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Double 3—dimensional Riordan arrays and their applications

Omer Duran, Nege Omiir and Sibel Koparal

ABSTRACT: In this paper, we give the group of double 3—dimensional Riordan arrays. Also we examine
new sums involving Fibonacci numbers and special numbers, using combinatorial identities and the double
3—dimensional Riordan arrays. For instance, for non-negative integer n,
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where d,, I}, and Hj, are r—derangement number, Fibonacci number and hyperharmonic number of order r,

respectively.
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1. Introduction

Let F ={f | f=fo+ fit+ fot>+--- ,fn € C}. For f € F, if m € N is the smallest number
such that f,, # 0, then the order of f is m. We denote F,, for the set of functions of order m i.e.
Foo ={f | [ = fut™+ fneat™ L + -+ fn # 0} C F. Let r, be the coefficient of t* in gf* for
g € Foand f € Fi. Then R = (g, f) = ("nk)nk>0 is a Riordan matrix (or array). Notice that the
Riordan matrices are lower triangular, infinite matrices. For example, taking tg(t) = f(t) = 1%, the
Pascal matrix is as following:

LI
1—t'1—-t)

Let the set of all Riordan matrices be represented as R. Then R is a group under the binary operation

(gaf)(uav) - (gu(f)vv(f))a

and it is named as Riordan group [6,7]. The Riordan group has many important subgroups [7]. For
example, the checkerboard subgroup is

==
ISR N
D W =
—

{(g, f) | g is an even function and f is an odd function} .

Recently, Solo [8] defined multi-dimensional matrices and their operations which are addition, mul-
tiplication and multiplication by a scalar. Let A and B be infinite 3—dimensional arrays such that
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A= (a;;r)ijr>0 and B = (b j k)i jk>0. Then the usual matrix multiplication ((2,1)—multiplication) of
A and B is defined by
AB = (cijk)ij k>0,

where ¢ijk = 32,50 @i kbojk -
In [2], Cheon and Jin wrote the set of all 3—dimensional Riordan arrays denoted as

R<3> = {(g7f7h) | g7h S FOaf E-Fl}'
Also R formed a group under the binary operation

(9, f, h) (u7vvw) = (gu(f)av(f>7 hw(f)) -

RG) is called the 3—dimensional (or 3—D) Riordan group. The 3—dimensional Riordan group has many
important and interesting subgroups [9]. For example, the checkerboard subgroup is

{(g,f,h) | g,h are even functions and f is an odd function}.

In [3], Davenport, Shapiro and Woodson defined the double Riordan group as follows: Let

9(t) = D50 920t f1(t) = 2,50 fFranat?™ T fat) = 30,50 fo2ni1t®™ T such that go, fi1, fa1 # 0.
Then the double Riordan array (or matrix) of g(t), f1(¢) and fa(t) is given by

T 1 ) ) T )
(g fi,f) =1 9 afi gfife gfife af?f? gfif:
U 1 { 1 {

The set of all aerated double Riordan matrices (or arrays) is denoted as DR. (DR, x) is double
Riordan group under the binary operation * as follows:

(93 f1, fo)x(usv1,v0) = (qu(/Fio): VI Foos VTl o Trve(ViF2) )

In [9], He defined the array called the double quasi-Riordan array, which is the compression array of
the double Riordan array. For double Riordan array (7 k)n k>0 = (g; f1, f2), the double quasi-Riordan
array associated with (ry, x)n k>0, which is denoted by (71, % )n k>0, is given by

’I’An,k =Ton—kk, N Z k Z 0. (11)

Also the author studied the structure of double quasi-Riordan array (i )n,k>0 given by

LA\ k/2
[t" g ( fif ) if k is even,
o )(k—l)/Q

] (1.2)
] 9f1 (Fifs

Tnk =

, if k is odd,

where g(t) = ano gont™, f1 = ano fi2n+1t" T and fo = ano faonit™ L
Harmonic numbers and their generalizations have important role in combinatorics, number theory,
and there are a lot of works involving these numbers. The harmonic numbers H,, are defined by

n
1
anzz forn>1
i=1

and Hy = 0. The generating function of H,, is

- log (1 —t
ZHnt”:—Og( )
—= 1-1¢
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The generalized harmonic numbers of rank r, H(n,r) [5,4] are defined by
1
H = —_—
(n,7) Y
1<ko+ki++kr<n

for n > 1, r > 0. Notice that, when r = 0, H(n,0) = H,, and generating function of H(n,r) is

iH(n ’I“) " = (—log (1 — t))r+1 )

