
Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1–13.
©SPM – E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.66409

Boros Integral Involving the Product of Special Functions and the Incomplete I-Function

Sanjay Bhatter, Nishant, Daya Lal Suthar and Sunil Dutt Purohit∗

abstract: In this present research, we developed a three parameter Boros integral formula for the incomplete
I-function along with the generalized multi-index Mittag-Leffler function (MLF) and Srivastava polynomial.
The derived outcomes are of a generic nature and may yield Boros integrals engaging the incomplete H-
function and incomplete H-function as a specific instance.

Key Words: Incomplete I-function, Mellin-Barnes integrals contour, Boros integral, Generalized
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1. Introduction and Preliminaries

Recently, a new category of incomplete I-functions γIm, n
p, q (y) and ΓIm, n

p, q (y) has been introduced by
Jangid et al. [7], which is the generalization of Rathie’s I-function [13] and it is described as:

γIm, n
p, q (y) = γIm, n

p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (f2, ς2;F2), · · · , (fp, ςp;Fp)
(g1, ϱ1;G1), · · · , (gq, ϱq;Gq)

]

= γIm, n
p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (fj′ , ςj′ ;Fj′ )2, p
(gj′ , ϱj′ ;Gj′ )1, q

]
=

1

2πi

∫
£

ϕ(r, t) yr dr, (1.1)

and

ΓIm, n
p, q (y) = ΓIm, n

p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (f2, ς2;F2), · · · , (fp, ςp;Fp)
(g1, ϱ1;G1), · · · , (gq, ϱq;Gq)

]

= ΓIm, n
p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (fj′ , ςj′ ;Fj′ )2, p
(gj′ , ϱj′ ;Gj′ )1, q

]
=

1

2πi

∫
£

Φ(r, t) yr dr, (1.2)

∀ y ̸= 0, where

ϕ(r, t) =

{γ(1− f1 + ς1r, t)}F1

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G
j
′

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

, (1.3)
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and

Φ(r, t) =

{Γ(1− f1 + ς1r, t)}F1

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G
j
′

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

, (1.4)

where, Γ(., t) and γ(., t) are the upper and lower incomplete gamma function described in (1.7) and (1.6)
respectively.
The incomplete I-functions γIm, n

p, q (y) and ΓIm, n
p, q (y) exist ∀ y ≥ 0 in accordance with Rathie’s parameters

and contour mentioned in [13] with,

|arg(y)| < ∆
π

2
,

where,
∆ > 0,

and

∆ =

m∑
l′=1

Gl′ ϱl′ −
q∑

l′=m+1

Gl′ ϱl′ +

n∑
l′=1

Fl′ ςl′ −
p∑

l′=n+1

Fl′ ςl′ .

For F1 = 1, the following relation is satisfied by the incomplete I-functions:

γIm, n
p, q (y) + ΓIm, n

p, q (y) = Im, n
p, q (y), (1.5)

for the well known Rathie’s I-function [13]. Some additional properties regarding the incomplete I-
function can be found in [1].

The γ(s, u) and Γ(s, u) are explained in the following manner:

γ(s, u) =

∫ u

0

vs−1 e−v dv,
(
u ≥ 0 andℜ(s) > 0

)
, (1.6)

and

Γ(s, u) =

∫ ∞

u

vs−1 e−v dv,
(
u ≥ 0 and ℜ(s) > 0 when u = 0

)
, (1.7)

recognized as the lower and upper incomplete gamma functions respectively.
The following relation is satisfied by the incomplete gamma functions.

