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On the Weak Solutions of the 3D MHD Equations and 3D Magneto-Micropolar Equations

Muhammad Nageeb*, Amjad Hussain and Ahmad Mohammed Alghamdi

ABSTRACT: In our current line of investigation, we examine the finite-time regularity of generalised solutions
to the 3D MHD equations in anisotropic Lebesgue space as well as the 3D magneto-micropolar equations
in anisotropic Lorentz space. Using the pressure term and its gradient as a foundation, the new regularity
results are presented. We concluded by demonstrating the requirements in terms of magnetic field and velocity
components.
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1. Introduction

The first system we will analyse in the space R® x R for the conditional regularity is the following
system of 3D viscous MHD equations:

%+U~vaAv+Vp+%V|w|2fw~Vw:0,
%—’f—Aw—kv'Vw—w'Vv:O,

V-v=0, V-w=0,

v(z,0) = vo(z), w(z,0)=wy(x),

(1.1)

where v(z,t) and w(x,t) are the velocity and magnetic fields of the flow, p(x,t) is the scalar pressure,
while vy and wq are the given initial velocity and magnetic fields with V-vg =0 and V -wg =0 in the
distributional sense.

For the Navier-Stokes equations Berselli and Galdi [1] showed the solution is regular on [0,T), if
Serrin-type regularity conditions

T 3.2 3
/ llpll7: dt < oo, where — 4+ — <2, — << o0,
0 l m 2
and

T
3 2
/||V/)||7L”ldt<oo7 wherej+—§3, 1 <1< oo,
0 m

are satisfied. Similarly, Zhou [2] presented the new results, given as

3
T )3
pe L™ we ™ or o7, fullF?, (12)
2 3 3
where — + — <2, — <m < o0,
I m 2
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and
VpeLb™, we L, or Vo3P, (|Vw|3?, (1.3)

2 3
where -+ — <3, 1 <m < 0.
I m
Later on, conditions (1.2) and (1.3) were improved by Duan [3] in terms of only pressure and its gradient
n 3
pE L7 (0,7, L™ (R?)) with g <n < o0,

and N
Vp € L==3(0,T, L™(R?)) with 1 < n < oco.

These results have been logarithmically improved by Zhou and Fan [4] given as

3
dt < oo with n>§7

_2n
/T oG, Ol 25
o 1+In(e+|p(,8)llLn)

also for the limiting case n = oo,

T
/ (D)l dt < oo for 1<m < oo,
o 1+In(e+[p(-,t)llLm)

and in terms of gradient pressure,
2n

T 3n—3

Vo(-, 1) .

/ Vo, Dl dt < oo with n > 1,
o 1+In(e+[IVpo(,t)]Ln)

also for the limiting case n = oo,

/T IVo( Dl £
o L+n(e+[p(,8)lLm)

For the regularity criterion in BMO, critical Besov, anisotropic, Triebel-Lizorkin and Multiplier spaces
for various fluid models. We refer to the following readings [5,6,7,8,9,10,11,12,13] and references therein.

dt < oo for 1 <m < oco.

The second mathematical model we analyse is the following 3D magneto-micropolar system investi-
gated in R? x R, :

LY - VU—-NU+YV(E+V) =V XW -V VYV =0,

MW AWHU-VYW =V xU+2W - Vdiv W =0,

Y AVHU-VV -V VU =0, (1.4)
V-U=0, V-V=0,

U(z,0) = Up(x), W(x,0) =Wy(z), V(z,0) = Vo(z).

The fluid velocity and magnetic fields are described by U and V, Where W, £ are the micro-rotation
velocity and scalar pressure. Whereas, Uy, Vy and W, are the given initial data with V - Uy = 0 and
V -V =0 in the distributional sense, C a generic constant could vary from line to line.

It is generally recognised that the problem of regularity for weak solutions to the 3D magneto-micropolar
equations is one of the most prominent unresolved problems in applied analysis due to the existence of the
magnetic field V and micro-rotation velocity W, which complicates nonlinear components. Rojas-Medar
and Boldrini [14] provided the global weak solution to system (1.4), whereas Rojas-Medar [15] establishes
the local strong solutions. But the question of the regularity of the weak solutions that preserved for all
time has remained key important problem.

