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Approximate Controllability of Fractional Stochastic Functional Differential Equations
Driven by Fractional Brownian Motion with Infinite Delay

A. Lahmoudi*! and E. Lakhel?

ABSTRACT: In this paper, by using Schaefer’s fixed point theorem and fractional power of operators, we
study the approximate controllability of fractional stochastic functional differential equations with infinite
delay driven by fractional Brownian motion in a real separable Hilbert space. As an application, an example
is provided to illustrate the obtained results.
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1. Introduction

Fractional Brownian motion (fBm) {B¥(t) : t € R} is a Gaussian stochastic proces, which depends
on a parameter H € (0,1) called the Hurst index. This stochastic process has self-similarity, stationary
increments, and long-range dependence properties. It is known that fBm is a generalization of Brownian
motion that reduces to a standard Brownian motion when H = % Fractional Brownian motion is not a
semimartingale if H # 1 (see Biagini al. [1/]), so the classical Ité theory cannot be used to construct a
stochastic calculus with respect to fBm. For additional details on the fBm, we refer the reader to [9].

Stochastic differential equations driven by fBm have attracted significant interest. See the recent pa-
pers [10,11,12,15]. Moreover, Dung studied the existence and uniqueness of impulsive stochastic Volterra
integro-differential equation driven by fBm in [20]. Boufoussi et al. [8] proved the existence and unique-
ness of a mild solution to a related problem and studied the dependence of the solution on the initial
condition in infinite dimensional space, using the Riemann-Stieltjes integral. More recently, Li [17] in-
vestigated the existence of mild solution to a class of stochastic delay fractional evolution equations driven
by fBm.

Fractional differential equations are a generalization of ordinary differential equations and integration
to arbitrary non-integer orders. Fractional calculus is widely used to describe many phenomena arising in
engineering, physics, economy, and science. Recent investigations have shown that many physical systems
can be represented more accurately through the formulation of fractional derivative (see [15]). Concur-
rently, the theory of fractional differential equations have attracted many scientists and mathematicians
[14,16,17,23] because it has numerous applications in the field of visco-elasticity, feedback amplifiers, elec-
trical circuits, electro-analytical chemistry, fractional multipoles, neuron modelling encompassing different
branches of physics, chemistry, and biological sciences. See [27,1] for more details.

Deterministic models often fluctuate due to noise or stochastic perturbation. Generally, the noise or
perturbation of a system is modelled by a Brownian motion (Wiener process). There has been signifi-
cant work on fractional stochastic differential equations (FSDEs) with Brownian motion in recent years.
However, as many researchers have found [2,3], it is insufficient to use a standard Brownian motion to
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model many phenomena which have long memory, such as telecommunication and asset prices. As an
extension of Brownian motion, fractional Brownian motion is a family of Gaussian processes introduced
by Kolmogorov [4]. Controllability is one of the most fundamentally significant concepts in mathematical
control theory, which can be categorized into two kinds: exact (complete) controllability and approximate
controllability. FExact controllability means that under some admissible control input, a system can be
steered from an arbitrary given initial state to an arbitrary desired final state, while approzimate control-
lability means the system can be steered to arbitrary small neighbourhoods of final state. The study of the
latter for control systems is more appropriate since the conditions of the former are usually too strong in
infinite-dimensional spaces [18,21]. Recently, many efforts focused on the approximate controllability of
FSDEs with Brownian motion; see [23,22,25,26,19,24,6]. However, little has been done on approzimate
controllability of FSDEs with fBm.

Motivated by the above considerations, we study the approximate controllability of FSDEs with fBm
of the form

dlJ}(z(t) — p(0)] = [Az(t) + f(t, ) + Bu(t)]dt + o(t)dBH (t), t € [0,T], (1.1)
x(t) = ¢(t) € L*(Q, By), fora.e.t € (—o0,0], )

where % < a <1, JI7 is the (1 — a)—order Riemann-Liouville fractional integral operator, A is the

infinitesimal generator of an analytic semigroup of bounded linear operators, (S(t))i>0, in a Hilbert space
X; BY is a fBm with H € (%, 1) on a real and separable Hilbert space Y ; and the control function u(-) takes
values in L2([0,T),U), the Hilbert space of admissible control functions for a separable Hilbert space U;
and B is a bounded linear operator from U into X. The history x; : (—o00,0] = X, x¢(6) = x(t+0), belongs
to an abstract phase space By, defined aziomatically, and f : [0,T] x By, — X and o : [0,T] — LYY, X)
are appropriate functions, where L3(Y, X) denotes the space of all Q-Hilbert-Schmidt operators from Y
into X (see section 2 below). The outline of this paper is as follows: In the next section, some necessary
notations and concepts are provided. In Section 3, we derive the approximate controllability of fractional
stochastic differential systems driven by a fBm. Finally, in Section 4, we conclude with an example to
illustrate the applicability of the general theory.

