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1. Introduction and Preliminaries

It is well known that the abstract convexity theory deals with set-theoretic structures which satisfies
axioms similar to that usual convex sets fulfill and the concept of convex structures can be treated as
a special kind of spatial structures and some topology-like properties. The basic concepts of abstract
convexity theory can also be found in [15,16]. Some applications of abstract convexity theory can be
found in [5,6,14,17]. The concept of a fuzzy convex structure appeared for the first time in [10,11]
which is called an I-convex structure. However, similar concepts with slight changes already appeared in
[8,9,19,22,23,24]. One of the recent directions is the study of generalized convex structures [12,13,18,20,21]
and its applications. In [13], Shi and Xiu studied an (L,M)-fuzzy convex structures as a generalization
of L-convex structures and M -fuzzifying convex structures. The main contribution of the present paper
is to give some investigations on L-fuzzy (K,E)-soft convex spaces, mainly including L fuzzy soft hull
operator with respect to L-fuzzy (K,E)-soft convex spaces where L is completely distributive lattices
with order reversing involution ” ′ ” where ⊥L and ⊤L denote the least and greatest elements in L. An
L-fuzzy soft convexity preserving and an L-fuzzy soft convex-to-convex mappings was given. An L-fuzzy
(K,E)-soft closured convexity space was introduced. Throughout this paper, let X be a non-empty set,
both E and K are the sets of all parameters for X and L be completely distributive lattices with order
reversing involution ′ where ⊥L and ⊤L denote the least and the greatest elements in L respectively, and
L⊥L = L− {⊥L}.

Definition 1.1 [1,7] A map fA is called an L-fuzzy soft set on X, where fA is a mapping from E into
LX , i.e., (fA)e := fA(e) is an L-fuzzy soft set on X, for each e ∈ E. The set of all L-fuzzy soft set is
denoted by (LX)E. Let fA, gB ∈ (LX)E.

(1) fA is an L-fuzzy soft subset gB and we write fA ⊑ gB if fA(e) ≤ gB(e), for each e ∈ E. fA and
gB are equal denoted by fA ∼= gB if fA ⊑ gB and gB ⊑ fA.

(2) The intersection of fA and gB is an L-fuzzy soft set hC = fA ⊓ gB , where hC(e) = fA(e)∧ gB(e),
for each e ∈ E.
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(3) The union of fA and gB is an L-fuzzy soft set hC = fA ⊔ gB , where hC(e) = fA(A) ∨ gB(e), for
each e ∈ E.

(4) The complement of an L-fuzzy soft sets on X is denoted by f ′A, where f
′
A : E −→ (LX)E is a

mapping given by (f ′A)(e) = (fA(e))
′, for each e ∈ E.

(5) fA is called a null L-fuzzy soft set and denoted by 0̃E if fA(e)(x) =⊥, for each e ∈ E, and x ∈ X.
(6) fA is called absolute L-fuzzy soft set and denoted by 1̃E if fA(e)(x) = ⊤, for each e ∈ E, and

x ∈ X.

Definition 1.2 [3,4]. Let (LX)E and (LY )E
∗
be classes of L-fuzzy soft sets over X and Y with attributes

from E and E∗ respectively. Let φ : X → Y and ψ : E → E∗ be mappings. Then a fuzzy soft mapping
φψ : (LX)E → (LY )E

∗
would be defined as follows:

(1) For an L-fuzzy soft set fA in (LX)E , φ→ψ (fA) is an L-fuzzy soft set in (LY )E
∗
obtained as follows:

for e∗ ∈ ψ(E) ⊆ E∗ and y ∈ Y,

φ→ψ (fA)(e
∗)(y) =


∨
x∈φ−1(y)

(∨
e∈ψ−1 fA(e)

)
(x), if φ−1(y) ̸= ϕ,

ψ−1(e∗) ̸= ϕ,
⊥, if otherwise.

φ→ψ (fA) is called a fuzzy soft image of an L-fuzzy soft set fA.

(2) For an L-fuzzy soft set gB in (LY )E
∗
, φ←ψ (gB) is an L-fuzzy soft set in (LX)E obtained as follows:

for e ∈ ψ−1(E∗) ⊆ E and x ∈ X,

φ←ψ (gB)(e)(x) = gB(ψ(e))(φ(x))

φ←ψ (gB) is called a fuzzy soft inverse image of an L-fuzzy soft set gB.

