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Hyers - Ulam stability and continuous dependence of the solution of a nonlocal
stochastic-integral fractional orders stochastic differential equation

Maysa E. I. El-Gendy∗ and Ahmed M. A. El-Sayed

abstract: Stochastic problems have become an indispensable tool in modeling complex systems across
various disciplines, including biology, chemistry, physics, economics, finance, mechanics and several areas. In
this paper, we are concerning with the nonlocal problem of the integro-fractional orders stochastic differential
equation

dX(t)

dt
= f(t,DαX(t)) + g(t, B(t)), t ∈ (0, T ],

with the nonlocal stochastic-integral conditiom

X(τ) = X0 +

∫ T−τ

0
h(s,DβX(s))dW (s), τ ∈ [0, T ]

where W is a standard Brownian motion, B is any Brownian motion and X0 is a second order random
variable. The existence of solution and its continuous dependencies on X0, the functions f(t, x), g(t, x) and on
the Brownian motion B will be discussed. Finally the Hyers - Ulam stability of the problem will be studied.

Key Words: Stochastic processes, Stochastic differential equations, existence of solutions, con-
tinuous dependence, Brownian motion, Brownian bridge process, Brownian Motion with Drift, nonlinear
equations.
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1. Introduction

Fractional differential equations and their applications have gotten extensive sighificant attention, they
are widely utilized across various fields, interested researchers can explore the comprehensive studies in
[6], [8], [13], [16], [26] and [30]. Many authors have devoted numerous efforts to investigating fractional
stochastic differential equations as discussed in [1], [3], [5], [7], [12], [15], [18]. In particular, the existence
and uniqueness of solutions to stochastic differential equations have been studied in detail by many authors
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as seen in [14], [17] and [22].
Let (Ω, G, µ) be a probability space, where Ω is a sample space, G is a σ-algebra of subsets of Ω, and µ
is the probability measure ( refer [4], [27]- [29]).
Let I = [0, T ] and X(t;w) = { X(t), t ∈ I, w ∈ Ω } denote a second order stochastic process, such that

E(X2(t)) < ∞, t ∈ I.

Let C = C(I, L2(Ω)) represent the class of all mean square second order continuous stochastic processes
on I with the norm

∥ X ∥C= sup
t∈I

∥ X(t) ∥2, ∥ X(t) ∥2=
√

E(X2(t)).

Let W (t) is a standard brownian motion, B(t), t ∈ [0, T ] be any Brownian motion and α, β ∈
(0, 1], β ≤ α.
Here, we are concerned with the nonlocal problem of the integro-fractional orders stochastic differential
equation

dX(t)

dt
= f(t,DαX(t)) + g(t, B(t)), t ∈ (0, T ] (1.1)

with the nonlocal stochastic-integral condition

X(τ) = X0 +

∫ T−τ

0

h(s,DβX(s))dW (s), τ ∈ [0, T ], (1.2)

where X0 is a second order random variable.
The existence of at least one solutions X ∈ C will be demostrated. Conditions ensuring the uniqueness
of the solution will be provided. The continuous dependencies of the unique solution on X0, and on the
functions f(t, x), g(t, x) and on the Brownian motion B will be proved. Additionally, the Hyers - Ulam
stability of the problem (1.1)-(1.2) will also be established.
Remark As a consequence of our results we can prove that
(i) When τ = 0 in (1.2), our problem will be the nonlocal stochastic-integral problem of the differential
equation (1.1) with the nonlocal stochastic-integral condition

X(0) = X0 +

∫ T

0

h(s,DβX(s))dW (s).

(ii) When τ = T in (1.2), our problem will be the backward problem of the differential equation (1.1)
with the backward condition

X(T ) = X0.

One of our motivation here is to generalize our work in [14]. In [14], the nonlocal problem of the stochastic
differential equation

dX

dt
= f(t,X(t)) +B(t), t ∈ (0, T ]

with the nonlocal random initial condition

X(0) +

n∑
k=1

akX(τk) = X0, τk ∈ (0, T )

and consequently the with the nonlocal mean square Riemann-Stieltjes random integral condition

X(0) +

∫ T

0

X(s) dv(s) = X0.

was studied, where X0 is a second order random variable, B(t) is the standard Brownian motion and ak
are positive real numbers.
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1.1. Examples of Brownian motion

Definition 1.1 (Brownian motion with Drift) [22], [25]
A Brownian Motion B is called a Brownian motion with Drift µ and volatility σ if it can be written as

B(t) = µt+ σW (t), t ∈ R+

where W (t) is a standard Brownian motion.