2. Preliminaries

We collect some notions, concepts and lemmas concerning the Wiener integral with respect to an
infinite dimensional fractional Brownian, and we recall some basic results which will be used throughout
the paper.

Let (2, F,P) be a complete probability space. A standard fBm {37 (t),t € R} with Hurst parameter
H € (0,1) is a zero mean Gaussian process with continuous sample paths such that

Ry(t,s) = E[gH ()51 (s)] = %(t”’ + 82—t — 52, s,t R (2.1)

Let X and Y be two real, separable Hilbert spaces and let L(Y,X) be the space of bounded linear
operator from'Y to X. For convenience, we shall use the same notation to denote the norms in X,Y and
LY, X). Let Q € L(Y,Y) be an operator defined by Qe,, = Anen with finite trace trQ = o | A\, < 00,
where A\, > 0 (n = 1,2...) are non-negative real numbers and {e,} (n =1,2...) is a complete orthonormal
basis in'Y .

We define the infinite dimensional fBm on Y with covariance Q as

B(t) = BE (1) = D vV ueaBy (1),

where B are real, independent one dimensional fBm’s. This process is Gaussian, it starts from 0, has
zero mean and covariance:

E(BH(t),x><BH(s),y> = R(s,t)(Q(x),y) forallz,y €Y andt,s € [0,T].
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In order to define Wiener integrals with respect to the Q-fBm, we introduce the space L3 = L3(Y, X)
of all Q-Hilbert-Schmidt operators ¢ : Y — X. Recall that ¥ € L(Y,X) is called a Q-Hilbert-Schmidt
operator, if

[901Zs ==Y IV Antben|® < oo,
n=1

and that the space LS equipped with the inner product (ap,d)ﬁg =37 {pen,Yey) is a separable Hilbert

space. Let ¢(s); s € [0,T] be a function with values in L3(Y,X), such that Y -, HK*ng%enHzﬁo < 00.
2

The Wiener integral of ¢ with respect to BY is defined by

/0 o(s)dB (5) = 3 / VA d($)endBH (s). (2.2)

We conclude this subsection with the following result which is fundamental to proving our result.

Lemma 2.1 [7] If ¥ : [0,T] — LYY, X) satisfies fOT 4(s)||20ds < oo, then the above sum in (2.2) is
2
well-defined as an X -valued random variable and

t t
Bl [ w(aB? @) < 2125 [ ey

The study of theory of differential equation with infinite delays depends on the choice of the abstract
phase space. We assume that the phase space By, is a linear space of functions mapping (—oo, 0] into X,
endowed with a norm ||.||g, . We shall introduce some basic definitions, notations and lemma used in this

paper.
First, we present the abstract phase space By,. Assume that h : (—00,0] — [0, +00) is a continuous

Sfunction with | = fi}o h(s)ds < +o00. We define the abstract phase space By by

By= {¢:(=00,0] — X for any 7 > 0, (E||1]|2)2 is bounded and measurable
function on [—1,0] and fi)oo h(t) suptSSSO(EHw(s)HQ)%dt < 400},

If we equip this space with the norm

0 1
lols, = / h(®) sup (B](s)|)

—0o0

then it is clear that (B, |.||,) is @ Banach space.
Next, we consider the space Br given by

Br ={x:2€C((—00,T),X), with xo € By},

where C((—o0,T],X) denotes the space of all continuous X —valued stochastic processes {x(t), t €
(=00, T1}. The function ||.||p. defined by

1
|zll5 = llzolls, + sup (Ellz(t)]*)z
0<t<T
1s a semi-norm in Br. The following lemma is an tmportant common property of phase spaces.
Lemma 2.2 [28] Suppose x € Br, then for allt € [0,T] , z; € By, and
1 1
UEz®))*)2 < llzells, <1 sup (Ellz(s)[*)2 + [|lzol5,,
0<s<t

where | = fi)oo h(s)ds < co.

The following well-known definitions are related to fractional order differentiation and integration.
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Definition 2.1 The Riemann-Liouville fractional integral of order a > 0 of a function f : Rt — X is

defined by
1 t s
A0 = g [ s

where T'(.) is the Gamma function.

Definition 2.2 The Riemann-Liouville fractional derivative of order o € (0,1) of a function f : RT —

X is defined by

d
D () = LI 0)

Definition 2.8 The Caputo fractional derivative of order o € (0,1) of f: RT — X is defined by
“D f(t) = DR (f(t) = £(0)).
We refer the reader to [1], for more details on fractional calculus.