For the system (1.4), Yuan [16] presented the fundamental regularity criteria, given as

r 32
/ lU||Tidr < oo, with —4+ — =1, 3 << o0,
0 l m
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and

T 3.2
/ |VU|Tidr < oo, with — +
0

3
— =2, —<l<o0.
I m ’2< =0

Later on, Ni. et al. [17] presented a result for the horizontal components for 3D MHD system given as

T 3 2 3
/ IVald||Tidr < 00, with — 4+ — <2, - << o0,
0 l m 2

and

T 3 2 3
/ (IVeV|Tidr < oo, with —4+ — <2, - << o0,
0 m

i 2
where Vh = (61, 82)

In [18] Jia. improved the above regularity criteria given as

T 3 2
/ IVithligidr < oo, with 5+ 2 <2 2 <i<oo,
0

and

T
3 2
/ IVaVllTidr < oo, with S+ 2 <2, 2 i<,
0 l m
where Vh = (81,82) and Z/[h = (ul,Z/[Q).

Recently, Xu et al. [19] have revised the above sufficient condition required only on (01U, 01V1),
(O0alha, 2 V5), (OsUs, O3Vs), for the 3D incompressible MHD system. Given as

T
LTNT) = /0 952511z + 110;V517h)dT < oo,

Where%+%:2,and%<l§oo.

Motivated by the above results we will present their logarithmic improvements that are refined for
the weak solutions of system (1.4). Our regularity criteria logarithmically improved the results presented
in the partial derivative of the partial components velocity and magnetic fields. The regularity criteria
is fine in the sense that it only needs to estimate conditions on the velocity and magnetic fields for the
regularity of weak solutions.

2. Preliminaries

We will review definitions, lemmas, and inequalities in this section. We will also give a few outcomes
that will help to support our primary findings.

Definition 1. Let 1 <I,m,n < co. A measurable function f belongs to
an anisotropic Lebesgue spaces L!(R,,; L™ (R,,; L™ ((R.,))) if the norm

I, | = L rmnatin) Fam)an)’ <o

Lz,
Remark 1. Througout the paper we take BY =v +w and B~ = v — w for the system (1.1), and
Rt =U+YV and R~ =U —V for the sytem (1.4) to help prove our main resutls.
A class of global Leray-Hopf weak solutions (B*, B™) to system (1.1) was constructed by Durant and
Lions [20] which satisfies energy inequality.

m
Ly,
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Remark 2. Thanks to

-,
L3 1 L;”z L§3

dt <
/0 1 +1In(e + ||P(vt)‘|%2) 0

dt,

l
Lzl

Lzl

with conditions %—i— % + % —|—% =2, 2<Ilmn<oo, and 1-— (% + % + %) > 0. It would be easy to
derive the pressure regularity criterion for 3D viscous MHD equations.

Lemma 1.[21] Let 2 <I;m,n < oo and 1 — ( + 1 -+ ) >0, then exists
C > 0, such that V Bt € C§°(R?)

i % 1 1-(Lylgl
‘ oo || o S CIOBH 0B ) 0sBH LBl 0,
Ly =3

Lo

here we let % = 0o when m = 2.

Similarly, let 1 <I,m,n < oo and 1 — (2% + ﬁ + %) > 0 then exists
C > 0, such that V Bt € C§°(R?)

1—
< CllovB* |75 0.8 | 751105 B* | 22l Bl = T30,

-1
L

2m_ 2n

m—1 3
—1

Lay Lz,

=

here we let % = oo when m =1.

Similar statement holds for B~.

Definition 2.[22] Let | = (I1,l2,13) and m = (my,ma,m3) with 0 < ; < 00, 0 < m; < oco. If |; = 00
then m; = oo for every i = 1,2,3. An anisotropic Lorentz space L't (R, ; L!2™2(R,,; L'*™3((R,,)) is
defined as

i, ([ g ey

For the detailed study on the anisotropic Lorentz spaces and mixed norm spaces (see [23,24]).

ll mq

l2 mo 13 ms

Lemma 2.[23,22] If 1 <ly,ls,m1,my < 00, then V f € Lv™(R"), g € Li2™m2(R"),

I fgllem@ny < C | fllpim @y lgll i2ima nys
1 1

where %:l——i—%andi:——i—i.
1 2 m m1 mo
Lemma 3.[23,22] Let1<l<oo,1§m<ooandl+l:1 = s =1withl<l<I and
m’ <m<oo. If % +1= % + % and Ti = = + - then the Convolutlon operator
*: Lb™(R™) x Lh ml(R") Ll2 m2 (R™),
is a bounded bilinear operator.

