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Fixed Point Theorems in Bipolar Vector Metric Spaces

G. Siva

ABSTRACT: This article introduces the definition of bipolar vector metric space and derives some of its prop-
erties. Additionally, for bipolar vector metric spaces, some fixed point results of covariant and contravariant
maps satisfying Banach contraction and Kannan contraction conditions are demonstrated. Furthermore, a
few examples are provided to demonstrate our main results.
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1. Introduction

On various generalized metric spaces, several authors have studied fixed point results. In [4], Cevic,
v., and Altun, I., introduced the notion of vector metric spaces, some properties of vector metric spaces
were derived, and fixed point results of contraction mappings were proved. There are many articles on
fixed point theory in vector metric spaces; see [2,3,5,6].

Definition 1.1 A partially ordered set (E,<) is a lattice if each pair of elements has a supremum and
an infimum.

Definition 1.2 A partially ordered vector space is a partially ordered set (E, <), where E is a real vector
space, such that

(i) v <9 impliesy+n<é+mn,V~vy,6nek
(i) ~ < implies ay < ad,V v,0 € FE and a > 0,

Definition 1.3 A partially ordered vector space E which is also a lattice is called a Riesz space. The
cone in a Riesz space E is denoted by E, where E, = {y € E :~v > 0}.

We refer to [1] for notations and additional information regarding Riesz spaces.

Definition 1.4 [] Let U be a non empty set and E be a Riesz space. A vector metric is a mapping
d: VU x VU — E, satisfying the following axioms.

(i) d(w,0) =0 if and only if w=p in ¥,
(i) d(w,o)=d(o, @),V w0V
(i) d(w,0) < d(w,p) +d(p,0), V @, 0,p € V.

The triple (V,d, E) is called a vector metric space.
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The notion of bipolar metric space has introduced by Mutlu, A., and Gurdal, U., [12], giving a new
definition of distance measurement between the members of two separate sets. Bipolar metric space is a
metric space generalization. Many articles are appearing for fixed point theory in bipolar metric spaces,
see for example [8,9,11,13,14,15,16] and the references therein.

Definition 1.5 [12] Let U and ® be two non empty sets. A bipolar metric is a mapping D : ¥ x & —
[0,00) satisfying the following axioms.

(I) D(w, ) =0= w = p, whenever (w, o) € ¥ x P,

(II) w = o= D(w,p) =0, whenever (w,p) € ¥ x P,

(11I) D(w, o) = D(o,w), ¥V w,0€ ¥ N,

(IV) D(w1,02) < D(w@1, 01) + D(@2, 01) + D(@2, 02), V @1, @2 € ¥, and g1, 02 € ®.
The triple (U, ®, D) is called a bipolar metric space.

In this paper, by extending the domain of vector metric to the Cartesian product of two non-empty sets,

we present a new definition of bipolar vector metric space that generalizes the notion of vector metric
space. We derive some properties of bipolar vector metric spaces. Also, we prove some fixed point results
of covariant and contravariant maps satisfying Banach contraction and Kannan contraction conditions in
a bipolar vector metric space. Moreover, we generalize the Banach contraction principle (see [10]), and
the Kannan fixed point result (see [7]).

2. Bipolar Vector Metric Spaces

Definition 2.1 Let E be a Riesz space. If (+,,)52 is a decreasing sequence in F such that infv, = v,
we write 7, | 7. F is said to be Archimedean if %7 J 0 for every v € E.

Definition 2.2 A sequence (w,)2,; in a Riesz space E is said to order convergent to w, written as
wn > w if there exists a sequence (v,)S, in E satisfying v, | 0 and |w, — @| < vn, ¥n, where
|| =@V —w.

Definition 2.3 A sequence (w,)% in a Riesz space E is said to order Cauchy if there exists a sequence
(Yn)22 in E satisfying vn 4 0 and |wy, — @rtp| < Y, Y0 and p.

Definition 2.4 Riesz space E is said to be order complete if every order Cauchy sequence is order
convergent.