3. Approximate Controllability Result

Before stating the main result, we introduce the concepts of a mild solution of the problem (1.1) and
the meaning of approximate controllability of a fractional stochastic functional differential equation.

Definition 3.1 An X -valued process {x(t) : t € (—o0,T|} is a mild solution of (1.1) if
1. z(t) is continuous on [0,T] almost surely,

2. for every t € [0,T],

2(t) =Ta(t)p(0) + Jot—5)2 1St — 8)f(s,25)ds
+ Jo (t = $)*71Sa(t — s)Bu(s)ds + [, (t — s)* 71 Sa(t — s)o(s)dBH(s), P —a.s.; and

(3.1)
3. a(t) = p(t) on (—o0,0] satisfying |lp||%, < oo,
and -
T.(t)xr = / N0 (0)S(t“0)xdb, t > 0, x € X.
0
Sa(t)r =« 0N, (0)S(t“0)xdb, t > 0, x € X,
0
and 1
Na(0) = =071 3w, (077) >0,
«
JR i pan_1 Dna+1)
00:7 71n10an17 0
sal®)= 1 321 D inmar), 0 € (0,50),
N 48 a probability density function defined on (0, 00).
Remark 3.1 (See [29])
o 1
= —— .2
/0 0n..(0)d6 o) (3.2)

The following properties of T, and S, are useful.

Lemma 3.1 (See [29]) Under the previous assumptions on S(t), t > 0 and A, the operators T, (t) and
S (t) have the following properties:

(i) For any v € X, ||Ta(t)z]| < Mllz|l, [Sa(t)z] < 5552l
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(i) {T(t), t > 0} and {S(t), t > 0} are strongly continuous.
(i1i) For anyt >0, To(t) and S, (t) are also compact operators if S(t) is compact.

Our main result in this paper is based on the following fixed-point theorem.

Theorem 3.1 (Schaefer’s fixed point theorem) Let V be a Banach space, and ¥ : V — V be a
completely continuous operator. Then, either

o U has a fized point or
o the set @ ={x €V :x=pTV(x),0< <1} is unbounded.

In order to establish the approximate controllability of (1.1), we impose the following conditions on
the data of the problem:

(H.1) The analytic semigroup, (S(t))i>0, generated by A is compact for t > 0, and there exists M > 1
such that
sup [|S(¢)[| < M.
>0

(H.2) The function t — f(t,x) is measurable and there exists a constant My > 0 such that for every
x,y € B, for every t € [0,T],
E||f(t, )l < M1 +El|z]|?),

E||f(t, ) = f(t,y)|* < MsE|a - y|.
(H.3) There exists a constant ¢ > 0 such that the function o : [0,00) — LY, X) satisfies

sup ||o(s)||%0 < ¢, for each T > 0.
0<s<T 2

In order to study the approzimate controllability for the system (1.1), we introduce the following linear
differential system:
{ CDex(t) = Ax(t) + Bu(t), t € 10,7, (3.3)

z(0) = .

It is convenient at this point to introduce the resolvent operators associated with (3.3), namely
T
e = / (T — 5)* 18, (T — s)BB*S:(T — s)ds,
0

and
RO\T) =\ +1)71,

where B* and S} denote the adjoint of B and S, respectively.

Let x(T; @, u) be the state value of (1.1) at terminal state T', corresponding to the control u and the initial
value p. Denote by R(T, ) = {x(T;p,u) : u € L?([0,T),U)} the reachable set of system (1.1) at terminal
time T, its closure in X is denoted by R(T, p).

Definition 3.2 The system (1.1) is said to be approximately controllable on the interval [0,T] if
R(T,¢) = L*(9, X).

Lemma 3.2 [23] The linear control system (3.3) is approzimately controllable on [0,T) if and only if
AL +TE) =1 — 0 strongly as A — 0T

Lemma 3.8 [23] For any Tr € L*(Q, X) there exists ¢ € L*(Q; L?([0,T); L3)) such that T = EZr +
T H
fo ?(s)dBH (s).
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For any A > 0 and 1 € L*(Q, X), we define the control function by

uMt,x) = B*S:E(T — t)()\I + FT)‘l{E:ET —T(T)e(0)}
+ B*SH(T —t) [ (AN +TE) " p(s)dB (s) ”
— B*SX (T -1t) fOT M +TE)HT — 8)2 1S, (T — 8) f(s,x)ds (34)
— B*Si(T —t) [[ (A +TT) T — 8)* 1S, (T — s)a(s)dBH (s), t € [0,T].

