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Infinitely many solutions for a class of fractional equations via variant fountain theorems

Abdelilah Azghay∗, Mohammed Massar and Abderrahim El Mhouti

abstract: This article is concerned with a class of fractional type equation involving an anisotropic operator
and potential of the form

(−∆x)
su−∆yu+Φ(x, y)u = g(x, y, u), (x, y) ∈ Rn × Rm.

By means of the variational method and the variant fountain theorems, we investigate the existence of infinitely
many high or small energy solutions without the usual assumption of coerciveness on the potential Φ in the
different cases when the nonlinear term is either asymptotically linear or superquadratic growth.
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1. Introduction and main results

In recent years, a special attention has been focused on the study of the fractional partial differential
equations involving fractional and nonlocal operators (isotropic & anisotropic) due to its significant
applications in the modeling of many phenomena in various fields of science and engineering, such as the
thin obstacle problem, optimization, phase transitions, finance, stratified materials, crystal dislocation,
anomalous diffusion, soft thin films, semipermeable membranes, flame propagation and ultra-relativistic
limits of quantum mechanics, we refer to [1,8,9,17]. Recently, from the nonlinear analysis point of view
special attention has been paid to the study of equations involing Benjamin-Ono-Zakharov-Kuznetsov
(BO-ZK) fractional anisotropic operator (−∆x)

s −∆y, we refer to [12,13,18,19]. For example, [18] M.
Massar, by applying a version of the symmetric mountain pass theorem and using the variational method
he proved the existence of infinitely many radial solutions for a class fractional Kirchhoff-type equation. In
[19] based on critical point and by exploiting some original arguments developed in [3,2,4], the existence
of infinitely many solutions for the following fractional Kirchhoff-type equation

(1 + b[u]2s)((−∆x)
su−∆yu) + V (x, y)u = f(x, y, u), (x, y) ∈ RN = Rn × Rm, (1.1)

where b > 0, [u]2s =
∫
RN |(−∆x)

s
2u|2 + |∇yu|2dxdy and V : Rn × Rm → R is a potential function, was

discussed.

In this article, we aim to discuss the existence of infinitely many solutions for the following fractional
equation involving (BO-ZK) operator

(−∆x)
su−∆yu+Φ(x, y)u = g(x, y, u), (x, y) ∈ RN = Rn × Rm, (1.2)

where n,m ≥ 1, s ∈ (0, 1), −∆y denotes the usual Laplacian in the y− variable, (−∆x)
s denotes the

fractional Laplacian in the x− variable which is defined via the Fourier transform by F [(−∆x)
su] (ξ, η) =
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|ξ|2sF [u](ξ, η), where F [u] is the Fourier transform of u; if u is smooth enough and rapidly decreasing, it
can be expressed by

(−∆x)
su(x, y) = C(s, n,m) lim

ϵ→0+

∫
Rn\Bϵ[x]

u(x, y)− u(z, y)

|x− z|n+2s
dz, for all (x, y) ∈ Rn × Rm,

with Bϵ[x] is the ϵ− ball in Rn centered at x and C(s, n,m) is a normalization positive constant,
Φ : RN → (0,+∞) is a continuous potential function and f ∈ C(RN × R,R) is a nonlinear function.

When Φ ≡ 1 and g(x, y, u) = up, Eq. (1.2) goes back to the study of solitary waves of the generalized
Benjamin-Ono-Zakharov-Kuznetsov (BO-ZK) equation

ut + ∂x1
((−∆x)

su−∆yu+ up) = 0, (x, y) ∈ Rn × Rm, (1.3)

see [20] for some local and global well-posedness results on this equation. In the cases n = m = 1 and
s = 1

2 , Eq.(1.3) reduces to the equation

ut −Hxuxx + uyyx + (up)x = 0, (x, y) ∈ R2, (1.4)

where Hx denotes the Hilbert transform in x which is defined by

Hxu(x, y, t) =
1

π
P.V.

∫
R

u(z, y, t)

x− z
dz, for all (x, y, t) ∈ R2 × R+,

here P.V. is a commonly used abbreviation in the Cauchy principal value. Eq.(1.4) was introduced by
Jorge et al. [15] and Latorre et al. [16] appears in the study of electromigration in thin nanoconductors
on a dielectric substrate. The (BO-ZK) operator also has been used by some researchers in [6,5,10] for
studying of toy models parabolic equations for which local diffusions occur only in certain directions
and nonlocal diffusions. We refer the reader to [14,7] for more information and properties (regularity &
rigidity) of this operator.

