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On the well-posedness and stability of retarded impulsive wave equations with a frictional
damping

Aissa Guesmia™ and Nasser-eddine Tatar

ABSTRACT: Of concern is, first, a wave equation subject to a discrete time delay in the state itself (and not
in its time derivative). It is also under the action of impulses and a control given in the form of a frictional
damping. We prove the well-posedness and exponential stability of our system. Second, we give an extension
to the case where the time delay occurs in both, the state and its time derivative, in addition to impulsive
boundary conditions in the delays. Our stability results show that the dissipation generated by the frictional
damping is not destroyed neither by the impulses nor by the delays even when acting simultaneously.

Key Words: Impulsive wave equation, Discrete delay, Well-posedness, Stability, Semigroup ap-
proach, Energy method, Differential inequality.

Contents
1 Introduction 1
2 Well-posedness 3
2.1 Absence of impulses . . . . ... 3
2.2 Presence of impulses . . . . . . .. 6
3 Stability 7
4 Time-delayed impulses 10
4.1 Well-posedness . . . . . . . . e e 11
4.2 Stability . . . .. 13
5 Comments and issues 16

1. Introduction

We are witnessing nowadays an increasing interest in the study of the influence of impulsive effects on
many phenomena. This is due to the mathematical challenges they bring and to the extensive applications
in nature, science and technology [2,3,12,18]. Mechanisms that are subject to short changes in their states
may be modelled by Impulsive Differential Equations (IDEs). The short changes are either natural or
imposed by controls and they cause discontinuities in the trajectories. In general, the model comprises
a continuous differential equation (or more) acting between the impulses, impulse equations defined at
the moments of changes and a definition of the set of jump points. It has been observed that impulsive
actions may be the cause of drastic changes in the behavior of solutions. Therefore, it is important to
pay considerable attention to such systems.

The investigation of the fallouts of impulses on processes has attracted the attention of a considerable
number of scholars owing to the countless number of solicitations in practical problems [2,3,12,18]. Indeed,
actions taking place in footling moments may be handled correctly as impulses and treated adequately in
the IDEs framework. The effects of these changes are unpredictible. They can stabilize an unstable system
and vice-versa, they can destabilize an initially stable system, thereby justifying the great attention paid
to these phenomena.
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2 A. GUESMIA AND N.-E. TATAR

Let N € N* := N\ {0}, Q C R" be a bounded domain with a smooth boundary I' and a closure 2,
ag, a1, 7 >0, az € R, {tx}ren C Ry := [0, +00) such that

o =0<ty < v <t < vvv klélg*{tk+1 —tx} >7 and kgr_{lxtk = +00. (1.1)

Moreover, we assume that the functions gx, fr : R — R, k € N*| satisfy, for some &, Sk > 0,

gr € C'(Ry), gx(0) =0, sup §p <4oo and  |gi| < &, (1.2)
s
and - -
fr € C(RY), ksulg & < 4oo and |fr(s)| < &ls|, seR. (1.3)
cEN*

We consider the following system:

uge(x, t) — aOAu(x t) + arue(z,t) + agu(z,t —7) =0, x €, t € Rp\{tk}ren,

u(x,t) = zel, t>0, (1.4)
u(z,s) = uo(x s), u(z,0) = ui(x), x €N, se[-T1,0], ’
w(x, ty) = gr(u(z,ty)), we(w, tr) = fi(ue(x,t,)), x €, ke N,

where u(z,t) is the unknown of (1.4), ug and uy are given functions (initial data), A is the classical
Laplacian operator, the subscript ¢ denotes the derivative with respect to ¢, and ¢,; and t;r denote,
respectively, the limit when ¢ converges to t; from the left and from the right. The term aju; is the
frictional damping, which plays the role of control for (1.4). The constant T represents the considered
discrete time delay with amplitude as. It is clear that in the particular case as = 0, there will be no time
delay. The impulses are taken in consideration through the functions g; and fi. In case of continuity
and gr(s) = fr(s) = s, there will be no impulses.

To the best of our knowledge, this kind of problems in this form and with impulsive conditions has
not been considered so far in the literature. Therefore, we shall survey briefly some related works without
impulses and with a discrete delay in the velocity of the state wi(x,¢ — 7) rather than the state itself
u(x,t — 7). This is quite a different situation as it offers the possibility of contrasting both velocities
(with and without delay) together.

We can find a good number of papers by Nicaise and collaborators on this subject (without impulses
and without time delay in the state). Several results have been achieved when both the (frictional
damping) term aju(x,t) and the (delayed velocity) term agu¢(xz,¢ — 72) act internally. Moreover, we
can find papers dealing with the cases where one of them is effective internally and the other one at
the boundary. In addition, the time-varying delay [15,16] and the distributed delay cases have been
investigated. We will mention here only works on the former case.

We start by the work of Datko et al. [7] where the authors established an exponential stability result
in the 1-d case with the internal terms

2buy (z,t) + b*u(z, t)

and the boundary delayed control
um(Lt) + qut(lvt - 7_) =0

provided that ¢ is small enough. There are other works where the delayed velocity and the undelayed
velocity act one internally and one in the boundary (we do not report here). In [14], Nicaise and Pignotti
considered the problem

wy(x,t) — Aw(z, t) + n(x) [arw(x, t) + agwi(z,t —7)] =0, =€, t>0,

w(z,t) =0, r€lp, t>0,
9 (z,t) =0, zely,t>0,
w(l’, ):wO ), wt(x,()):wl(x), T €Q,

w(z,t —7) = wa(x,t — 1), zeQ, te(0,7)
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and also the case where the control acts on the boundary

0
6—w(x, t) + aqwe(x,t) + aqw(x,t —7) = 0.
v
They extended the work of Xu et al. [20] from 1-d to any dimension. Namely, they proved that the
system is exponentially stable if a; < a; and unstable otherwise. This is in spite of the destructive
nature of delays as demonstrated in [5,6,7,13]. Needless to say, the exponential stability takes place in
the absence of the delay term. The case of time-varying delays is treated in [15,16].