Definition 1.2 (Brownian motion started at A ) [23]
A process B(t) is called a Brownian motion started at A, A ∈ L2(Ω) if it can be written as

B(t) = A + W (t)

where W (t) is a standard Brownian motion.

Definition 1.3 (Brownian bridge) [24]
A Brownian motion B is called a Brownian bridge if it can be written as

B(t) = a(1− t) + bt+ (1− t)

t∫
0

dW (s)

1− s
, t ∈ [0, 1), a, b ∈ R

where W (t) is a standard Brownian motion.

2. Solution of the problem

Consider the problem (1.1) - (1.2) with the following assumptions.

1 The functions f, g, h : I = [0, T ] × L2(Ω) → L2(Ω) are measurable in t ∈ I ∀x ∈ L2(Ω) and
continuous in x ∈ L2(Ω) ∀t ∈ I, and there exists a constant b > 0, and a second order process
a(t) ∈ L2(Ω), a = sup

t∈I
||a(t)||2 such that

max{||f(t, x(t))||2, ||g(t, x(t)||2, ||h(t, x(t)||2 ≤ a+ b ∥ x(t) ∥2 .

2 bT 1−α < Γ(2− α).

Now, we have the following equivalent lemma.

Lemma 2.1 The nonlocal problem (1.1)-(1.2) is equivalent to the stochastic integral equation

X(t) = X0 +

∫ T−τ

0

h(s, Iα−βY (s))dW (s) − IαY (τ) + IαY (t), t ∈ [0, T ] (2.1)

where Y (t) is the solution of the fractional-order random integral equation

Y (t) = I1−α[f(s, Y (s)) + g(s,B(s))]. (2.2)

Proof: Let X be a solution of (1.1). Operating by I1−α on equations (1.1), we obtain

DαX(t) = I1−α dX(t)

dt
= I1−α(f(t,DαX(t)) + g(t, B(t))).

Let
DαX(t) = Y (t) ∈ C([0, T ], L2(Ω)),

then
Y (t) = I1−α(f(t,DαX(t)) + g(t, B(t)))

X(t) = X(0) + IαY (t), and X(τ) = X(0) + IαY (τ).
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From which we can deduce that

X(0) = X(τ) − IαY (τ),

then

X(t) = X(τ) − IαY (τ) + IαY (t).

But

DβX(t) = I1−β d

dt
X(t) = Iα−βI1−α d

dt
X(t) = Iα−βY (t).

Then we obtain (2.1)

X(t) = X0 +

∫ T−τ

0

h(s, Iα−βY (s))dW (s) − IαY (τ) + IαY (t), t ∈ [0, T ]

where Y (t) is the solution of the fractional-order random integral equation (2.2)

Y (t) =

∫ t

0

(t− s)−α

Γ(1− α)
f(s, Y (s))ds+

∫ t

0

(t− s)−α

Γ(1− α)
g(s,B(s))ds. (2.3)

Conversely, let Y (t) be a solution of (2.3). Then from (2.1) and (2.2) we obtain

X(t) = X0 +

∫ T−τ

0

h(s, Iα−βY (s))dW (s) − IαY (τ) + Iα I1−α [f(t, Y (t)) + g(t, B(t))]

= X(τ) − IαY (τ) +

∫ t

0

[f(s,DαX(s)) + g(s,B(s))] ds

Thus, we get

d

dt
X(t) = f(t,DαX(t)) + g(t, B(t))

and

X(τ) = X0 +

∫ T−τ

0

h(s,Dβ X(s)) dW (s).

Then we have proved the equivalence between the problem (1.1)-(1.2) and the equations (2.1) and (2.2).
2

3. Existence of solution

Theorem 3.1 Let the assumptions (i)-(iii) be satisfied, then the fractional-order integral equation (2.2)
has at least one solution Y (t) ∈ C.

Proof: Consider the set Q such that

Q = {Y ∈ C : ||Y ||C ≤ r} ⊂ C.

