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Functions with a maximal number of finite invariant or internally-1-quasi-invariant sets or
supersets *
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ABSTRACT: A relaxation of the notion of invariant set, known as k-quasi-invariant set, has appeared several
times in the literature in relation to group dynamics. The results obtained in this context depend on the fact
that the dynamic is generated by a group. In our work, we consider the notions of invariant and 1-internally-
quasi-invariant sets as applied to an action of a function f on a set I. We answer several questions of the
following type, where k € {0,1}: what are the functions f for which every finite subset of I is internally-k-
quasi-invariant? More restrictively, if I = N, what are the functions f for which every finite interval of I is
internally-k-quasi-invariant? Last, what are the functions f for which every finite subset of I admits a finite
internally-k-quasi-invariant superset? This parallels a similar investigation undertaken by C. E. Praeger in
the context of group actions.
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1. Introduction

Invariant sets play an essential role in the qualitative study of dynamical systems [7,5]. In group

dynamics, a relaxation of this notion, known as k-quasi-invariant sets, or k-almost-invariant sets (where
k € N), appears in the works [3,10,4,8,9,2,1] and the references therein. Most of the results contained in
these articles crucially depend on the fact that G is a group.
In our work, we depart from the group setting by extending the notion of a k-quasi-invariant set under
a group action to the context of an action of a set A on another set I (this simply consists of a function
p : AxI — I with no additional requirement). The lack of bijectivity of the functions {p(a, -) }ac 4 forces us
to make the following definitions. If we denote by |.| the cardinality function and A® := {p(a,x) : & € A}
for a € A and A C I, then A is externally-k-quasi-invariant under the action p if

Vae A:|A“\A| <k,

or equivalently
Vae A: AP CT:|P|<kand A*CAUP,

and is internally-k-quasi-invariant under the action p if
Vae A: 3P C1I:|P|<kand (A\P)* CA.

We focus in this article on internally-k-quasi-invariant sets when A is a singleton and k € {0,1}. In this
case, the action p: A x I — I becomes just a function f : I — I, and therefore a set A is internally-0-
quasi-invariant under the action of f if it is a (forward)-invariant set of f, i.e.

fA) CA (1.1)
and is internally-1-quasi-invariant under the action of f if
JaeA: f(A\{a}) CA. (1.2)

Note that the notions of external or internal k-quasi-invariance under the action of f that we have just
defined, differ from external or internal k-quasi-invariance under the action of the monoid N (by iterates
of a function f), which we will not be concerned about in this article.

Most of the findings in [3,10,4,8,9,2,1] about k-quasi-invariant sets under a group action tend to be
wrong for internally-k-quasi-invariant sets under the action of f : I — I. In [10], the author shows that
if every finite subset of I is k-quasi-invariant under a group action with no fixed points, then I must be
finite. The analogous statement for internally-1-quasi-invariant sets under the action of a single function
f is wrong, as can be attested by the function succ : N — N. However, the problem considered by the
author in [10] is interesting, and can be adapted to our setting: what are the functions f : I — I for
which every finite subset of I is internally-k-quasi-invariant? More restrictively, if I = N, what are the
functions f : I — I for which every finite interval of I is internally-k-quasi-invariant? Last, what are the
functions f : I — I for which every finite subset of I admits a finite internally-k-quasi-invariant superset?
In this article, we investigate these types of questions in the k € {0,1} cases. Besides, we inform the
reader that the idea of this article emerged when we were looking for an example to a proposition related
to linear independence in ( [6], Proposition 6.1 and Example 6.2).

2. Notations

In the sequel, N denotes the set {0,1,2,---} of natural numbers including 0. N* denotes N\ {0}.
If A is a set, we denote by |A| the cardinality of A, P(A) the powerset of A, P, (A) the set {B C A :
|B| < 0o}, Py «(A) the set {BC A:0 < |B| < oo}, and P, ,,+(A) the set {B C A:n <|B| < oo}.
If (A, <) is a non-empty totally ordered set, we denote by Int, .(A) the set {[a,b] : a < b, |[a,d]| < o},
and by Int,, ,+(A) the set {[a,b] : a < b,n < |[a,b]| < co}.
If Aisaset,¢p: A— A a self map and n € N*, we denote by ¢" the composition of ¢ with itself n times
i po---0¢: A— A In addition, we define ¢° to be the identity function on A. Moreover, if a € A, we
denote by O:g(a) the forward orbit of a under the iterates of ¢ : {¢"(a) : n € N}.
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3. Preliminaries on discrete time forward orbits
3.1. Elementary lemmas

The following well-known lemmas are easy to prove and are only reminded for convenience.

