural hyper-complex structures on R8. In the above equa-
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tions, put the indices i,j and k respectively 1,2,3. Now suppose my = mo = m3 = 1 then we have

IRVE] -1, 2
=_I+-—J1 , J1= — 1,
) 5 5 1 1= \/5 \/§¢1
1. V3 -1, 2
=_IT+—Jy , Jo= — o,
®2 5 5 J2 2 = \/5 \/§¢2
IRVE] -1, 2
=-I+-—J3 , J3= — 3,
¢3 7 5 s 3= \/§ \/§¢3
V3+3 1 3
o X)=— X + + X))+ —o3(X).
$1 0 ¢2(X) (4\/5) ¢1( ) 2</52( ) 2\/§¢3( )
Example 2.2 Suppose (1-1)-tensors Ji,Jo, J3 are defined as follows,
0 -1 0 O 0 0 -1 0 00 0 -1
1 0 0 0 0 0 0 1 0 0 -1 0
fi=1o 0 0 1 =11 0 0o of #Tlo1 0 ol
0O 0 1 0 0O -1 0 0 1 0 0 0
1 2 3
we put my = > , Mo = g,mg =3 and by using equations (2.5) we get ¢;,i = 1,2,3.
1 1
LoV
4 4
V151
é ,]Jr@(] - 4 4 0 0
1 — 4 1 — 0 0 1 B /15 s
4 4
V1 1
4 4
1 2v/2
;o0 2
V2 0 L 0 2v2
9 - Zve
P2 = *I-f- — 2= 3 31,
3 3 2v2 1 0
3 23 3 )
0o —— 0 -
3 3
3 V7
T Of vy
3 7
S 7 1 0
P=glt =
o YT 3
7 4 4 5
4 4

If there exist a Riemannian metric g on almost 3-poly-Norden manifold M such that for any X,Y €
I(TM) and 4,j = 1,2,3
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then M has an almost 3-poly-Norden metric structure (¢;,9),i = 1,2,3, and (M, ¢;,9),i = 1,2,3, is
called an almost 3-poly-Norden metric manifold.
This relation is equivalent to

g(¢iX7 ¢ZY) = mig(¢iX» Y) - g(Xv Y)v (2'8)
and

9(6:X,6;,Y) = —ag(X,¥) + ZLg(X,6.Y) + Trg(X, 6;Y) + Bg(X, 1Y), (2.9)

Definition 2.4 An almost 3-poly-Norden manifold (M, ¢;) is called integrable if its Nijenhuis tensor
fields Ny, , i =1,2,3 vanish, where

Ny (X,Y) = 6:*[X, Y]+ [0 X, ¢:Y] — ¢i[¢: X, Y] — ¢[X, ;Y]
Note that Ny, = 0 is equivalent to V¢; =0, where V is Levi-Civita connection on M.

Lemma 2.2 Ij;(ﬁ,g,gbi), i = 1,2,3 is an integrable almost 3-poly-Norden manifold then we have
(Vx¢:)Y = —(Vye:)X, VX,Y € I(TM).

Proof: Sinceﬁﬁ is an integrable manifold, thus (Vx¢:)Y =0, VX,Y € T(TM). Set Y := X, in this
case we get (Vx¢;)X =0, VX € T(TM). Now put X +Y instead of X,

(Vx4v o) (X +Y) =0,
(Vxéi)(X) + (Vx ) (V) + (Vy¢i)(X) + (Vydi)(Y) =0,

according to the above relations, the result is obtained. O

Lemma 2.3 Let (M, ¢;), i = 1,2,3 be an integrable almost 3-poly-Norden manifold, then VX,Y €
I(TM),

i) (Vx¢i)diY = —¢i(Vx$:)Y,
i) (Vx¢i)d;Y = —¢;(Vxd:)Y + %(ﬁx@')y + %(ﬁx@)y +B(Vxor)Y
~¢iVxd;Y + ¢;Vx¢;Y.
Proof: The proof of the first part is clear. We use the Equation (2.6) to prove the second part.
(Vx¢i)o;Y +¢;(Vx i)Y = Vi oY — ¢iVxd;Y +¢;VxdY —jod;VxY

=—aVyxY + %vX(biY + %ﬁx%y + BV x Y
— ¢iVxd;Y +¢;VxiY +aVxY — %%’vxy
- %@'vxy — B VxY
= %(vx@)y + %(ﬁx%)y + B(Vxor)Y — ¢:iVx ;Y
+6;VxpiY.