Substituting the control u*(.) into the stochastic control system (3.1) yields a non-linear operator II* on
Br given by
( ) if t € (—o0,0],
W(0)p(0) + [T(t — 8)* 7180 (t — 5) f (5, 24)ds
+f0 t—s)a 1S, (t — s)Bu(s)ds
+ [t —8)*71S, (t — 8)a(s)dBH (s), if t€[0,T]

The main result of this paper is as follow:

I @) (1) = )
t —
Theorem 3.2 Suppose that (H.1) — (H.3) hold. Then, the system II* has a fized point.

Proof: Let y: (—oo,T| — X be the function defined by

B (t)’ if te€ (*OO>0]7
w0 ={ S0, Ficom

Then, yo = . For each function z € By, set

(t) = 2(t) + y(t).

Clearly, x is fized point of II* if and only if z satisfies zg = 0 and

2(t) = fg(t— 8)* 1S (t — 8) f(s, 25 + Ys ds—l—fo (t—s)*"1S,(t — s)Btu( s)ds

3.5
I = 87180~ s)o()dBY (s), 32)
where u;\+y (t) is obtained from (3.4) by replacing ¢ = z¢ + yz.
Set
B%:{ZEBT:ZOZO}.
For any z € B}, we have
1 1
Izllso. = ll20lls, + sup (E[[2(8)[*)2 = sup (E[=(t)]*)=.
te[0,T] telo, T}
Then, (B2, |-l9.) is a Banach space. Define the operator > : BY — BY by
0 if te (—o0,0],
~ (t—8)¥ 1S, (t — 5)f(s, zs +ys)ds
H)\ — fO s s .
(II*2)(¢) +f0 )a=18, (t — S)Buz+y( s)ds (3.6)

+f0 t—s a=18 . (t — s)o(s)dBH (s), if te[0,T].

It is clear that the operator I has a fized point if and only if I has a fixed point. so, it suffices to
show that T has a fixed point. To this end, we shall prove that ™ s completely continuous and that
{z = )\H( ):0< A< 1)} bounded.

Step 1. ™ s completely continuous.

Claim 1. II* is continuous.

Let the 2™ be a sequence such that z™ — z in B%. Then, for t € [0,T], by Lemma 5.1 (i), (H.2), and
the Holder inequality, we have
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E[|(I*2") () — (@2) (0|2 < 2E| [y (t — 5)° 1 Sa(t — ) Bludey, — ud,,lds||?
F2E [3(t = )27 Sa(t = )[f (5,22 +ys) = f(5. 2+ ys)lds|?
S%%%E?kamwﬂ<> Wy, (s)2ds
+ oy a1 Jo EIF(s,20 + ) = £(5 20 + o) Pds
S§¥£%53f15EWw%A$fuzﬂﬁW%

IM2M2 21 T
+ Fz(oz)f Ea 1 fO ”Z;l _ZSH%hdS

where

Efldeyy(s) — ey )2 < LM gty gyt (6 s)[f(s, 22+ y) — £5, 2 + y)lds|?
2"ty 2ty = )\2F2( 0 2 T Ys 128 T Ys

M2Mb M2M? p2a-1
= A2I2(a) F2(a+f1) Za—1 fo [E2 —st%hds.

(3.7)
Observe that E||(IT*2")(t) — (HA )(t)|| — 0o as n — oco. Therefore, II* is continuous.
Claim 2. Now, we prove that m maps By, bounded sets into equicontinuous sets, where
By ={ze€B}: HZH%OT < k}, for some k > 0.
Note that B, C B% 18 a bounded closed convex set. For z € By,
lze +well, < 2(||2Zt||?3h + llvellz,) , ,
< 40 supye,c B[S + a0l
+1% supg< s<; Elly(s)I* + [lyoll 5, ) (3.8)
< AP (k + MZE[¢(0)]*) + 4llyl3,
=q.

Let z € By, and |h| be sufficiently small. Then

EH(ﬁ*)(Hh) M) <
< 3E|| [+ t+h W4S(p+h—@f@z,+% ﬁt—sa*S(t—@ﬂ&%+yQ%W

+3E|| [3 " (4 h— 5)* 7 Su(t + h — 5)Bud,, (s) fO ) 180 (t — 5)Bud,, (s)ds|
+3E|\f”h — 8)27 18, (t+ h — s)o(s) dBH — 5t = 5)*7 S (t — 5)o(s)dBH (5|2
_h+5+g

We can see that

< OB LU+ h— )% — ()" 1Salt + b — 5)7(5, 2 + yo)ds]?
+9E|| f(; t—8) S, (t +h —5) — St —3)|f(s, 25 + ys)ds||?