In this work, for problem (1.4), we assume (1.1) and the growth conditions (1.2) and (1.3) on the
impulses g and fj, respectively. Well-posedness and exponential stability results will be proved for a
certain range of values of as. This means that the dissipation effect of the frictional damping resists
to both impulses as well as the delay occuring in the state. To this end, we shall apply the semigroup
approach and combine the multiplier technique (to get some appropriate estimates) in a crucial manner
with an impulsive version of the Halanay inequality (see Lemma 3.3 below). Moreover, we present an
extension of these results to an impulsive differential problem with delays even in the impulsive conditions.
This shows that the frictional damping is able to stabilize the system despite the destructive nature of
the delays and the impulses.

The paper is organized as follows: in the next section, we establish existence, uniqueness and smooth-
ness results for our problem (1.4). Section 3 contains the statement and proof of our stability result. The
case of time delays in state, its time derivative and impulses will be treated in Section 4. We end the
paper by a section containing several remarks, possible extensions and generalizations.

2. Well-posedness

In the sequel, and in order to simplify the exposition, the variables z, ¢ and s are indicated only when

necessary to avoid ambiguity. We use || - || to denote both L?(Q2) and (LQ(Q))N norms, where the related
scalar product is designated by (-, -).

In this section, we will discuss the existence, uniqueness and smoothness of a solution of (1.4) in an
appropriate underlying space. To this end, we will distinguish the two cases of absence and presence of
impulses, and apply the semigroup approach.

2.1. Absence of impulses

We consider the following delayed wave problem without impulses:

wy(z,t) — apAw(z, t) + aywi(z,t) + agw(z,t —7) =0, z€Q,t>0,
w(z,t) =0, zel, t>0, (2.1)
w(x,s) =ug(x,s), w(z,0) =u(z), r €, se[-T,0].

We shall recast this problem (2.1) in a first order abstract form. Let W = (w,wy, 2)”

Wo = (uo(-0),u1,20)" € H,

{ z(x,t,p) = w(z,t — p), xeQ,t>0, pe(0,1), (2.2)
ZO(‘Tap) = Z(SC,O,p) = UO(I77Tp)a T € Qa p € (071)7 )
H=HNQ) x L*(Q) x L
and )
L£=1L1%((0,1),L*Q)) = {U 2(0,1) — L3(Q) : / lv(p)||” dp < +oo} : (2.3)
0

The space H is endowed with the scalar product, for V' = (v, va, ’Ug)T and V = (01, Ua, 173)T,

<Vv, ‘7>H = Qo <VU1, V’l~)1> + <’U27’l~)2> + T|(12| <’l)3,1~}3>£ .
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It is understood that the space L is endowed with the scalar product

@ﬂu=éuwm@

which makes H a Hilbert space. Notice that the function z defined in (2.2) satisfies

th(l‘7tap) + Zp(l‘7tap) = 07
{ 2(x,t,0) = w(z,t). (2.4)
We define the linear operators
U1 Vg — 7'22'060 U1
A V2 = apAvy — (a1 + |a2|) Vo — agvg(l)
V3 —l%
T Op
and
V1 7'220!50 U1
B (%] = |a2\v2 5
U3 0
where ¢y > 0 is Poincaré’s constant defined by
0] < eol V[l v e Hy(9). (2.5)
The domains of B and A are given by D(B) = H and
0
D(A) = {v €H v € HXQ), vy € HL(Q), ai; € L, v3(0) = vl} .
Clearly, D(A) is densely embedded in H.
Now, we see that (2.1) is equivalent to
Wi (t) = (A+ B)W(t), t >0, (2.6)

The existence, uniqueness and smoothness of solutions for (2.1) are stated in the next theorem.
Theorem 2.1 For any Wy € H, the problem (2.6) admits a unique weak solution
WeC Ry, H),

so, for any
(uo(+,0),u1, 20) € HY(Q) x L*(Q) x L

(z0 is defined in (2.2)), (2.1) admits a unique weak solution
weC(Ry, Hy(Q))NC (Ry, L*(Q)) and z€C (R4, L). (2.7)
If Wy € D(A), then the solution of (2.6) is classical
We O Ry, H)NC Ry, D(A)),

so, if
(UO(~,O),U1,Z0) S (HQ(Q) ﬂH&(Q)) X H&(Q) x L

such that %i; € L, then the solution of (2.1) is classical
we C Ry, H*(Q)NC' (Ry, Hy () NC* (R4, L* () and z€ C' (R4, L). (2.8)
Here, D(A) is endowed with the graph norm
IWllpay = Wl + [ AW]3.
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Proof: As B is Lipschitz continuous, the sum A+ B generates a linear Cy-semigroup on H if we can prove
that A is a maximal monotone operator (see [11]). This suffices to deduce the well-posedness results
stated in Theorem 2.1 (see [4,11,17]).

