Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-20.
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.66530

The notes on the special tube surfaces generated by normal curves in Ej

Fatma ALMAZ* and Mihriban ALYAMAC KULAHCI

ABSTRACT: In this work, the special tube surfaces generated by normal curves with Frenet frame in Eg are
examined and some certain results of describing the surface characterizations on the surfaces are presented
in detail. Moreover, using the Gaussian curvatures and mean curvatures of tube surfaces with normal curve
generated by Frenet frame in E%, the conditions being Weingarten surface and H K-quadric surface, minimal
surface, flat, ... etc are examined in detail.
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1. Introduction

Today, many studies have been done that deal with canal surfaces from algebraic and geometric
aspects. The canal surfaces are parameterized with the help of the Frenet frame of the central curve of
the spheres that form it. The canal surface is defined as an envelope of a variable radius moving sphere.
The studies on the canal surface show that if the orbit of the centers of these spheres has a helix and
radius function constant, the resulting surface is the helical canal surface, if the orbit of the centers of
the spheres is straight line, the resulting surface becomes a rotating surface. If the radius function of
the moving sphere forming the canal surface is constant, the canal surface is called the tube surface.
Also, a surface is called a Weingarten if there is a smooth relation U(ky,k2) = 0 between two principle
curvatures k; and ko. If K and H denote the Gauss curvature and the mean curvatures, respectively,
then U(kq, ko) = 0 implies a relation as ®(K, H) = 0. The existence of a non-trivial functional relation
®(K,H) = 0 on a surface, which is parameterized by a patch z(w,v), is equivalent to the following
Jacobian determinant,

(K, H)
d(w,v)
Furthermore, if the equations U = a1k1 + agks — a3 or ® = a1 H + a3 K — a3 hold, the surfaces are called

linear Weingarten surfaces, where a;,i € R with a? + a3 # 0. Also, if a surface satisfies the following
equation

= 0. (1.1)

a1H? + 200 HK + a3K? = constant, a; # 0, (1.2)

then the surface is said to be a H K —quadric surface, [12].

It is well known that a curve is a normal curve in E? if for all s the orthogonal complement of T'(s)
contains a fixed point, in [14], the author gave some characterizations of space-like normal curves with
space-like, time-like or null principal normal in the Minkowski 3-space E}. The curves for which the
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position vector always lie in their normal plane, are for simplicity called normal curves. By definition for
a normal curve, the position vector x satisfies

x(s) = AN(s) + uB(s),s € I CR,

for some differentiable functions A, u, [14]. In [5], the author defined characterizations of semi-real
quaternionic Bertrand curves in the four dimensional space Fj and he studied the Serret-Frenet formulae
of the curve in E3 and then applying quaternionic Bertrand curves. In [6], authors obtained explicit
parameter equations of spacelike rectifying curves and normal curve whose projection onto spacelike,
timelike and lightlike plane of Minkowski 3-space. In [7], they gave the necessary and sufficient conditions
for non-null curves with non-null normal in 4-dimensional Semi-Euclidean space with index 2 to be
osculating curves. In [10,11], the authors studied spacelike curves with osculating curves in null cone
space. In papers [1,2,3,4], some mathematical characterizations of surfaces in Galilean space were studied
by the authors.

2. Preliminaries

Let E5 denote the 4—dimensional pseudo-Euclidean space with signature (2, 4), that is, the real vector
space R* endowed with the metric (,) Bl which is defined by

(Vs == (dw:)* + ) (dwy)?, (2.1)
=3

1=1 7

or
() gy = —dai — daj + daf + da?,

where (z1, 22, 3, 4) is a standard rectangular coordinate system in Eg.
Recall that an arbitrary vector v € E5\{0} can have one of three characters: it can be space-like if
g(v,v) >0 or v = 0, time-like if g(v,v) < 0 and null if g(v,v) = 0 and v # 0.
The norm of a vector v is given by || v ||= \/g(v,v) and two vectors v and w are said to be orthogonal
if g(v,w) = 0. An arbitrary curve z(s) in E3 can locally be space-like, time-like or null.
A space-like or time-like curve z(s) has unit speed, if g(z/, ') = 1.
Let (21,72, 73,24), (Y1,Y2,Y3,Y4), (21, 22, 23, 24) be any three vectors in E3. The pseudo Euclidean
cross product is given as
I
I T2 I3 X4

TANYNz= , 2.2
Y hn Y2 Ys Y4 ( )

21 22 23 24

where i; = (1,0,0,0),i2 = (0,1,0,0),i3 = (0,0,1,0),44 = (0,0,0,1), [13].
The pseudo-Riemannian sphere S35 (m,r) centered at m € Ej, with radius 7 > 0 of Ej is defined by

S3(m,r) = {x6E§ {x—m,x —m) :r2}.
The pseudo-hyperbolic space H; (m,r) centered at m € E3, with radius r > 0 of Ej is defined by
H} (m,r) = {x € Ey:(x—m,x—m)= —7“2}.

The pseudo-Riemannian sphere S5 (m,r) is diffeomorfic to R? x S and the pseudo-hyperbolic space
H3 (m,r) is diffeomorfic to S x R2. The hyperbolic space H? (m,r) is given by

H* (m,r)={z € Ey: (x—m,z —m) = —1r°,z1 > 0}.