Lemma 2.1 [2] If E is a Riesz space and w < kw where w € E,, k € [0,1), then @ = 0.

Definition 2.5 Let ¥ and ® be two non empty sets. A bipolar vector metric is a mappingd : Yx® — E
satisfying the following conditions.

(I) d(w,0) =0= w=p , whenever (w,p) € ¥ x P,

(II) w = o= d(w, o) =0, whenever (tw,p) € ¥ x D,

(III) d(w, ) =d(o, @),V w,0 € TN,

(1V) d(w1,02) < d(w1, 01) + d(w2, 01) + d(w2, 02), ¥V w1, @2 € ¥, and 01,02 € P.
The quadruple (¥, ®,d, E) is called a bipolar vector metric space(or, BVMS).

Remark 2.1 Let (¥, ®,d,E) be a BVMS. If VN ® =0, then (¥, ®,d, E) is called disjoint. The space
(U, ®,d, E) is said to be a joint if UN ® # (). The sets ® and VU are called right pole and left pole of
(U, ®,d, E), respectively.
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Example 2.1 Let ¥ = {1,2,3,4}, ® = {1,2,4} and E = R? be a Riesz space with coordinate wise
ordering < defined by (w1, w2) < (01,02) if and only if i < 01 and ws < 03. Defined : ¥ x & — R?
as d(wv Q) = (|w - Q|7 |% - %') Zf (wv Q) ¢ {(274)7 (4’ 2)}’ and d(w> 9) = (454) Zf (w’ Q) € {(2’4)’ (472)}'
Then (U, ®,d, E) is a joint BVMS.

Example 2.2 Let ¥ = (1,00), ® = (0,1] and E = R? be a Riesz space with coordinate wise ordering.
Define d : ¥ x ® — R? as d(w, 0) = (|w? — 0%|,a|w? — 0?|), whenever (w,0) € ¥ x ®, a > 0. Then
(U, ®,d, F) is a disjoint BVMS.

Remark 2.2 Let (V,d,E) be a vector metric space, then (¥, V. d, FE) is a BVMS. Conversely, if
(U, ®,d, F) is a BVMS such that ¥ = ®, then (V,d, F) is a vector metric space.

Definition 2.6 Let (U, ®,d, E) be a BVMS. Where points of the sets ®, U, and N O are called right,
left, and central points respectively. A sequence that contains only right(or left, or central) points is called
a right (or left, or central) sequence in (U, ®,d, F).

Definition 2.7 Let (U, ®,d, E) be a BVMS. A left sequence ()32, vectorial converges to a right point
o(or (wp)22, — o) if and only if there exists a sequence (V,)52 in E such that v, | 0 and d(wy, 0) < Yn,
YV n. Also a right sequence (0,)5%, vectorial converges to a left point w (or (0n)52, — w) if and only
if there exists a sequence (vn)5%, in E such that v, | 0 and d(w, on) < Yn, ¥V n. When it is given
(kn)22y — ¢ for a BVMS (¥, ®,d, E) without precise data about the sequence, this means that either
(kn)22, is a right sequence and v is a left point, or (k,)S2, is a left sequence and v is a right point.

Lemma 2.2 Let (U, ®,d,E) be a BVMS. Then a left sequence (to,)22, vectorial converges to a right
point ¢ if and only if d(wy, 0) — 0 in E, and also a right sequence (0,)52, vectorial converges to a left
point w if and only if d(w, 0,) — 0 in E.

Proof: It is easy to prove. g

Lemma 2.3 Let (U, ®,d, E) be a BVMS. If a central point is a vectorial limit of a sequence, then it is
the unique vectorial limit of the sequence.

Proof: Let (w,)2; be a left sequence, (w,)22; - w € N &, and (w,)>2; — o € ®. Since there
exists a sequence (7,)52; in E such that -, | 0, and

d(w, 0) < d(w,w) + d(wn, @) + d(wn, 0) < 0+ Yn + Tn.

we have d(w, 9) = 0 which implies w = p. O

Lemma 2.4 Let (¥, ®,d, E) be a BVMS. If a left sequence (w,)52, vectorial converges to ¢ and a right
sequence (0,)5%, vectorial converges to w, then d(w,, 0n) — d(w, 0) as n — co.