(3) A fuzzy soft mapping φψ : (LX)E → (LY )E
∗
is called injective (resp. surjective, bijective ) if φ

and ψ are both injective (resp. surjective, bijective ).

Lemma 1.1 [4]. Let φψ : (LX)E → (LY )E
∗
be a soft mapping. Then we have the following properties.

For fA, fAi ∈ (LX)E and gB , gBi ∈ (LY )E
∗
,

(1) φ→ψ (φ←ψ (gB)) ⊑ gB with equality if φψ is surjective.
(2) φ←ψ (φ→ψ (fA)) ⊒ fA with equality if φψ is injective.
(3) φ←ψ (g′B)

∼= (φ←ψ (gB))
′.

(4) φ←ψ (⊔i∈ΓgBi) ∼= ⊔i∈Γφ←ψ (gBi).
(5) φ←ψ (⊓i∈ΓgBi) ∼= ⊓i∈Γφ←ψ (gBi).
(6) φ→ψ (⊔i∈ΓfAi) ∼= ⊔i∈Γφ→ψ (fAi).
(7) φ→ψ (⊓i∈ΓfAi) ⊑ ⊓i∈Γφ→ψ (fAi) with equality if φψ is injective.

Definition 1.3 [2] A map cl : K × (LX)E × L⊥ ←− (LX)E is called an L-fuzzy (K,E)-soft closure
operator if it satisfies the following conditions:

(1) cl(k, 0̃E , r) ∼= 0̃E .
(2) fA ⊑ cl(k, fA, r).
(3) If fA1

⊑ fA2
then cl(k, fA1

, r) ⊑ cl(k, fA2
, r).

(4) If r ≤ s then cl(k, fA, r) ⊑ cl(k, fA, s).
(5) cl(k, fA1

⊔ fA2
, r ∧ s) ⊑ cl(k, fA1

, r) ⊔ cl(k, fA1
, s).

The pair (X, cl) is called an L-fuzzy (K,E)-soft closure space. An L-fuzzy (K,E)-soft closure operator
is called topological if

(T) cl(k, cl(k, fA, r), r) ⊑ cl(k, fA, r).

Theorem 1.1 [4] Let (X, T ) be an L-fuzzy (K,E)-soft topological space. Define cl : K×(LX)E×L⊥ ←−
(LX)E as

cl(k, fA, r) ∼= ⊓{gB ∈ (LX)E : fA ⊑ gB , Tk(g′B) ≥ r}.

Then cl is a topological L-fuzzy (K,E)-soft closure operator.
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2. L-fuzzy (K,E)-soft convex space

Definition 2.1 A mapping C : K −→ L(LX)E where (Ck := C(k) : (LX)E −→ L is a mapping for each
k ∈ K) is called an L-fuzzy (K,E)-soft convexity on X if it satisfies the following conditions for each
k ∈ K.

(1) Ck(0̃E) = Ck(1̃E) = ⊤L.
(2) If {fAi : i ∈ Γ} ⊆ (LX)E is nonempty, then Ck(⊓i∈ΓfAi) ≥

∧
i∈Γ Ck(fAi).

(3) If {fAi : i ∈ Γ} ⊆ (LX)E is nonempty and totally ordered by inclusion, then Ck(⊔i∈ΓfAi) ≥∧
i∈Γ Ck(fAi).
The pair (X, C) is called an L-fuzzy (K,E)-soft convex space. Let C1, C2 be L-fuzzy (E,K)-soft convex-

ities on X, then C1 is coarser than C2 (C2 is finer than C1) if C1k(fA) ≤ C2k(fA) for all fA ∈ (LX)E , k ∈ K.

Theorem 2.1 Let {Ci : i ∈ Γ} be a family of L-fuzzy (K,E)-soft convexities on X. Then
∧
i∈Γ Ci is

an L-fuzzy (K,E)-soft convexity on X, where
∧
i∈Γ Ci : K −→ L(LX)E is defined by (

∧
i∈Γ Ci)k(fA) =∧

i∈Γ Cik(fA) for each fA ∈ (LX)E , k ∈ K. Obviously, (
∧
i∈Γ Ci)k is coarser than Cik for all i ∈ Γ, k ∈ K.