Define the mapping FY (t) where

FY (t) = I1−α [f(t, Y (t) + g(t, B(t))]
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Let Y ∈ Q, then

||FY ||2 ≤
t∫

0

(t− s)−α

Γ(1− α)
∥ f(s, Y (s) ∥2 ds+

t∫
0

(t− s)−α

Γ(1− α)
∥ g(s,B(s)) ∥2 ds

≤
t∫

0

(t− s)−α

Γ(1− α)
[||a(t)||2 + b ∥ Y (t) ∥2] ds+

t∫
0

(t− s)−α

Γ(1− α)
[||a(t)||2 + b ∥ B(t) ∥2] ds

≤ [2a+ b ∥ Y ∥C ]
t∫

0

(t− s)−α

Γ(1− α)
ds+ b

t∫
0

(t− s)−α

Γ(1− α)
∥ B ∥C ds

≤ [2a+ b ∥ Y ∥C +b ∥ B ∥C ]
T 1−α

Γ(2− α)
= r

where

r ≤ [2a+ br + b ∥ B ∥C ]
T 1−α

Γ(2− α)
.

Thus

r ≤ [2a+ b ∥ B ∥C ]T 1−α

Γ(2− α)− [bT 1−α]
.

That proves F : Q → Q and the class {FQ} is uniformly bounded on Q.
Now, considering t1, t2 ∈ [0, T ] such that |t2 − t1| < δ, then

||FY (t2)− FY (t1)||2 ≤ ||
∫ t2

0

(t2 − s)−α

Γ(1− α)
f(s, Y (s))ds−

∫ t1

0

(t1 − s)−α

Γ(1− α)
f(s, Y (s))ds||2

+ ||
∫ t2

0

(t2 − s)−α

Γ(1− α)
g(s,B(s))ds−

∫ t1

0

(t1 − s)−α

Γ(1− α)
g(s,B(s))ds||2

≤ ||
∫ t1

0

(t2 − s)−α − (t1 − s)−α

Γ(1− α)
f(s, Y (s))ds+

∫ t2

t1

(t2 − s)−α

Γ(1− α)
f(s, Y (s))ds||2

+ ||
∫ t1

0

(t2 − s)−α − (t1 − s)−α

Γ(1− α)
g(s,B(s))ds+

∫ t2

t1

(t2 − s)−α

Γ(1− α)
g(s,B(s))ds||2.

Then

||FY (t2)− FY (t1)||2 ≤ [2a+ br] [

∫ t1

0

| (t2 − s)−α − (t1 − s)−α

Γ(1− α)
|ds+

∫ t2

t1

| (t2 − s)−α

Γ(1− α)
|ds]

+ b||B||C [

∫ t1

0

| (t2 − s)−α − (t1 − s)−α

Γ(1− α)
|ds+ ||B||C

∫ t2

t1

| (t2 − s)−α

Γ(1− α)
|ds]

= [2a+ b1r] [

∫ t1

0

(t2 − s)α − (t1 − s)α

(t2 − s)α(t1 − s)αΓ(1− α)
ds+

∫ t2

t1

(t2 − s)−α

Γ(1− α)
ds]

+ b||B||C [
∫ t1

0

(t2 − s)α − (t1 − s)α

(t2 − s)α(t1 − s)αΓ(1− α)
ds+ ||B||C

∫ t2

t1

(t2 − s)−α

Γ(1− α)
ds].

This proves the equi-continuity of the class {FQ} on Q.
Now, let Yn ∈ Q, Yn → Y w.p.1 (see [4])
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l.i.m
n→∞ FYn =

l.i.m
n→∞

 t∫
0

(t− s)−α

Γ(1− α)
f(s, Yn(s))ds+

t∫
0

(t− s)−α

Γ(1− α)
g(s,B(s))ds


=

l.i.m
n→∞

t∫
0

(t− s)−α

Γ(1− α)
f(s, Yn(s)ds+

l.i.m
n→∞

t∫
0

(t− s)−α

Γ(1− α)
g(s,B(s))ds

=

t∫
0

(t− s)−α

Γ(1− α)
f(s,

l.i.m
n→∞ Yn(s)ds+

t∫
0

(t− s)−α

Γ(1− α)
g(s,B(s))ds

=

t∫
0

(t− s)−α

Γ(1− α)
f(s, Y (s)ds+

t∫
0

(t− s)−α

Γ(1− α)
g(s,B(s))ds = FY.