Let us show, first, that the operator A is dissipative. Clearly, we have, for any V € D(A),

a v
(AV,V),, = ao <Vv2 | 22| O 1,Vv1> + (apAvy — (a1 + |az|) v2 — agvs(1l),v2) — |az] <6;,vg>
L

as| ¢ v
= 2T = a1+ aa oal? = a2 a1, va) ~ ol { G200 )
p c
and using Cauchy-Schwartz inequality, integrating with respect to p and exploiting the equality v3(0) = v,
(according to the definition of D(A)) allow us to write

|a2\00

(AV, V), <

|az| |a2| laz|
IVor[* = (ar + lazl) [[oall® + = oa (DI + = loall® + = (loall* = os(D)]?)
We conclude, by using Poincaré’s inequality, that
(AV,V),, < —aq|jvo]? < 0. (2.9)

Next, we claim that Id — A is surjective from D(A) to H (Id denotes the identity operator); that is, for
any F = (f1, f2, f3)T € H, there exists a V € D(A) such that

(Id — A)V = F. (2.10)

We need to show that
v — V2 + '“2|C°v = f1,
vy — GOAU1 + (a1 + |az|) v2 + asvs(1) = fo,

10
'Ud"‘,rg?:fS

is solvable in D(A). Clearly, the first equation is equivalent to

|az|co
1 — f1. 2.11
= (1420 ) 0 - (211)

Moreover, v3(0) = v1 and the third equation in the previous system give
P
vy =e PT (1}1 + 7'/ fg(y)eTydy) . (2.12)
0

Therefore, the second equation becomes

—apAv; + [(1 + a1+ |as|) (1 + '“;azo> — aQeT} v =1+ a1 +|as)) fu (2.13)

1
+f2 — Taze_f/ fa(y)e™dy.
0
Now, we prove the existence of a unique solution
vy € H2(Q) N HY (D) (2.14)

of (2.13). First, observing that

1
Fi= (1+ai+agl) fi + fo — Taze™ / fs(y)e™vdy € L3(Q) (2.15)
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and

a:=1+a1+|az|) 1+M —aze” " > (14 ay) 1+M > 0. (2.16)
2a9 2a9
Second, assuming that (2.13) has a solution satisfying (2.14), then, multiplying (2.13) by ¢ € Hg(Q),
integrating by parts and using the boundary condition ¢ = 0 on I', we remark that v; is necessarily a
solution of the variational formulation

where P is a bilinear form on H} () x HJ(Q2) given by
P (v1,¢) = ag (Vuy, V<P>(L2(Q))N +a(v1, )

and P is a linear form on H} () defined by

According to (2.16) and because ag > 0, it is clear that P is continuous and coercive, and moreover,
thanks to (2.15), P is continuous. Then, the Lax-Milgram theorem implies that (2.17) has a unique
solution

vy € H}(Q). (2.18)

By considering in (2.17) the particular test function ¢ € C2°(Q), integrating by parts and using the
density of C2°(Q) in L?(£2), we get (2.13). Therefore, thanks to (2.15) and (2.18), we observe that (2.13)
leads to Av; € L?(Q2), then v; € H?(Q), and so (2.14) holds. Consequently, by appealing to Lax-Milgram
theorem and performing some classical regularity arguments for the variational formulation (2.17), we
get the existence of a unique solution v; € H%(Q) N H () of (2.13). Therefore, (2.11) and (2.12) imply
that vo € H}(Q2) and v, %—f’ € L. Finally, V € D(A). O

2.2. Presence of impulses

Let H be a Hilbert space. We introduce the spaces

PO(R., H) — { v € C(Ry\{ts hen~, H), v(z, 1)), Z(x,t_)exist }

k
andv(z, ty) = v(z,t) = gr(v(z,t;,)), k € N*

and

PCI(R+»H) = { ; Ve CI(RJr\{tk}kEN*aH)v v(‘%t;)v v(x>tl;)7 Ut(%t;)a Ut(%t;)eXiSm }

(2, tr) = v(z, 1)) = ge(v(@,ty,) and vy (z, te) = vz, ) = fe(ve(, 1)), k € N*

Theorem 2.2 For any
(Uo(',O),U1,Zo) S Hé(Q) X L2(Q) X L, (219)

the problem (1.4) admits a unique weak solution

u € PC(Ry, Hy ()N PCY R, L*(Q)). (2.20)

Proof: Let J; = [tg,tx+1), for k € N. Let wg be the solution of (2.1) corresponding to the initial data
(2.19) and define our solution u on Jy = [to,t1) = [0,¢1) by u(x,t) = we(x,t) = wo(x,t — tg). Then,
thanks to (2.7),

(100100 St et = 7)) € HY () x Z2(0) x £
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noticing that wg(-,t; —7p) makes a sense because t; —7p > t; —7 = t; —tg — 7 > 0 according to (1.1)),
1 1
and therefore, according to (1.2) and (1.3),

811)0

(st s (Gt ) € H @) x 220 x £ 2.21)

where 21 (z,p) = g1 (wo(z,t;7 — 7p)). So let wy be the solution of (2.1) corresponding to the initial data
(2.21) instead of (ug(+,0), u1,20) and define our solution w on Jy by u(z,t) = wo(x,t —¢1). Then

8w1

(wl(-, (tg — tl)_), W(, (tz — tl)_)7w1(-, (tg - tl)_ — Tp)> S H&(Q) X LQ(Q) X L.
Thus, by induction argument, one can consider wy, k € N*\{1}, as the solution of (2.1) corresponding
to the initial data