γ(s, u) + Γ(s, u) = Γ(s),
(
ℜ(s) > 0

)
. (1.8)

A general class of polynomials was studied by the Srivastava [12], described in the following manner:

SU
V [t] =

[V/U ]∑
R=0

(−V )UR

R!
AV,R t

R , (1.9)

where U ∈ Z+ and AV,R are real or complex numbers arbitrary constant.
The notations [k] indicates the floor function and (κ)µ signify the Pochhammer symbol described in the
manner mentioned below:

(κ)µ =
Γ(κ+ µ)

Γ(κ)
∀µ ∈ C− {0} and (κ)0 = 1,

in the form of the Gamma function.
Saxena and Nishimoto [15,16] invented the multi-index MLF (see [6]), described as:

Eη,k

[(
ζj′ , δj′

)
1,m′

; z

]
= Eη,k [(ζ1, δ1) , · · · , (ζm′ , δm′ ) ; z] =

∞∑
w=0

(η)kw z
w∏m′

j′=1 Γ
(
ζ

′
j + δ

′
jw

)
w!
, (1.10)
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where max {0,ℜ(k)− 1} < ℜ
(∑m

′

j′=1 δj′

)
, z, η, k, ζj′ , δj′ ∈ C and ℜ(ζj′ ) > 0 ∀ 1 ≤ j

′ ≤ m
′
.

For η = k = 1, Kiryakova [9] provided a description of the multi-index MLF in the form given below:

E1,1

[(
ζj′ , δj′

)
1,m′

, z

]
=

∞∑
w=0

zw∏m′

j′=1 Γ
(
ζj′ + δj′w

) , (1.11)

where ℜ
(∑m

′

j′=1 δj′

)
> 0, z, ζj′ , δj′ ∈ C, and ℜ(ζj′ ) > 0 ∀ 1 ≤ j

′ ≤ m
′
.

For m
′
= 1, (1.10) simplifies to Srivastava and Tomovski’s [17] generalized MLF given below:

Eη,k [(ζ, δ) , z] = Eη,k
ζ,δ (z) =

∞∑
w=0

(η)kw z
w

Γ (ζ + δw) w!
, (1.12)

where z, η, k, ζ, δ ∈ C, and ℜ(δ) > max {ℜ(k)− 1, 0}.
For k = 1, (1.12) simplifies to Prabhakar’s [11] generalized MLF given below:

Eη,1 [(ζ, δ) , z] = Eη,1
ζ,δ (z) =

∞∑
w=0

(η)w z
w

Γ (ζ + δw) w!
, (1.13)

where min {ℜ (ζ) ,ℜ (δ)} > 0 and z, η, ζ, δ ∈ C.
For η = 1, (1.13) reduces to the MLF defined by Wiman [18] in the manner given below:

E1,1 [(ζ, δ) , z] = E1,1
ζ,δ (z) =

∞∑
w=0

zw

Γ (ζ + δw)
, (1.14)

where min {ℜ (ζ) ,ℜ (δ)} > 0 and z, ζ, δ ∈ C.
Finally, for ζ = 1, the MLF [5] is attained, defined as:

Eδ (z) = E1,1
1,δ (z) =

∞∑
w=0

zw

Γ (1 + δw)
, (1.15)

where ℜ (δ) > 0 and z, δ ∈ C.

Lemma 1.1 Let e > 0, f ≥ 0, d > −
√
ef , and P

′
> 1

2 , we have the integral depending upon the three
parameters, see [10].

∫ ∞

0

[
h2

eh4 + 2dh2 + f

]P ′

dh =
B
(
P

′ − 1
2 ,

1
2

)
2P

′+1/2
√
e
[
d+

√
ef

]P ′−1/2
, (1.16)

where B(m, n) denotes the Beta function. Equation (1.16) can also be expressed in the following way, by

using the relation B(m,n) = Γ(m) Γ(n)
Γ(m+n) .

∫ ∞

0

[
h2

eh4 + 2dh2 + f

]P ′

dh =

√
π Γ

(
P

′ − 1
2

)
Γ(P ′)

√
e 2P

′+ 1
2 (d+

√
ef)P

′− 1
2

. (1.17)

Concerning the proof, see Boros and Moll [4] and Quershi et al. [12].