Proof: The proof is straightforward. 2

Theorem 2.2 Let (X, C) be an L-fuzzy (K,E)-soft convex space. For each fA ∈ (LX)E and r ∈ L⊥ a
mapping CO : K × (LX)E × L⊥ −→ (LX) is defined as follows:

CO(k, fA, r) =
∧
{gB ∈ (LX)E : fA ⊑ gB , Ck(gB) ≥ r}.

For fA, fA1 ∈ (LX)E and r, s ∈ L⊥ the operator CO satisfies the following conditions:
(1) CO(k, 0̃E , r) ∼= 0̃E .
(2) fA ⊑ CO(k, fA, r).
(3) If fA ⊑ fA1

, then CO(k, fA, r) ⊑ CO(k, fA1
, r).

(4) If r ≤ s, then CO(k, fA, r) ⊑ CO(k, fA, s).
(5) CO(k,CO(k, fA, r), r) ∼= CO(k, fA, r).
(6) For {fAi : i ∈ Γ} ⊆ (LX)E is nonempty and totally ordered by inclusion, CO(k,⊔i∈ΓfAi , r) ∼=

⊔i∈ΓCO(k, fAi , r).
A mapping CO is called an L-fuzzy soft hull operator.

Proof: (1) For all r ∈ L⊥, k ∈ K we have Ck(0̃E) ≥ r. So, we obtain CO(k, 0̃E , r) ∼= 0̃E .
(2) and (3) are satisfied from the definition of CO.
(4) Suppose that r ≤ s. Then by (2) we have

CO(k, fA, r) ⊑ CO(k,CO(k, fA, s), r).

By the definition of CO, we obtain Ck(CO(k, fA, s)) ≥ r. Therefore, CO(k,CO(k, fA, s), r) ∼= CO(k, fA, s).
Hence CO(k, fA, r) ⊑ CO(k, fA, s).

(5) For all fA ∈ (LX)E , k ∈ K and r ∈ L⊥. By the definition of CO(k, fA, r) we have fA ⊑
CO(k, fA, r). Hence, CO(k,CO(k, fA, r), r) ⊒ CO(k, fA, r). On the other hand

CO(k,CO(k, fA, r), r) ∼= CO
(
k,
∧
{gB ∈ (LX)E : fA ⊑ gB , Ck(gB) ≥ r}, r

)
⊑

∧
fA⊑gB , Ck(gB)≥r

CO(k, gB , r)

∼=
∧

fA⊑gB , Ck(gB)≥r

∧
gB⊑hC , Ck(hC)≥r

hC

∼=
∧

fA⊑hC , Ck(hC)≥r

hC

∼= CO(k, fA, r).
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Hence, CO(k,CO(k, fA, r), r) ∼= CO(µ, r).
(6) For i ∈ Γ, we have fAi ⊑ ⊔fAi . Therefore by (3) we have CO(k, fAi , r) ⊑ CO(k,⊔fAi , r). Hence,

⊔CO(k, fAi , r) ⊑ CO(k,⊔fAi , r). (2.1)

On the other hand, by (2), we have ⊔fAi ⊑ ⊔CO(k, fAi , r). Since CO(k, fAi , r) are L-fuzzy soft convex
sets totally ordered by inclusion, ⊔CO(k, fAi , r) is an r-L-fuzzy convex set containing ⊔fAi . Therefore,
CO(k,⊔fAi , r) is the smallest fuzzy convex set containing ⊔fAi and hence,

⊔fAi ⊑ CO(k,⊔fAi , r) ⊑ ⊔CO(k, fAi , r). (2.2)

By equations (2.1) and (2.2), we have, CO(k,⊔fAi , r) ∼= ⊔CO(k, fAi , r). 2

Definition 2.2 Let E be a set of parameters, X be an initial universe, ∅ ̸= Y ⊆ X, ∅ ̸= E∗ ⊆ E and
fA ∈ (LX)E ; the restriction of fA on Y, is denoted by fA|Y which is defined by: (fA|Y )(e∗)(y) = fA(e

∗)(y)
for all y ∈ Y, e∗ ∈ E∗. Obviously, for {fAi : i ∈ Γ} ⊆ (LX)E , we have

(1) (⊔ifAi)|Y = ⊔i(fAi |Y ).
(2) (⊓ifAi)|Y = ⊓i(fAi |Y ).
(3) f ′A|Y = (fA|Y )′.