The main mathematical difficulty to study our nonlocal problem arises from the lack of compactness in
critical Sobolev embedding. In order to overcome this difficulty of the noncompact embedding, Esfahani
[13] has established a new compact embedding theorem for the subspace of the fractional Sobolev-Liouville
space Hs(RN ). Furthermore, when g(x, y, u) = f(u), the author has obtained the existence of positive
and sign-changing solutions of equation (1.2) by using the variational method combined with a variant
of deformation lemma and some original arguments in [2,3,4] provided coerciveness on the potential V
and inf V (x, y) > 0 and suitable assumptions on the nonlinearity f.

We will prove in the very article the existence of infinitely many high or small energy of equation
(1.2) by using the variational method and two variant fountain theorems established in [22], without the
following usual assumption of coerciveness on the potential Φ :
There exists r > 0, such that

lim
|z|→+∞

meas ({(x, y) ∈ Br(z) : Φ(x, y) ≤M}) = 0 for all M > 0,

where meas denotes the Lebesgue measure on RN and Br(z) is the r-ball in RN of centre z and radius
r, (see [13]).

In order to state our results, we need to make some hypotheses on Φ and g. For the potential Φ, we
assume that

(Φ1) Φ ∈ C(RN , (0,+∞)) and Φ0 := inf
(x,y)∈RN

Φ(x, y) > 0.

For the nonlinearity g, we will consider two cases.
Asymptotically linear case:

(g0) g ∈ C(RN × R,R), g(x, y, t)t ≥ 0 for all (x, y, t) ∈ RN × R;
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(g1) lim
t→0

g(x, y, t)

t
= 0 uniformly in (x, y) ∈ RN ;

(g2) There exists a positive function α ∈ L
2

2−q (RN ) with q ∈ (1, 2) such that

|g(x, y, t)| ≤ α(x, y)(1 + |t|q−1) for all (x, y, t) ∈ RN × R;

(g3) lim
t→+∞

G(x, y, t)

|t|θ
≥ δ > 0 uniformly in (x, y) ∈ RN , for some θ ∈ [1, q), where G(x, y, t) =∫ t

0
g(x, y, τ)dτ.

Superquadratic case:

(g0) g ∈ C(RN × R,R), g(x, y, t)t ≥ 0 for all (x, y, t) ∈ RN × R;

(g1) lim
t→0

g(x, y, t)

t
= 0 uniformly in (x, y) ∈ RN ;

(G2) There exist p ∈ (2, p∗s) and a positive function β ∈ Lν(RN ) with p∗s := 2(n+ms)
n+(m−2)s and ν >

2(n+ms)
2(n+ms)−p(n+(m−2)s) such that

|g(x, y, t)| ≤ β(x, y)(1 + |t|p−1) for all (x, y, t) ∈ RN × R;

(G3) lim
t→+∞

G(x, y, t)

|t|2
= +∞ uniformly in (x, y) ∈ RN ;

(G4) There exists µ ≥ 1 such that G(x, y, rt) ≤ µG(x, y, t) for all (x, y, t) ∈ RN × R and r ∈ [0, 1], where
G(x, y, t) = tg(x, y, t)− 2G(x, y, t).

Due to the dependence of potential, let us recall our suitable working Sobolev space. Let Hs(RN ) be the
fractional Sobolev-Liouville space

Hs(RN ) =

{
u ∈ L2(RN ) :

∫∫
RN

(
|(−∆x)

s
2u|2 + |∇yu|2 + u2

)
dxdy <∞

}
,

with the norm

∥u∥Hs(RN ) =

(∫∫
RN

(
|(−∆x)

s
2u|2 + |∇yu|2 + u2

)
dxdy

) 1
2

.

The homogeneous fractional Sobolev-Liouville space Ds(RN ) is defined by

Ds(RN ) =
{
u ∈ L2(RN ) : [u]s <∞

}
,

where

[u]s =

(∫∫
RN

(
|(−∆x)

s
2u|2 + |∇yu|2

)
dxdy

) 1
2

.