1-1¢

The hyperharmonic numbers of order r, H!, [1] are defined by
1 n
H,g = 57 H,:; = ZH:717 rn > 1
where for n <0 or r < 0, H = 0 and the generating function of H) is

Z i = L -1 (1.3)

—t)"
The Catalan numbers, denoted by C,,, are defined as

. — 1 (271)’
n+1\n

for non-negative integer n and the generating function of C,, is

1— 4t
ZC t"—T.

The Cauchy numbers of order r, denoted by C;, are defined via their generating function as follows:

o0 /rt/n/ t ™
ZC”E B (10g(1+t)> '

n=0

The Daehee polynomials are defined by the generating function to be

Z D, (x trf (bg(l“)) (1+1)*.

t

When z =0, D,,(0) = D,, are called the Dachee numbers.
The r—derangement numbers d], satisfy recursive formulas given by

dl=rd "\ +(n—1+r)d,_; +(n—1)d,_5, n>2andr >0,
with initial conditions
dy, =dpi1, di =71 (r>1) and dl ., =r(r+1)! (r>2).
The generating function of the r—derangement numbers d], is given by

Z d:z tn o tre_t
n=r n! (1 - t)r+1
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In [10], the closed form for d’ is also given by

n

& = Z(—l)"‘k(nmk)! (f) (n>7r=0).

k=r

For 7 = 0, d = d,,, where d,, is called derangement number.
The generalized geometric series are given by for non-negative integer [,

i (”;rl>t“ - ﬁ (1.4)

n=0

The Lambert W function is defined as the solution of the implicit equation we® =t with ¢t € R. It is
immediate to see that for ¢ > 0, there is a single solution, denoted Wy (t), with a power series expansion
given by Lagrange inversion

= (o)
_ n
Wol(t) =) St
n=1
Note that for t > —1, Wy(te!) = t.
The Laguerre polynomials are defined recursively as for n > 1,

2n+1—2)L,(x) —nL,—1(x)

Ln+1($) = n -+ 1 ’

where Lo(x) = 1, L1(z) = 1 — . The closed form for L, (x) is

Ln(z) = kzn:_o (k1!)’“ (Z) ok

The generating function of these polynomials is given by

o—t/(1—t)

Ly(a)t" = ————
; n() T3

The generalized second order sequence {U,} is defined for positive integer n and non-zero integer
numbers p, ¢ by
Un+1 = pUn + qUn—l

in which Uy =0, U; = 1. For p=¢ =1, U,, = F,, (the nth Fibonacci number). If @ and 3 are the roots
of equation #? — pr — ¢ = 0, the Binet formula of the sequence {U,,} has the form
U, = L_Bn.
a—p
The generating function of U, is given by

i Upth = — (1.5)
n=0

11— pt—qt?

It is hard to seen that there are sums involving Fibonacci numbers, generalized harmonic numbers,
r—derangement numbers etc. in literature. In this paper, using double 3—dimensional Riordan arrays,
we have nice sums involving Fibonacci numbers and some special numbers. For instance,

n—1 n+l (_1)l+i dk+l -dl-+k n n—Iln—k—I (_1)1 dldek+2

(n+znj5!zz'!l =Fuand 3>, ) =

=0 k=0 =0
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2. Double 3-dimensional Riordan arrays

In this section, we will define double 3—dimensional Riordan arrays and give double 3—dimensional
Riordan group. Also, we will show some applications of them using special numbers and their generating
functions given in Section 1.

Throughout this paper, we will take the set

= f= [t + frat™ 2 4 frat™™ + - fi€C, £ #0}.