For each fA ∈ (LY )E
∗
an extension of fA on X, denoted by (fA)X , is defined by

(fA)X(e)(x) =

 fA(e)(x), if x ∈ Y, e ∈ E∗,

⊥, if x ∈ X − Y, e ∈ E − E∗.

Theorem 2.3 Let (X, C) be an L-fuzzy (K,E)-soft convex space, ∅ ̸= Y ⊆ X, ∅ ̸= E∗ ⊆ E and

∅ ̸= K∗ ⊆ K. Define C|Y : K∗ −→ L(LY )E
∗

where ((C|Y )k∗ := (C|Y )(k∗) : (LY )E
∗ −→ L is a mapping

for each k∗ ∈ K∗) as following:

(C|Y )k(fA) =
∨
{Ck(gB) : gB ∈ (LX)E , gB |Y = fA}.

Then (Y, C|Y ) is an L-fuzzy (K∗, E∗)-soft convex space on Y and we call (Y, C|Y ) an L-fuzzy (K∗, E∗)-soft
subspace of (X, C).

Proof: (1) Clearly, (C|Y )k(0̃E∗) = (C|Y )k(1̃E∗) = ⊤L.
(2) For i ∈ Γ, fAi ∈ (LY )E

∗
and k ∈ K∗, we have∧

i(C|Y )k(fAi) =
∧
i

∨
{Ck(gBi) : gBi ∈ (LX)E , gBi |Y = fAi}

=
∨∧

i

{Ck(gBi) : gBi ∈ (LX)E , gBi |Y = fA}

≤
∨
{Ck(⊓igBi) : ⊓igBi ∈ (LX)E , (⊓igBi)|Y = ⊓ifAi}

= (C|Y )k(⊓ifAi).

(3) Let i ∈ Γ, {fAi : i ∈ Γ} ⊆ (LY )E
∗
is nonempty and totally ordered by inclusion and k ∈ K∗, then∧

i(C|Y )k(fAi) =
∧
i

∨
{Ck(gBi) : gBi ∈ (LX)E , gBi |Y = fAi}

=
∨∧

i

{Ck(gBi) : gBi ∈ (LX)E , gBi |Y = fA}

≤
∨
{Ck(⊔igBi) : ⊔igBi ∈ (LX)E , (⊔igBi)|Y = ⊔ifAi}

= (C|Y )k(⊔ifAi).

Hence the proof is complete. 2
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3. L-fuzzy soft convexity preserving mappings

Definition 3.1 Let (X, C) be an L-fuzzy (E1,K1)-soft convex space and (Y,D) be an L-fuzzy (E2,K2)-
soft convex space. Let φ : X ←− Y, ψ : E1 ←− E2 and η : K1 ←− K2. Then φψ,η from (X, C1) into
(Y, C2) is called:

(1) L-fuzzy soft convexity preserving if

Dη(k)(fA) ≤ Ck(φ←ψ (fA)) ∀fA ∈ (LY )E
2

, k ∈ K1.

(2) L-fuzzy soft convex-to-convex if

Ck(fA) ≤ Dη(k)(φ→ψ (fA)) ∀fA ∈ (LX)E
1

, k ∈ K1.

Theorem 3.1 Let (Y,D) be an L-fuzzy (K2, E2) soft convex space and φψ a surjective mapping. Define

a mapping φ←ψ (D) : K1 −→ L(LX)E
1

by(
φ←ψ (D)

)
k
(fA) =

∨
{Dη(k)(gB) : φ←ψ (gB) = fA} ∀fA ∈ (LX)E

1

, k ∈ K1.

Then, (X,φ←ψ (D)) is an L-fuzzy (K1, E1)-soft convex space on X.

Proof: (1) For all r ∈ L and k ∈ K1 we obatin(
φ←ψ (D)

)
k
(0̃E1) =

∨
{Dη(k)(gB) : φ←ψ (gB) = 0̃E1} = Dη(k)(0̃E2) = ⊤L

and (
φ←ψ (D)

)
k
(1̃E1) =

∨
{Dη(k)(gB) : φ←ψ (gB) = 1̃E1} = Dη(k)(1̃E2) = ⊤L.