This proves that {FY } is continuous. Consequently, the closure of {FY } is compact (see [4]). Thus,
equation (2.3) has a solution Y ∈ C. 2

Now for the problem (1.1)-(1.2), we have the following theorem.

Theorem 3.2 Let the assumptions (i)-(iii) be satisfied, then the problem (1.1)-(1.2) has at least one
solution X ∈ C given by (2.1).

Proof: From Lemma 1, the solution of the problem (1.1)-(1.2) is given by (2.1)

X(t) = X0 +

∫ T−τ

0

h(s, Iα−βY (s))dW (s) − IαY (τ) + IαY (t), t ∈ [0, T ]

where Y is given by (2.2).
Now, let Y be a solution of (2.2), then we have

||X(t)||2 ≤ ||X0||2 +

√∫ T−τ

0

|| h(s, Iα−β Y (s)) )||22 ds+ Iα||Y (τ)||2 + Iα||Y (t)||2

≤ ||X0||2 +

√∫ T−τ

0

(a+ b||Iα−βY (s)) ||2)2 ds+ Iα||Y (τ)||2 + Iα||Y (t)||2

≤ ||X0||2 +

√∫ T−τ

0

(a+ b||Y ||CIα−β(1))
2
ds+ ||Y ||CIα(1) + ||Y ||CIα(1)

≤ ||X0||2 +

√∫ T−τ

0

(
a+ b||Y ||C

tα−β

Γ(α− β + 1)

)2

ds+ 2||Y ||c
tα

Γ(α+ 1)

≤ ||X0||2 +

√∫ T−τ

0

(
a+ b||Y ||C

Tα−β

Γ(α− β + 1)

)2

ds+ 2||Y ||c
Tα

Γ(α+ 1)

≤ ||X0||2 +

(
a+ b||Y ||C

Tα−β

Γ(α− β + 1)

)√
T − τ + 2||Y ||c

Tα

Γ(α+ 1)
.

Then

||X||C ≤ ||X0||2 +

(
a+ br

Tα−β

Γ(α− β + 1)

)√
T − τ + 2r

Tα

Γ(α+ 1)

So, the solution X of the problem (1.1)-(1.2) exists and X ∈ C([0, T ], L2(Ω)). 2
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4. Uniqueness Theorem

For discussing the uniqueness of the solution Y ∈ C([0, T ], L2(Ω)) of fractional order integral equation
(2.2), consider the following assumption

iv- The functions f, g, h : I × L2(Ω) → L2(Ω), are measurable in t ∈ I ∀x ∈ L2(Ω) and satisfy the
Lipschitz condition such that

max{∥ f(t, x(t))−f(t, y(t) ∥2, ∥ g(t, x(t))−g(t, y(t) ∥2, ∥ h(t, x(t))−h(t, y(t) ∥2} ≤ b ∥ x(t)−y(t) ∥2,

and
a(t) = max{f(t, 0), g(t, 0), h(t, 0)}

Theorem 4.1 Let the assumptions (ii)- (iv) be satisfied, then the solution of the integral equation (2.3)
and consequently, the problem (1.1)-(1.2) is unique.

Proof: From assumption (iv) we can deduce that

||f(t,X)||2 − ||f(t, 0)||2 ≤ ||f(t,X)− f(t, 0)||2 ≤ b ||x(t)||2

and
||f(t,X)||2 ≤ a+ b ||X(t)||2.

Then the assumptions of Theorem (3.1) are satisfied and (2.3) has at least one solution.
Let Y1 and Y2 be two solutions of (2.3), then

||Y1(t)− Y2(t)||2 ≤
∫ t

0

(t− s)−α

Γ(1− α)
||f(s, Y1(s)− f(s, Y2(s)||2ds

≤ b||Y1 − Y2||C
∫ t

0

(t− s)−α

Γ(1− α)
ds

≤ b||Y1 − Y2||C
T 1−α

Γ(2− α)
.

Then

(1− b
T 1−α

Γ(2− α)
)||Y1 − Y2||C ≤ 0 ⇒ ||Y1 − Y2||C ≤ 0

and this implies that
||Y1 − Y2||C = 0 ⇒ Y1(t) = Y2(t).