Theorem 2.1 Let (7 k)n.k>0 = (g f1, f2) be a double Riordan array. Then

n

> Fuarar = [t"GA(fLF), (2.1)

k=0

n
E f‘n,Qk-l-lak -
k=0

S nso fronsat™™h, fo(t)

t"19 /L A(f1 f2), (2.2)

where §(t) = Enzo g2nt™, fl (t) = = ano J0272n—',-1tn+1 and A(t) = EnZO ant™.

Proof: By (1.1) and (1.2), we have 7, o1, = [t"] §(f1f2)*

. Since Riordan matrix is lower triangular, then

n n
an,zka Z "] 9(f1fo) ar, = [t"] gzak [t §A(f1 fa),
k=0 k=0
as claimed. Similarly, second identity can be shown. O

Let g,h € F2 and f1, fo € F2. The double 3—dimensional Riordan matrix (or array) (g; f1, f2; h) is
defined by

T 1 0 )
g gfi afifo 9fife
U + {
0 0 ) 0
gh gfih  gfif2h gffah
(9 f1, fos h) = 1l ! !
) ) ) )
gh? gfik? gfifoh®  gfifah?
{ $ {

We will show (g; f1, f2;h) by
is shown by DR

R = (g; f1, f2; h).

!

R = (Tnk,1)nk1>0. The set of all double 3—dimensional Riordan matrices
Let L;(R) denote [th layer matrix of the double 3—dimensional Riordan array
It follows that L;(R) is an proper double Riordan array given by (gh'; fi, f2) for

fixed [. With the help of layer matrices, the double 3—dimensional Riordan array R may be denoted by

R = (LO(R)le(R)7L2(R)7 e )

Definition 2.1 For (g; fi, fo; h), (u;v1,ve;w) € DR, binary operation /N on DR is given by

(g5 f1, f2; ) O (w01, v25w) = ( (vf1f2)\/g (vf1f2)ﬁ (Vf1f2) (Vf1f2)>-

Theorem 2.2 <DR<3>,A> is a group.
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Proof: Matrix multiplication is associative. For any (g; f1, fo; h) € DR we have

(95 f1, fas h) A (13, 451) = <g; \/E\/ f1f27\/fv flfz;h> = (g; f1, f23h) .

Similarly,(1;¢,¢;1) A (g; f1, f2; h) = (95 f1, f2; ). Thus, the identity element is the matrix (1;¢,¢;1). For
(g5 f1, f2;h) € DR if (g; f1, fai h) 2 (w501, v23w) = (13t,£;1), then

(VI = b o (VAR) =10 B (VAT =1, [ (V) =

From here, taking ¢ = v/f1 f2, we write
1 5 15 1
@ TR TR T e
where @ is the compositional inverse of ¢. Similarly, (u; vy, ve; w)A(g; f1, fo; h) = (1;t,¢;1). So,

. R R S L 3)
(63 1, F23 ) (9(@)’]‘1( ' R@) R >> €DR

Thus, we have the proof. O

u =

<DR<3>, A> is called double 3—dimensional Riordan group. Here is a list of some special subgroups
of the group DR):
{(git,t:h) | g.he Fo} {(Lit,tsh) | he T}
AW fus fash) [he FS, fie Fi} {(g i, fai 1) g€ F, fi € Fi}.
Algitg, fosh) | g,h € F§, f2 € F2} {(g; fistgih) | g.h € Fg, fr e Fi}.

{( 7f1af27 ) hefgv fief%}v{<f2aflvf27 >’h€fgafzefl2}

A(gh; frtg;h) | g, h € F§, fre Fi},{(ghitg, f23h) lg.h € F§, fa € Fi}.
{g7flvt1 |g€~7:07f11€f2} {g7tf27 ) |g€fgaf2€f12}

{(srm)senr nen){(snml)|serren]

N OO A W N

Definition 2.2 Let (7, k1) n k150 = (g; f1, f2; h) be double 3—dimensional Riordan array. Then the dou-
ble 3—dimensional quasi-Riordan array associated with (7 k.1)n k>0, Which is denoted by (P k.i)n,k,1>0,
s defined by

fn,k,l = Ton—kkl, T 2 k 2 0 andl 2 0. (23)