Owg—1

(s o = ) i (P = 1)) ) )

instead of (uo(-,0),u1, 20), where

zk(®,p) = g (we—1(w, (te — th—1)” — 7p))
(21, exists because (¢, — tp—1)” — 7p > 0, for k € N*\{1}, thanks to (1.1)). Hence, the function
u(a,t) = 1y, (Hwp(z,t —ty) (2.22)
keN

satisfies (1.4) and (2.20), where 1, denotes the caracteristic function of Jj; that is

wo(z, t), (x,t) € QA x Jp =02 x[0,t1),
wl(x,t—tl), (IE,t)EQXJ1:QX[t1,t2)7

u(t,x) =4q .
wi(x,t —1t), (2,t) € QX Jp = Q X [tk tht1),

The proof is complete. O

3. Stability

We define the corresponding energy E to (1.4) as follows:

Jaa] [*

E(t) = %||Vu||2 + %||ut||2 5 ) [Vu(s)|?ds, teR,. (3.1)
It is clear that we have the equivalence
anEp(t) < E(t) < a1 Eo(t), teR,, (3.2)
where oy = 1 max{ag, 1}, ao = 3 min{ao, 1} and
t
Eo(t) = [ Vul® + [lu]|* + |az] - IVu(s)lPds, te€Ry. (3-3)

Furthermore, the next estimate of the derivative of E holds.
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Lemma 3.1 The energy functional E satisfies

Cola a
zﬂms—@r-iﬂ)WW+§”vw%teRAmnm« (3.4)

Proof: Let t € Ry \{tx}ren+. It is clear that

las| ([ [* as
([ 1vueipas) =12 (wul ~ vate - nle). (35)
. t
By differentiating with respect to t, integrating by parts and using (1.4); and (1.4)2, we obtain
1
5 (ol Vull? + ), = /Q (a0Vu - Vg + upse) da (3.6)

_ / we (s — apAu)da
Q

—ay|jue]|* — ag/ wpu(t — 7)dz.
Q
By adding (3.5) and (3.6), we get
a
E'(t) = —ay||u)* - ag/ wpu(t — 7)dx + % (||Vu||2 — |Vu(t — 7')||2) ,
Q

then, applying Young’s and Poincaré’s inequalities to usu(t —7) and ||u(t — 7)||?, respectively, the desired

inequality (3.4) holds. O

The following lemma gives rise to a differential inequality to which an implicit version of the Halanay
inequality will be applied.

Lemma 3.2 Let \g > 0 and
L(t) = ME(t) + (a21||u|2 + / utudx) , teR,. (3.7)
Q

Then, there exist My, Ms, ¢1, ca > 0 (independent of as) such that

and
L'(t) < —c1 L(t) + c2|as| sgp< L(s), te R \{tx}ren (3.9)
t—7<s5<t

Proof: Let t € Ry\{tx}ren+. By differentiating with respect to ¢, integrating by parts and using (1.4);
and (1.4)2, we obtain

<‘121|u||2+/utud;z:> :al/uutda:+|\ut\|2+/u(aoAu—alut—agu(t—T))dx
Q t Q Q

= Il = aol|Vul? ~ a2 | ultyu(t - ).
Q
then, applying Young’s and Poincaré’s inequalities to the last integral in the above identity, we find

2
a a C
(21||u|2 —|—/ utudx) < — <a0 — —| 22|) [ Va]|? + [Jue]|® + 50|a2|||Vu(t -7 (3.10)
Q t
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Combining (3.4) and (3.10), we get

L'(t) < —ao|| Vul* = (Aoar — 1) Juel* + i 22| [(1+20) [Vull® + Xocollue||* + Gl Vu(t = )] . (3.11)

Then, we see that, for any Ay satisfying

ag+1 Co(a1 -‘1-1) 1
— 12
Ao > max{ o 20, 2ay (3.12)
one can conclude from (3.11) that
/ _ las| 2 2, 2 2 ' 2
L'(t) < —apEo(t) + 5 (L4 Xo) [Vul]” + Xocollue||” + gl Vu(t — 7)||* + 2a0 [IVu(s)]|*ds| .
t—1
Therefore, using (3.2), we get
¢
a
L0) < =2 B0+ 2 [0+ 20) IVl + dacolel? + FIVute = P +aokaa] | [Vu(e)|Pds. (313
Because .
/ [Vu(s)||?ds < T sup ||Vu(s)||2 (3.14)
t—T1 t—7<s<
and employing (3.2) again, we deduce from (3.13) and (3.14) that, for A; = max{)\oco, c2,27ag, 1+ o},
It < —2LE@) +laglM sup BE(s), e RN\t }ren-- (3.15)
aq t—17<s<t

On the other hand, utilizing (3.2) and applying Young’s and Poincaré’s inequalities, we see that

1
(a1 + 1)||Vu|)* + HUt||2 < — max{co(a1 +1),1}E(t), teRy.