2. Main Results

For X = h2

eh4+2dh2+f , the following is the outcomes:
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Theorem 2.1 For f ≥ 0, e > 0 , d > −
√
ef, P

′
> 1

2 , z, η, k, ζj′ , δj′ ∈ C,ℜ
(∑m

′

j′=1 δj′

)
> max

{0,ℜ(k)− 1}, and ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, then the following result holds:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
ΓIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (2.1)

Proof: The LHS of equation (2.1) is:

H
′
=

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
ΓIm, n

p, q (Xg y) dh. (2.2)

Replace Incomplete I-function and multi-index MLF by (1.2) and (1.10) respectively, we get:

H
′
=

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

∞∑
w=0

(η)kw (tX)w∏m′

j′=1 Γ
(
ζj′ + δj′w

)
w!

1

2πi

∫
£

Φ(r, t) (Xg y)r dr, (2.3)

where Φ(r, t) is given by equation (1.4).
Change the integration order in the above equation yields:

H
′
=

∞∑
w=0

(η)kw (t)w∏m′

j′=1 Γ
(
ζj′ + δj′w

)
w!

× 1

2πi

∫
£

{Γ(1− f1 + ς1r, t)}F1

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G′
j

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

× yr
∫ ∞

0

XP
′
+w+grdh dr, (2.4)

Now with the help of Lemma 1, evaluate the integral:∫ ∞

0

XP
′
+w+grdh =

√
π Γ(P

′
+ w + gr − 1

2 )

Γ(P ′ + w + gr)
√
e 2P

′+w+gr+ 1
2 (d+

√
ef)P

′+w+gr− 1
2

. (2.5)

Put (2.5) in (2.4), we get:

H
′
=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

× 1

2πi

∫
£

{Γ(1− f1 + ς1r, t)}F1{Γ
(
P

′
+ w + gr − 1

2

)
}

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G
j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

×

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

{Γ (P ′ + w + gr)}
× yr[2(d+

√
ef)]−gr dr. (2.6)
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Now convert equation (2.6) in incomplete I-function to obtain the required result. 2

Theorem 2.2 For f ≥ 0, e > 0 , d > −
√
ef, P

′
> 1

2 , z, η, k, ζj′ , δj′ ∈ C,ℜ
(∑m

′

j′=1 δj′

)
> max

{0,ℜ(k)− 1}, and ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, then the following result holds:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
γIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

× γIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (2.7)

Theorem 2.2 is demonstrated under the same circumstances and in the same manner as Theorem 2.1.

Theorem 2.3 For f ≥ 0, e > 0 , d > −
√
ef, P

′
> 1

2 , z, η, k, ζj′ , δj′ ∈ C,ℜ
(∑m

′

j′=1 δj′

)
> max

{0,ℜ(k)− 1}, and ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants

and U ∈ Z+, then we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] ΓIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (2.8)

Proof: The LHS of equation (2.8) is:

H =

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] ΓIm, n

p, q (Xg y)dh. (2.9)

Replace Incomplete I-function, multi-index MLF and Srivastava polynomial by (1.2), (1.10) and (1.9)
respectively, we obtain:

H =

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

∞∑
w=0

(η)kw (tX)w∏m′

j′=1 Γ
(
ζj′ + δj′w

)
w!

×
[V/U ]∑
R=0

(−V )UR

R!
AV,R (l X)R

1

2πi

∫
£

Φ(r, t) (Xg y)r dr, (2.10)
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where Φ(r, t) is given by equation (1.4).
Change the integration order in the above equation yields:

H =

∞∑
w=0

(η)kw (t)w∏m′

j′=1 Γ
(
ζj′ + δj′w

)
w!

[V/U ]∑
R=0

(−V )UR

R!
AV,R l

R

× 1

2πi

∫
£

{Γ(1− f1 + ς1r, t)}F1

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G
j
′

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

yr

×
∫ ∞

0

XP
′
+w+R+grdh dr. (2.11)

Now with the help of Lemma 1, evaluate the integral:∫ ∞

0

XP
′
+w+R+grdh =

√
π Γ(P

′
+ w +R+ gr − 1

2 )

Γ(P ′ + w +R+ gr)
√
e 2P

′+w+R+gr+ 1
2 (d+

√
ef)P

′+w+R+gr− 1
2

. (2.12)

Put (2.12) in equation (2.11), we get:

H =

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w [V/U ]∑
R=0

(−V )URAV,R

R!