(2) Suppose that r ∈ L and r ◁
∧
i

(
φ←ψ (D)

)
k
(fAi). Then r ◁

(
φ←ψ (D)

)
k
(fAi) for k ∈ K1, fAi ∈ (LX)E

1

and i ∈ Γ. There exists ri0 ∈ L such that(
φ←ψ (D)

)
k
(fAi) =

∨
{Dη(k)(gB) : φ←ψ (gB) = fAi} ≥ ri0 and r ◁ ri0

(thus r ≤ ri0). Put s =
∧
i∈Γ r

i
0 then r ≤ s. Therefore for each i ∈ Γ there exists gBi ∈ (LY )E

2

such
that φ←ψ (gBi) = fAi and Dη(k)(gBi) ≥ s. Since φ←ψ (⊓igBi) = ⊓iφ←ψ (gBi) = ⊓ifAi and Dη(k)(⊓igBi) ≥∧
iDη(k)(gBi) ≥ s we have(

φ←ψ (D)
)
k
(⊓ifAi) =

∨
{Dη(k)(⊓igBi) : φ←ψ (⊓igBi) = ⊓ifAi}

≥ Dη(k)(⊓igBi) ≥ s ≥ r.

Hence,
(
φ←ψ (D)

)
k
(⊓ifAi) ≥

∧
i

(
φ←ψ (D)

)
k
(fAi).

(3) Let {fAi : i ∈ Γ} ⊆ (LX)E
1

is totally ordered by inclusion, r ∈ L and r ◁
∧
i

(
φ←ψ (D)

)
k
(fAi). Then

r ◁
(
φ←ψ (D)

)
k
(fAi) for k ∈ K1, fAi ∈ (LX)E

1

and i ∈ Γ. There exists ri0 ∈ L such that(
φ←ψ (D)

)
k
(fAi) =

∨
{Dη(k)(gB) : φ←ψ (gB) = fAi} ≥ ri0 and r ◁ ri0

(thus r ≤ ri0). Put s =
∧
i∈Γ r

i
0 then r ≤ s. Therefore for each i ∈ Γ there exists gBi ∈ (LY )E

2

such
that φ←ψ (gBi) = fAi and Dη(k)(gBi) ≥ s. Since φψ is surjective and {fAi : i ∈ Γ} is totally ordered by
inclusion we have {gBi : i ∈ Γ} is totally ordered by inclusion. Since φ←ψ (⊔igBi) = ⊔iφ←ψ (gBi) = ⊔ifAi
and Dη(k)(⊔igBi) ≥

∧
iDη(k)(gBi) ≥ s we have(
φ←ψ (D)

)
k
(⊔ifAi) =

∨
{Dη(k)(⊔igBi) : φ←ψ (⊔igBi) = ⊔ifAi}

≥ Dη(k)(⊔igBi) ≥ s ≥ r.

Hence,
(
φ←ψ (D)

)
k
(⊔ifAi) ≥

∧
i

(
φ←ψ (D)

)
k
(fAi). 2
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Theorem 3.2 Let (X, C) be an L-fuzzy (E1,K1)-soft convex space and (Y,D) be an L-fuzzy (E2,K2)-soft
convex space. A surjective mapping φψ,η from (X, C) into (Y,D) is an L-fuzzy soft convexity preserving

if and only if
(
φ←ψ (D)

)
k
(fA) ≤ Ck(fA) for all k ∈ K1, fA ∈ (LX)E

1

.

Proof: Let φψ,η from (X, C) into (Y,D) is an L-fuzzy soft convexity preserving mapping, thenDη(k)(gB) ≤
Ck(φ←ψ (gB)) for all gB ∈ (LY )E

2

, k ∈ K1. Hence for all fA ∈ (LX)E
1

we have(
φ←ψ (D)

)
k
(fA) =

∨
{Dη(k)(gB) : φ←ψ (gB) = fA}

≤
∨
{Ck(φ←ψ (gB)) : φ

←
ψ (gB) = fA}

= Ck(fA).