Let ¥ : M — E3 be an isometric immersion of an oriented pseudo-Riemannian submanifold M

into E3. Henceforth, a submanifold in E3 always means pseudo-Riemannian. Let V be the Levi-Civita
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connection of Ej and V be the induced connection on M. Also, for any vector fields X, Y tangent to M,
we get the Gaussian formula

ViV =V, Y +h(X,Y), (2.3)

where h is the second fundamental form which is symmetric in X and Y. For a unit normal vector field
£, the Weingarten formula is defined by

Vi€ = —AeX + DeX, (2.4)

where A¢ is the Weingarten map or the shape operator with respect to . The Weingarten map A¢ is a
self-adjoint endomorphism of T'M which cannot be diagonalized generally. It is known that, h and Ag¢
are related by

(h(X,Y),€) = (AcX,Y). (2.5)

The covariant derivative Vh of the second fundamental form h is given by

Vxh(Y,Z) = Vih(Y.Z) ~ h(VyY,Z) ~ h(Y,VxZ), (2.6)
where V+ indicates the linear connection induced on the normal bundle T+M. Also, Codazzi equation
is given by

Vxh(Y,Z)=Vyh(X,Z). (2.7)

Let e, e9,...,en be a local orthonormal frame field in E7* such that ey, eq, ..., e, are tangent to M"
and {e, 41, ..., & are normal to M™. Let wy, wa, ..., w,, be the co-frame of ey, ea, ..., €,,. We'll make use
of the following convention on the ranges of indices 1 < ¢,7,... <n,n+1<s,t,... <4, 1< A B,.. <4
Also, wa (ep) = 04p and the pseudo-Riemannian metric on E" is given by

n

ds* = ZeAwi;sA = (ea,eq) = £1. (2.8)

3

Let w4 be the dual 1-form of e4 defined by waX = (e4, X). Also, the connection forms wap are
defined by

deA:25BwABeB;wAB+wBA:0. (2.9)

After, the structure equations of E3 are written as follows

d’LUA:Z{:‘B’LUAB/\wB;de:Zé‘c’u}Ac/\wCB_ (210)
B C

The canonical forms {wa} and the connection forms {wap} restricted to M™ are also indicated by
the same symbols. Also, we get
ws =0, s=n+1,...,4

and since wy are zero forms on M", there are symmetric tensor h;; by Cartan’s lemma such
_ 1,5 L BhS 1S
Wi = g ejhijwys hi; = h3;. (2.11)
J

The mean curvature vector H of M" in E7" is given by

H :% i anejashfjes. (2.12)

s=n+1li=1

Also, the covariant differentiation of e; is given by

de; = E gaw;aeq or V, e; = g epw;p (€;)ep.
A B
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Let denote by E, F,G the coefficients of the first fundamental form of M™. If ¥ (u,v) is a smooth
function, the second differential parameter of Laplacian of a function ¥ (u,v) with respect to the first
fundamental form of M™ is the operator A which is defined by

1
VIEF —G?]

Gv, - FV, v, - EY,
VIEF -G ) VIEF -G? ]
[13].

Let {T, N, By, B>} be the non-null moving Frenet frame along a unit speed non-null curve 8 in Ej,
consisting of the tangent, principal normal, first binormal and second binormal vector field, respectively.
If 8 is a non-null curve with non-null vector fields, then {T', N, By, By} is a orthonormal frame and the
Frenet equations are given as

T =k N
N' = —ep€1k1T + koBq
Bi = —€162ko N + k3 B> (2.13)
Bé = —eze3k3 By,
where the following conditions are satisfied
9(T,N) = g(T,B1) =g(T,Bz) = g(N, Bz) = g(N, B1) = g(B1, B2) =0

g(T,T) €0,9(N,N) = €1,9(B1,B1) = €2,9(B2, By) = €3
€ (~1,1},iel={0,1,23),

m

[8].
Let 3 be a non-null curve in Fj. We define that 3 is the normal curve in Ej, if its position vector with
respect to some chosen origin always lies in the orthogonal complement 7. The orthogonal complement
T+ is non-degenerate hyperplanes of Ej, spanned by {N, By, B2}. By definition, for a normal curve in
E%, the position vector 3 satisfies

B(s) = u(s)N(s) +~(s)Bi(s) + 0(s)Ba(s) or g(8,T) = 0, (2.14)
for p,v,0 € C*® of s I CR.

Proposition 2.1 Laplacian function of the differentiable function given by g : M C R? — R is defined

as
d*g d*g
Ag <u2> + <v2) , (u,v) € M. (2.15)
If Ag = 0, the function g is harmonic in M, [9].

3. Tube Surfaces in Ej

In this section, we will obtain some characterizations of the tube surface generated by the orthonormal
frame for the center normal curve of 3(s) in Ej. First of all, we will obtain the tube surface and thus
the tubular surface formed by the center normal curve §(s) obtained using the Serret-Frenet frame in
E3, then it will be flat, minimal surface, (K, H) -Weingarten surface and K H-quadric surface on these
surfaces we will examine the conditions.

A canal surface is expressed as the envelope of a setting out sphere with exchanging radius, which is
described by the orbit S (w(s)) (spine curve) with its center and a radius function p in addition to its
parametrized through Frenet frame of the spine curve §(w(s)). If the radius function p is a constant,
then the canal surface is called as a tube or tubular surface. Let one denotes by p the vector connecting
the point from the arc-length parametrized curve 5 (w(s)) with the point from the surface and since p
lies in the Euclidean normal plane of the curve 8(w (s)), the points at a distance A; to a point of S(w (s))
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form an Euclidean circle in G3, clearly, one can have the position vector R of a point on the surface in

the following from
—

R=8(w(s))+p=p=A(cosvin +sinvy b), (3.1)

where v is the Euclidean angle between the isotropic vectors; 7 and 7 lie in the Euclidean normal
plane of the curve S (w(s)).