×
[

l

2(d+
√
ef)

]R
1

2πi

∫
£

{Γ(1− f1 + ς1r, t)}F1{Γ
(
P

′
+ w +R+ gr − 1

2

)
}

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

×

m∏
j′=1

{Γ(gj′ − ϱj′ r)}
G
j
′

n∏
j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

{Γ (P ′ + w +R+ gr)}
yr[2(d+

√
ef)]−gr dr. (2.13)

Now convert equation (2.13) in incomplete I-function to obtain the desired result. 2

Theorem 2.4 For f ≥ 0, e > 0 , d > −
√
ef, P

′
> 1

2 , z, η, k, ζj′ , δj′ ∈ C,ℜ
(∑m

′

j′=1 δj′

)
> max

{0,ℜ(k)− 1}, and ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants

and U ∈ Z+, then we have the following result:∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] γIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× γIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (2.14)

Theorem 2.4 is demonstrated under the same circumstances and in the same manner as Theorem 2.3.

Remark 2.1 If we set U = 1, AV,0 = 1 and AV,R = 0 ∀ R ̸= 0 in Theorem 2.3 and 2.4, then the result
is same as that of Theorem 2.1 and 2.2.
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3. Special Case

In this section, As a particular instance of Theorem 2.3 and Theorem 2.4, we establish the Boros
integral for the multiplication of Srivastava polynomial, Generalized Multi-Index MLF with the incom-
plete I-function and the incomplete H-function. Further, some special value will be given to Srivastava
polynomial in order to get the outcomes in the form of Hermite and Laguerre polynomials. If we provide
the parameter of particular features, we get the following special cases to delineate the use of fundamental
outcomes.
(i) Incomplete Ī- function: If we put Gj′ = 1 for 1 ≤ j

′ ≤ m in equation (1.2) and making use of the
connection, that is (see [8,3]):

ΓI
m, n

p, q (y) = ΓI
m, n

p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (fj′ , ςj′ ;Fj′ )2, p
(gj′ , ϱj′ ; 1)1,m, (gj′ , ϱj′ ;Gj′ )m+1, q

]

=
1

2πi

∫
£

ϕ(r, t)yr dr, (3.1)

where,

ϕ(r, t) =

{Γ(1− f1 + ς1r, t)}F1

m∏
j′=1

Γ(gj′ − ϱj′ r)
n∏

j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

{Γ(fj′ − ςj′ r)}
F

j
′

q∏
j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

, (3.2)

in (2.8) and (2.14), then we obtain the corollaries as follows:

Corollary 3.1 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},

ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants and U ∈ Z+, then

we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] ΓĪm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓĪm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj ; 1)1,m, (gj′ , ϱj′ ;Gj′ )m+1, q

]
.

(3.3)

Corollary 3.2 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},

ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants and U ∈ Z+, then
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we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] γ Īm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(ζj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× γ Īm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj ; 1)1,m, (gj′ , ϱj′ ;Gj′ )m+1, q

]
.

(3.4)

(ii) Incomplete H̄-function: If we put Fj′ = 1 ∀ j′ = n+1, n+2, ..., p and Gj′ = 1 ∀ j′ = 1, 2, ...,m
in (1.2) and making use of the connection, that is (see [8])

Γ
m, n

p, q (y) = Γ
m, n

p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (fj′ , ςj′ ;Fj′ )2, n , (fj′ , ςj′ ; 1)n+1, p

(gj′ , ϱj′ ; 1)1,m, (gj′ , ϱj′ ;Gj′ )m+1, q

]