Proof: Let (w,)52, — 0 € @, and (0,)52; — w € P. Since there exists two sequences (7,)52 1, (0rn)52 4
in E such that 7, | 0, d,, { 0 we have d(w,, 0) < Vn, and d(w, 0,) < J,, then

d(w, 0) < d(w, 0n) + d(wn, 0) + d(wn, 0)
implies
d(w, 0) — d(wy, 0n) < d(w, 0n) + d(w@n, 0),
and also
ld(@n, 0n) — d(w, 0)| < d(w@, 04) + d(@n, 0) < Yn + On, Vn,

and hence d(wy, 0,) = d(w, 0) as n — oo in E. O
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Definition 2.8 Let (Uq,®;, FE) and (¥4, ®o, F) be two bipolar vector metric spaces(or,BVMSs), and
f:\I/1U<I>1—>\IIQU(I>2.

(i) If f(P1) C Uy and f(P1) C Po, then fis called a covariant map from (¥q, ®1, E) to (Vg, Po, F),
and we write [ : (U1, P, E) = (Uy, Dy, E).

(ii) If f(¥y) C @2 and f(Py) C Yo, then f is called a contravariant map from (¥y, @, E) to
(\112, (DQ, E), and we write f : (\pl, (I)l, E) = (\IIQ, (I)Q, E)

Remark 2.3 Suppose di, and dy be two bipolar vector metrics on (¥1, ®1, E) and (Us, P2, E) respec-
tively. We can also use the symbols f : (U1, ®q,d1, E) = (U, Py,ds, FE) and f : (U, Py,dy, E) =
(\I/Q,Q)Q,dQ,E) in the place of f : (\Ill,q)l,E) = (\112, (I)Q,E) and f : (\Ill,q)l,E) = (\112, (I)Q,E).

Definition 2.9 Let (¥, ®,d, E) be a BVMS.

(i) A sequence (wy, o) on the set ¥ x & is called a bisequence on (¥, ®,d, F).

(ii) If both (@)%, and (0,)22; vectorial converges, then the bisequence (w,, 0,) is called vectorial
convergent. If both (w, )52, and (9,)5%; vectorial converges to a same point w € ¥ N ®, then
the bisequence is called vectorial biconvergent.

(iii) A bisequence (wy, 0,) on (¥, ®,d, F) is called a vectorial Cauchy bisequence if there exists a
sequence (v,)2%, in E such that v, | 0, and d(wy, 0ntp) < Yn, V 7 and p.

Lemma 2.5 Let (U, ®,d,E) be a BVMS. Then (twn, 0n) is a vectorial Cauchy bisequence if and only if
d(wn, Ontp) = 0 as n — oo.

Proof: It is easy to prove. O

Proposition 2.1 Let (U, ®,d, F) be a BVMS. Then every vectorial biconvergent bisequence is a vectorial
Cauchy bisequence.

Proof: Let (w,, 0,) be a bisequence, which is vectorial biconvergent to a point w € ¥ N ®. Since there
exists two sequences (7,)521, (0,)22, in E such that 7, 1 0, 6, | 0 and d(w,, w) < Yn, d(@, 0ntp) < On,
then we have

d(wm Qn+p) < d(wna w) + d(w, w) + d(w, QTH—;D) < Yn+0+ On, V1, p.

So (wn, 0n) is a vectorial Cauchy bisequence. O

Proposition 2.2 Let (U, ®,d, E) be a BVMS. Then every vectorial convergent vectorial Cauchy bise-
quence is vectorial biconvergent.