We search the solutions in the following subspace

Xs =

{
u ∈ Ds(RN ) :

∫∫
RN

Φ(x, y)u2dxdy <∞
}
,

equipped with the inner product

(u, v)Xs
=

∫∫
RN

(
(−∆x)

s
2u(−∆x)

s
2 v +∇yu∇yv +Φ(x, y)uv

)
dxdy,

which induces the norm
∥u∥Xs

= (u, u)
1
2

Xs
.

Now, we give the sense in which we will take a solution to equation (1.2).
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Definition 1.1 A function u ∈ Xs is called weak solution of (1.2) if∫∫
RN

(
(−∆x)

s
2u(−∆x)

s
2ψ +∇yu∇yψ +Φ(x, y)uψ

)
dxdy =

∫∫
RN

g(x, y, u)ψdxdy, for all ψ ∈ Xs.

The main results can be described by the following two theorems.

Theorem 1.1 (Asymptotically linear) Assume that (Φ1) and (g0)−(g3) hold, and g is odd in t. Then
equation (1.2) admits infinitely many solutions {uk}∞1 verifying

1

2

∫∫
RN

(
|(−∆x)

s
2uk|2 + |∇yuk|2 +Φ(x, y)u2k

)
dxdy −

∫∫
RN

G(x, y, uk)dxdy → 0− as k → +∞.

Theorem 1.2 (Superquadratic) Assume that (Φ1), (g0), (g1) and (G2) − (G4) hold, and g is odd in
t. Then equation (1.2) admits infinitely many solutions {uk}∞1 verifying

1

2

∫∫
RN

(
|(−∆x)

s
2uk|2 + |∇yuk|2+Φ(x, y)u2k

)
dxdy −

∫∫
RN

G(x, y, uk)dxdy → +∞ as k → +∞.

2. Auxiliary Results

In this section, we give some preliminary results for the proof of Theorems 1.1 and 1.2.

Lemma 2.1 ( [11]) The fractional Sobolev-Liouville space Hs(RN ) is continuously embedded into
Lq(RN ) for q ∈ [2, p∗s]; and is compactly embedded into Lq(RN ) for q ∈ (2, p∗s).

Remark 2.1 In view of (Φ1) and the previous lemma, the space Xs is continuously embedded into Lq(RN )
for q ∈ [2, p∗s]; and is compactly embedded into Lq

loc
(RN ) for q ∈ [2, p∗s).

To obtain infinitely many solutions, we will employ two variant Fountain theorems [22]. So, we first recall
some basic notations.

Let (E, ∥ · ∥) be a Banach space and {Ej} be a sequence of the finite dimensional subspaces of E such
that E = ⊕∞

j=0Ej . Set

Yk = ⊕k
j=0Ej and Zk = ⊕∞

j=kEj .

Let {φλ : E → R, λ ∈ [1, 2]} be a family of C1 functionals such that φλ(u) = A(u) − λB(u) and
φλ(−u) = φλ(u), where A,B : E → R are two functionals.

Theorem 2.1 Assume that φλ satisfies the following assertions:
(i) φλ maps bounded sets to bounded sets uniformly for λ ∈ [1, 2];
(ii) B(u) ≥ 0 and B(u) → ∞ as ∥u∥ → ∞ on any finite dimensional subspace of E;
(iii) There exist ρk > rk > 0 such that

αk(λ) := inf
u∈Zk,∥u∥=ρk

φλ(u) ≥ 0 > βk(λ) := max
u∈Yk,∥u∥=rk

φλ(u) for all λ ∈ [1, 2],

ηk(λ) := inf
u∈Zk,∥u∥≤ρk

φλ(u) → 0 as k → +∞ uniformly for λ ∈ [1, 2].

Then, there exists λn → 1 and uλn ∈ Yn such that

φ′
λn

|Yn(uλn) = 0, φλn(uλn) → σk ∈ [ηk(2), βk(1)] as n→ ∞.

In particular, if {uλn
} has a convergent subsequence for any k, then φ1 has infinitely many nontrivial

critical points {uk}∞k=1 ∈ E \ {0} satisfying φ1(uk) → 0− as k → ∞.