IL(t) — ME(t)] < & =

)
2
Thus, by fixing ¢ satisfying (3.12), we get (3.8) with

1
M=) — %as max{co(a; +1),1} and My =X g+ — g max{co(a1 +1),1}.

Consequently, (3.8) and (3.15) lead to (3.9) with

ag A1

d =21
o1 Mo and e M,

C1 =

where we observe that the constants M7, Ms, ¢; and ¢ do not depend on as because oy, as and g do
not depend on as. O

Before stating our theorem, let us recall the following impulsive version of the Halanay inequality [8].
Lemma 3.3 [8] Let {ti}ren- C Ry be such that

to:=0<t1 < - <t <--- and lim ¢ = +o0.

k——+o0
Let {ag }ken C Ry, {brtren- CRy, a>0,0>0,5 > 1 and 7 > 0 be such that
a>b and kleIle*{tk_A'_l —tp} > o1 (3.16)
Let n be the unique solution of the equation n = a — be"™ and r, = max{1,ay + bre"™} such that there

exist M, p > 0 satisfying
rory - Thy1€TT < MeP(TI0) e N (3.17)
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Let h be a nonnegative function continuous except at the jump discontinuity points {tx}ren solution of

R(t) < —ah(t)+b sup h(s), t€Ri\{ty}trens,
t—7<s<t

h(ty) < aph(ty)+b, sup  h(s), keN*

ty —T<s<t;

Then
h(t) <M sup h(s)e” (=Pt R,

to—T7<s<to

Moreover, for w = sup {1, ay + bre"" }, we have
keN*

_ Infwe

h(t) <w sup h(s)e_< T >(t_t0), teRy.

o tQ—TSSStO

777‘]

Theorem 3.1 Assume that (3.17) holds, where a = ¢, b = ¢3laz|, ¢1 and co are defined in Lemma 3.2,
ay, = Ck, Cy is defined in (3.20) below and by, = 0. Assume that

las] < 2, (3.18)
ca

so (3.16) is satisfied. Then, there exist c3, cq4 > 0 such that

E(t) <cze ' teR,. (3.19)

Proof: As we have assumed that the hypotheses of Lemma 3.3 hold, it suffices only to check the second
set of conditions in the system in Lemma 3.3. By exploiting (1.2), (1.3) and (1.4)4, we see that, for any
k € N*,
IVt * = IV (gr(uODI® < lgrl3 Va1 < &IVult)l?,
_ =2 _

e (t)I1? = Il fr(ur ()P < Ellue ()1

and
tr t;
[ IvuPas= [ [9u(s) s
ty—T t, —T
Then
Eo(tk) < CkEO(t;),

for some Cj > 0, and, using (3.2) and (3.8), we get
L(ty) < CyL(ty), (3.20)

for some Cj, > 0. Consequently, according to Lemma 3.3 (with h = L), (3.8), (3.9) and (3.20) lead to
(3.19). O

4. Time-delayed impulses
Let ag € R and 74 > 7 > 0 such that (1.1) holds with 7 = 27y. Let g; %, fjx : R = R, j=1,2 and
k € N*, satisfying, for some §; 1, &;.x > 0,

gik €C'(RL), g;k(0) =0, sup Eik < +oo and g ] < &k, (4.1)
e

and
fik € C(Ry), Sup Eie <+oo and |[fjk(s)| <& klsl, seR (4.2)
s
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We consider the following system:

uge(,t) — agAu(x, t) + ajue(z,t) + asu(z,t — 1)

+azu(z,t —12) = 0, r € Q, t € RI\{ty}rens,
u(z,t) =0, zel, t>0,
uw(z, s) = up(z, s), r €, se[-n,0],
ui(x, s) = ui(x, s), r €N, s€[-m,0],
w(z, tr) = g16(u(z, ty)) + gok(u(z, t, —11)), z €, keN,
ue(x,ty) = fre(ue(z,ty)) + for(u(z,ty, — 7)), xe€Q, keN".

11

System (4.3) is subject to a frictional damping of coefficient a; and two discrete time delays 71 and 7o
in the state and its velocity, respectively. The impulses are considered in both (u(z,t, ), u(x,t, )) and

(u(z,t, —71),us(z,t, —72)) thanks to the functions g; and f; .
4.1. Well-posedness

The existence, uniqueness and smoothness of a solution for (4.3) may be proved as for (1.4).

consider the delayed wave equation without impulses related to (4.3)

wi(x,t) — apAw(z,t) + aywe(z,t) + azw(m t—11)

+aswi(z,t —12) = xEeEN,t>0,
w(z,t) =0, zel, t>0,
w(x,s) = ug(z, s), r €, s€[-m,0,
wy(z, 8) = uy (z, 8), r €, s€ 7,0,

Let W = (wawtvzan)Ta WO = (u0(~,0),u1,20,770)T € Ha

z(z,t,p) = w(z, t — T1p), xeN t>0, pe(0,1),
n(x,t,p) = wi(x,t — 72p), xeN t>0, pe(0,1),
Zo(ZE,p):Z(SC,O,p):UO($, _Tlp)7 er)Z)E (0’1)7
770(%17) = 77(50,0,17) = Ul(CE, *sz), S Q’ pe (Oa 1)7

H = Hy(Q2) x L*(Q) x L x L,
L is defined in (2.3) and, for V = (vl,vg,vg,v4)T and V = (171,172,173,174)T,
(v, f/>H = ao (Vor, Vin) + (va, B) + 7|as| (vs, 55) ; + Talas| (va, Bs) - -
The variables z and 7 defined in (4.5) satisfy

let(matap t
7—2,’7t($ tvp)—’_np(xatv ): )
2(x,t,0) =

The linear operators A and B are defined in this case by

laz|co

U1 V2 — Dag (%1
A Vo . apAvy — (a1 + |CL2| + \a3|) Vg — 0,2113(1) — a3v4(1)
n |- e
1 Op
V4 _ 1 9vg
T2 Op
and
U1 7|¢122a|§0 (%
gl v2 | = | (a2l +las)) v
v3 0