Then the solution of fractional order integral equation (2.3) is unique.
Let X1, X2 be two solution of (2.1), then

X1(t)−X2(t) =

∫ T−τ

0

[h(s, Iα−β Y1(s)) − h(s, Iα−β Y2(s))]dW (s) − Iα(Y1(τ)−Y2(τ)) + Iα(Y1(t)−Y2(t)),

then

|| X1(t)−X2(t)||2 ≤ ||
∫ T−τ

0

[h(s, Iα−β Y1(s)) − h(s, Iα−β Y2(s))]dW (s)||2

+ Iα||Y1(τ)− Y2(τ)||2 + Iα||Y1(t)− Y2(t)||2

≤

√∫ T−τ

0

||h(s, Iα−β Y1(s)) − h(s, Iα−β Y2(s))||22ds

+ Iα||Y1(τ)− Y2(τ)||2 + Iα||Y1(t)− Y2(t)||2

≤ b

√∫ T−τ

0

(Iα−β ||Y1(s) − Y2(s))||2)2ds

+ Iα||Y1(τ)− Y2(τ)||2 + Iα||Y1(t)− Y2(t)||2.



8 Maysa E. I. El-Gendy and Ahmed M. A. El-Sayed

So

|| X1 −X2||C ≤ bTα−β
√
T − τ

Γ(1 + α− β)
||Y1 − Y2||C +

2Tα

Γ(1 + α)
||Y1 − Y2||C

Hence from the uniqueness of Y, we obtain

|| X1 −X2||C = 0.

Consequently, the solution (2.1) of the initial value problem (1.1)-(1.2)

X(t) = X0 +

∫ T−τ

0

h(s, Iα−β Y (s)) dW (s) − IαY (t) + IαY (t) ∈ C(I, L2(Ω))

is unique one. 2

5. Continuous Dependence

5.1. Continuous Dependence on the initial data X0

Definition 5.1 The solution X ∈ C of the problem (1.1)-(1.2) depends continuously on the initial data
X0 if, ∀ ϵ > 0,∃ δ > 0 such that

||X0 −X∗
0 ||2 ≤ δ ⇒ ||X −X∗||C ≤ ϵ

where X∗ is the solution of

X∗(t) = X∗
0 +

∫ T−τ

0

h(s, Iα−β Y ∗(s)) dW (s) − IαY ∗(τ) + IαY ∗(t),

and

Y ∗(t) = I1−α [f(t, Y ∗(t)) + g(t, B(t))].

Consider now the following theorem.

Theorem 5.1 The unique solution of the problem (1.1)-(1.2) depends continuously on the initial data
X0.

Proof: First of all, we know that Y (t) doesn’t depend on X0, thus, we get

||Y (t)− Y ∗(t)||2 = 0

Now

|| X(t)−X∗(t)||2 ≤ ||X0 −X∗
0 ||2 + ||

∫ T−τ

0

[h(s, Iα−β Y (s)) − h(s, Iα−β Y (s)∗)]dW (s)||2

+ Iα||Y (τ)− Y ∗(τ)||2 + Iα||Y (t)− Y ∗(t)||2
≤ δ = ϵ

and the results follows. 2
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5.2. Continuous Dependence on the stochastic function f(t, x)

Definition 5.2 The solution X ∈ C of the problem (1.1)-(1.2) depends continuously on the stochastic
function f(t, x) if, ∀ ϵ > 0,∃ δ > 0 such that

||f(s, x(s)− f∗(s, x∗(s))||2 ≤ δ ⇒ ||X −X∗||C ≤ ϵ

where X∗ is the solution of

X∗(t) = X0 +

∫ T−τ

0

h(s, Iα−β Y ∗(s)) dW (s) − IαY ∗(τ) + IαY ∗(t),

and

Y ∗(t) = I1−α [f∗(t, Y ∗(t)) + g(t, B(t))].

Consider now the following theorem.

Theorem 5.2 The unique solution of the problem (1.1)-(1.2) depends continuously on f(t, x).