Theorem 2.3 Let (7 k1)nki>0 = (9; f1, f2; h) be a double 3—dimensional Riordan array and the double
3—dimensional quasi-Riordan array associated with (ru ki)n ki>0 b€ (Frki)n ki>0- Then

A~ oANE/2
. [t"] g (flfz) hl, if k is even,
Tn,k,l = A 1)/2 . (24)
"] 9f1 (flfQ) hl, if k is odd,
where §(t) = ano gont™, ib(t) = ano hant™, fl(t) = ano f1,2n+1t"+1, and fz(t) _ ano f2,2n+1t"+1-
Proof: For k = 2m, from (2.3), we have
7A’n,2m,l = T2n—2m,2m, = [t2n—2m] (f f )mhl [th] (t2f1f2)mhl,

In that case, taking 2 — t, we get g(t'/2) = §(t), tY/2f1(t/2) = fi(t), t*/2f2(t/2) = fo(t) and
h(t'/?) = h(t). Then

Tkl = [t"]9 (flfz)m Wt = [t"]g <f1f2)k/2 ht.

The case of k = 2m + 1 can be proven similar way. Thus, we have the proof. O
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Definition 2.3 Let R = (7nk,1)n.ki>0 = (g; f1, f2; h) be double 3—dimensional Riordan array and the
double 3— dimensional quasi-Riordan array associated with R be R = (Prkl) p1>0 = (G5 fi, fo iL), where
g(t) = ano ganl™, h(t) = ano hont™, fl (t)= ano f1,2n+1tn+1: and fQ(t) = ano f2,2n+1tn+1- Then

the 3—dimensional matriz Ry = (Ti,k,l)n,k,lzo = (g; f1, f2;t2h)s is called shifted double 3—dimensional
Riordan array of R by

A AN\K/2 L
g [t (f1 2) hl if k is even,
Tkl = W s oy (k=12
(=] 4y ( | 2) Rt if k is odd,

= Tn—2L,k,l;

and the shifted double 3—dimensional quasi-Riordan array associated with R, denoted by
Ry = (7}, p.)n k10 = (95 f1, f2;th)s is defined by

A~ oaNK/2 .
B [t" '] g (fl 2) h! if k is even,
Pt = ("] N s\ (k=1)/2
[t gf1 (fl 2) Rt if k is odd,
= Pr—ik,i- (2.5)
For example, choosing 3—dimensional double Riordan array as R = (1—71#’ t, ﬁ; ﬁ) , we have the

following matrices:
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1 t 1 X 1 t 1
= i1, ; = LA
R (1—t2"1—t2’1—t2> R (1 t”1—t’1—t>

M1 | M1 1]

01 0 11 0
101 111
010 1 1121
- - 4
01 0 2 1 0
2 0 1 3 2 1
0 1 43 31
M1 1 A
01 0 301 0
301 6 3 1
030 1 10 6 4 1
1 t t? . 1 t t
Rs*(lft”t’lft?’lft?)s ho= (15 714@)5
T - - —
01 0 11 0
101 11 1
0101 1121
- - d
00 0 10 0
100 2 1 0
0100 3210
- - d
00 0 00 0
000 100
000 0 3100

Theorem 2.4 Let (7}, 1 ))nki>0 = (§; f1, fa; h)s be shifted double 3—dimensional quasi-Riordan array

where g € Fo, fl,fg, he Fi. Then

n n—l

>N waart = 7154 (f12) B(h),

=0 k=0

and

n—

NIE

I
=)

k=

where A(t) = 3,50 ant™ and B(t) = 3,5, bat™.

(=)

> i opsrgarb = [t"1g /1A

(2.6)

(£1f2) B(R),

Proof: We take double quasi-Riordan array as (§(h/t); f1, f2) = (én.k)nk>0. For first identity, by (2.1),

we write

1
Cnok = [t"]g <ZL> <f1f2)k = [t"] gh! (flfz)k

(2.8)
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From here, by replacing n — (n —[) in (2.8), by (2.4) and Definition 2.3, we have

“ ~ A\ kK
Cn—t,26 = [t"]ght (flfz) = T2k

With the help of (2.1), we get

i n,2k0k = AllA (flfz) = [t"H] gh'A <f1f2) ;

k=0

and then
n—I
> aaan = (7150 A (fuf2)
k=0

Let (GA(f1f2);t, h/t) = (Gin.x)n.x>0 be double quasi-Riordan array. From (2.1), we have