Theorem 2.2 Assume that φλ satisfies the following assertions:
(i) φλ maps bounded sets to bounded sets uniformly for λ ∈ [1, 2];
(ii) B(u) ≥ 0 and either B(u) → ∞ or A(u) → ∞ as ∥u∥ → ∞ (or B(u) ≤ 0 and B(u) → −∞ as
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∥u∥ → ∞);
(iii) There exist ρk > rk > 0 such that

βk(λ) := inf
u∈Zk,∥u∥=rk

φλ(u) > αk(λ) := max
u∈Yk,∥u∥=ρk

φλ(u) for all λ ∈ [1, 2].

Then
βk(λ) ≤ σk(λ) := inf

γ∈Γk

max
u∈Bk

φλ(γ(u)) for all λ ∈ [1, 2],

where Γk = {γ ∈ C(Bk, X) : γ is odd , γ|∂Bk
= id}(k ≥ 2) and Bk = {u ∈ Yk : ∥u∥ ≤ ρk}. Moreover, for

a.e. λ ∈ [1, 2], there exist a sequence {ukn(λ)}∞n=1 such that

sup
n

∥ukn(λ)∥ <∞, φ′
λ(u

k
n(λ)) → 0 and φλ(u

k
n(λ)) → σk(λ) as n→ ∞.

Obviously, the energy functional associated to (1.2) defined on Xs by

I(u) =
1

2

∫∫
RN

(
|(−∆x)

s
2u|2 + |∇yu|2 +Φ(x, y)u2

)
dxdy −

∫∫
RN

G(x, y, u)dxdy,

is of class C1 and its critical points are solutions of (1.2). To apply Theorems 2.1 and 2.2, we will consider
the perturbed functional

Iλ(u) = A(u)− λB(u),

where

A(u) =
1

2

∫∫
RN

(
|(−∆x)

s
2u|2 + |∇yu|2 +Φ(x, y)u2

)
dxdy

and

B(u) =

∫∫
RN

G(x, y, u)dxdy.

Since Xs is reflexive and separable, there exist {ej}∞j=1 ⊂ Xs and {e∗j}∞j=1 ⊂ X∗
s such that

Xs = span{ej : j = 1, 2 . . . }, X∗
s = span{e∗j : j = 1, 2 . . . }

and

⟨e∗i , ej⟩ =
{

1 if i = j
0 if i ̸= j.

For convenience, we set Xsj = span{ej}, Yk = ⊕k
j=1Xsj and Zk = ⊕∞

j=kXsj .

3. Proof of main theorems

Proof of Theorem 1.1. Clearly, for any λ ∈ [1, 2], Iλ is an even functional on Xs. By (g0) − (g3), we
see that Iλ maps bounded sets to bounded sets uniformly for λ ∈ [1, 2]. Evidently, Iλ(−u) = Iλ(u) for all
(λ, u) ∈ [1, 2]×Xs. Similar to [21], one can show that B is nonnegative and B(u) → ∞ as ∥u∥Xs

→ ∞
on any finite dimensional subspace of Xs, and Moreover, there exist real sequences 0 < rk < ρk such that

αk(λ) := inf
u∈Zk,∥u∥Xs=ρk

Iλ(u) ≥ 0, βk(λ) =: max
u∈Yk,∥u∥Xs=rk

Iλ(u) < 0

and
ηk(λ) := inf

u∈Zk,∥u∥Xs≤ρk

Iλ(u) → 0 as k → ∞ uniformly for λ ∈ [1, 2].

From Theorem 2.1, there exists λn → 1 and un = uλn
∈ Yn such that

I ′λn
|Yn(un) = 0, In(un) → σk ∈ [ηk(2), βk(1)] as n→ ∞.

We split the rest of proof in two step.
Step 1: {un} is bounded. By (g0)− (g2), for any ε > 0, there exists Cε > 0 such that

|g(x, y, t)| ≤ ε|t|+ Cεα(x, y)|t|q−1 for all (x, y, t) ∈ RN × R. (3.1)
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Therefore, by (3.1), (Φ1), the Sobolev embedding and the Hölder inequality, we have

∥un∥2Xs
= 2Iλn

(un) + 2λn

∫∫
RN

G(x, y, un)dxdy

≤ C1 + 4ε∥un∥2L2(RN ) + 4Cε

∫∫
RN

α(x, y)|un|qdxdy

≤ C1 + 4εC2
2∥un∥2Xs

+ 4CεΦ
− q

2
0 ∥α∥

L
2

2−q (RN )