Proof: First of all we have

||Y (t)− Y ∗(t)||2 ≤
∫ t

0

(t− s)−α

Γ(1− α)
||f∗(s, Y (s))− f(s, Y ∗(s))||2ds

≤
∫ t

0

(t− s)−α

Γ(1− α)
||f∗(s, Y (s))− f∗(s, Y ∗(s)) + f∗(s, Y ∗(s))

− f(s, Y (s)) + f(s, Y (s))− f(s, Y ∗(s))||2 ds

≤ 2b1||Y − Y ∗||C
∫ t

0

(t− s)−α

Γ(1− α)
ds+ δ

∫ t

0

(t− s)−α

Γ(1− α)
ds

Thus, we get

||Y (t)− Y ∗(t)||2 ≤ 2b||Y − Y ∗||C
T 1−α

Γ(2− α)
+ δ

T 1−α

Γ(2− α)
= 2bT ∗ ||Y − Y ∗||C + δT ∗

where, T ∗ = T 1−α

Γ(2−α) , then

(1− 2bT ∗)||Y − Y ∗||C ≤ T ∗δ

and

||Y − Y ∗||C ≤ T ∗δ

(1− 2bT ∗)
= ϵ1.

Now

|| X(t)−X∗(t)||2 ≤ ||
∫ T−τ

0

[h(s, Iα−β Y (s)) − h(s, Iα−β Y ∗(s))]dW (s)||2

+ Iα||Y (τ)− Y ∗(τ)||2 + Iα||Y (t)− Y ∗(t)||2

≤

√∫ T−τ

0

||h(s, Iα−β Y (s)∗) − h(s, Iα−β Y ∗(s))||22ds

+ Iα||Y (τ)− Y ∗(τ)||2 + Iα||Y (t)− Y ∗(t)||2

≤ b

√∫ T−τ

0

(Iα−β ||Y (s) − Y ∗(s)||2)2ds

+ Iα||Y (τ)− Y ∗(τ)||2 + Iα||Y (t)− Y ∗(t)||2.
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Then

||X −X∗||C ≤ bTα−β
√
T − τ

Γ(1− α+ β)
|| Y − Y ∗||C +

2Tα

Γ(1 + α)
||Y − Y ∗||C

≤ ϵ1(b
√
T − τ

Tα−β+1

Γ(α− β + 1)
+

2Tα+1

Γ(α+ 1)
)

≤ ϵ

and the results follows. 2

5.3. Continuous Dependence on the stochastic function g(t, x)

Definition 5.3 The solution X ∈ C of the problem (1.1)-(1.2) depends continuously on the stochastic
function g(t, x) if, ∀ ϵ > 0,∃ δ > 0 such that

||g(t, x(t))− g∗(t, x(t))||2 ≤ δ ⇒ ||X −X∗||C ≤ ϵ

where X∗ is the solution of

X∗(t) = X0 +

∫ T−τ

0

h(s, Iα−β Y ∗(s)) dW (s) − IαY ∗(τ) + IαY ∗(t),

and
Y ∗(t) = I1−α [f(t, Y ∗(t)) + g∗(t, B(t))].

Consider now the following theorem.

Theorem 5.3 The unique solution of the problem (1.1)-(1.2) depends continuously on g(t, x).

Proof: First of all we have

||Y (t)− Y ∗(t)||2 ≤
∫ t

0

(t− s)−α

Γ(1− α)
||f(s, Y (s))− f(s, Y ∗(s))||2ds

+

∫ t

0

(t− s)−α

Γ(1− α)
∥ g(t, B(t))− g∗(t, B(t))||2ds

≤ b1||Y − Y ∗||C
∫ t

0

(t− s)−α

Γ(1− α)
ds+ b2δ

∫ t

0

(t− s)−α

Γ(1− α)
ds

Thus, we get

||Y (t)− Y ∗(t)||2 ≤ b||Y − Y ∗||C
T 1−α

Γ(2− α)
+ bδ

∫ t

0

(t− s)−α

Γ(1− α)
ds = bT ∗ ||Y − Y ∗||C + bT ∗δ,

then
(1− bT ∗)||Y − Y ∗||C ≤ bT ∗δ

and

||Y − Y ∗||C ≤ bT ∗δ

(1− bT ∗)
= ϵ2.

Then Thus as proved in section (5.2), we get

||X −X∗||C ≤ bTα−β
√
T − τ

Γ(1− α+ β)
|| Y − Y ∗||C +

2Tα

Γ(1 + α)
||Y − Y ∗||C

≤ ϵ2(b
√
T − τ

Tα−β+1

Γ(α− β + 1)
+

2Tα+1

Γ(α+ 1)
)

≤ ϵ

and the results follows. 2
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5.4. Continuous Dependence on the Brownian motions

Definition 5.4 The solution X ∈ C of the problem (1.1)-(1.2) depends continuously on the Brownian
Motion B if, ∀ ϵ > 0,∃ δ > 0 such that

||B(t)−B∗(t)||2 ≤ δ ⇒ ||X −X∗||C ≤ ϵ

where X∗ is the solution of

X∗(t) = X0 +

∫ T−τ

0

h(s, Iα−β Y ∗(s)) dW (s) − IαY ∗(τ) + IαY ∗(t),

and

Y ∗(t) = I1−α [f(t, Y ∗(t)) + g(t, B∗(t))].