V4 0

We

(4.5)

(4.6)
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with D(B) = H and

dvg Dva

D(A) = {(v1,v2,v37v4)T EH: v € H2(Q), vy € H&(Q)7 87p’ 3

€ L, v3(0) = vn, 0a(0) = Uz} |

Obviously, (4.4) may be rewritten in the abstract form (2.6).
Theorem 4.1 For any
(uo(-,0),u1(+,0), 20,m0) € Hy(2) x L*(Q) x L x L
(zo and no are defined in (4.5)), (4.4) admits a unique weak solution
weC(Ry, Hy(Q))NC (Ry, L*(Q))  and 2z,m€C(Ry, L), (4.7)

If
(UQ(',O),ul(',O),Zo,ﬁo) c (HZ(Q) N H&(Q)) X Hé(Q) X L x L

such that %ip”, %—7;’ € L, then the solution of (4.4) is classical

weC(Ry, H(Q)NC (Ry, Hy () NC? (R4, L*(Q))  and z,meC" (Ry,L). (4.8)

Proof: As for (2.1), it suffices to prove that A is a maximal monotone operator. We have

_ lazfeo

ao

1 81)3 1 8’1)4
+7ilag) { ————,v3 + mlas| ( ————, 4
71 Op C T2 Op C
~ as|eo 2 5 Ovs vy
=— [Voi|* = (a1 + |az| + |as]) [|[va]|® — (agvs(1) + azva(1), v2) —laz| { = vs) —las|{ 5—va) -
2 Op C op c

Then, using Cauchy-Schwartz and Poincaré’s inequalities, integrating with respect to p and exploiting
the equalities

<AV, V>’H = Qg <V’02 V’Ul, V’Ul> + <a0A’01 — (a1 + |a2| + |a3|) Vg — ag’Ug(l) — a3v4(1), ’Ug>

v3(0) =v; and v4(0) = vo (4.9)

(thanks to the definition of D(A)), (2.9) holds. Next, for any F = (fi, f2, f3, f4)T € H, we prove that
there exists a V' € D(A) such that (2.10) is satisfied, which is equivalent to

v — V2 + L2211‘501)1 = fi,

v9 — agAvy + ((ll + |a2|) Vg + (12’03(1) + a304(1) = fo,

- 4.10
’U3+%%;:f37 ( )
v+ 254 = fu.

T2 Op

We see that the first equation of (4.10) has the unique solution ve defined in (2.11). On the other hand,
the unique solutions of the third and fourth equations of (4.10) satisfying (4.9) are

p p
vg = e P <v1 + 7'1/ fg(y)e”ydy> and vg =e P <v2 + 7'2/ f4(y)eT"‘ydy> . (4.11)
0 0
Therefore, using (2.11) and (4.11), we observe that the second equation of (4.10) is reduced to
aslc
—agAvi+ {(1 + a1 + |az| + |as| + age”?) (1 + |22a|0) + age“] v = (1 + ay + |ag| + |az| + age*“) il
0

1
+f2— / (Traze™™ f3(y)e™ + T2aze” ™ fa(y)e™Y) dy,
0
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which is similar to (2.13). Then the proof of Theorem 4.1 may be ended as for Theorem 2.1. O

Now, for a given Hilbert space H, we put

v € C(Ry\{t}ren-, H), v(z, 1)), v(z, t; ) exist }

_ k
PC(Ry, H) = { andv(z,t) = v(m,tz) =g r(v(z,ty)) + g2k (v(z,t, —71)), k€ N*
and

v € CY R\ {t ke, H), v(z,t7), v(z, ty ), vi(x, ), ve(w, t),) exist,
PC'(Ry, H) = (@, ) = v, ) = gLe(v(@, ty)) + g2k (v(z, b, —71))
and vy (z, t) = ve(x, 67) = fre(ve(z, ) + for(ve(z,t;, —72)), k € N*

We get the following well-posedness result for problem (4.3):
Theorem 4.2 For any
(uo(-,0), u1(-,0), 20,70) € Hg(Q) x L*(Q) x L x L,
the problem (4.3) admits a unique weak solution satisfying (2.20).
Proof: Using Theorem 4.1 and proceeding as in Theorem 2.2, one can see that the unique solution of
(4.3) satisfying (2.20) is the one defined in (2.22), where

3w_1

ot

and, for k € N, Jy = [tg,tg+1) and wy is the solution of (4.4) corresponding to the initial data
(uo, u1, 20, 7o) if kK =0, and the initial data

91,0(8) = 92,0(5) = f1,0(5) = fa0(s) =3, w-1(x) = uo(x,0), (z) = w1 (z,0),

w0 g1k (@, (= te1) 7)) + gap(woa (2, (b — 1) ™ = 7)),

fik (augtl (z, (t — tk_l))> + fok (3%1;1 (z,(ty —tp_1)” — 72)) yzk(z, ), i (z, )]

if k € N*, where

21(z,p) = g1k (wkq(fﬂ, (th —th—1)” — Tlp)) + 92,k (wkq(lﬂ (ty —th—1)” — T1p — Tl))
and