3.9
<WHUHh#H%wf”&@+h—®ﬂ&%+%Mﬁ2 .
=In+hLo+ I3
By Lemma 3.1 (i), (H.2), and the Hélder inequality, we have
D <OB| [+ h =)™ = (8 = )" 1S (t = ) (s, 20+ ya)ds|?
t
< B (@) fo [(t+h—s)*t = (t—s5)*"1]?ds fotEHf(S’Zs +ys)|?ds (3.10)
< 5)2]\(/[“) fo [(t+h—s)*t = (t—s)*"2ds [; Mf(1+ E||zs + ys*)ds ’
2 ’
< IM ]1\“/[2f(ta()1+q ) fg[(t +h—s)* 1_ (t— s)afl]st.

Then Iy; — 0, as h — 0.
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Similar computations yield

B S OE| (= ) [Salt + b — ) = Sa(t = )] (s, 2 + y.)ds]?

<9f9j*82“ 2B ([} I[Salt + b — ) — Salt — )] £(s, 25 + o) |1ds)?

< TEMOLD) (Gup, o4 1Sa (E+ T — 5) = Salt — 5)[[)2,

and

I3 <9E| f{rh t—l—h 8)* 1S, (t+h — 8)f(s, 2z + ys)ds]|?
<9f §)2072ds [“TVE|So(t + b — 5) f(s, 25 + ys) | %ds
< F2(a)(2a 1)‘Mf(1 +q')h*.

Arguing in a similar manner, we see that
I, < 9E|| fg[(t +h—5)"t = (t —5)*Sa(t + h — s)Bul,,(s)ds|?
FOE| [ (¢ — 8)* [Salt + h — 5) — Sa(t — s)]Bud,,(s)ds]|?
+9E|| L+ b= 8)* S0 (t+ b — s)Bul,, (s)ds||?
= I + Ioa + In3

Combining Lemma 3.1 and the Hoélder inequality, gives us

o <9E||fg (t+h—s)* 1 —(t—s)*1]8, (t—s)Buz+y(s)dS\\2

< ey @) fo (t+h— )t = (t — 5)°"12ds [y El|Bud,,(s)|>ds
< ML [+ h— 5)* — (& — )1 )2ds,
where,
2 2
ElluZyy (s)lI* < %F](wl’){\\E Zr|[2 + M2El|p(0)||? + 2HT 1 [T E|[¢(s)|2,ds
F2(a)Mf 1+4¢') fo — 5)%*72ds
+2p 0 HT2H =L [T = 5)2 2 o(s)|29ds} := G.

By (H.2), the Holder inequality and (3.15), we have

Iy < 9]E|t| fot(t—s)‘”‘*l[Sa(iﬁ—h—s) — Sa(t — 5)]Budy, (s)ds||?
<9 [o(t = 5)272dsE( [y [Salt +h —s) — Sa(t — s)][|| Budy,(s)]ds)?
< %(supge[oﬂns (t+h—s) Salt — )2

Similarly,

Iy <OE| [Tt 4+ h— )27 Sa(t + h — 8)Bud, , (s)ds|?
<9ft+” t+h—s)22=2ds [T E||S,(t + h — 5)Bu

< rerEe T MEGH™,

z+y( )||2d5

I3

IN

9E|| fo [(t+h—8)2"t —(t—5)1S,(t + h — s)a(s)dBH (s)||?
+9E|| fo (t—8)2 1 Su(t +h —s) — So(t — s)]a(s)dBH (s)||?
+9IE3|| LI+ b= 8)* 180 (t+ b — s)a(s)dBY ()|

= I31 + I3z + I33.

Combining Lemma 2.1, (H.3), and the Hélder inequality, yields

I3; <

9E|| fot t+h—s)t—(t— s)a’l]Sa(t +h—3s)o(s)dBH (s)|?
I8HEPHL [V [(t+h — )*~" — (t — 5)* 71 Sa(t + h — s)a(s)]|*ds
BT [l 4 h— ) — (6= 8)* s [ o (s) [Fgds

SHE M [U(t+h— )2~ — (£ — 5)°1]%ds.

IN I/\ IN

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Similarly,
I3p < 18Ht*H-1 f |(t — s5)*"1[S, (t+ h —5) — Sa(t — s)]o(s)|%ds
< 18HEH (1t — 5)%=2ds [! |[Salt +h — s) — Salt — )| o(s)]%ds (3.20)
< %(Supse 0,0 15a(t + - s) = Sa(t = 9)[)%,
and

Ly < I8HEH= [F (14 b — 5)*7 S, (t + b — s)o(s) ]| %ds

< 18H2H~- 1]”” t4+h—5)272ds [T Sa(t + h — s)o(s)|2ds (3.21)
< 18]\/([ ;a(rt“’ l)ch2a+1
2c—1 .