=0 =0

as claimed. For second identity, we will use same way. By (2.2), we write

N
R O AR i1 (2 2 \F
Cnoks1 = [t"]g (t) fi (f1f2> =t H} ght fi (flfQ) .
From here, by replacing n — (n — 1) in (2.9) and by (2.4) we have

Nk
bnton+1 = [t"]gh' fr (flfQ) =T ki1

With the help of (2.2), we get

n Pl
Zén,2k+1ak = [t”]ﬁ%flx‘l (flfz) = [t"T] gh' fL A (fle) ;

k=0

and then
n—I . L
Zﬁ,%ﬂ,lak = [t"]gh' fr A (f1f2) .
k=0

Let (GA(f1f2)f1/t;t, h/t) = (0nk)nr>0 be double quasi-Riordan array. From (2.2), we get

n /n—l n N
Z ( 722,%,1%) by = Z ([ "]gA (flf ) h ¢ (?) ) b

So, the proof is complete.

Z <n2_:l Tn 2k lak> by = Z [t"]gA (flf2) ¢t <ZL> Zun aby = [t"]gA (f1f2> ( ),

(2.9)
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3. Applications of double 3-dimensional Riordan arrays

In this section, we will give some applications of double 3—dimensional Riordan arrays.

Theorem 3.1 Let n be positive integer. Then following identities hold:

n n—l n

F;_
k141 1
Z ( 1) Hn 2k—1+1 — Z ’I’L—’LZ—‘F 17 (31)
1=0 k=0 =0
n n—I n F
k+14+2 i
Z (-1 H o Z_Zn—ii—&-l' (3.2)
=0 k=0 =0
Proof: Let R = (rpki)nki>0 = (%t;)), I ttz,t, = t2> be double 3—dimensional Riordan array.

Then we have shifted double 3—dimensional Riordan array of R as (%ﬁt_f;); #, t; %) and double

3—dimensional quasi-Riordan array associated with R as <_21f(?7(_15”; ﬁ, A t) Then the shifted double

3—dimensional quasi-Riordan array associated with R is (75, )n.ki>0 = (7}5((’5;(10 b, =t t) . From
3 > .
here, by (1.3), (2.4) and (2.5), we write

) ) a—log(l—t) [t \F 1! ok tar —log(1—1)
_ _ [n—l k _ 2k—1+1
Prat = Fuctana ===\ ) TlT) = [~ ] (1 — )it

0
— [tn72k7l+1} Z Hﬁ+l+1tn H:-‘rl?—lic-l Y

Thus, choosing A(t) = 125 and B(t) = 133 in (2.6), by (1.5) , then
n n—l
—log(l—t) 1 1
S U HE, —
+17 - 2 T
=0 k:O ! td-1) 1- 1It t L+ 15
- [t”“] (—log(1 —1)) _1-t
1—¢t—t2
o0 t” o0
_ t7L+1 v Fn, t
PIEE
n
= n- ) + n—i+1

So, (3.1) holds. For second identity, using functions A(t), B(t) and (2.7), we have

. i —log(l —1) t o\ 1\
M = (1) i

n—2k— _log(l — t) n—2k— — n
_ [t 2k l] G _ [t 2k l] ZHTI:-H—Ht
n=0

k4142
Hn 2k—1>
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and
n n—lI
! n—log(l—1t) t 1 1
2D (U HTSE = 1] t1—t) 1-t1- 2 14L&
=0 k=0 T 1t 1—t
t
= [t"*tY (= log(l — t)) ———
[+ (~log(1 1) T——

ootnoo

n=1 n=0
n

N —n—it 1’
as claimed. So, we have identity (3.2).

By Table 1, using same method in the proof of Theorem 3.1, identities in Table 2 can be find.