Theorem 3.1 Let 3 be a unit speed normal curve for each s € I C R and for ki, ko, ks # 0 in E5. Then,
the principal normal, the first binormal and the second binormal components of the position vector of the
curve are given respectively by

- k1 Kk
9(B, N) = 1;9(5780:—1;9(5,32):‘/ =

——5; as.
6061k1 6062]6%]{32 6062/{%]{?2

In this case, the vector equation is given as

59 = (o )V + (b ) 3o = ([ s ) (32)

Proof: Let 3 be a unit speed non-null normal curve in Ej, with non zero ki, ko, k3. From definition, for
the position vector of the curve 8 using the Frenet equations (2.13) and the equation (2.14), one gets

o ' kop 4+ k3
T = ( Eoﬁlklu)T+ ( —76162](32 >N+ < —6362]{?39 > Bl + < +9, BQ. (33)

Using equation (3.3), one can write

—eperkip =1
(W —yereaka) er =0
(kopr + ' — e3e2k3f) ea = 0 (3.4)
(k3y +0")es = 0.

Therefore, from the first equation, one gets

1
= . 3.5
oy (3.5)

If this last equation is used in equation (u' — yejeaks) e; = 0, one gets

k1
v= 6062]41%/{32. (36)

Finally, by considering the value of v in the equation (k3y 4+ 6')es = 0, one has

—1 [ K ks
0= —— L2 ds. 3.7
€0€2 k%k‘g y ( )

Finally, using (2.14) and (3.5), (3.6), (3.7) we easily obtain (3.2). O
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3.1. Representation of the tube surfaces generated by normal curve in Fj

Let us assume that  is an envelope of parameterizing the spheres that define canal surfaces. In
this case, Let 8 be a curve formed by the centers of the Galilean spheres with ki, ko, k3, # 0 and for
v %2, 33, 5% € C*, and let the radius of the canal surface be the function d. Hence, using the Frenet-
Serret frame {T', N, By, Bo}, we can write

H
O(s,€) — B(s) OT +52(s,6)N + 5%(s,€) B + X(s,€) Bs. (3.8)
Furthermore, for z; € C*,i € {1,2,3,4} and for the vector z(s) in Ej3, we can write
(@(s),2(8)) pa = —ai (5) — 23 (s) + a3 (s) + 25 (s). (3.9)

Thus, if the vector Q(s, &) — B(s) = (Z*(s,£), 5%(s,£), 3(s,£), £4(s,£)) given in (3.8) is taken into
account in (3.9), we write the following equation

(@(s),2(s)) ps = a1 (s) — @3 (s) + 23 (s) + 2 (s) = d°(s). (3.10)

Furthermore, from (3.10), we can say that the surface (s, &) is on the sphere with an radius d(s)
centered at 3(s). Hence, mathematical equations between the vector Q(s,§) — 3(s) being normal to the
canal surface and the vectors €2, )¢ which are tangent to the sphere on the surface, are given by

(Qs,€) — Bls), ) = 05 (s, €) — B(s), %) = 0. (3.11)
In this case, using the metric given in (3.8) and (3.10), we write
- () - () () () =
and derivativing with respect to the parameter s in this last expression, we get
-2yt - 9292 4 9393 4 2int = dd,. (3.12)
Hence, differentiating with respect to £ parameter and using Serret-Frenet frame in (3.8), one gets
Qe = L(5,6)T + 52, )N + 23(5,€) By + Ni(s,€) By, (3.13)

Also, If the expression (3.8) and the last equation are used in the equation (Q(s, &) — B(s), Q§>E§ =0,
one has
1501 252 3y13 454 _
=YX - YN+ XU+ XY =0. (3.14)

Also, let’s try to express the canal surface given in Ej in a different way by finding the values of
¥2, %% with the help of equations (2.13) and (3.11). Thus, we can write

f — —
Os,6) = Bls) = BUs,OT +22(s, N +5%(5,6)B1 +54(5,) B
— —
Qu(s,6) = B(s) = ST+ 57 42N + 2N + 598, + 2B + 5B, + 5Bl
= (Ei +1)?+21k1ﬁ+2§ﬁ+22 (—6061]411?4-]@31)
+ZZ’§1> + 33 (—6162k2ﬁ + k3§2>> + 2‘5152) + 34 (—6263/€3§1>)
and hence, we get

Qu(s,6) = (B + 1= X2eperky) T + (Shy + 32 — Seyeaky) N

+ (33 + X%ks — Yegesks) §1> + (Z%ks + X3) E; (3.15)
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Therefore, using following equation
= (Q(s,8) — a(s),Qs) =0,

we can obtain
0=-X" (2} +1—X%0erk1) — X2 (21 + B2 — Zereaks)

+33 (32 + X%ky — S'eseshs) + X1 (Z2ks + 37) (3.16)
and considering this algebraic equation, we can write
E; +1—X%c0e1k1 =0
Y + 32 - Seegky = 0 (3.17)
Y3 4 $%ky — Stegeghs = 0
Yk + %2 =0.
Also, from (3.16), we may write
0 = -2 -2 4 51821k — 228k — U252 4+ 2253%¢ e0ko
—23%3 — w392k, — W38 %epesks + R0 ks + XN
0 = -2l 252 1 9393 4 vin? - 2l 4 21826 60k — 228k + B283 6061 ko
—33%2k, — 2354 ese0ks + D03 ks,

Thus, with the help of the equation (3.12), €g, €1 values are considered to be time-like and €, €5 values
are considered to be space-like, we can write

0=—-%! — 29253k, — nix! — 9252 4 9393 4 wind (3.18)

= -2 — 99293k + dd, =0 = X = —2%253%s + dd,.