Lemma 3.1. Let I be an infinite set, a € I and ¢ : I — I. Then
O:g(a) is infinite < a, P(a), p(P(a)), - are distinct
or equivalently
O;[(a) is finite < the sequence a,p(a), p(¢p(a)),--- is eventually periodic.

Proof. (=) Suppose that O;‘(a) is infinite. Suppose that ¢"(a) = ¢ (a) for some n < m. By induction,
we have ¢" ™ (a) = ¢"(a) for all j € N. Let e > n. Let e —n = q(m — n) + r be the division with
remainder of e—n € N by m—n € N*. If ¢ > 1, we have ¢°(a) = ¢"H1(m=+7(q) = gmHla-Dlm=—mn)tr(y) —
@ Dm=m+7(4) By immediate induction, we have that ¢¢(a) = ¢"*"(a), where 0 < r < m —n. So
O;ﬁ(a) = {a,¢(a),--- ,¢™ '(a)} is finite, contradiction.

(<) This is clear. O

Therefore, for any map ¢ : I — [ and a € I, the following simple conjugation result for qﬁ‘o;r(a)
follows.

Lemma 3.2. Let I be an infinite set, a € I and ¢ : I — I.

N —N
1. Suppose that O} (a) is infinite. Then (b\o*( ) is conjugate to succ: .
¢ o\ n —n+l

2. Suppose that Og(a) is finite. Then I(u,v) € N x N* and a bijection o : [0,u+v —1] — Og(a) such

that
04 (@) = {a,¢(a). - " (@)} U {6" (@), 6" a)},
) . 0,u—1] —[1,4]
- s conjugated to succy,) : by 10 w—11,
Dl{ab(a)om (@) 1 conjug [u] {n a1 Y 0u-
and
P|{p(a), - ,putv—1(a)} IS conjugated to
[u,u+v—1] = [u,u+v—1]
cyclep) : §n =n+1ifneu,utv—2] by oy usrv—1)]-
u+v—1 —u
Proof. The map « that realizes the conjugation is, in both cases, the one that sends n to ¢"(a). (I

Thus, we can deduce

Corollary 3.3. Let I be an infinite set, a € I and ¢ : I — 1.
Suppose that O;‘(a) is infinite.
Then ¢|O¢f(a) : O;‘(a) — O;‘(a) \ {a} is well-defined and bijective.

Lemma 3.4. Let I be an infinite set, (a,b) € I? and ¢ : [ — I.
Suppose that O;‘(a) is infinite and Og(b) is finite.
Then Og(a) and O;‘(b) don’t have an intersection point.



4 N. EL IDRISSI AND S. KABBAJ
Proof. Assume by way of contradiction that (Ju,v € N) : ¢"(a) = ¢”(b). Then

04 (@) = {a,é(a), -~ ¢" (@)} UOL (6" (b)) € {a, ¢(a), - , 6" (a)} U O (b),

which is finite, a contradiction. ([

Lemma 3.5. Let I be an infinite set, (a,b) € I* and ¢ : [ — I.
Suppose that O;(a) is cofinite and O:g(b) is infinite.
Then O:g(a) and O;(b) have at least one intersection point.

Proof. Assume by way of contradiction that O (a) and OF (b) don’t intersect. Then O (b) C I'\ 0/ (a).
But this is impossible since O () is infinite and I'\ O} (a) is finite. Hence the result. O

Corollary 3.6. Let I be an infinite set, (a,b) € I? and ¢ : [ — 1.
Suppose that O;ﬁ(a) is cofinite.
Then O;f(a) intersects O;f(b) if and only if O;ﬁ(b) is infinite.

Proof. Combine lemmas 3.4 and 3.5. O

Lemma 3.7. Let I be an infinite set, (a,b) € I* and ¢ : [ — I.
Suppose that O;(a) is cofinite and O:g(b) is infinite. Then O;(a) N O:g(b), and consequently O;(b), are
cofinite.