Conversely, Let
(
φ←ψ (D)

)
k
(fA) ≤ Ck(fA) for all k ∈ K1, fA ∈ (LX)E

1

. Then for all k ∈ K1, gB ∈ (LY )E
2

we have

Dη(k)(gB) =
∨
{Dη(k)(hC) : φ←ψ (hC) = φ←ψ (gB)}

=
(
φ←ψ (D)

)
k
(φ←ψ (gB))

≤ Ck(φ←ψ (gB)).

Therefore φψ,η from (X, C) into (Y,D) is an L-fuzzy soft convexity preserving mapping. 2

Theorem 3.3 Let (X, C) be an L-fuzzy (K1, E1) soft convex space and φψ a surjective mapping. Define

a mapping C/φψ : K2 −→ L(LY )E
2

by(
C/φψ

)
η(k)

(fA) = Ck(φ←ψ (fA)) ∀fA ∈ (LY )E
2

, k ∈ K1.

Then:
(1) (Y, C/φψ ) is an L-fuzzy (K2, E2)-soft convex space on Y and we call C/φψ a quotient L-fuzzy soft

convexity on Y with respect to C and φψ.
(2) φψ is an L-fuzzy soft convexity preserving mapping from (X, C) to (Y, C/φψ).

Proof: (1)
(1) For all r ∈ L and k ∈ K1 we obatin(

C/φψ
)
η(k)

(0̃E2) = Ck(φ←ψ (0̃E2)) = Ck(0̃E1) = ⊤L

and (
C/φψ

)
η(k)

(1̃E2) = Ck(φ←ψ (1̃E2)) = Ck(1̃E1) = ⊤L

(2) Let fAi ∈ (LY )E
1

. Then for i ∈ Γ and k ∈ K1 we have(
C/φψ

)
η(k)

(⊓ifAi) = Ck(φ←ψ (⊓ifAi)) = Ck(⊓iφ←ψ (fAi))

≥
∧
i

Ck(φ←ψ (fAi)) =
∧
i

(
C/φψ

)
η(k)

(fAi)

(3) Let {fAi : i ∈ Γ} ⊆ (LY )E
2

is totally ordered by inclusion. Then for i ∈ Γ and k ∈ K1 we have(
C/φψ

)
η(k)

(⊔ifAi) = Ck(φ←ψ (⊔ifAi)) = Ck(⊔iφ←ψ (fAi))

≥
∧
i

Ck(φ←ψ (fAi)) =
∧
i

(
C/φψ

)
η(k)

(fAi)

(2) Obvious. 2
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Theorem 3.4 Let (X, C) be an L-fuzzy (K1, E1) soft convex space and φψ a surjective mapping. Then
C/φψ is finer than D such that φψ is an L-fuzzy soft convexity preserving mapping from (X, C) to (Y,D).

Proof: Let D is L-fuzzy soft convexity on Y such that φψ is an L-fuzzy soft convexity preserving mapping

from (X, C) to (Y,D). Then we have Dη(k)(fA) ≤ Ck(φ←ψ (fA)) for all fA ∈ (LY )E
2

and k ∈ K1. Therefore
Dη(k)(fA) ≤ Ck(φ←ψ (fA)) = (C/φψ )η(k)(fA). Hence C/φψ is finer than D. 2

Theorem 3.5 Let φψ is a surjective L-fuzzy soft convexity preserving mapping and an L-fuzzy soft
convex-to-convex mapping from (X, C) to (Y,D). Then D is a quotient L-fuzzy soft convexity.

Proof: Since φψ is a surjective L-fuzzy soft convexity preserving mapping and an L-fuzzy soft convex-
to-convex mapping from (X, C) to (Y,D). We obtain

Dη(k)(fA) ≤ Ck(φ←ψ (fA)) ∀fA ∈ (LY )E
2

, k ∈ K1

and

Ck(fA) ≤ Dη(k)(φ→ψ (fA)) ∀fA ∈ (LX)E
1

, k ∈ K1.

Since φψ is a surjective we have φ→ψ (φ←ψ (fA)) = fA. Hence

Dη(k)(fA) = Dη(k)(φ→ψ (φ←ψ (fA)))

≥ Ck(φ←ψ (fA)) ≥ Dη(k)(fA) ∀fA ∈ (LY )E
2

, k ∈ K1.