Therefore, the following equation can be written

SE) ) @) ) = @
(—2525%ky +dd,)” — (£2) + (£3) 4+ (39 = &
(23)°+ (247 = (22)% = & — (—29°5%k, +dd,)’

(dcosBcosh€)? + (dsincosh€)® — (dsinh&)? = d® — (—252%3%k, + dd,)”
(dcosh&)? — (dsinh§)® = dz—(—22223k2+dd5)2

Considering the equation —2X2%3ky + dds = 0 in the last equation, one writes

d= \/c+4/2223k2d3;c €IR (3.19)

Hence,

¥»? = dsinh &; X% = dcosh € cos 0; 2% = dcosh Esin6; B! = —25253k, + dd,;

= \/c + 4/E2E3k2d5; ¢ € Rkod cosfsinh 26 = dg; d = sabit ise ko = 0 (3.20)
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previous values are written in the equation (3.8), and the canal surface €2 can be written as

sinhfﬁ
Q(s,€) = B(s) + (—22?%%k; + dd,) T +d + cosh ¢ cos 9% . (3.21)
+ cosh {sin 6B,

In the last equation, the surface obtained in condition to d = \/c +4 [ X283kods; ¢ € R is as follows

Q(s, &) = B(s) +d(s) (sinh §ﬁ + cosh £ cos 9§1> + cosh € sin 9?;) . (3.22)

Hence, the following theorem is given.

Theorem 3.2 Let the center curve of the tube surface in E3 be a unit speed curve 3 : I — E3 with the
curvatures ki, ky and ks # 0. Then, the tube surface in E3 is parametrized as follows

: —
Q(s,€) = B(s) + (—25%S%ky + dd) Ty ( sinh €N + cosh € cos 0B, )

+ cosh € sin 9§2>
or
Qs, &) = P(s)+ (—cosOsinh 28k + dd) T
+d (sinh 5]_\/2 + cosh £ cos 9E’31> + cosh £ sin 95;)
and

O(s, &) =P(s)+d (sinhﬁﬁ + cosh £ cos 951) + cosh ¢ sin 95;) ik =0

where d = e~ Cosesmh%fk?d”c;c € R, 0 =constant and where T, N and B, Bs denote the tangent,
principal normal and the first binormal, the second binormal of the curve (.

Theorem 3.3 Let 8 be a unit speed non-null normal curve and the center curve of the canal surface in
E3. Then, the following expressions are provided for the canal surface defined in Ej.
1) The canal surface Q generated by the normal curve 8 is given by

=1 ki Kk
Q(S,f) = ( coerhi ) ﬁ + 6062’%’62 51) + - f mds E;
+dsinhg +d cosh§ cos 0 +d cosh ¢ sin 6

2) The mean curvature vector and the mean curvature of tube surface Q are given as

H:l ks (—dsinh & + LY)
2 | +es€e1ka (—dcoshésing + LY

" 1 . —dsinh & L —dcosh&sinf
=_-4qks 1 4% (1 + €261/ 1 d [ kik: .
2 +eoelp (H) +6062E (k%k:)

3) The Gaussian curvature of the surface Q2 is given as

K= —d ks @ (1 +k2€1i kiks ks sinh &
N eoe1 ds? \ ky €0 ds \ kiko +egerkycoshésing )7

1 k1 _ k1ks . . .
wak L2 = oo Ly=—{ cesk?hs ds, the following equations are satisfied

kb ky — 2k42ky — Ky K1 K k
f:arccoth{—2< 1 kﬂi%kz 1 2cost9+k:;sin0>}

) } (O, k3,0, —6261]4)2) )

where for L1 =
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and
2 —C1
ki o= ———— [ hpds = ——
! eoeldsinhé’/ 208 = os@sinh 2¢
0 = ki— 026062/€%k2ef(5251k2 “Gods +ha tan 0)ds
k
k3 —ki = 1; k’j = —eg€1 tanh Esin b .

2

4) The canal surface 2 is minimal < the following equation is satisfied

. kgL'll + 6261]@2[4%’
 kssinh & + exe1ko cosh €sin )’

Proof: Using the normal curve 8 given by

86) = (o ) N6+ i) - ([ s Bats)
)= 60€1k1 5 6062]{3%]{}2 N 6062]47%]92 2 ’

and hence, the tube surface can be written as

O(s, &) = ( ! +d(s)sinh§> N+ (kl +d(s)cosh§cos€) B

6061]€1 Eoegk%kg

/
+ (— / ﬂds +d(s) coshfsin@) ]_?2) (3.23)

€n€E2 k% kg

In addition, for ease of operation, the surface given in (3.23) can be written as

Q(s, &) = (L1 + d(s)sinh &) N + (Ly + d (s) cosh & cos 0) §i

_>
+ (L3 + d(s)coshsinf) By, (3.24)
so that where L, = ﬁvL? = ﬁ7&3 = —f eofj:%”b ds. In this case, taking the derivative for

Q(s, &) according to the s and £ parameters, respectively, we get
Qs = (0, L} + dssinh &, L + ds cosh € cos 0, LY + ds cosh € sin ) ; (3.25a)

Q¢ = (0,dcosh§, dcosfsinh§, dsinh £sin @) . (3.25b)

Let’s find the components of the first fundamental form for the surface using (3.25b). Hence, we
obtain

E = (9, =— (L, +dysinh&)® + (L, + dy cosh & cos 0)°
+ (L} + dy cosh € sin 6)°
F = (QQ) =—d(L} +dssinh§)dcosh§

+d (L + dg cosh € cos 0) d sinh € cos 6
+d (L + dg cosh Esin 0) d sinh € sin 6
G = Qg Q) =—d’

and if F' = 0, the following equations can be written

(3.26)