Proof. First, notice that by lemma 3.1, a, ¢(a), ¢*(a), - - - are distinct. From the hypothesis, there exist
u,v € N such that ¢“(a) = ¢"(b). So

I\ (0F0) N0F0) = (1\ 03 (@) U [(1\ 03 (6" 0) \ {b+++ 6" )}]
= (1 oz@) u[(r\ofe @) \ b6 1)}
— (10§ (@)
(o @) a6 @) \ b o )]
C (1\0f(@) Ufa, -+ ,6" (@)}

is finite. The fact that O;(b) is also cofinite is due to the inclusion O;ﬁ(a) N O;f(b) C O;ﬁ(b). O

Corollary 3.8. Let I be an infinite set, a € I and ¢ : I — 1.
Suppose that O;ﬁ(a) =1I. ThenVbel: O;ﬁ(b) is cofinite

Proof. This can be seen directly or as a consequence of corollary 3.6 and lemma 3.7 (since Vb € I : b €
Ot (a)). O
¢

NU{e} — NU{e}

Remark 3.9. The converse statement is false. Indeed, let ¢ : < n —n+1 . Then Va €
° — 1

NU {e}: (O;‘(a) is cofinite and O;‘(a) #NU {e}).
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3.2. Nearest element to a finite set lying in the intersection of orbits of elements of that set

We now associate to each self-map ¢ : I — I on an infinite set I, a particular noncanonical map
§s + Dy — I, which gives for each I" € Dy one of the nearest elements to /™ that lies in the intersection
of orbits of elements of I*. The value of {,(I*), for I* € Dy, is uniquely determined if all the orbits of

elements in I* are infinite (use lemmas 3.12 and 3.1), which arises if and only if N,e I*O;f(a) is infinite

by corollary 3.14. However, if Nge I*O:g(a) is finite, which arises if and only if all the orbits of elements
in I* are finite by corollary 3.15, then £, (/") may be non-uniquely determined as in the case where I* is
precisely a finite cycle of a map ¢ : I — I. This definition will be used in the rest of this article.

Definition 3.10. Let I be an infinite set and ¢ : I — I.

Let Dy = {I* € Py (1) : Naes- O (@) # 0} € Py i (D).

For all I* € Dy, z € (- O:g(a) and a € I*, we define m? as min{m € N: ¢""(a) = z}.

We define a noncanonical map &, : Dy — I by selecting for all I* € Dy, §,(1*) € (yer O;(a) with

(1) .
> acrs Ma mainimal.

Example 3.11. If I is infinite and I* € P, .(I) is such that (VYa € I*) : O;‘(a) is cofinite, then I* € Dy,
because a finite intersection of cofinite sets is cofinite and hence non-empty.

Lemma 3.12. Let I be an infinite set, ¢ : I — I and I* € P, «(I) such that (), - O;‘(a) # (0. Then
Naer- 04 (@) = 04 (&5(17)).

Proof. Suppose that z € [, O;‘(a). So (Va € I*) : z = ¢™a(a). Also, we have (Va € I*) : §p(I7) =

mEe ™) €07, . V.
¢ (a) where the mg®" "’s satisfy a minimality property.

Hence 3 S (1)

wcts ME > D mid’(l ), and so (a € I*) : mZ > myg . This implies that

I* I*
£p (1) mid)( )

2= ¢ (a) = g

54,(1*)

(a)) = @™ (£4(17) € OF (€4(I7)).

Conversely, su(pp)ose that z € O:g(fd)(l*)). So (In € N) : z = ¢"(§4(17)). Also, we have (Va € I*) :
(1™ *

Ep(I7) = ¢m“¢ (a). Therefore (Va € I*) : z = ¢"+m£ (a) € O;f(a).

Hence the two sets are equal. ([

Lemma 3.13. Let I be an infinite set, (a,b,c) € I* and ¢ : I — 1.
Suppose that O;ﬁ(a) and O;ﬁ(b) are infinite and have at least one intersection point, and that c € O;f(b)

Then O;f(a) N O;ﬁ(c) is infinite.

Proof. Since O;f(a) and O;f(b) intersect, there exist (m,n) € N2 such that ¢"(a) = ¢ (b). Also, since
cE O;[(b), there exists p € N such that ¢ = ¢(b). Therefore ¢" 7 (a) = ¢™*P(b) = ¢™(c), and so this
common element belongs to the orbits of a and ¢. Moreover, since O;‘(a) is infinite, and this common
element and its iterates by ¢ belong to it, we have by lemma 3.1 that the orbit of this element is infinite.
This orbit is included in the orbits of a and ¢, and so in their intersection, which proves that O;ﬁ(a)ﬁ(‘):g (¢)
is infinite.

Corollary 3.14. Let I be an infinite set and ¢ : I — I.
Let I* = {a1, -+ ,an} € Pu«({a €I |O:g(a)| = 4o00}) such that the orbits O;f(ai) intersect jointly or in
pairs. Then ﬂaepo;f(a) is infinite.