So, Ck(φ←ψ (fA)) = Dη(k)(fA) ∀fA ∈ (LY )E
2

, k ∈ K1 and hence D is a quotient L-fuzzy soft convexity. 2

4. L-fuzzy (K,E)-soft closure L-fuzzy (K,E)-soft convexity spaces

Definition 4.1 A triple (X, C, cl) consisting of a set X, an L-fuzzy (K,E)-soft convexity on X and an
L-fuzzy (K,E)-soft closure cl is called an L-fuzzy (K,E)-soft closure L-fuzzy (K,E)-soft convexity spaces.

Theorem 4.1 Let (X, cl) be an L-fuzzy (K,E)-soft closure space, ∅ ̸= Y ⊆ X, ∅ ̸= E∗ ⊆ E and
∅ ̸= K∗ ⊆ K. Then an L-fuzzy (K∗, E∗)-soft closure clY on Y is defined as

clY (k
∗, gB , r) = cl(k, fA, r) | Y for all fA ∈ (LX)E , k ∈ K such that gB = fA | Y.

Proof: (1) For r ∈ L⊥ and k ∈ K we have

clY (k
∗, 0̃E∗ , r) ∼= cl(k, 0̃E , r) | Y ∼= 0̃E | Y ∼= 0̃E∗ .

(2) Since fA ⊑ cl(k, fA, r) we obtain fA | Y ⊑ cl(k, fA, r) | Y. Put gB = fA | Y then gB ⊑ clY (k, gB , r).
(3) Let fA1

⊑ fA2
. Then by Definition 2.2 we obtain fA1

| Y ⊑ fA2
| Y . Therefore by Definition 1.3 (3)

we have cl(k, fA1
, r) | Y ⊑ cl(k, fA2

, r) | Y. Hence clY (k, gB1
, r) ⊑ clY (k, gB2

, r).
(4) Let r ≤ s. Then we have from Definition 1.3 (4) cl(k, fA, r) | Y ⊑ cl(k, fA, s) | Y. Hence clY (k, gB , r) ⊑
clY (k, gB , s).
(5) By Definition 1.3 (5) we have

clY (k, gB1
⊔ gB2

, r ∧ s) ∼= cl(k, fA1
⊔ fA2

, r ∧ s) | Y
⊑

(
cl(k, fA1

, r) ⊔ cl(k, fA2
, s)

)
| Y

∼=
(
cl(k, fA1

, r) | Y
)
⊔
(
cl(k, fA2

, s) | Y
)

∼= clY (k, gB1
, r) ⊔ clY (k, gB2

, s).

(T) Form Definition 1.3 (T) we have

clY (k, clY (k, gB , r), r) ∼= cl(k, cl(k, fA, r) | Y, r) | Y
⊑ cl(k, fA, r) | Y
∼= clY (k, gB , r).

Hence the proof is complete. 2
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Definition 4.2 Let (X, C, cl) be an L-fuzzy (K,E)-soft closure L-fuzzy (K,E)-soft convexity spaces,
∅ ̸= Y ⊆ X, ∅ ̸= E∗ ⊆ E and ∅ ̸= K∗ ⊆ K. Then, the corresponding triple (Y, C | Y, clY ) is an L-fuzzy
(K∗, E∗)-soft subspace of (X, C, cl).

Definition 4.3 Let C, cl be an L-fuzzy (K,E)-soft convexity and an L-fuzzy (K,E)-soft closure operator
respectively. Then cl is said to be compatible with C if

cl(k,CO(k, fA, r), r) = CO(k, fA, r) for each fA ∈ (LX)E , k ∈ K

and the triple (X, C, cl) is called an L-fuzzy (K,E)-soft closured convexity space.

Remark 4.1 It is obvious that an L-fuzzy (K,E)-soft closured convexity space is always an L-fuzzy
(K,E)-soft closure L-fuzzy (K,E)-soft convexity space and the converse is not true.

Example 4.1 Let L = [0, 1], X = {a, b, c} and E = {e1, e2}. Let fAi ∈ ([0, 1]X)E where i = {1, 2}
defined as follows:

(fA1
)e1 = (0.5, 0.4, 0.4), (fA1

)e2 = (0.2, 0.6, 0.7),
(fA2)e1 = (0.6, 0.6, 0.6), (fA2)e2 = (0.8, 0.8, 0.8),
(fA3)e1 = (0.2, 0.3, 0.4), (fA3)e2 = (1.0, 1.0, 0.3),
(fA4

)e1 = (0.7, 0.8, 0.6), (fA4
)e2 = (0.8, 0.7, 0.6),

(fA5
)e1 = (0.2, 0.9, 0.6), (fA5

)e2 = (0.4, 0.4, 0.7).