(∫∫
RN

Φ(x, y)|un|2dxdy
) q

2

≤ C1 + 4εC2
2∥un∥2Xs

+ 4CεΦ
− q

2
0 ∥α∥

L
2

2−q (RN )
∥un∥qXs

,

which shows that {un} is bounded in Xs, since 1 < q < 2.
Step 2: un → u in Xs. Since {un} is bounded Xs, up to a subsequence, un ⇀ u for some u ∈ Xs. Let
us consider the orthogonal projection operator Pn : Xs → Yn. Then

I ′λn
(un) = I ′λn

|Yn
(un) = 0.

Thus

∥un − Pnu∥2Xs
= ⟨I ′λn

(un), un − Pnu⟩ − ⟨I ′(Pnu), un − Pnu⟩

+λn

∫∫
RN

g(x, y, un)(un − Pnu)dxdy −
∫∫

RN

g(x, y, Pnu)(un − u)dxdy

= −⟨I ′(Pnu), un − Pnu⟩+ λn

∫∫
RN

g(x, y, un)(un − Pnu)dxdy

−
∫∫

RN

g(x, y, Pnu)(un − u)dxdy. (3.2)

Using the fact that α ∈ L
2

2−q (RN ), we can find Rε > 0 such that

∥α∥
L

2
2−q (Bc

Rε
)
<

ε

Cε
, (3.3)

where Bc
Rε

= RN\BRε and BRε = {(x, y) ∈ RN : |(x, y)|≤ Rε}.
According to Remark 2.1, we have un → u in L2(BRε), hence for n sufficiently large,

∥un − u∥L2(BRε )
<

ε

Cε∥α∥
L

2
2−q (RN )

. (3.4)

From (3.1), (3.3)-(3.4), the Hölder inequality and the Sobolev embedding, we entail∫∫
RN

|g(x, y, Pnu)(un − u)|dxdy ≤ ε

∫∫
RN

|Pnu| |un − u|dxdy + Cε

∫∫
BRε

α(x, y)|Pnu|q−1|un − u|dxdy

+Cε

∫∫
Bc

Rε

α(x, y)|Pnu|q−1|un − u|dxdy

≤ ε∥Pnu∥L2(RN )∥un − u∥L2(RN )

+Cε∥α∥
L

2
2−q (RN )

∥Pnu∥q−1

L2(BRε )
∥un − u∥L2(BRε )

+Cε∥α∥
L

2
2−q (Bc

Rε
)
∥Pnu∥q−1

L2(Bc
Rε

)
∥un − u∥L2(Bc

Rε
)

≤ εC2∥Pnu∥Xs∥un − u∥Xs + εC3∥Pnu∥q−1
Xs

+ εC4∥Pnu∥q−1
Xs

∥un − u∥Xs

≤ ε
(
C2∥u∥Xs∥un − u∥Xs + C3∥u∥q−1

Xs
+ C4∥u∥q−1

Xs
∥un − u∥Xs

)
. (3.5)

Since {un} is bounded in Xs, from (3.5) we deduce that

lim
n→+∞

∫∫
RN

g(x, y, Pnu)(un − u)dxdy = 0. (3.6)
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Similarly, we can show that

lim
n→+∞

λn

∫∫
RN

g(x, y, un)(un − Pnu)dxdy = 0. (3.7)

On the other hand, we have Pnu→ u and (un − Pnu)⇀ 0 as n→ +∞, thus

lim
n→+∞

⟨I ′(Pnu), un − Pnu⟩ = 0. (3.8)

It holds from (3.2) and (3.6)-(3.8) that (un − Pnu) → 0 in Xs. Hence un → u in Xs.
Applying Theorem 2.1, we conclude that I = I1 has infinitely many nontrivial critical points, and

consequently (1.2) admits infinitely many nontrivial solutions {uk}∞k=1 verifying I(uk) → 0− as k → ∞.
The proof of Theorem 1.1 is finished.
Proof of Theorem 1.2. As in above, under conditions of Theorem 1.2, all assertions given in Theorem
2.2 are satisfied. Then, for all most every λ ∈ [1, 2], there exists {ukn(λ)}∞n=1 such that

sup
n

∥ukn(λ)∥Xs
<∞, I ′λ(u

k
n(λ)) → 0, Iλ(u

k
n(λ)) → σk(λ) as n→ ∞. (3.9)

Let

bk = sup
u∈Zk,∥u∥Xs=1

∫∫
RN

β(x, y)|u|pdxdy.