Proof. If the orbits intersect jointly, then they intersect in pairs. Therefore it suffices to consider the
latter case. Now, we have Vi € [1,n] : |O;ﬁ(ai)| = +00, so using lemma 3.13 (in conjunction with lemma

3.12) repeatedly, we see that |ﬂi€[[17nﬂ O;f(ai)| = o0. O
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The following lemma asserts that we cannot find a subset I* € Dy containing both an element of
infinite orbit and another element of finite orbit.

Lemma 3.15. Let I be an infinite set and ¢ : I — I. Then we have
Dy CP,({aecl: |O;§(a)| =+4oo})UP, ({ael: |O;‘(a)| < o0})

Proof. Let I* € Dg. Suppose by way of contradiction that {a,b} C I'* with O;f(a) = 400 and O:g(b) <
+oo. Let ¢ € O;f(a) N O:g(b). If O;f(c) were finite, we would have ¢"(c) = ¢™(c) for some m # n by
lemma 3.1, and so ¢" " (a) = ¢"1*(a) for some u € N since ¢ € O;(a), which contradicts lemma 3.1
since Og(a) is infinite. So O:g(c) must be infinite. But ¢ € O:g(b) implies O;‘(c) C O;‘(b) which is finite,
a contradiction. So either I* € P, ,({a € I : |O;§(a)| =4oof)or I*eP, ({ael: |O;§(a)| <o0}). O

3.3. Maps with pairwise intersecting infinite orbits

The next definition will be helpful in the next section.

Definition 3.16. Let I be a set and ¢ : [ — I. We let ]5(¢) be the proposition
Va,be I : [(|o;(a)| =07 (b)) = 00) = |0} (a) N O} (B)| = oo} .
Remark 3.17. Using lemmas 3.13 and 3.4, ﬁ(qﬁ) is easily seen to be equivalent to
Va,bel: [(|o;(a)| = [05(B)] = 00) = O} (a) N OF (b) # @} .

Example 3.18. 1. ]5(¢) is vacuously true when I is finite.
2. P(¢) is true when (3a € I) : O;f(a) is cofinite, see lemma 3.20.

Lemma 3.19. Let I be an infinite set and ¢ : I — I. Then we have
P(¢) © Dy 2 Py .({a € 1:|0](a)| = +00}).

Proof. (=) Suppose that P(¢) is true. Let I* = {a1,--- ,an} € Pu.({a € I: |O;§(a)| = 4o00}). Then it
follows from corollary 3.14 that I* € Ds.

(<) Suppose that Dy D Py, ({z €1 : |O$(m)| = +00}). Let a,b € I such that |O;§(a)| = |O;§(b)| = +o00.
So {a,b~} € Pu({z € I:|0f(2)] = +oo}) C Dy. Therefore OF (a) N Of(b) # 0 by definition of Dy.
Hence P(¢) is true by remark 3.17. O

Lemma 3.20. Let I be an infinite set, ¢ : I — I, and a € I such that O;(a) is cofinite. Then ﬁ(gb)
holds.

Proof. Let by,by € I such that |0 (b1)] = [0F(b2)| = oo. Then by lemma 3.7, 0 (a) N O (b1) is
non-empty and cofinite. By lemma 3.12, OF(a) N Of (b1) = 0f(£,({a,b1})). Again, by lemma 3.7,
07 (€5({a,b1})) N 0OF (b2) = OF (a) NOF (b1) N O (b2) is non-empty and cofinite. Since this set is included
in O:g(bl) N O:g(bg), we have that O;f(bl) N O;f(bg) is also non-empty. and cofinite. Therefore P(¢) holds.
O

4. Functions with a maximal number of finite invariant sets

The results of this section are obvious and only proved for completeness. They express the fact that,
as long as k is strictly less than the cardinality of I, the identity function is the only function with a
maximal number of finite invariant sets in P, -+ (I) or Int,, -+ (N).
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4.1. Preservation of all finite sets

Proposition 4.1. Let I be a set, «: I — I, and k a natural number such that 1 < k < |I|. Suppose that
VI* e Py p+(I):al*) C I

Then we have
(a) if 1 <k < |I|, then o = Id.
(b) if k = |I|, then « can be arbitrary.

Proof. Suppose 1 < k < |I|. If a(a) # a for some a € I, one can choose I* € P,, j+(I) such that a € I*
but a(a) ¢ I* to obtain a contradiction. Conversely the identity function satisfies the requirement.