Therefore, for sufficiently small positive number h, it follows that
E||TI)2)(t + k) — (I132)(t)]|> — 0 as h — 0.

Thus, ﬁ%‘ maps By, into an equicontinuous family of functions.
Claim 2. (II3By)(t) is a precompact set in X.
Let 0 <t <T be fixed, and 0 < e <t. For § >0 and z € By, we define

(2) (1) =af, f5°° — )0 (0)S((t — 5)*0) f(s, 25 + ys)dOds
+af “fs 0t —5)*'na(0)S((t — 5)*0) Buly,(s)dOds
to fy [0 — 5) na(0)S (( 5)*0)o(s)dfdB" (s)
= S( a(s [ 6 [520(t — 5)* e (0)S((t — 5)*0 — €*8) f(s, 25 + ys)dOds
fo‘e [ 00t — 5)° 0 (8)S((t — 5)*0 — €*8) Bul, , (s)dfds
+S L0t — ) N (0)S((t — 5)70 — *)a(s)d0dBH (s).

From the compactness of S(t) (t > 0), we infer that the set VO(t) = {(IIM2)(t) : z € By} is relative
compact in X for every e, 0 < e <t and § > 0. Moreover, for every z € By,

s)
s)

E|[I*(2) ()~ I (2)(t )II2 < 6aQ]EII fo fo = 8)* o (0)S((t — 5)70) f (s, 25 + ys)dOds|?
+60°E|| ft . f6 (t—s) (9)5((1& — 8)%0) (s, zs + ys)dOds||?
+6a°E|| fo fo (t—s)* 11)@( )S((t— )0‘9)Buz+y( s)dfds||?
+602E|| fj . f5 t—s)“ Yo (0)S((t — $)*0)Bul ., (s)dfds]||> (3.22)
+6’E] fo Jo 0t = 5)°= ( )S((t — 5)*0)o(s)d0dB™ ()]
+6a21E||ft efa (t = 5)* 'na(0)S((t — 5)*0)a(s)dodB (s)||*
=635, J;

A similar argument as before, shows that

J < a2M2TEfg I fo (t —s) na(ﬁ)f(s 25 + ys)dO||?ds
< AT [} 6 0)a6] i e 2B (s -+ 10 (3.23)
< @ M>TM;(1+ )| fy a6 d9|| Jo(t — s)22ds.

For Ja, using (3.2), yields

Jo < o*MTM;(1+ )| f0°° 9% (0)d0)2 [!(t — 5)%*2ds

o> M2TM; (14 o (3.24)
< rz(l—ia)q St = s)2e2ds.
For Js, using the Hélder inequality shows
2 t rd a—1 a 2
Ty < a?E ([ Jy 10G = 5)° " na(0)S((¢ — 5)°0) Bul, (s)] dods (3.25)

< Q2M2MT [J(t — )% 2ElJud,, (s)[2ds]| [ 0na(0)d0]2.
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For Jy, (3.2), implies

A <a22Mleffe o 'Bud,, (s)17ds [ || JyT Ona(6)d6]|ds (3.26)
< ML (L (g2 ), (5)]2ds
Similarly, one can show that
o < a?E (f) 3 16— s) 1%(9)5((15—8) 0)o(s)d0dB" (s)) s
< ?MP*T2HT?*H- 1f 12272l (s)| ds|| fo On0.(0)do))?.
For Jg, using (3.2), yields
Js < a2M22HT?H-1 ft It — )* " Bud, (s)|1ds [} || [° 0na(0)d0]|>ds (328)

2H—1
< BT [ ( (t - 5)22=2]|o (s )12y ds

Using (3.23), (3.24), (3.25), (3.26), (3.27), (3.28) in (3.22) enable us to conclude that
E(|I*2)(t) — TN 2) (1)]|> — 0, as e — 0, 6 — 07,

Therefore, there are precompact sets arbitrarily close to the set V(t) = {(II*2)(t) : z € By}. Hence, the
set V(t) is also precompact in X.

Thus, by Arzela-Ascoli theorem i (Bg) is relatively compact. Consequently, we conclude that I s
completely continuous.
Step 2. The set R
O = {z(t) + y(t) € C([0,T), L2(Q, X)) : 2(t) + y(t) = BII*=2(t) + y(t)),0 < B < 1} is bounded.