From the previous results, the following lemma is clear.

Lemma 2.4 If (M, ¢;,9),i = 1,2,3 is an almost 3-poly-Norden Riemannian manifold, then
9(Vx¢:)Y,Z) =g(Y,(Vx¢:)Z)

for any X,Y,Z € T(TM).
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3. Submanifolds of an Almost 3-Poly-Norden Manifold

Let (M, g) be a submanifold of an almost 3-poly-Norden manifold (M, g, ¢;),i = 1,2,3, where g is
the induced metric on M. We use same symbol g for the induced metric g and the metric g. The Gauss
and Weingarten formulas are given by [7]

ﬁxy =VxY + h(X,Y)
VxV =-AyX + V%V (3.2)

where h is the second fundamental form and A is the shape operator, which are related to each other as
follows
g(h(X, Y)v V) = g(AvX, Y)7

for any X,Y € [(TM),V € T(TM*1).

Lemma 3.1 Let (M,g,¢;),i=1,2,3 be an integrable almost 3-poly-Norden Riemannian manifold, if o;
is a (1-1)-tensor on submanifold (M, g) of M such that o; = ¢; |, then (M, g,0;) is an integrable almost
3-poly-Norden submanifold if and only if h(X,0;Y) = o;h(X,Y).

Proof: First we show that (M,o;) is an almost 3-poly-Norden Riemannian submanifold and then by
using Equation (3.1) we prove that it is integrable.

X =2 |y X=me¢i |y X — X =mo; X — X

since M is integrable then (Vx@; |a)Y = 0 so we have

VxéilmY —¢i |m VxY =0,
Vxo;Y + h()(7 O'iY) —o;VxY — O'ih(X,Y) =0,
(Vxo))Y + h(X,0:Y) — oih(X,Y) = 0.

So (M, 0;) is an integrable submanifold that is (Vxo;)Y = 0 if and only if h(X,0;Y) = o;h(X,Y). O
Definition 3.1 Let M be a submanifold of an almost 3-poly-Norden manifold (M, ¢;),i = 1,2,3. We
say M is ¢;-invariant of M if ¢;(TM) C TM and M is ¢;-anti-invariant of M if ¢;(TM) C (TM™).
For each X € I'(TM),V € [(TM*) and i = 1,2,3 we put

¢ X =T:X + N; X (3.3)
oV =tV —nV (3.4)

where

T, :T(TM) — T'(TM), N;:T(TM)— T(TM%1),
ti :T(TM*Y) — T(TM), n;:D(TM*) — TD(TM*Y),

From (3.3) and (3.4) we can easily get the following equations

9(T;X,Y) = g(X, T;Y), (3.5)

for any X,Y € ['(TM) and U,V € T(TM*).
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Lemma 3.2 For any X,Y € I'(TM),U,V € T(TM+~) the following relations are satisfied.

1
T? =mT; — I —t;N;,  N; = —(N;T; +n;N;), (3.8)
m
1
t; (Tz’ti + tin,‘), nf =mn; — I — N;t;. (39)

m

Theorem 3.1 Let (M,g) be a submanifold of an almost 3-poly-Norden manifold (M, ®;),i = 1,2,3.
Then M is a ¢;—invariant submanifold if and only if the induced structure (T;,g) and (n;,g) of M are
almost poly-Norden 3-structure.

Proof: If M is ¢;—invariant submanifold in this case, according to (3.3), N; = 0. So according to the
first equality of the (3.8) and the second part of the (3.9), (T}, g) and (n;,g) are almost 3-poly-Norden
structures and vice versa. O

The covariant derivative of T; and N;(t; and n;),i = 1,2, 3, respectively, are given by
(VxT)Y =VxT,Y —T;VxY, (VxN;)Y =VxN;Y — N;VxY, (3.10)
(Vxt)V =Vxt,V —t;VxV, (Vxn)V =VxnV —n;VxV. (3.11)
Lemma 3.3 Let M be a submanifold of an integrable almost 3-poly-Norden manifold (M, ¢;),i =1,2,3,
then for any X,Y € T(TM),V € T(TM™*) we get
g(VxN)Y, V) = g((Vxt)V,Y).