Suppose now that k = |I|. Then I is a finite set and P, ,+(I) = {I}, and every function o : I — I
obviously preserves I. O

4.2. Preservation of all finite intervals in N

Proposition 4.2. Let o : N — N, and k a natural number such that k > 1. Suppose that
Vla,b] € Int, x+(N) : a([a,d]) C [a,b].
Then o = Id.

Proof. Let a € N. If a(a) > a, one can choose [a — k + 1, a] to obtain a contradiction. If a(a) < a,
one can choose [a,a + k — 1] to obtain a contradiction. Conversely the identity function satisfies the
requirement. U

5. Functions with a maximal number of finite internally-1-quasi-invariant sets

5.1. Preservation of all finite sets up to one element

If I is a set such that |I| > 3, the next proposition shows that there are two 3-parameter families of
functions 8 : I — I such that there exists a function w : Py, (I) — I such that

VI* € Py (I) s w(I*) € I* and BI*\ {w(I*)}) C I*.

Note that we cannot require that VI* € P, .(I) : B(w(I*)) ¢ I* since these functions have many fixed
points (except if |I| = 3).

Proposition 5.1. Let I be a set such that |I| >3, B:1 — I and w: Py, (I) — I such that
VI* e Py (I):w(I™) eI and B(I" \{w(™)}) C I".

Then either
Case @

J(a,b,c) € I* : (B(a) = b and B(b) = c) and (Vx € I\ {a,b} : B(x) = z)

and
PoxI) —1
I* — b if {a,b} C I*
w=4qI* —aifacl* andb ¢ I*
I* —bifad I* andbeI*
I — any element of I otherwise
or

3(a,b,c) € I? with a # b,b# c,c # a,B(a) =b, 5(b) = ¢, B(c) = a
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and
Ve e I\ {a,b,c}: pB(x)=x
and
PoI) —1I
I —aifa€l* and byc ¢ I*
I* —bifbel* and a,c ¢ I*
) rr —cifcel* and a,b ¢ I*
YT\ b if {a,b) CI* and ¢ & I*
I —aif {a,c} CI* and b ¢ I*
I —cif {bc} CI* anda ¢ I*
I* — any element of I* otherwise

Proof. If B is the identity function, then f is clearly of type @

Otherwise, there exists p € I : B(p) # p.

If B is the identity function on I\ {p}, then S is clearly of type @

Otherwise, let g € T\ {p} such that 8(q) # q.

If for all (m,n) € I\ {p} with m # n we had w({p,m}) = m and w({p,n}) = n, then S(p) € {p,m} N

{p,n} = {p}, a contradiction. So for all (m,n) € I\ {p} with m # n, we have w({p,m}) = p or

w({p,n} = p which implies 8(m) € {p,m} or B(n) € {p,n}. Similarly, for all (m,n) € I\ {q} with

m £ n, B(m) € {g,m} or B(n) € {g, ).

Let n € I\{p,q,8(q)}. fw({g,n}) = n, then B(q) € {g,n} so B(¢) = n, a contradiction. So w({g,n}) = ¢

and therefore 8(n) € {¢,n}.

If 3r € I'\ {p,q,B(q)} such that 3(r) # r, then 8(r) = g ¢ {p,r}, which implies Vm € I'\ {p,r} : B(m) €

{p,m}. In particular 3(q) € {p,q} and so 3(¢) = p. Since B(r) # r, we can prove in the same way as

before that Vm,n € I\ {r} with m # n, 8(m) € {r,m} or g(n) € {r,n}. So either § is the identity

function on I'\ {p, r} or there exists s € I'\ {p,r} such that ¥n € I'\{p,r, s} : B(n) € {g,n}N{r,n} = {n}

and so f is the identity function on I\ {p,r,s}. The first case is included in the second, and we have

necessarily s = ¢ since ¢ ¢ {p,r} and 3(q) = p # q. Since p # q and p,q € I \ {r}, we have 5(p) € {r,p}

or 3(q) € {r,q}. The second case is impossible so 3(p) € {r,p} which implies 8(p) = r. So S is of type
(a=p,b=r,c=q).

Otherwise, we have Vn € I'\ {p,q,8(q)} : B(n) = n.

If 8(¢) = p, then S is clearly of type @

Suppose then that 5(q) # p.

If B(p) # q, then B({p,q} \ {w{{p,q})}) C {p,q} leads to a contradiction independently of w({p,q} €

{p,q}. So B(p) = ¢.