Proof: Let (w,, 0,) be a vectorial Cauchy bisequence such that (w, )52, vectorial convergent to g in ®
and (0,,)22; vectorial convergent to oo in W. Then there exists three sequences (7,)5% 1, (0,)521, (7,)52 4
in E such that v, | 0, 6, L 0, n,, L 0 and d(wwn, 0) < Y, A(@, On+p) < On, and d(wy, On+p) < 7, for all
n,p. Then

d(w, 0) < d(w, 0n+p) + d(@Wn, Ontp) + d(@n, 0) < Vo + On + N, V0, .

Therefore d(w, ¢) = 0 and so that @ = p. Then (w,, o) is vectorial biconvergent. O

Definition 2.10 A BVMS (¥, ®,d, E) is called vectorial complete if every vectorial Cauchy bise-
quence is vectorial convergent, or equivalently, vectorial biconvergent.
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3. Main Results

Theorem 3.1 Let (U, ®,d, E) be a vectorial complete BVMS with E is an Archimedean. If a covariant
map f: (V,®,d,E) = (V,0,d, E) satisfies d(f(w), f(0)) < Ad(w, ), whenever (w,p) € S x T and
A € (0,1), then the function f: P U® — UUD has a unique fixed point(UFP).

Proof: Let wy € ¥, g9 € ¢ and w, 1 = f(w,) and g,+1 = f(on), for all n € N. Then (w,, 0,) is a
bisequence on (¥, ®,d, F). By using the contraction condition:

d(f(wn71)7 f(an))
A(@n—1,0n-1) < ... < X"d(wg, 00)

d(w'm Qn)

A

d(wn; Qn-l—l) = d(f(wn—l)v f(Qn))
> )\d(wnfh Qn) <..< )\nd(wOa Ql)'

A

For every n,q € N and hence,

d(wn-&-m Qn) < d(wn+qa 9n+1) + d(wm Qn+1) + d(wnv Qn)
< d(@ntgs 0nt1) + A" d(w0, 01) + A" d(w0, 00)
= d(@n+tq, On+1) + A" M, (M = d(wo, 01) + d(wo, 00))
< d(@nags 0ny2) + d(@nt1, Ont2) + d(@ng1, 0ng1) + A" M
< d(wn+qa Qn+2) (/\n+1 + An)
< ..
< d( @t Ontg) + AT AT A M
< (AT L AT A M
< AN'MDY N
2=0
)\TL
= 1C )\M = K,,

where K,, = %M Similarly d(wp, on+q) < Kp, for all n,q € N.

Since E is an Archimedean then K, | 0 so that (w,,0,) is a vectorial Cauchy bisequence. Since
(U, ®,d, F) is vectorial complete, then (w,, 0,,) vectorial converges, and vectorial biconverges to a point
ke ¥nd. Also, f(on) = ont1 — & € ¥ NP as n — oco. Then there exists two sequences (v,)5% 4,
(0,)52; in E such that 7, 1 0, &, | 0 and d(wy, k) < Yn, d(K, Ont1) < dp. For all n € N,

d(k, f(k)) d(k, f(on)) +d(f(@n), f(on)) + d(f(wn), f(K))
d(K, 0n+1) + Ad(@n, 0n) + Ad(n, K)

d(k, 0n+1) + N (w0, 00) + Md(wp, K)

8 + XN d (w0, 00) + M

ININ NN

Hence, d(k, f(k)) = 0 so that f(k) = k. Therefore, x is a fixed point of f.
If + is another fixed point of f, then f(¢) = ¢ implies ¢ € ¥ N P, and

d(k,t) = d(f(k), f(t)) < Ad(k,t) < ... < A"d(k, 1), for everyn =1,2,3,....

Since Lemma 2.1 we have d(k,t) = 0 so that k = ¢, and hence f has a UFP and this completes the proof.
O

The Theorem 3.1 is a generalization of the Banach contraction principle (see [10]).
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Example 3.1 Let ¥ = {0, %, 2}, @ = {0, %}, and E = R? be a Archimedean Riesz space with coordinate
wise ordering. Let d(w, o) = (|@ — o|,alw — ¢|), where (@,0) € ¥ x ®, a > 0. Then (¥,®,d,E) is a
vectorial complete BVMS. Define a covariant map f: (¥, ®,d, E) = (¥, ®,d, E) by f(0) =0, f(3) =0,
and f(2) = . Then, f satisfies the inequality d(f(w@), f(0)) < Ad(w@, 0) for A = %. By Theorem 3.1, f
has a UFP zero in ¥ N ®.