Proof: Since the ¢; is integrable then for any X,Y € I'(T' M), we have Vx¢;Y = ¢;VxY. Now by using
Gauss and Weingarten formulas and Equations (3.3) and (3.4) we conclude

VxT,Y + VxN;Y = ¢;(VxY + h(X,Y)),
VxTY + WX, TiY) — An,y X + VEN;Y = T;VxY + N;VxY +t;h(X,Y)
+n:h(X,Y).
Separating the tangential and normal components implies
(VxT))Y = An,y X + t; (X, TY), (3.12)
(VxN,)Y = nh(X,Y) — h(X,T;Y). (3.13)
And for any X € I(TM) and V € T(TM*), we get Vxé;V = ¢;VxV. In the similar way, we get
Vxt:V+VxnV = ¢;(—Ay X + Vi V),
VxtV4+hX, V) = Ay v X +VxnV = —TiAy X — NjAy X +,V%V
+n; Vi V.
So we get it by separating the tangential and normal component
(Vxt,))V=A,vX —T;Av X, (3.14)
(Vxn;)V = —h(X,t;V) — N;Ay X. (3.15)
And finally, by using the above equations and (3.5) and (3.6) we obtain
g(VxN)Y, V) = g(h(X,Y),n;V) — g(h(X,T;Y), V)
=g(4,,vX —-T,Av X,)Y)
= g((Vxt)V,Y).
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Lemma 3.4 Let M be a submanifold of an integrable almost 3-poly-Norden manifold (M, ¢;),i = 1,2, 3.
Then (VxN;)Y =0 and (Vxt;)V =0, for any X,Y € T(TM),V € T(TM*) if and only if the shape
operator A satisfies

AnvX =T, Av X =T Av X = AvT X, i=1,2,3.

Proof: By using (3.13)
According to the relation between h and A and Equation (3.3) we have

9(An,vXY) —g(Av X, T;Y) =0,

So equality is achieved on the left. On the other hand, since (Vxt;)V = 0, then by using (3.14) we get
g(AnvX —T;AvX,Y) = 0.
The right-hand of equation can also be obtained by the following statement,
9(X, Ap,vY) — g(X, AyTiY) = 0.

Conversely, all of the above steps are reversible. O

Theorem 3.2 Let R is the curvature tensor of an integrable almost 3-poly-Norden (M, ¢;,g),i =1,2,3.
Then for any X,Y, Z, W € I'(T M), following relations hold

i) R(X,Y)¢; = —¢:R(X,Y),
i) R(X,¢;Y) = R(¢;X,Y),
iii) R(¢p:X,0:;Y) =m;R(¢; X,Y) — R(X,Y),
w) g(R(X,Y)$iZ, 6:iW) = mig(R(X,Y)Z, ;W) — g(R(X,Y)Z, W),
v) g(R(X.Y)$: Z,W) = g(R(X,Y)Z,¢; W),

vi) R($:X, 6,Y)Z = —aR(X,Y)Z + "2 R(X, :Y)Z + T R(X, ,Y)Z + BR(X, 6uY)Z,

vii) g(R(XY)6:2.6,W) = —ag(BXY)ZW) + "R Y)Z.0W) + TLg(BX,Y)Z,0,W) +
By(R(X,Y)Z, ¢ W).

Proof: By using Equations (2.6), (2.7) part (i) and properties of curvature tensor we prove only (vi)
and (vii) items.

vi) g(R($:iX,6;Y)Z,W) = R(¢:X,6;Y,Z, W)
=R W, i, 65 ) 9(R(Z,W)6:X,6;Y)
= —ag(R(Z, W)X.Y) + 5L g(R(Z, W)X, 6:Y)
+ 5 9(R(ZW)X.6,Y) + Bg(R(Z, W)X, 61Y)
= —aR(X,Y.Z,W) + T R(X, 6:Y. 2, W)

+ 5 ROX,6,Y. Z,W) + BR(X,61Y. Z, V).
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vii) g(R(X,Y)$:Z, ;W) = g(¢: R(X,Y)Z, ;W)

+ S 9(RXY)Z,6,W) + Bg(R(X,Y) Z,60W7).