Since ¢ # S(q) and ¢,8(q) € I\ {p}, we have B(q) € {p,q} or B(B(q)) € {p,5(q)}. The first case is

impossible. So 5(8(q)) € {p, B(q)}-

If 5(5(q)) = p then § is of type (2) (a = p,b = g,c = B(q))-

Otherwise 8(8(q)) = B(q) and so S is of type @ (a =p,b=q,c=B(q)).

The statements about w are easy to prove. O

5.2. Preservation of all finite intervals up to one element in N
Int, (N) — N

[a, b] —b
B : N — N such that there exists a function w : Int,, »(N) — N such that

Apart from the successor function 5 = succ with w : { , there exist other functions

V[a,b] € Inty «(N) : w([a,b]) € [a,b] and B([a,b] \ {w([a,d])}) C [a,b],

as shown by the next proposition.
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Proposition 5.2. Let §: N — N such that there exists a function w : Int,, «(N) — N such that
V[a,b] € Int, «(N) : w([a,b]) € [a,b] and B([a,b] \ {w([a,b])}) C [a, b].

Let {bn}nefo,) the sequence of non-fived points of B in strictly increasing order, where | € NU {—1,00}.
We extend {bn}nefo,q and B by setting by = —1 and 3(—1) =0, and if | < oo, we set byy1 = oo. Then
we have_either

Case (1). ¥n € [0,1] : b, < B(by) < but1 and

Int, . (N) —N
w =< [a,b] — by, if An € [0,1] : by, € [a,b] and B(b,) > b .
[a,b] — any element of [a,b] otherwise

Case @ There ezists n* € [—1,1 — 1] such that Ym < n* : by, < B(bm) < bmt1, Bbnri1) < bpsg1,
Vm € [n* +2,1] : b1 < B(b,) < b, and

Int,.(N) —N

[a,b] — by, if Aln € [0,n*] : by € [a,b] and 5(b,) > b
) [a, 0] = by if An e [n* 4+ 1,1] : by, € [a,b] and B(by) < a
[a, b] — any element of [a,b] otherwise

Case @ There exists n* € [—1,1 — 1] such that Ym < n* : by, < B(bm) < byt1, B(bprt1) > bprgia,
Vm € [n* +2,1] : bp—1 < B(bm) < b, and

Int,.(N) —N

[a, b] — by, if ln € [0,n*] : by, € [a,b] and B(by) > b
[a,b] > by, if An € [n* 4+ 1,1] : by, € [a,b] and B(by) < a
[a, b] — any element of [a,b] otherwise

Proof. Let’s show that

(¥ € [0,1]: (B(bn) < b = Ym € [n+1,1] : b1 < Blbm) < b | (5.1)

and

(¥ € [0,1]: (B(bn) > buyr = ¥m € [n+ 1,1 : b1 < Blbm) < b | (5.2)

Suppose that 5(b,) < by, for a certain n € N and n+ 1 <. We have

B([bn, bry1] \ {w([bn, bni1])}) € [bn, bpya]-

If w([bn,bn+1]) = bpt1, then b, < B(b,) which is a contradiction. Therefore w([bn,bn11]) # bnt1
and so b, < B(bpt1) < bpy1 since byiq is not a fixed point. By immediate induction, we have
Vm € [n+ 1,1] : byp—1 < B(bm) < by

Therefore assertion 5.1 holds.

Suppose that (b)) > b,41 for a certain n € N and n+ 1 <[. We have

B([bn, bry1] \ {w([bn, bni1])}) € [bn, bpya]-

If w([by, brt1]) = bnt1, then 8(b,) < byy1 which is a contradiction. Therefore w([by, byp11]) # bnt1 and
80 by, < B(bpy1) < bpt1 since by, is not a fixed point. By immediate induction, we have

VYm e [n+ 1,1 : byj—1 < B(bm) < by

Therefore assertion 5.2 holds.
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With these assertions in hand, we can now start the proof. We treat the [ = oo and [ < oo cases
simultaneously.

Case @ Suppose Vn € [0,1] : by, < B(bn) < bpt1.
Let a <be&N.
Subcase @ Suppose In € [0,1] : by, € [a,b] and S(b,) > b. Let’s show that there is a unique such n.