Let be z(t) + y(t) € ©. Observe that

2(t) +y(t) = B a(z +y))(t) = B fo(t—5) " Sa(t — ) f(5, 25 +ys)ds
+Bf0 )27LS, (t — s)Bu2 ., (s)ds (3.29)
+8 [ t—s a=1G (t — s)o(s)dBH (s).
Then
Ellz(t) +y(t)|2 < 3BE[| [y (t — 5)* 1 Sa(t — 5)f(s, 25 + ys)ds||>
+3BE\|[O (t = 5)*"1So(t — s)Bul,,(s)ds]?
+3,8E\|f0 (t — 5)*18, (tfs) (s)dBH (s)]|2
< ?f% Jo (T = s)2=2ds [V El|f(s. 2 +ys)||*ds
+ SN fo — s)2072ds [T E[ud,, (s)]%ds (3.30)
+‘§€?§)2HT2H LT = 5)272||o(s $)|ods
< WL T M; Jo (4Bl + s
2 2a—1
R et o Elled, (9)Pds
38M?2 721
+F62(a) 1;04 1 2c HT2H !
where
M2 M2 T
Eluly, ()]* < 5)\2F2(b){”E$T”2+M2EH<P( Z +2HT2HE [0 El|(s)]|72ds
+F2 Mf fo 3)2a_2d8f0 (1+E||zs+ysu2)d3
T a—
+2F2(Q)HT2H 1f0 (T*s)(2 2)||U(S)||2£8d8} (3 31)
M? M} T = '
<5A2F2( ){HE TII2 M2E[lp(0)I* + [y Ellg(s)lI72ds
a—1
+F]2\/€Q)Mf€a 1 Jo (1+E||Zs+ys” )

M? H— T2“
2r2( )HT2 le

-1
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Using (3.31) in (3.30) yields

Ell=(t) + y®) > < p+v [y Elz +ysl?ds (3.32)
where ,
wzﬁﬁiﬁMH“%¥"Zﬁﬁgﬁwwmw + MO
+2HT21 (LB @(s)|22ds + By My Lo + 288 HT?H-1e 51 ) (3.33)
+%€€\§) Tia 12 T2H-1
and
= ST M,y S L M L 33

Hence, by using Gronwall’s lemma in (3.32), we deduce that © is bounded, as a consequence of Schaefer’s

fixed point theorem, we deduce that I has a fized point, so that II* has a fized point. This conclude the
proof. O

Theorem 3.3 Assume that (H.1)- (H.3) are satisfied. If the functions f is uniformly bounded, then the
system (1.1) is approximately controllable on [0, T].

Proof: Let x be a fized point of II* . By using the stochastic Fubini theorem, it can easily be seen that

ZL’)\(T) = :Z’T —Ex+T, (T)CP(O)
+f — )18, (T —t)BB*S*( —t) (M + T8~ 1{EET— (T)go(O)}dt

QTcp( dBH +f0 T — )" 1S, (T — t)BB*S:(T — t) fO (M +TE) " 1p(s)dBH (s)dt
—|—fQT — 8) LS (T — 3) f (5,25 \)ds

QT(T )" 1S, (T — t)BB*S:(T — t) fo AL +TEH) YT — s)*7 LS, (T — ) f(s, 5.2 )dsdt
(T = 9771l =)o 9B ()

o (T =8)*1S (T —t)BB*S;(T —t fo M +TEH YT — 5)*18,(T — s)o(s)dBH (s)dt

iy (M +TE)(M + FT) 1{Ex —To(T)p(0)} + DA +TF) " {Ezp — To(T)e(0)}

~(A+TTYA +T7)- fo @(s)dBH (s) +T fOT M +TT)~15(s)dBH (s) (3:35)
()\I—i—FT) A+ T~ [T — s)o- 18 (T = s)f(s,zs,2)ds
—I‘fo (A +T2)~ (T— )"‘ 15’ ( )f(s Ts A)ds
FA TN +TH) ! [T o dBH ~T [T (AL +TD) " o(s)dBH (s)
=Zr — M\ + FT) 1{ExT - T (T)<p(0)}
-2 fQT M +TEH)1p(s)dBH (s)
+A fQT M +TT) YT = )27 1S, (T — 8) f(s, 25 0)ds
A fy M +T)HT = 5)* 180 (T — s)o(s)dBH (s), t € [0,T7].
It follows from the assumption on f that there exists D > 0 such that
1£ (s, 2x(s))|> < D (3.36)

for all (s,w) € [0,T] x Q. Then there is a subsequence (which we still denote by f(s,zx(s))) which
converges weakly to, say, f(s) in X. The compactness of S, (t), t > 0 implies that

Sa(T = 8)f(s,zx(5)) — Sa(T — s)f(s). (3.37)

From the equation (3.35) , we have
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Ellax(T )*lel2S4EII/\(M+FT) HEzr — To(T)p(0)}*

+4B)| fQT (M +TE) " @(s)dB ()|
+H4E|| fQT (ML +TI) U T = $)* 180 (T — 8) f (s, x4,2)ds]|?
HAE|| [ A 4+ TH) T — 5)*71Su(T — s)o(s)dB™ ()|, t € [0,T).