So, the following results can be obtained directly by using the previous theorem.

Theorem 3.3 Let S be the Ricci tensor of an integrable almost 3-poly-Norden manifold (M, ¢;,g),i =
1,2,3, then

Z.U) §(¢lX7 ¢Y) = ml§(¢1X7 Y) - E(Xv Y)7

m;

(X, 65) + BS(X, 1Y),

v) S(6:X,6;Y) = —aS(X,Y) + %?(X, &Y +

Theorem 3.4 Let M be an integrable almost 3-poly-Norden manifold then we get:

i) (VwS)(9:X,Y) = (Vz5)(X,¢:2)

4. Slant Submanifolds of Almost 3-Poly-Norden Manifolds

Definition 4.1 Let (M, g) be a submanifold of an almost 3-poly-Norden manifold (M, g, d;),i = 1,2, 3.
Let X be a nonzero vector field tangent to M at p and 6(X) be the angle between T,M and ¢;X. If
0(X) is independent of the choice of p € M and X € T,M, then M is called a 3-slant submanifold and
0 = 0(X) is called slant angle.

Thus, if

i) 6 =0, M is ¢;—invariant submanifold.

i) 6= g, M is ¢;—anti-invariant submanifold.

i) 0<0< g7 M is called proper 3-slant submanifold.

According to the above definition we have:

g(¢iX’ TjX)

" i,je{1,2,3}. (4.1)
| X || T;X |

cost =

Lemma 4.1 Let (M,g) be a submanifold of an almost 3-poly-Norden manifold (M,g,¢;). If M is a
3-slant submanifold with slant angle 6, then for any X, Y € T'(TM) we have:

Z) g(nXaﬂY) = COS2 9[m7g(X7 TZY) - g(X7 Y)]7
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”) g(ﬂX,TlY) = COSQ[—Ozg(X, Y) + 7J9<X>sz) + 79(X7 T7Y> + ﬂg(X, Tky)]’
iii) g(N; X, N;Y') = sin® 0[m;g(X, T;Y) — g(X,Y)],

iv) g(N.X, N;Y) = sin® flag(X.Y) + ZLg(X. 1Y) + TTrg(X, T;Y) + Bg(X. TLY)]

Proof: By using Equation (4.1), we get

i) 9(TiX, T;Y) = cos 0g(¢: X, ¢;Y) = cos® 0g(¢7 X, V) = cos Og((mi¢; — )X, Y)
= cos? 0[mig(: X, Y) — g(X,Y)] = cos? Omig(X, T;Y) — g(X,Y)].

it) g(T;X, T;Y) = cos® 0g(¢i X, ¢;Y) = cos® 0g(X, ¢ © ¢,;Y)
= cos”[—ag(X,Y) + TLg(X,6.Y) + T g(X,6;Y) + Bg(X, 61Y )]

= cos’[~ag(X.Y) + TLg(X. T,Y) + Trg(X. T;Y) + Bg(X, 1Y ).
The proofs of the items (iii) and (iv) are similar to the proofs of (i) and (i), respectively. O

Theorem 4.1 Let (M, g) be a submanifold of an almost 3-poly-Norden manifold (M,g,¢;:),i=1,2,3. If
M is a 3-slant submanifold of M, then there exist A € [0,1] such that

i) T? = X(m;T; — I),
ii) TLT) = M=ol + LT, + 21T, + BT).
Proof: Let M be a 3-slant submanifold of an almost 3-poly-Norden manifold M, hence the angle 6 is

constant, so put A = cos? € [0, 1]. Now let use the previous lemma

i) 9(T?X,Y) = g(T; X, T;Y) = cos*0[mg(T; X,Y) — g(X,Y)]
= cos%0g(m;T; X — X,Y) = cos*0g((m;T; — )X, Y),

for any X,Y € I'(TM), therefore we have T? = X(m;T; — I).
Conversely, suppose there is a real number \ in the interval [0,1] such that T? = A(m;T; — I), put
A = cos?6 € [0,1], hence A is independent of the choice X.

m; m;
= cos’[—ag(X,Y) + Hg(TX,Y) + Tg(T3X,Y) + Bg(Te X, V)]

= cos?[g((a + %T n ’%Tj + BT — k)X,Y),
so we have T)Tj = A(—al + %T + %Tj + BTh). 0

Theorem 4.2 Let (M, g) be a submanifold of an almost 3-poly-Norden manifold (M, g, ¢;),i = 1,2,3. If
M is a 3-slant submanifold with slant angle 6, then

i) (VxT?)Y =m;cos?0(VxT;)Y,
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i) (VxTiT})Y = cos? 9[%(%(7;)3/ + %(VXTJ-)Y + B(VxTH)Y].