Then,

fA1
⊓ fA2

= fA1
, fA1

⊔ fA2
= fA2

.

For K = {k1, k2} we define a [0, 1]-fuzzy (K,E)-soft convexity C : K −→ [0, 1]([0.1]
X)E as follows:

Ck1(fA) =


1, if fA ∈ {0̃E , 1̃E},
1
4 , if fA = fA1

,
1
5 , if fA = fA2 ,
0, otherwise,

Ck2(fA) =

 1, if fA ∈ {0̃E , 1̃E},
1
3 , if fA = fA3

,
0, otherwise.

Also for K = {k1, k2} we define a [0, 1]-fuzzy (K,E)-soft closure operators cl1, cl2 : K × ([0, 1]X)E ×
(0.1] −→ ([0, 1]X)E as follows:

cl1(k1, fA, r) =


1̃E , if fA ∼= 1̃E , r ∈ (0, 1],
fA1

, if fA ⊑ fA1
, r ≤ 1

4 ,
fA2 , if fA ∼= fA2 , r ≤ 1

5 ,
0̃E , otherwise,

cl1(k2, fA, r) =

 1̃E , if fA ∼= 1̃E , r ∈ (0, 1],
fA3

, if fA ⊑ fA3
, r ≤ 1

3 ,
0̃E , otherwise,

cl2(k1, fA, r) =

 1̃E , if fA ∼= 1̃E , r ∈ (0, 1],
fA4

, if fA ⊑ fA4
, r ≤ 1

4 ,
0̃E , otherwise,

cl2(k2, fA, r) =

 1̃E , if fA ∼= 1̃E , r ∈ (0, 1],
fA5 , if fA ⊑ fA5 , r ≤ 1

3 ,
0̃E , otherwise.
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Then (X, C, cl1) is an L-fuzzy (K,E)-soft closured convexity space. On the other hand, (X, C, cl2) is an
L-fuzzy (K,E)-soft closure L-fuzzy (K,E)-soft convexity space but it is not L-fuzzy (K,E)-soft closured
convexity space because CO(k1, fA1 ,

1
4 ) = fA1 and

0̃E ∼= cl2(k1, fA1
, 14 )

∼= cl2(k1, CO(k1, fA1 ,
1

4
),
1

4
)

̸∼= CO(k1, fA1
,
1

4
) ∼= fA1

.

Also CO(k2, fA3
, 14 ) = fA3

and

0̃E ∼= cl2(k1, fA1
, 14 )

∼= cl2(k2, CO(k2, fA2
,
1

3
),
1

3
)

̸∼= CO(k2, fA3
,
1

3
) ∼= fA3

.

Proposition 4.1 An L-fuzzy (K,E)-soft subspace of L-fuzzy (K,E)-soft closured convexity space is an
L-fuzzy (K,E)-soft closured convexity space.

Proof: Let (X, C, cl) be an L-fuzzy (K,E)-soft closured convexity space and (Y, C | Y, clY ) be an L-fuzzy
(K,E)-soft subspace of (X, C, cl). Then by Theorem 2.3 and Theorem 4.1, (Y, C | Y, clY ) is an L-fuzzy
(K,E)-soft closure L-fuzzy (K,E)soft convexity space. Let gB ∼= CO(C|Y )(k, fA, r) for gB , fA ∈ (LY )E

∗
.

Then (C | Y )k∗(gB) ≥ r, gB ∼= hC | Y and Ck(hC) ≥ r such that hC ∼= COC(k, hC1
, r) for each

hC , hC1
∈ (LX)E , k ∈ K. Since (X, C, cl) be an L-fuzzy (K,E)-soft closured convexity space,

cl(k,COC(k, hC , r), r) ∼= COC(k, hC , r).

and hence

clY (k, gB , r) ∼= clY (k,CO(C|Y )(k, fA, r), r)
∼= CO(C|Y )(k, fA, r) ∼= gB .

Therefore (Y, C | Y, clY ) be an L-fuzzy (K∗, E∗)-soft closured convexity space. 2
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