Table 1: R, arrays and generating functions A(t), B(t) for identities

in Table 2.
Identities R A(t) B(t)
(3.3) L 1 1
' 1—t'1—-t""1—t¢ 1—t 141
—log(1—t t t 1 1
(3.4) o1 — 1) . —
tl—t)(1—pt)" 1—pt’ "1t 1—t 1+t
—log(1+1t) t 1 t
(3.5) og(1+ >; St
t(1+t) "1+t 1—t log(1+1t)
(3.6) 1t t ot 1 1
' 1—t2"1—t" 1+t 1—1¢2 1+t 1—t
(37) et ot ot 1 1
' 1—t"1—-¢""71—1 1—t 1+t
(3.8) L 1 1
' 1+t 14+¢ 714t 1+t 1—t
log(1+t) ¢t 1 —1++/1+4t
(3.9) sl th) _f i A
t(l+t) "1+t 1—t 2t
—log(l—t) ¢t —log(1 —t) 1
3.10 ; t; Wo(t
(3.10) ( t1—12 "1-¢ 11—t 1—t o(®)
1 t t t 1
3.11 ; ; —— —log(1—t
(3:-11) <1—t2’1+t’1—t’1+t> 1+t og(1-1)
1 t t t 1
3.12 ; ; — log (14t
(3.12) (1—t2’1+t’1—t’1—t> 1+t og(1+1)
1 t —xt 1
3.1¢ . t: —xt/(1—t) - Walt
(3:.13) ((1—t)2’1—t”1—te 1t o®)

- ((1_1t)2? 1it’t; _101g(_1t_ t)> L Wo(t)
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(3.15) (—log(l—i-t)e_t. t t ) 1 et

t(1 —t2) Tt 1+t 1+t 1+t

In Table 2, (g) is the Legendre symbol and I,, = Y .-, (_Z.l)i is the alternating harmonic number.

Table 2: Identities are obtained by using 3—dimensional double
Riordan arrays and generating functions in Table 1.

n n—Iln—Il—2k+1 n
Uk i (JFEY i1 _ Ujt
DD M (L S
1=0 k=0  j=0 j=0
n n—ln—l—2k Pkt INEREN (3.4)
Sy (U L, -y e
1=0 k=0 j=0 J i=0i=0 v J +1
n n-—lI l k
( 1) Hni_%kflJrlCl o
[ — LI'n41
1=0 k=0 (3.5)
e A
[T — 'n42 —
1=0 k=0
n n—I n+l 45 k41 l+k
Z (_1) dn+lfjdj - F
Y n
== (n+1-74)y!
7 —1 n+l I+7 gk+I1+1 4l+k
1 n 1 (_]_) dn+l—jdj _ » (3 6)
— NI41 on ’
1=0 k=0 j=0 (n +1 *7)"7'

n n—Iln+l I+7+1 jk+1 I+k+1
Z (_1) dn+l7jdj o )
=F,_

1=0 k=0 j=0 (n+1-3)!
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En: S (—1)! d, %, _ En: (=) Fuja
1=0 k=0 (n —k)! =0 J! o
3.7
-l I+k+1
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1=0 k=0 (n —k)! =0 J!
zn:n_l( 1)n—l—k—1 n—£k _ n+ 2
1=0 k=0 L+k 3
0ol . (3.8)
n—Il—k—1 n— - E
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n n—Iln—2k— +k n
Z l ik: l(_l)n-‘rH—j (J-,"?_ )Can—Zk—l—j () _ i:lH o
; (n—2k—1—j)! Ve s
1=0 k=0 ;=0 =0 (3.9)
n n—Iln—2k—I-1 (_1)n+l+j+1 (j+1;+1) Can72k7l7j71 (l) B zn: H2 7
gt (n—2k—1—j-1t =7 A
n n—ln—2k (—l)l_l (j+l§+l) n+1
SS I  H -tk L) = Y H L) Fr
I=1 k=0 j=0 : =0
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Z l 2k—1 (_1) +J (T‘L kkl ]) (]-‘r?-‘rl) _ (71) +1
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n n—Il n (—1)l+j+1dl+k-dk 1

n—j% _ 1
(n — 3)!
I=1 k=0 j=0 gtn =M "
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T (312)
I=1 k=0 j=0 J: 1)
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Z iln— )l !
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n n—Iln—k—I+1 (71)J dldécH»stk_l_j_i_l
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