= Γ
m, n

p, q

[
y

∣∣∣∣∣ (f1, ς1;F1 : t), (fj′ , ςj′ ;Fj′ )2, n , (fj′ , ςj′ )n+1, p

(gj′ , ϱj′ )1,m, (gj′ , ϱj′ ;Gj′ )m+1, q

]

=
1

2πi

∫
£

ψ(r, t)yr dr, (3.5)

where,

ψ(r, t) =

{Γ(1− f1 + ς1r, t)}F1

m∏
j′=1

Γ(gj′ − ϱj′ r)
n∏

j′=2

{Γ(1− fj′ + ςj′ r)}
F

j
′

p∏
j′=n+1

Γ(fj′ − ςj′ r)
q∏

j′=m+1

{Γ(1− gj′ + ϱj′ r)}
G
j
′

, (3.6)

in (2.8) and (2.14), then we obtain the corollaries as follows.

Corollary 3.3 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},

ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants and U ∈ Z+, then

we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] Γ̄m, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(αj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× Γ̄m, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g, 1
)
,

(1− P
′ − w −R, g, 1), (gj′ , ϱj′ ; 1)1,m,

(fj′ , ςj′ ;Fj′ )2, n, (fj′ , ςj′ ; 1)n+1, p

(gj′ , ϱj′ ;Gj′ )m+1, q

]
. (3.7)



Boros Integral Involving the Product of Special Functions 9

Corollary 3.4 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},

ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, the coefficient AV,R are real or complex arbitrary constants and U ∈ Z+, then

we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] γ̄m, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(αj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× γ̄m, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g, 1
)
,

(1− P
′ − w −R, g, 1), (gj′ , ϱj′ ; 1)1,m,

(fj′ , ςj′ ;Fj′ )2, n, (fj′ , ςj′ ; 1)n+1, p

(gj′ , ϱj′ ;Gj′ )m+1, q

]
. (3.8)

(iii) Hermite Polynomial: If we set AV,R = (−1)R and U = 2 in (1.9) then S2
V [t] → tV/2HV

(
1

2
√
t

)
and making use of the connection, that is (see [14]):

HV (t) =

[V/2]∑
R=0

(−1)R
V !

R!(V − 2R)!
(2t)V−2R, (3.9)

in (2.8) and (2.14), then we obtain the corollaries as follows.

Corollary 3.5 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},

ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, then we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
(Xl)

V
2 HV

(
1

2
√
Xl

)
ΓIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(αj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/2]∑
R=0

(−1)R V !

R! (V − 2R)!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − w − P

′ −R, g, 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g, 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (3.10)

Corollary 3.6 For e > 0, f ≥ 0, d > −
√
ef, P

′
> 1

2 ,ℜ
(∑m

′

j′=1 δj′

)
> max {0,ℜ(k)− 1},
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ℜ(ζj′ ) > 0 ∀j′ = 1, · · · ,m′
, then we have the following result:

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eη,k

[(
ζj′ , δj′

)
1,m′

; tX

]
(Xl)

V
2 HV

(
1

2
√
Xl

)
γIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

∞∑
w=0

(η)kw∏m′

j′=1 Γ(αj′ + δj′w)w!

[
t

2(d+
√
ef)

]w

×
[V/2]∑
R=0

(−1)R V !

R! (V − 2R)!

[
l

2(d+
√
ef)

]R

× γIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − w − P

′ −R, g, 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g, 1), (gj′ , ϱj′ ;Gj′ )1, q

]
. (3.11)

For η = k = 1, we get special case of the multi-index MLF defined by Kiryakova [9] as in (1.11), we have
the following corollary.

Corollary 3.7

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

E1,1

[(
ζj′ , δj′

)
1,m′

; tX

]
SU
V [lX] ΓIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

1∏m′

j′=1 Γ(αj′ + δj′w)

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
, (3.12)

under the identical circumstances as that of Theorem 2.3 for η = k = 1.