Owy—1
ot

Owy—1

Me(@,p) = [k < 5 (& (b = th-1)” — sz)) + fo.k (

(z, (ty, — th—1)” — T2p — 7'2)) ;
which exist because
(tk —tkfl)_ — T;P >0 and (tk — tkfl)_ —Tip—Tj > 0, j = 1,2,

since we are assuming (1.1) with 7 = 2y and 7, > 7». O

4.2. Stability
We define the corresponding energy E to (4.3) as follows:

t t

1
|Vu(s)||*ds + §|a3| llue(s)||?ds, t€R,. (4.12)

t—To

1 1 1

E(t) == 2 el + 2
() = gaoll VulP + gl + gl |
It is clear that (3.2) holds with the same constants a; and as and

t t
Eo(t) = [|Vull* + [Jue]|* + |az| IVu(s)||*ds + |as] lue(s)|*ds, € Ry (4.13)

t—T1 t—TQ
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Lemma 4.1 The energy functional E satisfies

1 a
B(0) < - | - 5 colaal + Zlaa) | Il + 2w, v e RN Giher, 0

where ¢y is defined in (2.5).

Proof: Let t € Ry\{tg}ren+. As

|as| d

([ iwatoas) = 2L groug - wate - ) W

and

|L;|% </t72 ||Ut(5)||2d5> = @ (||ut||2 — JJug (t — 7'2)||2) (4.16)

a differentiation with respect to t, integration by part and use of (4.3); and (4.3)3, leads to

1d
st

aol| Vul|* + Hut||2) /Q (aoVu - Vug + uguy) dx (4.17)

_ / e (g — aoAu)da
Q

—a1||ut|\2 — ap / wpu(t — 71 )dx — ag / ugug(t — 72)dx.
Q Q

By adding (4.15)-(4.17), we get

a a
20 = —arful + %2 (1u? ~ [Vutt—m)12) + % (el ~ e~ )]?)

—ag/ wpu(t — 1 )de — a3/ upug(t — 2)dx,

Q Q

then, applying Young’s and Poincaré’s inequalities to the last two integrals, we find (4.14). O
Lemma 4.2 Let Ao > 0 and L be the function defined in (3.7). Then there exist My, Ms, ¢1, ca > 0
(independent of az and ag) such that (3.8) holds and

L'(t) < —e1 L(t) + c2(|az| + |as]) sup _ L(s), ¢ €[, +oo)\{trren: (4.18)
t—11<s5<t

Proof: Let t € [11, +00[\{tk }ken~ (notice that 7 = max{ry, 72} by assumption). By differentiating with
respect to t, integrating by part and using (4.3); and (4.3)2, we obtain

d (1
— (2a1||u||2 + / umdm) = / uugdr + |Jugl|? + / u(apAu — ajuy — agu(t — m1) — agu(t — 72)) dz
Q Q Q

uel? — ao| Vul]? — a2 /

A u(t)u(t — m)dx — ag / u(t)ug(t — 12)dx,

Q

then, applying Young’s and Poincaré’s inequalities to the last two integrals in the above identity, we find

d (1 1
i (Gl + [wds) < oo = 5 (aal + aab)] I90lP + (4.19)
Q

2
C C
+ D ja IVt = )|P + Dlas]uelt - )]
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Combining (4.14) and (4.19), we get, for M = 4 max{\o(co + 2), co, 3, 1},

V() < —aollVull — (oar — 1)flu? (4.20)
+M (Jaz| + las]) [Vl + lluell® + [IVu(t = 7)1 + fJue(t = m2)]7] -
Then we see that, for any A¢ satisfying (3.12), one can conclude from (4.20) that
¢ ¢

L'(t) < —aoEo(t) + aolaz| [Vu(s)||*ds + aolas] e (s)>ds

t*Tl t*‘l‘z

+M (Jaz| + las]) (IVull® + Juel* + [Vt = 7)1 + [Jue(t = m)|7) -

Employing (3.2), we entail

t t
a
L't < fa—oE(t) + aglaz| | Vu(s)||?ds + ao|as] g (s)||>ds (4.21)
1 t—7 t—To
+M (lag| + las]) [[IVull? + [Jue]® + [IVult = 70)1* + lue(t — 72)|7] -
Because
¢
/ ||Vu(s)||2ds <711 sup ||Vu(s)||2 <7 sup HVu(s)||27 (4.22)
t—71 t—11<s<t t—71<s<t
t
/ u(s)[Pds <72 sup  Jue(s)|? <m0 sup  ue(s)]]?, (4.23)
t—7o t—1o<s<t t—71<s<t

and using again (3.2), we deduce from (4.21) and (4.22) that

L) < - B + aiz [2M + ao(ry + )] (laz| + las]) _sup _ E(s), € [r,+00)\{tlren.  (4.24)

On the other hand, using (3.2) and applying Young’s and Poincaré’s inequalities, we see that

1 1
IL(t) — ME®)| < %O(al + DIIVal® + 5 el < 5o max{eo(ar + 1), 1}E(t), ¢ € Ry,
2

then, by fixing Ay satisfying (3.12), we get (3.8) with the same constants M; and M;. Consequently,
(3.8) and (4.21) lead to (4.18) with

ap 1

Y and ¢ ang[ + ao(m + )], (4.25)

C1

where we observe that My, M, ¢; and ¢y do not depend neither on as nor on ag because a1, as, M and
Ao do not depend neither on as nor on as. O

Theorem 4.3 Let ko = min{k € N*: t;, > 71 }. Assume that (3.17) holds and

C
|az| + |as| < =, (4.26)
ca

where ¢; and co are giwen in (4.26), a = ¢1, b = ca(|az| + |as|) and a and by, are defined in (4.28) below.
Then there exist cg, c4 > 0 such that

E(t) <cse ' t€ [ty,,+00). (4.27)
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Proof: Let k € {ko,ko+ 1,---}. By exploiting (4.1), (4.2) and (4.3)4, we see that

IVa@lF = 9 g (u(t;)) + Vigan(ulty =)

< 2max {llgh el g%} (IVa)I? + | Vuty = m)]?)
< 2max{€, &} (IVultr)I2 + | Vult; - n))?)