Proof: By using Lemma 4.1, we get

10.
11.
12.

i) (VxT?)Y = VxT?Y - T?VxY
= Vxcos’0(m;T;Y —Y) — cos*0(m;TiVxY — VxY)
=m; cos’0V xT,Y — cos?0V xY —m; cos’0 T,V xY + cos*0V xY
=m; cos?0(VxT;)Y.

ity (VxT/T;)Y = VxT/TY — TiT;VxY
= Vi cos?0(—a + %T + %Tj + ALY
—cos® O(—a + %Tz + %Tj + BT)VxY
= (~acos’ 0+ acos? ) VxY + (% cos® 0)(VxT;)Y
+ (% cos® 0)(VxT;)Y + Bcos® O(VxTy)Y

— cos? 9[%(VXTZ-)Y + %(VXT]-)Y + B(VxTH)Y].

References

Abedi, E. and Ilmakchi, M., Submanifolds of a conformal Sasakian manifold. Bol. da Soc. Parana. de Mat. 39(1),
23-34, (2021).

Bahadir, O. and Uddin, S., Slant submanifolds of golden Riemannian manifolds. J. Math. Ext. 13(4), 23-29, (2019).

Blaga, A. M. and Hretcanu, C. E., Invariant, anti-invariant and slant submanifolds of a metallic Riemannian manifold,
Novi Sad J. Math. 48(2), 55-80, (2018). https://doi.org/10.30755/NSJOM.06365

Gupta, R. S. and Sharfuddin, A., Slant lightlike submanifolds of indefinite Kenmotsu manifolds, Turk J math, 52,
115-127, (2011).

. Gupta, R. S. Upadhyay, A. and Sharfuddin, A., Slant lightlike submanifolds of indefinite cosymplectic manifolds.

Mediterr. J. Math, 77, 115-127, (2011). DOI: 10.1007/s00009-010-0077-5

Hretcanu, C. E. and Blaga, A. M., Slant and semi-slant submanifolds in Metallic Riemannian manifolds, J. Function
Spaces, 28, 1-13, (2018).

Kazemi Balgeshir, M. B., Panahi Gharehkoshan, S. and Ilmakchi, M., Statistical manifolds equipped with
semi-symmetric connection and Ricci-soliton equations, Reviews in Mathematical Physics, 2450055, (2024).
https://doi.org/10.1142/50129055X24500557

Mete Tastn, H. and Gerdan, S., Hemi-slant submanifolds of a locally conformal Kaehler manifold. Int. elec. J. Geome.
8(2), 46-56, (2015).

Miri, S., Ilmakchi, M. and Kazemi Balgeshir, M. B., Coisotropic warped product submanifolds of a mized 3-Sasakian
statistical manifold, Int. J. Theor. Phys. 63, 130, (2024). https://doi.org/10.1007/s10773-024-05658-2

Sahin. B., Almost poly-Norden manifolds. Int. J. Maps Math., 1(1), 68-79, (2018).
Sahin. B., Slant lightlike submanifolds of indefinite Hermitian manifolds. Balkan j. Geom. Appl., 17, 107-119, (2008).
Perktas, S. Y., Submanifold of almost poly-Norden Riemannian manifolds, Turk J math, 58, 1-19, (2019).

Masoumeh Tofighi,
Department of Mathematics,

University of Zanjan,

Iran.

E-mail address: masomeh.tofighi@znu.ac.ir



12 M. TorIGHI AND M. B. KAZEMI BALGESHIR

and

Mohammad Bagher Kazemi Balgeshir,
Department of Mathematics,
University of Zanjan,

Iran.

E-mail address: mbkazemi@znu.ac.ir



	Introduction
	Almost 3-Poly-Norden Manifolds
	Submanifolds of an Almost 3-Poly-Norden Manifold
	Slant Submanifolds of Almost 3-Poly-Norden Manifolds 