Then the sequence {bk}∞k=1 is nonnegative and nonincreasing, thus bk → b ≥ 0 as k → ∞. By definition
of bk, for any k = 1, 2, . . . , there is uk ∈ Zk with ∥uk∥Xs = 1 such that

bk − 1

k
≤

∫∫
RN

β(x, y)|uk|pdxdy. (3.10)

For some u ∈ Xs, we have uk ⇀ u. Therefore

⟨e∗j , u⟩ = lim
k→+∞

⟨e∗j , uk⟩ = 0 for j = 1, 2, . . . ,

and hence u = 0. By Remark 2.1, there exists C5 > 0 such that

∥u∥
L

νp
ν−1 (RN )

≤ C5∥u∥Xs
.

Let Bk = {(x, y) ∈ RN : |(x, y)|< k}. Since β ∈ Lν(RN ), for ε > 0, we can find kε > 0 such that

∥β∥Lν(Bc
kε

) ≤
ε

2Cp
5

.

Furthermore, we have uk → 0 in L
νp

ν−1 (Bkε
), thus for some integer kε such that

∥uk∥p
L

νp
ν−1 (Bkε )

≤ ε

2∥β∥Lν(RN )

for all k ≥ kε.

From the last two inequality, we obtain∫∫
RN

β(x, y)|uk|pdxdy =

∫∫
Bkε

β(x, y)|uk|pdxdy +
∫∫

Bc
kε

β(x, y)|uk|pdxdy

≤ ∥β∥Lν(RN )∥uk∥p
L

νp
ν−1 (Bkε )

+ ∥β∥Lν(Bc
kε

)∥uk∥p
L

νp
ν−1 (RN )

≤ ε,

which means that
∫∫

RN β(x, y)|uk|pdxdy → 0 as k → ∞. It follows then from (3.10) that bk → 0 as
k → ∞. By (g0), (g1) and (G2), for any ε > 0 there exists Cε > 0 such

|G(x, y, t)| ≤ ε|t|2+Cεβ(x, y)|t|p for all (x, y, t) ∈ RN × R. (3.11)
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Then

Iλ(u) ≥ 1

2
∥u∥2Xs

− λε∥u∥2L2(R2) − λCε

∫∫
RN

β(x, y)|u|pdxdy

≥ 1

2
∥u∥2Xs

− λεC2
6∥u∥2Xs

− λCε∥u∥p

≥ 1

2
∥u∥2Xs

− 2εC2
6∥u∥2Xs

− 2Cε∥u∥p

≥ 1

2
∥u∥2Xs

− 2εC2
6∥u∥2Xs

− 2Cεbk∥u∥pXs
,

thus for 0 < ε ≤ 1
8C2

6
and u ∈ Zk,

Iλ(u) ≥
1

4
∥u∥2Xs

− 2Cεbk∥u∥pXs
.

So, taking rk = (16Cεbk)
1

2−p , we have

Iλ(u) ≥
1

8
(16Cεbk)

2
2−p > 0 for all u ∈ Zk with ∥u∥Xs

= rk,

thus

βk(λ) = inf
u∈Zk,∥u∥=rk

Iλ(u) ≥
1

8
(16Cεbk)

2
2−p for all λ ∈ [1, 2].

According to Theorem 2.2, we deduce that

σk(λ) = inf
γ∈Γ

max
u∈Bk

Iλ(γ(u)) ≥ βk(λ) ≥ βk :=
1

8
(16Cεbk)

2
2−p → ∞ as k → ∞.