On the other hand, by Lemma 5.3, the operator \(AI + T')~t — 0 strongly as A — 0% for all

0 < s <T, and, moreover, [N\ +T)7t|| < 1. Thus, by the Lebesque dominated convergence theorem,

the compactness of So(t) and the compactness of To(t) implies that E|xx(T) — Zr| — 0 as A — 0F.
This shows the approzimate controllability of (1.1). The proof is complete.

O

4. Example

To illustrate main result, we consider the following fractional neutral stochastic partial differential
equation with infinite delay, driven by an fBm of the form

—a 2
dJ¢ = [o(t,€) = (0,6)] = [Frzv(t, €) + c(©)u(t) + f(t, t — r,&)]dt
H
to(t) BB 0<t<T,r>0,0<E<1 (4.1)
v(t,0) =v(t, 1) =0, 0<t<T,
v(s,&) = p(s,§), —co<s<0 0<ELT,
where B (t) is cylindrical fractional Brownian motion and ¢ : (—o00,0] x [0,1] — R is a given measurable

function for which ||g0||Bh < 0.
We rewrite ({.1) in the abstract form (1.1). We take X =Y = U = L?*([0,1]). Define the operator A :

D(A) C X — X given by A = 8725 with
D(A) = {y € X : y is absolutely continuous,y” € X, y(0) =y(1) = 0}

Observe that

oo
Ax = an <T,en >x €n, x€ D(A),
n=1
where e, 1= \/gsin nx, n=1,2,.... is an orthogonal set of eigenvectors of —A.

It is will known that A generates a compact analytic semigroup {S(t)}i>0 in X, and is given by

oo

2
—n“t
= E e < T,en > €n,

forxz e X andt >0 (see [5]). Since the semigroup {S(t)}+>0 is analytic, there exists a constant M > 0 such that
IS®? < M for every t > 0. Hence, the condition (H.1) holds.
If we choose a € (%,1),

So(t)x = /00 afn.(0)S(0t*)d, =€ X.
0
Further, the operator B : R — X defined by
Bu(t)(€) = e(§)u(t), 0 < & <1, ¢(¢) € L*([0,1])

is a bounded linear operator.
We choose the phase function h(s) = e**, s < 0, then | = ffoo h(s)ds = % < 00, and the abstract phase space By,
is Banach space when equipped with the norm

1
lolls, = / (s) sup (Ellp(O)]*)dds.

€[s,0]

To rewrite the initial-boundary value problem (4.1) in the abstract form (1.1), we assume the following:
For (t,¢) € [0,T] x Bn, where p(0)(§) = ¢(0,£), (0,£) € (—00,0] x [0,1], we put v(t)(§) = v(t,§). Define
f:00,T) x B, — X by
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e '|z(t, §)|
(14 e+ [2(tO))

[t 2(t,€)) =

Clearly, we have

1259 1
£+ 2O < 12,81 [[f(E+ 2 ) < SO+ 128D <3

and

e "|z1(t,€) — 2(t,8)]
(14 )1+ 21 ONA + [22(2,€)])
J_?lzl(tv 5) - 22(t7£)|
3l21(,€) — 2a(t, €).

(4 21(8)§ — £t + z2(t))Ell

(4.2)

INIA

Then, (H.2) is satisfied.
In order to define the operator Q : Y := L*([0,1],R) — Y, we choose a sequence {\n}nen C RT, set

Qen = Anen, and assume that

tr(Q) = i\/ﬂ< 0.

Define the fractional Brownian motion in 'Y by

B (t) =Y VA8 (t)en,

where H € (%, 1) and {551}”@\1 is a sequence of one-dimensional fractional Brownian motions mutually indepen-
dent. Let us assume the function o : [0, +00) — L3(L*([0,1]), L*([0, 1])) satisfies

sup [lo(s)[24 < oo.
0<s<T

Then, all the assumptions of Theorem 3.3 are satisfied. Therefore, we conclude that the system (4.1) is

approzimately controllable on (—oo,T].
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