Suppose that n1 > ng both satisfy the condition. Since, ny > n1, we have na > n1 + 1, and since (b, )nen
is strictly increasing, we have
b > bnz > bn1+1 > B(bnl) > b,

which is a contradiction. Therefore there exists a unique n(a,b) € [0,!] such that b, € [a,b] and
B(bp(apy) > b. If we had w([a,b]) # bpap), then since 5([a,b] \ {w([a,b])}) € [a,b], we would have
B(bn(a,p)) € [a,b], which contradicts B(by,(q,5)) > b. Therefore w([a,b]) = by (q,p)-

Subcase @ Suppose Vn € [0,1] : (by, € [a,b] = B(b,) <b). There is no additional constraint in this

subcase, we can choose w([a, b]) arbitrarily from [a, b].
Conversely. If | € NU{—1,00}, {by}ne[o g is a strictly increasing sequence, 3 : N — N is a function
such that N\ {bn}nepo, are the fixed points of 3, ¥n € [0,1] : b, < B(bn) < bny1, and

Inty . (N) —N
w =« [a,b] > bp(a,p) if In € [0,1] : by € [a,b] and B(bn) > b,
[a, b] — any element of [a, b] otherwise

then Va < b € [a,b] : B([a,b] \ {w([a,b])}) C [a,b]. Indeed, let a < b € N. Because of the unique-
ness property of by (When it exists), any = € [a,b] \ {w([a,b])} is either a fixed point (in which
case f(z) = x € [a,b]), or satisfies z = b,, with B8(b,) < b, in which case, since b, < S(b,), we have
a<x=hb, <, =08z <b.

Suppose now = (Vn € [0,1] : b, < B(by,) < bpy1). Necessarily, I > 0. Let n* = max{n € [-1,{] : Ym <
n by < B(bm) < bmy1}. Necessarily, n* € [—1,1 — 1]. Notice that if S(bp+11) < bp+i2, then by
maximality of n*, we have B(by+11) < bpr41 since by+41 is not a fixed point of 5. Therefore we have
either B(bp+y1) < bp=y1 0or B(bpxy1) > by o

Case @ Suppose Vm < n* : by, < B(bm) < b1 and B(bpr41) < bpr41. By assertion 5.1, we have
Vm € [n* +2,1] : by—1 < B(bm) < bim.
Let a <beN.

Subcase @ Suppose In € [0,n*] : by, € [a,b] and (b,) > b. Let’s show that there is a unique such

n. Suppose that n; > no both satisfy the condition. Since, no > ni, we have no > n; + 1, and since
(bn)nen is strictly increasing, we have

b>bn, > bn,1 > Bbn,) > b,

which is a contradiction. Therefore there exists a unique n(a,b) € [0,n*] such that b, ) € [a,b] and
B(bn(apy) > b. If we had w([a,b]) # bpa,p), then since B([a,b] \ {w([a,b])}) € [a,b], we would have
B(bn(a,p)) € [a,b], which contradicts B(by,(q,5)) > b. Therefore w([a, b]) = by (q,p)-

Subcase @ Suppose In € [n* + 1,1] : b, € [a,b] and B(b,) < a. Let’s show that there is a unique
such n. Suppose that n; > ny both satisfy the condition. Since, ny > n;, we have ny — 1 > n; and
ng > n* + 2, and since (b, )nen is strictly increasing, we have

a > ﬂ(bnz) Z bngfl 2 bn1 2 a,

which is a contradiction. Therefore there exists a unique n'(a,b) € [n* 4 1,1] such that by(qp) €
la,b] and B(bnr(apy) > b. If we had w([a,b]) # bps(ap), then since B([a,b] \ {w([a,b])}) C [a,b], we
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would have 3(by(q4,5)) € [a,b], which contradicts 3(b,(q,)) > b. Therefore w([a,b]) = by (a,p)-
Let’s show that subcases 2.1 and 2.1 are disjoint. Suppose the contrary. Then

a > B(bn’(a,b)) > bn’(a,b)—l > B(bn’(a,b)—l) > bn’(a,b)—Q >
> /B(bn*+2) Z bn*+1 Z /B(bn*) > bn* Z ﬁ(bn*—l) > > ﬁ(bn(a,b)) > bv
which is a contradiction.
Subcase @ Suppose Yn € [0,n*] : (b, € [a,b] = B(bn) < b) and ¥Yn € [n* + 1,1] :
(bn, € [a,b] = B(bn) > a). There is no additional constraint in this subcase, we can choose w([a, b])
arbitrarily from [a, b].
Conversely. If [ > 0, {bn}ne[[O,l]] is a strictly increasing sequence, 8 : N — N is a function such that

N\ {bn }nefo, g are the fixed points of 3, n* € [-1,1—1],Vm < n* : by, < B(bm) < bmy1, Blbneg1) < by,
Vm € [n* +2,1] : b1 < B(by,) < b, and