/ ’ / s sinh £ — cosh € cos? 0 tanh £
—L7 + Lytanh & cos + Ly tanh €sin 6 = d; ( _cosh € sin? @ tanh €

L) = L) tanh € cos @ + L, tanh & sin 6. 3.27
1 2 3
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So that Ly, Lo, L3 values are written instead of (3.27), we get

i(%) _14(zk) (= dizds)

—1 1 2 1 2

AR 2 T\ kR tanh £ cos 0 + i L LA tanh £ sin 6. (3.28)
€1 ds €9 ds €1 ds

Thus, the equation (3.29) can be written equivalent to the last equation

€1 kll/klkg - 2k/12k2 - kllklké k3 .
= the—— 0+ —sinf | ». 3.29
& = arcco { o ( e cosf + T sin (3.29)
Also, the components of the normal curve are as follows
-1 k4 ki k
= N =Lg=—1 g [,=_ [ B g 3.30
H ! €p€1 kl Y 2 €062k%k2 3 / 6062k%k}2 iy ( )

and these equations can be written as follows
,u/ = Lll = 6261]4;2[/2

0" =L, = —ksLs (3.31)
’7/ = L/2 = —kolq1 + €3e0k3 3.
First of all, for ease of operation, the following equation can be written by assuming that E =
(Qs,0) =1
—LP 4+ L + L 4 d? + 2d, (cosh & (LY cos 6 4 Ly sinf) — sinh L)) + d? = 1. (3.32)

Considering that L] = L} tanhcosf 4+ L} tanh € sin @, and therefore coth€L) = LY cos + Lisin 6,

we have
2L

sinh &
Therefore, corresponding to the value d, given in this last equation, for the second order differential

)
equation, we find A = (sizrﬁll£> —4(=Ly + L+ Ly — 1) and we get

d2 + ds — Ly +Ly+ L5 —1=0. (3.33)

1
ds = e (_L; + \/(L’1)2 —sinh®¢ (=L} + L} + L} — 1)) .

Here, assuming that —L} + L} + L = 1, we can obtain

ds (ds + 2Ly ) =0=d,=0ord, = iL’l (3.34)
sinh & sinh&
and hence, we can write
B =2 B 2 1
d = constant or d = Tthl = mk’il
2
P = egerdsinh & (3.35)

After that, we will perform surface characterizations according to the d = constant state. Also, since
d = e~ cos@sinh2€ [ kadste ghe following statement is obtained

. Ind —c
—cos@smh%/kgds = = c1 = /kgds = m;cl € Rg. (3.36)

Using the equations obtained above, let’s find the vectors e;, ez tangent to the surface Q in E5. So
that, using d =constant and the following equations

Qs = (O7L/17 L/Qa Lé)



THE NOTES ON THE SPECIAL TUBE SURFACES GENERATED BY NORMAL CURVES IN Eé 11

Q¢ = (0,dcosh &, dsinh € cos 6, dsinh {sin §)
we can write the equations in (3.37)
e1 = (0, LY, Ly, L) = (0, ege1 ko Lo, ko Ly + exezks Ly, —k3Lo)
€1 = A (07 6261]€2L2, LIQ, —]{33L2) ; <€1, 61> =1 (337)

1
ez =~ (0,cosh &, sinh € cos @, sinh Esin §) ; (ea, e9) = —1
1
(k3 —k3) Lo + L5

Considering being orthogonal here, we obtain

A:

A
(e1,e2) = i (—ea€1koLg cosh & + L sinh & cos @ — kLo sinh sinf) = 0

L coth
sz = <ezelk2m; + k3 tan 9> : (3.38)

Here, by making the necessary calculations, we get

L2 _ 026f(6261k2 C:J'Sheé +ks3 tan G)ds (339)
and o
ki - 026062]6%]626[(6261@ coso +ka tan@)ds =0. (340)
Secondly, e3 and e4 vectors can be selected to be normal to the surface. Primarily, with the terms
k3 — k3 =1 and Z—z = —eg€q tanh €sin 6, such that (es,e3) = —1 and (eq,e3) =0, (ea,e3) =0
es = (0,k3,0, —eze1k2) (3.41)

normal vector can be selected. Finally, a fourth vector perpendicular to these last three vectors is as

—€1 —€2 €3 €4
0 A€2€1 ]{igLQ AL/Q —Ak‘3L2
eq = e1NexNeg= 0 cosh & sinh&cos®  sinh{sinf

d d
0 ks 0 —eaerko

A Ly sinh ¢ cos 6 (k3 — k3)
= d \ 4L, (k3sinh&sinf + exerkacoshé) )7 |,
0,0,0

where %(Lg sinh £ cos 6 (k% — k‘%) + LY (ks sinh € sin @+ eg¢e1 ko cosh &) = B. In this case, so that (eq, e4) = 1.

let’s take the vector 1

e4 5 (B,0,0,0). (3.42)
In this case, we can talk about the frame {e, es, e3,e4} which is given and by the equations
e1 = 1 (0 koLo, LY, —ksLo)
1 — (k% —k%)L2+L/22 , €2€1R2Li2, Lig, 3442
1
ez =~ (0, cosh &, sinh € cos 0, sinh € sin §) (3.43)
1
€3 = (0,k3,0,—€261k2);64 = E (B,0,0,0) (344)

<61,61> = ]., <€2,€2> = 71, <€3,€3> = 71; <€4,€4> =1 (345)
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and moves on the surface. Let’s find the curvatures of the surface using this frame. Primarily, we can
write following equations

Q= (0,L, Ly, Ly); Qs = (0, LY, LY, LY); Qe =0 (3.46)
0, 0,
Q. — dcosh¢, Qs — dsinh &,
¢ 7| dsinh&cosd, |77 T | dcoshécosb,
dsinh € sin 6 dcosh&sinf