Observe that
σk(λ) ≤ σk := max

u∈Bk

I1(u),

therefore for any k ≥ k0 > 0,
βk ≤ σk(λ) ≤ σk. (3.12)

In view of Theorem 2.2, for a sequence λm → 1, {un(λm)}∞n=1 is bounded. Then following arguments in
proof of Theorem 1.1, we see that up to a subsequence, for any m ≥ 1 and k ≥ k0, un(λm) → uk(λm) as
n→ ∞. Hence, from (3.9) and (3.12), we get

I ′λm
(uk(λm)) = 0 and βk ≤ Iλm

(uk(λm)) ≤ σk for all k ≥ k0. (3.13)

Now, we claim that {uk(λm)}∞m=1 is bounded in Xs. In otherwise, we let vm = uk(λm)
∥uk(λm)∥Xs

. Then, going

to a subsequence, vm ⇀ v in Xs, vm → v in Lr
loc(RN ) for any r ∈ [2, p∗) and vm(x) → v(x) for a.e.

x ∈ RN . If v ≡ 0, by (3.11) we obtain

lim
m→+∞

∫∫
RN

G(x, y, vm)dxdy = 0. (3.14)

Let {tm} ⊂ [0, 1] such that
Iλm

(tmu
k(λm)) = max

t∈[0,1]
Iλm

(tuk(λm)).

For an arbitrary R > 0 and m sufficiently large, we have R
∥uk(λm)∥Xs

∈ (0, 1). Then

Iλm
(tmu

k(λm)) ≥ Iλm
(Rvm)

=
R2

2
− λm

∫∫
RN

G(x, y,Rvm)dxdy.
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Letting m→ ∞ and using (3.14), we obtain

lim
m→∞

Iλm
(tmu

k(λm)) = +∞. (3.15)

Note that
⟨I ′λm

(tmu
k(λm)), tmu

k(λm)⟩ = 0.

Therefore, by (3.13) and (G4)

1

µ
Iλm

(tmu
k(λm)) =

1

µ

(
Iλm

(tmu
k(λm))− 1

2
⟨I ′λm

(tmu
k(λm)), tmu

k(λm)⟩
)

=
λm
2µ

∫∫
RN

[
tmu

k(λm)g(x, y, tmu
k(λm))− 2G(x, y, tmu

k(λm))
]
dxdy

≤ λm
2

∫∫
RN

[
uk(λm)g(x, y, uk(λm))− 2G(x, y, uk(λm))

]
dxdy

= Iλm
(uk(λm))− 1

2
⟨I ′λm

(uk(λm)), uk(λm)⟩

= Iλm(uk(λm))

≤ σk for all k ≥ k0.

This contradicts (3.15), and hence v ̸≡ 0. Let Ω0 = {(x, y) ∈ RN : v(x, y) ̸= 0}. Dividing Iλm
(uk(λm)) by

∥uk(λm)∥2Xs
, using (G3) and Fatou’s Lemma, we get

1

2
=

Iλm
(uk(λm))

∥uk(λm)∥2Xs

+ λm

∫∫
RN

G
(
x, y, uk(λm)

)
∥uk(λm)∥2Xs

dxdy

=
Iλm(uk(λm))

∥uk(λm)∥2Xs

+ λm

∫∫
Ω0

G
(
x, y, uk(λm)

)
|uk(λm)|2

|vm(x, y)|2dxdy

≥ lim inf
m→∞

∫∫
Ω0

G
(
x, y, uk(λm)

)
|uk(λm)|2

|vm(x, y)|2dxdy

≥
∫∫

Ω0

lim inf
m→∞

G
(
x, y, uk(λm)

)
|uk(λm)|2

|vm(x, y)|2dxdy = +∞.

This is impossible. Consequently {uk(λm)} is bounded. Then, as in the proof of Theorem 1.1,
{uk(λm)}∞m=1 has a subsequence uk(λm) → uk in Xs for all k ≥ k0, and therefore uk is a critical point
of I1 = I with βk ≤ I(uk) ≤ σk. Thus problem (1.2) admits infinitely many solutions with high energy,
since βk → ∞ as k → ∞. The proof of Theorem 1.2 is finished.
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4. T. Bartsch, Z. Liu and T. Weth, Sign changing solutions of superlinear Schrödinger equations, Comm. Partial Differ-
ential Equations, 29(12), 25-42 (2004).

5. G. Barles, E. Chasseigne, A. Ciomaga and C. Imbert, Large time behavior of periodic viscosity solutions for uniformly
parabolic integro-differential equations, Calc. Var. Partial Differ. Equ. 50, 283–304 (2014).

6. G. Barles, E. Chasseigne, A. Ciomaga and C. Imbert, Lipschitz regularity of solutions for mixed integrodifferential
equations, J. Differ. Equ. 252(11), 6012–6060, (2012).
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