Theorem 3.2 Let (U, D, d, E) be a vectorial complete BVMS with E is an Archimedean. If a contravari-
antmap f: (¥, ®,d, E) = (¥, ®,d, E) satisfies d(f (o), f(w)) < Ad(w, p), whenever (w, o) € Ux P, where
A€ (0,1), then the function f: ¥ U P — WU P has a UFP.

Proof: Let wy € ¥, g9 = f(wo) € @, and w; = f(go), and let g, = f(wy) and wp41 = f(on), for all
n € N. Then (wy, 0,) is a bisequence on (¥, ®,d, F). Hence,

d(wn,gn) = d(f(Qn—1)7f(wn))

S Ad(wru anl)
= )‘d(f(gn—l)7 f(wn—l))
2n
< Nd(wp_1,0n-1) < ... < Ad(w0, 00) = Kn(1—N) < K,,, (K, = d(wo, go)(lA_ 3))-
So
d(wn-‘rla Qn) = d(f(gn)a f(wn))
< Ad(wna Qn) < A2n+1d(w07 QO)'

For all n,q € N, we have

S

)+ d(@ni1, 0nt1) + d(Tny1, 0n)

(@ntg> Ont1) + (A2 + X2 d (w0, 00)

(wn-‘rqa Qn+2) + d(wn-i-?v On+y2) + d(wn+2v Ont1) + ()‘2n+2 + )‘2n+1)d(w07 )
)+ ()\271-&-4 + )\271—‘,—3 + )\277,—‘,—2 + )\2n+1)d(WQ7 QO)

d(wn+qv Qn) Wn+q; On+1

QU K

A(@ntq> Ont2

d(wn+q7 Qn+q—1) + (>‘2n+2q72 + ..+ )‘2n+1)d(w07 QO)
()\2n+2q—1 + /\2n+2q—2 NI )\2n+1)d(WQ,Q0)

Azt Z A*d(wo, 00)
z=0
)\2n+1

1—A

(VAN VAN VAN VAN VANR VAR VAN

IN

= d(wm Qo)

)\271
= K, <Ky, (K, = d(wo, 20)T—)-
Similarly

d(wnv Qn+q) < K,.

Since E is an Archimedean then K, | 0 so that (w,,0,) is a vectorial Cauchy bisequence. Since
(U, ®,d, F) is vectorial complete, then (w,, 0,,) vectorial converges, and vectorial biconverges to a point
k€ UN®. Also, o, =& kK € PN P as n — oo. Then there exists a sequences (7,)2; in E such that
Yo 4 0 and d(k, 0,) < yn. For all n € N|

d(k, f(K)) d(k, f(wn)) +d(f(on), f(@n)) +d(f(on), f(K))
d(k, 0n) + Ad(@n, 0n) + Md(K, 0n)

d(k, on) + X" d(w0, 00) + Ad(k, 0n),

Yo + X" (0, 00) + AYn-

ININ NN
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Therefore d(x, f(x)) = 0 so that f(k) = k. Hence & is a fixed point.
If ¢ is another fixed point of f, then f(¢) = ¢, ¢t € U NP, and

d(k,0) = d(f(k), f(t)) < Ad(k,t) < ... < A"d(k,¢), for everyn =1,2,3,....
Since Lemma 2.1 we have d(k,¢) = 0 so that kK = ¢. So f has a UFP and this completes the proof. O
Theorem 3.3 Let (U, ®,d, E) be a vectorial complete BVMS with E is an Archimedean. If a contravari-
(¥,

e
ant map f: (¥, ®,d, E) = (V,®,d, E) satisfies d(f(0), f(w)) < Ad(w, f(@)) + d(f(0),0)]. whenever
(w,0) € ¥ x ®, for some A € ( ,%), then the function f: VU P — WU D has a UFP.