Thus, using the equations (2.10) and (3.43), (3.44), let’s find the components of w4 p connection forms
and h the second fundamental form. So, {e3,e4} are normal to the surface, we get

1y = hiy = ¢ = (Qus, e3) = —ksLi — exerka L (3.47)

cry = hiy = ¢ly = (Que, €3) = 0 (3.48)

(30 = hi3y = €35 = (Qee, e3) = —kzdsinh & — €2€1k’2dCOSh§sin9 (3.49)

¢t =hiy =l = (Qus,ea) = (3.50a)

¢ty = hiy = ¢y = (Qug, €4) = (3.50Db)

(3 = iy = ¢35 = Qg €3) = 0. (3.50¢)

Furthermore, using the expressions wy (X) = (ea, X), dea = > epwapep, (dea,ep) = > epwap

and wis = Y e;hi;w;
J

Wig = 61h%1w1 + EQh%Q’wQ =0; w1y = €1h4111w1 + €2h4112w2 =0
w13 = 51h:{’1w1 =+ Ezh?ng = (7]{33L/1/ — 6261k2Lg) w1
Wo3 = €1hglw1 + 62}1321122 = (—kgd sinh§ — 6261k2dcosh§sin 9) Wa (351(3
Woy = 61h%1w1 + 52h§2w2 = 0;ws3q = 61h§1w1 + 62]’L§2UJ2 =0 (351(1
connection forms are obtained. Hence, the mean curvature vector H of the surface is given by

3 3
Z Zfﬁbh o=t { 5163h1i63 + szsghzieg } (3.52)

+e1e4hTie4 + €2e4h55€4

s n+1li=1
I 1f ks Ly - d k3 sinh & (3.53)
A +eger ko LY “2%3 +eger ko cosh € sin ’
and considering the following equations
€14 = (e1,€1) = l;e93 = (ea,€2) = —1, (3.54)
we get
. 1 (k‘ngll + 6261]62[1%’) — kgdsinh§ o
= 2 { —eég€1kad cosh Esin € = wes (3.55)
So that, considering the vector es = (0, k3,0, —€ae1ks), the mean curvature vector H can be written
as
1 ks (—dsinh & + LY)
H= 2 { +eae1ka (—dcoshEsinf + LY) (0, k3,0, —ez€1k2) (3.56)
H = (0, ’{Dkg, 0, 7@6261]?72) . (357)

Hence, the mean curvature of the surface is given by

1
H= 3 {ks (—dsinh & + L) + ea€1ka (—dcosh Esind + L)} (3.58)
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. K, . K, ks .
or for the equations Li = , Y= Lo = m = L3 = f 5052k2k ds, we can write

Egelk‘l

1 —dsinh & —dcosh&sind
H= - ]{ig 1 i 1 + 62€1k2 1 d k;/lk3 . (359)
2 + eper ds? \ kq + eoez ds \ kika

Finally, the Gaussian curvature K of the surface can be written as

K= e (it 1 m=ea (M Y ra (M)
~ 117%22 127%21 —h12h21 —h12h21

K = —d (ksL{ + eae1ka L) (k3 sinh & + eae1 ko cosh € sin 0) (3.60)
or
S V(e
- _ oe1 ds? \ k1 ks sinh &
= +k2e d (kllk?’) ( +é€2€1 ko cosh € sin 0 ) ) (3.61)
eo ds \ k7ks

Also, the requirement and sufficient condition to be minimal of the surface 2 is that the mean curvature
H is zero. Therefore, the following equality is satisfied

1
H= 3 {(ksLY + eae1kaLYy) — kadsinh & — ege1kod cosh Esinf} = 0 (3.62)

. kgL'll + 6261]@2[4%’
~ kssinh & + exe1ko cosh €sin )’

(3.63)

a

Theorem 3.4 If the surface Q given E3 is minimal <= for i = 2,3,4, coordinate functions Q' are
harmonic and the following equations are satisfied

klk/ll _ 2]{/12 — —k?eoeldsinhf;

d* [ K

e <k2;c ) = —egeadcosh € cos b,
2

—eperdcosh Esin 6.

& / sk,
= ds
ds2 \ ] &2k

Proof: Let us assume that the surface €2 is a minimal surface. In this case, for the mean curvature H,
we write H = 0. So that, the equation (3.57) is satisfied. Furthermore, the requirement to suggest that
Q. i =2,3,4 coordinate functions be harmonic requires AQ" = 0. So,

Q(s,€) = (0,L1 + dsinh &, Ly + dcosh € cos 0, L + d cosh € sin 6)

Q(s,€) = (0,02,9°,QY, (3.64)
using previous equation for the surface, we can write
8292 82 2
AQ? = 5 = = L{,AQf = e = dsinh& (3.65a)
AQ? = L) + dsinh € =0 (3.65b)
20)3 20)3
AQS = 863 = Ly, AQ} = % d cosh € cos 0 (3.66a)

AQ3 = LY + dcosh&cosf =0 (3.66b)
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020t 20t .
AQY = 57 = LY, AQ¢ = 9~ d cosh € sin 0 (3.67a)
AQ* = LY + dcoshésind = 0 (3.67b)
Also, from (3.65b), (3.66b) and (3.67b), we get
L] = —dsinh &; LY = —dcosh & cos 0; LY = —d cosh £ sin 0 (3.68)
and respectively, from the equation L} = —dsinh &, we get
d? 1 . " 2 3 :
= \n) = —eperdsinh & = ki ky — 2k = —kjeperdsinh €. (3.69)
Also, from the equation L) = —dcosh & cos 6, we write
d? k1
e (k%;@) = —¢gead cosh € cos 6. (3.70)
Finally, from the equation L§ = —dcosh{sin 6, we get
d? ksk!
2 (/ k%k; ds) = —¢perdcosh {sinf. (3.71)
O