For m = 1, we get special case of the multi-index MLF defined by Srivastava and Tomovski [17] as in
(1.12), we have the following corollary.

Corollary 3.8

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eζ,δ
η,k(tX) SU

V [lX] ΓIm, n
p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)kw
Γ(ζ + δw)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
, (3.13)

under the identical circumstances as that of Theorem 2.3 for m = 1.

For k = 1, we obtain a specific instance of Prabhakar’s multi-index MLF[11] as a special case of Corollary
3.8 as in (1.13), we have the following corollary.
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Corollary 3.9

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eζ,δ
η,1(tX) SU

V [lX] ΓIm, n
p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

(η)w
Γ(ζ + δw)w!

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
, (3.14)

under the identical circumstances as that of Theorem 2.3.

For η = 1, we obtain a specific instance of Wilman’s multi-index MLF [18] as a special case of Corollary
3.9 as in (1.14), we have the following corollary.

Corollary 3.10

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eζ,δ
1,1(tX) SU

V [lX] ΓIm, n
p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

1

Γ(ζ + δw)

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p,

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
, (3.15)

under the identical circumstances as that of Theorem 2.3.

For ζ = 1, we obtain specific instance of multi-index MLF described in (1.15) as a special case of corollary
3.10, we have the following Corollary.

Corollary 3.11

∫ ∞

0

(
h2

eh4 + 2dh2 + f

)P
′

Eδ(tX) SU
V [lX] ΓIm, n

p, q (Xg y)dh

=

√
π

2
√
e
[
2
(
d+

√
ef

)]P ′− 1
2

×
∞∑

w=0

1

Γ(1 + δw)

[
t

2(d+
√
ef)

]w

×
[V/U ]∑
R=0

(−V )URAV,R

R!

[
l

2(d+
√
ef)

]R

× ΓIm, n+1
p+1, q+1

[
y[2(d+

√
ef)]−g

∣∣∣∣∣ (f1, ς1;F1 : t),
(

3
2 − P

′ − w −R, g; 1
)
, (fj′ , ςj′ ;Fj′ )2, p

(1− P
′ − w −R, g; 1), (gj′ , ϱj′ ;Gj′ )1, q

]
, (3.16)

under the identical circumstances as that of Theorem 2.3.

Remark 3.1
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• If we set U = 1, AV,0 = 1 and AV,R = 0 ∀ R ̸= 0 for the the first four corollaries (Corollary
3.1-Corollary 3.4) then it becomes the special case for Theorem 2.1 and 2.2.

• If we put m
′
= k = η = ζ = 1, δ = 0, and t = 0 in Theorem 2.1 and 2.3, then we get Theorem

1 and 3 respectively, mentioned in Bhatter et al. [2].

• The incomplete I-function γIm, n
p, q (z) has the identical relations to the previous four corollar-

ies (Corollary 3.8-Corollary 3.11). Identical outcomes can be obtained for the incomplete I-
function, incomplete H-function, incomplete H-function, and incomplete hypergeometric func-
tion.

4. Concluding Remarks

In this article, we obtain the Boros integral with three parameter for the incomplete I-function which
is the extension of the I-function investigated by Jangid et al. [7] for the product of incomplete I-
function, Srivastava Polynomial and multi-index Mittag-Leffler function. As the incomplete I-function
generalize variety of incomplete functions like: I-function, Meijer G-function, hypergeometric function,
H-function, I-function and many other functions. Also, Srivastava polynomial generalize various other
polynomial like: Hermite polynomial, Jacobi polynomial, Laguerre polynomial, Gegenbauer polynomial,
Legendre polynomial, Tchebycheff polynomial, Gould-Hopper polynomial and several other polynomials.
Simillarly, multi- index Mittag-Leffler function generalizes many other Mittag-Leffler type function and
we can get a variety of integrals involving a few special function by specialising the Boros integral’s
parameters. Hence our main findings are useful and can be used to establish the number of different
Boros integral forms linked with numerous kinds of special functions and polynomials.
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