Consider now the following theorem.

Theorem 5.4 The unique solution of the problem (1.1)-(1.2) depends continuously on B(t).

Proof: First of all we have

||Y (t)− Y ∗(t)||2 ≤
∫ t

0

(t− s)−α

Γ(1− α)
||f(s, Y (s))− f(s, Y ∗(s))||2ds

+

∫ t

0

(t− s)−α

Γ(1− α)
∥ g(t, B(t))− g(t, B∗(t))||2ds

≤ b1||Y − Y ∗||C
∫ t

0

(t− s)−α

Γ(1− α)
ds+ b2

∫ t

0

(t− s)−α

Γ(1− α)
||B(t)−B∗(t)||2ds

Thus, we get

||Y (t)− Y ∗(t)||2 ≤ b||Y − Y ∗||C
T 1−α

Γ(2− α)
+ b

∫ t

0

(t− s)−α

Γ(1− α)
||B(t)−B∗(t)||2ds

≤ bT ∗ ||Y − Y ∗||C + b

∫ t

0

(t− s)−α

Γ(1− α)
δds

= bT ∗ ||Y − Y ∗||C + bT ∗δ,

then

(1− bT ∗)||Y − Y ∗||C ≤ bT ∗δ

and

||Y − Y ∗||C ≤ bT ∗δ

(1− bT ∗)
= ϵ3.

Now Thus as proved in sections (5.2) and (5.3), we get

||X −X∗||C ≤ bTα−β
√
T − τ

Γ(1− α+ β)
|| Y − Y ∗||C +

2Tα

Γ(1 + α)
||Y − Y ∗||C

≤ ϵ3(b
√
T − τ

Tα−β+1

Γ(α− β + 1)
+

2Tα+1

Γ(α+ 1)
)

≤ ϵ

and the results follows. 2
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5.5. Examples

(I) Let B(t) = µt+ σW (t) be the Brownian motion with drift, B∗(t) = µ∗t+ σ∗W (t) and W
is a standard Brownian motion, then ∀ ϵ > 0,∃ δ > 0 such that

max{|µ− µ∗|, |σ − σ∗|} ≤ δ,

then
||B(t)−B∗(t)||2 = t |µ− µ∗|+ ||W (t)||2|σ − σ∗| ≤ δ(T +

√
T ) = δ.

Therefore, our results in Theorems (3.1), (3.2), (4.1) and(5.4) can be applied for the Brownian motion
with drift.

(II) Let W be a standard Brownian motion and

B(t) = a(1− t) + bt+ (1− t)

t∫
0

dW (s)

1− s
, t ∈ [0, 1)

and

B∗(t) = a∗(1− t) + b∗t+ (1− t)

t∫
0

dW (s)

1− s
, t ∈ [0, T )

where
Max {a− a∗, b− b∗} ≤ δ.

So, we can get

||B −B∗||2 = |(a− a∗)(1− t) + (b− b∗)t| ≤ δ|(1− t) + t| = δ.

Then our results in Theorems (3.1), (3.2), (4.1) and(5.4) can be applied for the Brownian bridge.
(III) At last, let W be a standard Brownian motion, A be a second order random variable A ∈ L2(Ω)
and

B(t) = A +W (t)

be the Brownian motion started at A ∈ L2(Ω).
Let

B∗(t) = A∗ + W (t), ||A−A∗||2 ≤ δ,

then we can get
||B −B∗||2 = ||A−A∗||2 ≤ δ.

Accordingly, our results in Theorems (3.1), (3.2), (4.1) and(5.4) are applicable for the Brownian motion
started at A ∈ L2(Ω).

6. Hyers-Ulam stability

In this section, we have the following definition.