Theorem 3.5 Necessary and sufficient conditions for the surface 2 given in Ej3 to be a flat surface, the
following equations are satisfied
2 (1 ksk]
) ()

— €x€1hp——% =

ds? ds

& = arccot h <_k3> .

k26261 sin 6

Proof: Let’s find the curvatures K and H for the surface Q given in E3. For ease of operation, let’s first
consider the following equations

f(s) = k3L + eae1kaLy;p(s,&) = ks sinh € + exeq ko cosh € sin 6. (3.72)
Hence, the curvatures K and H, respectively, are written as
K =¢e3d (]{33[/1/ + Egelk’ng) (k’g Sinhf + eo€1ko COShfSiH 0) = Egdf(s)p(s, 5) (373)

and
H= % {ks (L} — dsinh &) + exe1 ko (LY — dcosh&sinf)} = % {f(s) —dp(s,&)}. (3.74)

Then, for the curvature K of the surface €2 using the following equation

K= —df(S)p(S,f) =0= f(S) # 07]?(3,5) =0

the previous equation is obtained, and from the last expression, it can be written

ks sinh & + ege ko coshEsin = 0 = € = arccot h _71“3 . (3.77)
ko€geq sin b
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Also, if the following equation is satisfied,

K = —df(s)p(s,&) =0= f(s) =0,p(s,§) #0, (3.78)
one gets
d? 1 d? kski
kgL’l’ + €2€1k2Lg =0= k‘3@ (kl) = 6261k2@ (/ k%kg dS) . (379)
O

Theorem 3.6 Necessary and sufficient conditions to be the Weingarten surface of the surface Q in E3,
the following statements are satisfied
1) If f(s) =constant, the surface Q) is the (H, K)-Weingarten surface corresponds to the following

equation
d (1 d? kski
e (k1> + ezele—dsz (/ 2k ds) = constant.

2) If p'(s,€) =0 or p(s,&) = h(§), corresponds to the equation d = — 7). ff(s), the surface ) is

h(€)
the (H, K)-Weingarten surface.
3) If pe(s, &) = 0, the surface Q is the ® (H, K)-Weingarten surface.

Proof: We know that if ® (H, K) = 0, the surface is called the Weingarten surface. In that case,
f(s) = kgL + exerkaLt; p(s,€) = kzsinh& + exeq ko cosh € sin @

corresponding to the previous values, using the equations of the Gaussian curvature K and mean curvature
H as follows, and if partial derivatives are taken according to s and £ parameters, respectively, one gets

Ky =—=d(f'(s)p(s,€) + f(s)p'(5,€)) , K¢ = —df (s)pe(s, ) (3.80a)
Hy= (- /(s) + dp/(5,)}  He = 3dpe(s,€). (3.500)
Hence, from definition, with the help of equations in (3.80), we get
_0(H,K) B
O(H,K) = 76(5,5) =KcH, — K,H;
d2 / d !
oK) = =5 (SO0 Yo+ gremsof S0 1 e

Here, we can say that
1) If f(s) =constant, f(s) = ksL{ + eae1ka LY =constant and in response to the following equation

/1 d? ksk}
i - = .82
152 <k1> + €2¢€1ka 7o (/ k%k2d8> constant, (3.82)
®(K, H) = 0 is obtained. Hence, the surface Q is (H, K)-Weingarten surface.
2) If p/(s,€) = 0 or p(s,&) = h(€) , in response to the equation d = _p{gsg)) = —{ng, we get
>, d /

and hence, the surface 2 is (H, K)-Weingarten surface.
3) If pe(s,§) =0, (K, H) = 0 and hence the surface Q is (H, K)-Weingarten surface. O

Theorem 3.7 If the surface ) in E3 is a linear Weingarten surface, the following expressions are sat-
1sfied.
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1) If f(s) = A =constant, a3 = —A%a;.

2) If p'(s,€) =0 that is if p(s,&) = h(£), a3 + 4ajaz = 0.

3) If pe(s,€) =0 that is if p(s,&) =t(s), a3 + dajaz = 0.
Proof: Let the surface Q given in Ej be the Weingarten surface. Then, from the definition of the
Weingarten surface and using the equations (3.73) and (3.75), we get

ay (—df (s)p(s, ))+az {f(s) —dp(s,€)} = as. (3.83)
So that,
1) If f(s) = A = constant, we can write
d A
p(s,€) <—a1dA - 2a2> + <a22 — a3> =0. (3.84)
Also, using the linear independence of vectors, we write
d a -1
p(s,&) # 0 ve a;dA + a2*0:>a—;:ﬂ (3.85)
(IQA o as o é
R S (3.56)
Finally, we get
aiq -1 as A 2
— =—and — = — = —A%a;. .
Y an o 2 = as ay (3.87)
2) If p/(s,£) = 0, that is if p(s,&) = h(&), the equation d = _p{gsg)) = —% is written. So that we

can write

ay (—df (s)h(¢ ))+a2 {f(s) =dh(&)} = as

1
f(s) (—aldh(f) + a22> + (——dh(f) — a3> =0 (3.88)
and using the linear independent of vectors, we get
1 2a 1
F(8) #0 ve —adh(§) + ary =0 = a—; = 7® (3.89)
a9 —a9 1
_2 - 2 = . 3.90
2Ah(E) — a3 =0 > 52 = (3.90)
Hence, from the previous equations, we get
2
o _ %2, a2 +4ajaz = 0 or az = —d*h*(€)a;. (3.91)
as 2&3