Lemma 4. [25] There exists a positive constant C such that

[

where 2 < [,m,n < oo and V fECgo,lf(%Jr%Jr%)ZO.

w % TeioGetatd)
< CloflI 2102 f 1| 22110a £l L2 1 F1] 2 i

,2

2n

2n_ o

—2
L.

7l
L 1
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3. Proofs of the main results

This section is devoted to the proofs of our main results, the first two theroems are results on system
(1.1) in anisotropic Lebesgue space. The last theorem is result on system (1.4) in anisotropic Lorentz
space.

Theorem 1. Assume the initial data By, By € H'(R®) with (V- Bf) = (V- By) = 0 in the sense of
distributions. Let (B*, B~) be the weak solution to (1.1) on R?® x (0,7) if

n

Lt

x1

o

Ll

T
22 dt < oo,
/0 L+n(e+ [lp(,1)[I72)

Where%4—%4—%4—%:2and2§l,m,n§ooand1—(%+%+%)ZO,
then the weak solution is regular on [0,T).
The alternative interpretation of our regularity criteria is, if the solution blows-up on t=T, then

Lt

£t

o

Lm n
z2 Lm3

/o T+ In(e + [o(, DI%)

Proof. Converting (1.1) into mathematical symmetric form

t = o0.

0BT +B~ -VBT —-VBT +Vp=0, (3.1)
OB~ +Bt-VB™ —VB™ 4+ Vp=0, (3.2)
V-Bt=0, V-B =0, (3.3)
BT (z,0) = Bf (), B~ (z,0) = By (), (3.4)
where Bt (z) = vo(z) + wo(x) and B~ (x) = vo(z) — wo(x).
Multiplying (3.1) with B*|BT|? and (3.2) with B~|B~|? integrating by parts and adding, we get
1d _ 1 _
13 (IBF L+ 1871 ) + 5 (IVIB* 23 + VB3 )+
(NBFIVBHIE: + N1B~IVBI3: ) (3.5)
= / pBT - V|BTdx +/ pB™ -V|B™*de =1, + I,. (3.6)
R3 R3

Now, we estimate Iy
1
= [ pB* VBt < {I9IB I +C [ 1P|B P
Similarly, estimating I
1
= [ pB VB Pde < IVIB PR+ C [ 1oP|B P
R3 4 R3

Estimating the second term on the right hand side of Iy

[ 1oP1B = [ ol B P
R3 R3

Ln
r3

<C

2m
m—2
L

=
Ly

I

21 B+2 2
L’ml Lzmé L;I—Q 2n |H | ”L
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1 ( +"L+’!L
||p|| 1010112 1921172 19l 21 B[

Lm

z1

1-(3+4+1) Lpltl
oIl IVpllze ™ 1B

3 CHHH

<.,

L HL

zl

(2422
|HB+|VB+||L+ =+ 4 (l+7n+n)

m1 Lm
1 ) 2<+7+1
< e e o o], 1B
Tl Lm
By Similar estimation for I3, we achieve
1 5 2—(1 +m+n) 4
< s ws el o], 1B
1 L‘"L

Adding estimates (3.7) and (3.8)

1 _ 1 _
(BT + 1871 + 5 (IVIB* 132 + 19182132 )

Now, for our desired result, we use the relatlons between temperature and velocity and Lemma 1.
Let L(t) =[BT |74 +|B~[[74 < e+ BF|7a+IB~ |74

Also we use inequality

1+ In(e+|pll72) < 1+ (et || BH||7a+]B~[|74),

(H|B+||VB+|2||%2 +NIB~IVB~P3:)

2<+1

1
7n+n

)<|B+||L4+|B-||L4>

JE1 Lm

2(++)

m ' n

Gro = 1+1n§e+||p S e HIBE B + e ol

[
Jel.

4w < < b, >L(t)(1+lnL(t))

dt 1+ In(e+|pl|2.)

W
...,
= d(1+lnL( ( 1+ln(e+\|p|| 3 )(1—HnL(t)).

By applying Gronwall’s inequality in the interval [0,T)

li.

2(++)

11 Lm

In L(t) < (1 —|—lnL(O))exp{C' 1—|—1n(e+||p|| N )dt}.
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Which together with given theorem

= sup (||BY||7a+]B7[I71) < oo
0<t<T

Which completes the proof of Theorem 1.