< 2max{f%,k,§§,k}<||Vu<tk>|2+ sup ||Vu<s>||2>,

t, —T1<s<t,
lue@l? = FraCue(t)) + fonlunlty — )]
< 2max{€ 48} (a2 + fuelty —72)]?)
<

2max (€283, } (Hut(tk)n? + s ut<s>|2> ,

t, —T1<s<t,

/t V(s |Pds = / I Vu(s)|Pds

k—T1 t,—T1

tr t,:
[ lw@lPds= [ ),
t—T2 t, —To

k

~ 1 e g T It e
then, for G5 = Qmax{5,55,6,53,,6,5%,6,537& and b, = 2 max {5f,k,§§’k,5ik,§§’k},

and

Eo(tk) < d}ch(t;) + i)k sup Eo(s),

t, —T1<s<t,

then, using (3.2) and (3.8) and puting

aro Mo Bka1M2
ar =~ and b= (4.28)
we deduce that
L(ty) <apL(t,)+bx  sup  L(s), ke {koko+1,---}. (4.29)
t, —T1<s<t,
Consequently, according to Lemma 3.3 (with h = L), (3.8), (4.18) and (4.29) lead to (4.27). m

5. Comments and issues

1. Notice here that the present situation, where the time delay is considered at least in u, is more
delicate in terms of restrictions on coefficients as ||u(-,t — 7)||? cannot be dealt with |ju(-,¢)||>. When no
time delay is considered (i.e. as = a3 = 0), we see from (3.4) and (4.14) that E’ <0, so (1.4) and (4.3)
are dissipative.

2. Our results are valid under the smallness conditions (3.18) and (4.26) on the sizes ay and ag of
the time delays. In the literature, similar smallness conditions were assumed (even when no impulses are
considered and the time delay is only in ;) in order to guarantee the dissipativity of the system (i.e. the
energy functional is decreasing). In this work, we proved the exponential stability even if our system is
not dissipative, and the smallness conditions (3.18) and (4.26) on as and az were used only to manage
the impulses.

3. Our approach can be applied to other systems with impulses (like Euler-Bernoulli and Timoshenko
beams, laminated beams with slip, Bresse systems, Porous-media systems, thermoelastic problems, ....).
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4. Other types of time delays can be considered also for which our approach can be adapted like, for
example, variable discrete time delays (i.e. the constants time delays 71 and 7o are replaced by functions
71(t) and 72(t)), multiple variable delays 7;(t) and a distributed time delay in ws; that is

/ (St — s)ds,

for a given function f: R — R.

5. In the present work, we have imposed the condition
inf {tp41 —te} > 5.1
klenN*{ k1 — b} > T (5.1)

to establish our results. As a matter of fact, in [19], Wang dropped the condition (5.1) and proved an
exponential decay result assuming only

inf {t — 1k 0.
klélN*{ k1 — i} >

Indeed, he showed that the condition (5.1) is unnecessary. His proof relied on an already existing impulsive
Halanay type inequality (proved with an extra distributed delay term).

6. Our results relied essentially on some impulsive type Halanay inequalities. The relation (3.18)
was dictated by a crucial assumption in these inequalities. Clearly, we cannot withdraw any conclusion
without it. Actually, it is well known that Halanay inequality may fail if this assumption is violated.
One may start from this point (see also examples in [7]) to come up with an example showing possible
instability. Actually, this should not be difficult for the second problem as it was already done in [16] for
a similar problem (without the delay in the state and the impulses which will normally act in favor of this
phenomena). For the variable coefficients case (in the Halanay inequalities), however, it is already known
that the said condition may be relaxed considerably by replacing it rather by an average condition.

7. The case when the discrete delay occurs in the boundary may be tackled similarly. The main point
is to pass, via some embedding properties, from boundary norms to the space norms of terms involved or
may be controlled by corresponding ones in the energy or its modification. For the second problem, the
condition that the coefficient of the delayed time derivative of the state be dominated by the coefficient
of the damping (see (4.26)) has been relaxed recently (see [1]). This was established utilizing a different
approach than the usually used one employing change of function and augmenting the treated system by
a transport equation.

8. In this work, it is shown that a simple frictional damping is enough to stabilize the system
exponentially even in the presence of delays and impulses. An interesting question is whether this is
still the case if we replace the frictional damping by an even weaker one. Namely, by considering an
intermittent (on/off) frictional damping. This means that the damping is not active all the time but
rather on some time subintervals. This question has been tackled by numerous researchers (for problems
without delays) and especially by engineers due to its applications in many fields. Several results already
exist in the market imposing some conditions on the values as well as the size of the subintervals where the
damping is effective in order to obtain exponential stability. This would be one of our future directions
of research. We think of discussing the case of a general class of functions that may encompass the on/off
case as a special case.
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