3) If pe(s,&) = 0 that is if p(s,§) = t(s), we can write

a1 (df($)1() + x5 {1 (5) = dt(s)} = s
f(s) (—dalt(s) + %) + (—dt(s)agé - a;;) =0 (3.92)

and using the linear independent of the vectors, we get

an o ﬂ _ 1
f(s)#0 and —dait(s) + 5 =0= = = 500

(3.93)
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1 ag —2
(8)a22 3 as  dit(s) ( )
Therefore, from the last equations, we have
9 _
o Te2 a3 +4ajaz = 0 or az = —d*t*(s)a;. (3.95)
a9 2&3
O

Theorem 3.8 If the surface Q in E3 is a linear Weingarten surface, the following statements are satisfied
1) If f(s) = A=constant, the following equation is satisfied

A ((11 + 2@214)
d (a1 +4as A + 4a3A2) '

2) If p'(s,&) = 0( or p(s,&) = h(&)) or pe(s,&) = 0( or p(s,&) = t(s)), ke, ks =constant and for the
requirement to be H K -quadric surface

p(s, &) =

k
- —eg€1 tanh Esin 6
ko

the previous equality is satisfied.

Proof: Let us assume that the tubular surface € formed by a normal curve is H K-quadric. In this case,
taking the necessary differential calculations from the definition of H K-quadric surface, we get

alHHg + QQ(HEK + HKg) + agKKg =0. (396)

Then, from the equations K and H, we can write following equations

Ky = ~d(f/(5)p(5,€) + F(5)9'(5.6))  Ke = ~df (e[, €) (3.97)
Hy = 3 {/(5) — db/(5,)) He = —dpe(s,€). (3.98)

Let’s examine some assumptions using the previous equations.
1) If f(s) = A =constant, we get

—d —d
K, = —dAp'(s,€), K¢ = —dApe(s,§); Hs = 7p’(s,§),H5 = —pe(s,§). (3.99)

So, if this last equation is replaced in equation (3.96), we get

dA dA? wd | 1, Ad?
) _ = 4 242
0 { - — 6 +<+a2d22A+a3d2A2 p(s,€) ¢ pe(s,6)

dA dA?
_ {al a2 (E FasA+ a3A2) (s, f)}pg(s, €). (3.100)
4 2 4
In this case, for the equation
pe(s,€) #0,a3 + 4ajaz =0, (3.101)
we obtain A A2
- g o 2 ﬂ 2
0=—a1— —a— +d (4 +azA+azA )g(s,ﬁ)

and hence the surface given with the condition of providing the following equation

A (a1 + ZGQA)
d (0,1 + 4as A + 4a3A2)

p(s,§) = (3.102)
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is H K-quadric.
2) If p/(s,€) =0 or p(s,&) = h(§), from the equations K and H, we get

—d

Ke = —df (s)pe(s, ). He = —pe(s, €)-

and by substituting in the following equation
CLlHHg + U,Q(HgK + HK&) + agKKg =0,

we get
—a1 & s, s)h
() - an (€))pels, )+ an PP (AL )

Tasd® f2(s)h (€) pe(s,€) = 0 (3.103)

—a )
pe(s, ) (41 {f(s)—dh(ﬁ)}‘f'@{ —4f(s) (f(s) —dn (&) }) =0
+asd® f*(s)h (€)

(f(s) (—ar +4dash (€)) + darh (§) + f?(s) (—2as + dazdh (€))) = 0.
So that, if necessary arrangements are made in the last equality, we obtain
ay (= f(s) + dh (€)) + az (4dh (€) f(s) — 2f%(s)) + a3 (4dh (€) f*(s)) = 0. (3.104)
Thus, from the algebraic equations given in (3.104), we get

~f(s) +dn(E) = 0
1dh (&) f ()—2f () = 0
hE ) = 0

Also, from the last equality system, we write p(s,£) = h () = 0 and with the help of the equation
p(s,&) = ks sinh € + eze1 ko cosh €sin b, the following equation is satisfied

k3

— = —é€9€1 coth & sinb.
ko

Also, if pe(s,&) = 0 or p(s,§) =t (s), from the equations (3.73) and (3.74), we write

Ko = —d(f(s)t(s) + f(s)t'(5)), Ke = 0
1
o= ) —df () He =0,
Finally, if the last equations are written in the equation (3.105)

a1 HH, + as(H,K + HK,) + a3 KK, = 0, (3.105)

we obtain
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Here, for p/(s,£) =t (s) # 0,

0= {- () -t o)} + aa (61 0) = 56)) +aad (PG (3106

the previous equation can be written. Hence, since a1, az, as # 0, the following equations can be written
fs)—dt(s) = 0
o) (a6 - 39) = 0
A(PE1E) = o

Therefore, ¢(s) = 0 is obtained and if the surface given with the help of the equation p(s,§) =
ks sinh & 4 ex€1 ks cosh € sin 0 is H K —quadric, the following equation is satisfied

k3

— = —é€g9€1 coth £ sin 6.
ko

4. Conclusion

In this study, the special tube surfaces generated by normal curves with frenet frame in Pseudo-
Euclidean space Ej are examined and some certain results of describing the surface characterizations on
the surfaces are presented in detail. As a first instance, it is explored that the conditions of tube or canal
surface, in which the surfaces that can be chosen to be tube surface generated by normal curve. Moreover,
using the Gaussian curvatures and mean curvatures of tube surfaces with normal curve generated frenet
frame in Ej, Weingarten surface and H K-quadric surface, minimal surface, flat, ... etc. conditions are
examined.
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