Theorem 2. Assume the initial data By, By € H'(R®) with (V- Bf) = (V- By) = 0 in the sense of
distributions. Let (BT, B™) be the weak solutlon to (1.1) on R3 x (0,7T) if

n

oo

Llﬂl Lm

L7

t < 00,

/0 L+ n(e + [[p(-,1)]72)

Where%+%+%+%=3andlgl,m,ngooandl-(%—kﬁ—i-ﬁ)20,
then the weak solution is regular on [0,T).
Proof. Now, we continue from (3.6), and estimate I;

I < C/ Vp|BT|?dx.
R3

e / VplF Vol BT (| B Pda
R3

3 1
[zE HHH I O N [\ E =%
L2t 2 12 . om
1 Ll.2 I2n T Ln—2
r3 xs3
1 ( + m i 77
IHB+| g2 3|9y B H 102 B 2| 25 7 05| BH2 2
;,;1 L’"L
3 || n+
IVollz2 (BT || s
5t 3—(3+1+1 )
=¢ ‘HW’ IVIB* IR =2 | B VB Ll B
-’”1 Lm
1 21
37(T+m+n
<C““ B2 + 5 <IIVIB+| 2201 BT|[VBT||22). (3.9)
z2

similarly we would get estimates for Iy
I < C/ Vp|B™ [Pdx
R3
= [ 9o} Vol i1 o
R3

3(+ +1)

1B~ s + 5 (IIVIB PIZ 1B IIVBI1Z2)- (3.10)

<+l

$1 Lm

Now adding estimates (3.9) and (3.10)

1 _ 1 _
(1B* 1 + 187114 ) + 5 (IVIB*213= + V1B~ P32 (3.11)
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(NBHIVB* P + 11B7IVB |3

([

Let L(t) =[|B*||7a+[1B~ |17+ < e+ B 7a+IB 7
Here, we will use the following inequality and Lemma 1.
L+ In(et|pl72) < 1+ (e[| BH[|7a+B7[|74),

el ]..

d
at = ( T

JIl..
L’VYL

d
—L(t
< ( e TE P

.,

14+ 111(e+Hp|| 2)

2
-(F+5+D)

<C YIBF |2+ B [[74)-

Lm

1
1 L;,S

3(++)

Tl

)(e+IIB+II‘i4+IIB_I‘i4)(1 +1In(e+|pllZ2)

3(++)

z1

)L(t)(l +1InL(t))

3(++)

m ' n

L 7n,

11

= = —(1+InL(t) < ( )(1—|—lnL(t)).

By applying Gronwall’s inequality in the interval [0,T)

[z

CRET )dt}’

3(++)

m ' n

Lm

OquT InL(t) < (1+1n L(O))emp{C(

— sup (||B||2a+]B7[[11) < oo
0<t<T

These sharp estimates ensure the smoothness of solutions on interval [0,7"). Which completes the proof
of Theorem 2. Theorem 3. Assume that Uy € H*(R?) and (Vo, Wy) € H2(R3) with V-Uy =V - Vy =0
in the sense of distributions. Let (U, V, W) is the weak solution to system (1.4). If

_ 2 _ 2
2-(F+L+D -F+5+D

1,00 I,00
Ls Lk

L7n,oc n,o0
z2 Lz

dt < o0,
/O L+In(e+ [U|[4s + V1 + IV]14)

m, o0
L7 || oo

where 2 < I,;m,n < oo and 1 — (% + % + %) > 0, then the solution remains its smoothness up time
t* <T. Proof. The symmetric form of system (1.4) is given as by setting R* =U +V and R~ =U — V.

OIRT+R™ -VRT +VE-V x W - ART =0, (3.12)
1
W + = (R+ +R7)- VW — 3V x (RT+R7) — AW — VdivWV + 2W = 0, (3.13)
IR +RT- VR +VE-VXW—-AR™ =0, (3.14)
V-RT =0, V-R™ =0. (3.15)

Where R (z,0) = Up(x) + Vo(z), Ry (2,0) = Up(x) — Vo(z) and W(x,0) = Wy(x).
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For desired bounds, taking inner product of 3.12, 3.13 and 3.14 with R;‘\Rﬂ?, WHW*|? and 72J_|7€]_|2

integrating by parts, adding and using the following very helpful identities due to divergence free
condition:
[V x RT| < |[VRT|, IVIRT|| < [VR*],