Proof: Let wy € U, gg = f(wo) € P, and wy = f(00). Suppose, o, = f(wy,) and w1 = f(on), for all
n € N. Then (wy,, 0,) is a bisequence on (¥, ®,d, E). For all n € N, from

d(wnv Qn) = d(f(gnfl)a f(wn))
S )\[d(wn; f(wn)) + d(f(@n—l)a Qn—l)]
- /\[d(wn; Qn) + d(wna Qn—l)]

we conclude that

d(wna Qn) < L[d(wn; anl)]a

T 1=
and
d(wna anl) = d(f(Qn71>7 f(wnfl))

< AMd(@n-1, f(@n-1)) + d(f(0n-1), 0n-1)]

< /\[d(wn—ly Qn—l) + d(wna Qn—l)]
so that

A
d(w’ru Qn—l) S m[d(wn—lz Qn—l)]-

Therefore, by putting v = ﬁ, we have

d(@n, 0n) < 72n(d(w07 00))

and

d(wnv Qn—l) < ’YZnil(d(wa QO))-
For every m,n € N,

d(wm Qn) + d(wn+17 Qn) + d(wn-i—h Qm)

(’YQH + 72n+1)d(w07 QO) + d(wn-i-h Qm)

(V" + 2 P d (w0, 00) + d(wm, 0m)
(’an + 72n+1 + ...+ 72m)d(w07 90)7 if m > n,

d(wna Qm)

(VAN VAN VAN VAR VAN

and similarly, if m < n, then
(@, 0m) < (PP 2T 4L+ 2 d (w0, 00)-

Since E is an Archimedean then (w,, 0, ) is a vectorial Cauchy bisequence. Since (¥, ®,d, F) is vectorial
complete, then (w,, 0,) vectorial converges, and vectorial biconverges to a point x € ¥ N ®. Hence,
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[}

flwn) = 0n = K € TN as n — oo implies d(f(x), f(wn)) = d(f(k), k) as n — oo, by using Lemma
2.4. Also by taking the limit from

d(f (), f(wn))

IN

Ald(@n, f(@n)) + d(f (%), K)]
= Ad(@n, on) + d(f(k), k)],
as n — oo, we get d(f(k), k) < A(d(f(k),r)). Since 0 < A < 3, and Lemma 2.1 we have d(f(x), ) = 0,

hence f(k) = k. Therefore & is a fixed point of f.
If ¢ is another fixed point of f, then f(:) =¢, ¢ € ¥ N @, and hence,

d(r, ) = d(f(r), (1)) < AMd(k, f(r)) +d(f(e),1)) = Md(k, &) +d(¢, 1))
Therefore d(k,t) = 0 so that k =¢. So f has a UFP, and this completes the proof. O

The Theorem 3.3 is the generalization of the Kannan fixed point theorem [7].

Example 3.2 Let U be the collection of all singleton subsets of R, ® be the collection of all compact
subsets of R and E = R? be a Archimedean Riesz space with coordinate wise ordering. Let d(w, B) =
(lw — inf(B)|, |w — sup(B)|), where (w,B) € ¥ x ®. Then (V,®,d, E) is a vectorial complete BVMS.
Define a contravariant map [ : (¥, ®,d, E) = (¥, ®,d, E) by f(B) = w, for all Be YU ®.
Then, f satisfies the inequality d(f (o), f(w)) < Ad(w, f(w@)) + d(f(0),0)] for X = 5. By Theorem 3.3,
f has a UFP {1} e ¥ N ®.

4. Conclusion

All fixed point theorems in bipolar vector metric spaces can be regarded as generalizations of fixed
point theorems in bipolar metric spaces. Also, all fixed point theorems in bipolar metric spaces can be
regarded as generalizations of fixed point theorems in metric spaces. Therefore, studies of fixed point
outcomes in bipolar vector metric spaces are significant.
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