Definition 6.1 ( [2], [9]- [11], [19]- [21]) Let the solution (Y ∈ C(I, L2(Ω))) of the integral equation (2.2)
and consequently, the solution (X ∈ C(I, L2(Ω))) of the problem (1.1)-(1.2), be exists uniquely. The
problem (1.1)-(1.2) is said to be Hyers-Ulam stable, if ∀ϵ > 0 ∃δ > 0, such that for any approximate
δ−approximate solution Xs ∈ C([0, T ], L2(Ω)) of (1.1)-(1.2) such that∣∣∣∣∣∣∣∣ ddtXs(t)− [f(t,DαXs(t)) + g(t, B(t))]

∣∣∣∣∣∣∣∣
2

≤ δ, (6.1)

then we have
∥ X −Xs ∥C < ϵ.
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Now, we have the following theorem.

Theorem 6.1 Let the assumptions outlined in Theorem (3.1) be hold. Then the problem (1.1)-(1.2) is
Hyers-Ulam stable.

Proof: Firstly, from Lemma (2.1), we have Y (t) = DαX(t), which given by (2.2). Let Ys(t) be the
(δ−approximate)solution to (2.2), now

||Ys(t)− I1−α(f(t, Ys(t)) + g(t, B(t))||2 = ||I1−α d

dt
Xs(t)− I1−α [f(t,DαXs(t)) + g(t, B(t))]||2

≤ I1−α || d
dt

Xs(t)− [f(t,DαXs(t)) + g(t, B(t))]||2 ≤ I1−α δ ≤ δ t1−α

Γ(2− α)
.

Now

∥ Y (t)− Ys(t) ∥2 =
∣∣∣∣I1−α[f(t, Y (t)) + g(t, B(t))]− I1−α[g(t, Ys(t)) + g(t, B(t))]

∣∣∣∣
2

=
∣∣∣∣I1−α[f(t, Y (t)) + g(t, B(t))]− I1−α[g(t, Ys(t)) + g(t, B(t))]

+ I1−α[g(t, Ys(t)) + g(t, B(t))]− Ys(t)
∣∣∣∣
2

≤ I1−α ||f(t, Y (t))− f(t, Ys(t))||2 +
∣∣∣∣I1−α[f(t, Ys(t)) + g(t, Bs(t))]− Ys(t)

∣∣∣∣
2

≤ I1−α ∥ f(t, Y (t))− f(t, Ys(t)) ∥2 +δ
t1−α

Γ(2− α)

≤ b1 ∥ Y − Ys ∥C
t1−α

Γ(2− α)
+

δ t1−α

Γ(2− α)

≤ b1T
∗||Y − Ys||C + δ T ∗, T ∗ =

T 1−α

Γ(2− α)
.

Thus

∥ Y − Ys ∥C≤
δT ∗

(1− b1T ∗)
= ϵ1.

and

||X(t)−Xs(t)||2 ≤ b
√
T (

Tα−β

Γ(1− α+ β)
|| Y − Ys||C) +

Tα

Γ(1 + α)
||Y − Ys||C

≤ || Y − Ys||C(b
Tα−β

Γ(1− α+ β)
+

Tα

Γ(1 + α)
||Y − Ys||C)

≤ ϵ1(b
√
T

Tα−β+1

Γ(α− β + 1)
+

Tα+1

Γ(α+ 1)
) = ϵ

Then we obtain our result
||X −Xs||C ≤ ϵ.

2

7. Conclusions

In this paper, in Theorem 3.1, we proved the existence of solutionsX ∈ C([0, T ], L2(Ω)) of the nonlocal
stochastic-integral fractional orders stochastic differential equation

dX(t)

dt
= f(t,DαX(t)) + g(t, B(t)), t ∈ (0, T ],

with the nonlocal stochastic-integral condition

X(τ) = X0 +

∫ T−τ

0

h(s,DβX(s))dW (s)
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where B represents any Brownian motion, W be the standard Brownian motion and X0 denote a
second order random variable.Theorem (4.1) outlines the sufficient condition required to guarantee the
uniqueness of the solution. The stability of the problem in the sense of Hyers - Ulam, is established in
Theorem (6.1). Moreover, the continuous dependence of the solution on X0, f(t, x), g(t, x) and on the
Brownian motion B are proved in Theorems (5.1), (5.2), (5.3) and(5.4). The three spatial cases Brown-
ian bridge process, the Brownian motion with Drift and the Brownian motion started at A are examined.
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