/ V xW - |RT?IRY|dx = —/ IRTPW -V x RTdz — [ W-V|RT|?> x RVdz,
R3 R3 R3

1
/ (RY-VRT) - [RTP|R |da = f/ R - V|R*|4dz = 0.
s 4 Jgs

Trivial to say that these inequalities also hold for R~. We evaluate by setting R = (R1, Rz, R3) = R,

1d _ :
Zﬁ(IIRj*II%z; FIWIIzs +IRF (174) + 2IWII7a + [[WVIdioW|[Z + IR IVRT |72 + [WVIVWI[72
o 1 _
HIIRF VR |72 + 5(\\V|Rf\2ll2m +HIVIWPZ: + IVIRS [*IZ2)
e 1 ~
:/RSRJ- IR; |2-V><de—&—/RBRﬂRﬂQ.Vdo:U+§/RSW|W|2.(V x (R} +R;))dx

_/ (divW)(W-V|W|2dx+/ ij-VIRJ*IZdH/ ER; - VIR [Pda.
R3 R3 R3

= Bl +BQ+B3+B4—|—B5+B6 (316)

Now, we will estimate above equation, for that, we will find bounds for all terms. Here by using
Young’s and Holder’s inequality

[Bi| < C(IIIR} IVR; 172 + IR |74 + [WI74).
|Bo| < C(IIIRSIVR] |72 + IR |74 + [WII74)-
B3| < C(IWIVWIF2 + IR] |74 + R |74 + IWI[74)-
|Bs| < C(IIWIVW|72 + IV IWI?]172)-

|Bs| < C

2

Jlo3

ll

oo R

m—2 2n
Ln

i 21

00 =2

L:zl La‘,l n—2"’
Ll

Ly oo
Using above inequalities, Lemma 4, Holder’s and Young’s inequality, we get estimates

2

<6(IRT - VRT3 + IR - VR ) +C| [ o] |
J L%‘gloo L:T'z’oo Ln,oo
z3
(1R + 1R )
-2
, , N 2-3+E+D
< 5(||R+ VR |32 + R VR+||L2> +C HHajRj [
1 WLz, L;éoo
(IR + 1R + I ).
Similarly,
2
1Bl < 5(||R+ VR + IR ~VR+||%2) +C HH@-R} ..
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<||R+‘24 IR+ wn;).

Adding all the estimates, putting them in (3.16), simplifications yield

A~

d
S (A + IV + WL ) + (ISR + ORI + 19D ) + A e

HIVIVUIIZ2 + 1AV VI + IVIVVIIL: + IIIWIIVWII%z>

< CZ < HH(?JUJ’ Lo + HHaJV]’ oo ) <||u||L4
j=1 w1 |Lgyee Lo e [lLEy° L
4 4
HIVIE + ||W|L4). (3.17)

The use of following simple inequality will extend our space for the required results

D AR ETD
HH@'UJ“ Ll + HHajVJ‘ Lo
Ly e, ey e
L+ In(e + (X470 + [VIa + IWVIIT0)
L L L
. 2
2—(F+ 5+ 2—(F+ 45+
< HHajUj’Ll,m + HHajVJ"LL,m
Now, let S(t) = e+ [U]| 74 + [[VII7s + [WI7a-
Continuing from equation (3.17), we get
2 2
HH‘ - (Ft L+ 1) =Pt L+ 1)
9qU;|| , + H‘ Vil ,
S P L= || o

3
<C ( )S(t)
jz:; L+ In(e + U] 24 + IVIa + IWI14)

(1+ms00).

Applying Gronwall’s inequality, we finally get

sup InS(t) < (14 1nS(0))

0<t<T

2 2

-F+L+D 2-F+L+D

3 H‘ Ot; LEX || oo * H’ Vi Ly || oo
/T CZ ( 1 WLy L 1 HLgy L™ )dt}< (3 18)
exp 0. .
o = Lt In(e + U 7e + [VII7 + IVIT)
= sup (UL +IWILa+VIIzs) < C. (3.19)
0<t<T

These bounds ensure the smoothness of weak solutions in the proposed time interval in anisotropic
Lorentz function space. Hence, the proof of our result.

Remark 3. The result of Theorem 3 holds true for anisotropic Lebesgue space, classical Lebesgue
space, and Lorentz space as well.
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