Int,.(N) —N

[a, b] > bp(a,p) if In € [0,n*] : by € [a,b] and B(bn) > b
N [a, b] > bpr(a,p) if In € [n* +1,1] : by € [a,b] and B(b,) < a ’
[a, b] — any element of [a,b] otherwise

then Va < b € [a,b] : B([a,b] \ {w([a,b])}) C [a,b]. Indeed, let a < b € N. Because of the uniqueness
properties of by(q,p) and by (a5 (When they exist) and the disjointness of subcases 2.1 and 2.2, any
z € [a,b] \ {w([a,b])} is either a fixed point (in which case 5(z) = x € [a,b]), or satisfies z = b,, with
n € [0,n*] and S(b,) < b, in which case, since b, < 8(b,), we have a < z = b,, < B(b,) = B(z) < b, or
satisfies * = b, with n > n* 4+ 1 and B(b,) > a, in which case, since 8(b,) < by, we have a < S(b,) =
B(x) < by, =z <b.

Case @ Suppose Vm < n* : by, < B(by) < b1 and B(bpry1) > bprt2. By assertion 5.2, we have
Ym > n*4+2: bn_1 < B(by) < by. Then the treatment from now on is analogous to case 2 (since
we haven’t used the conditions S(byr+1) < bpry1 or B(bpr41) > bpyo) with the same necessary and

sufficient form of the function w.
O

Requiring that for such functions, S(w([a,d])) ¢ [a,d] for all @ < b € N, leads to
Corollary 5.3. Let 5: N — N and w : Int,, (N) = N be two functions such that
V[a,b] € Inty, «(N) : w([a,b]) € [a,b]
and S([a, 0] \ {w([a,b])}) C [a,b] and 5(w([a,0])) ¢ [a, b].
Then either
Case @ B: No= N and w : {Int%*(N) - N

N —N
1 *
Case @ There exists n* #u € N such that B : ¢ —=n+1forn<n and
n* —u

n —n-—1forn>n*

Int, . (N) —N
w: A« [a,b] —bifbe0,n*] .
[, b] —aifa>n*+1
Proof. Notice that for all a € N, B(w([a,a])) ¢ [a,a] implies that S(a) # a, and so the sequence of
non-fixed points of S in strictly increasing order is {b, }nen = {n}nen. We can then apply proposition

5.2.
|
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6. Functions with a maximal number of finite invariant supersets
6.1. Solution to the general problem

Proposition 6.1. Leta: I — I and G : Py, «(I) = Py« (I). Then the following conditions are equivalent
1. VI* € Py, (I): I* CG(I*) and a(G(I*)) C G(I™).
2. The orbits of a are finite and there exists H : Py, (I) = Pu,(I) such that

VI"e P, (D) :GUIN) = | 0la)

a€I*UH(I*)

Proof. (1) = (2). Let a € I. We have a(a) € G({a}) since a € G({a}) and a(G({a})) € G({a}).
By immediate induction, we have Of(a) C G({a}). Since G({a}) is finite, this implies that O} (a) is
finite. Therefore the orbits of « are finite. Furthermore, let H(I*) = G(I*) for all I* € P, ,(I). Let
I* € P,.(I). We have I* UH((I*) = I*UG(I*) = G(I*). Let a € G(I*). We have a(a) € G(I*)
since a € G(I*) and a(G(I*)) C G(I*). By immediate induction, we have O (a) C G(I*). Therefore
Uacar-) 04 (@) € G(I*). The reverse inclusion is obvious since a € O (a) for all a € G(I*).

(2) = (1). Let I* € P, .(I). To show that I* C G(I*), let a € I*. We have a € O} (a) C G(I*).
Therefore I* C G(I*). To show that a(G(I*)) C G(I*), let a € G(I*). We have

ala) € a U Of(a) | = U a (0f(a) C U 0t (a).

acI*UH(I*) a€I*UH(I*) a€I*UH(I*)

Therefore a(G(I*)) C G(I*). O

6.2. Solution to a more constrained problem in N

The following proposition gives a characterization of the functions @ : N - N and G : P, .(N) —
P« (N) that satisfy the conditions of proposition 6.1, plus the additional hypothesis that VI* € P, .(N) :
max(G(I*)) € a(I*).

Proposition 6.2. Let & : N — N and G : P, (N) = P, (N) such that
VI* € Py (N): I" CG(I"), a(G(I")) C G(I*) and max(G(I*)) € a(I").

Then o admits an infinite number of fized points, and letting this sequence be {by }nen in strictly increasing
order, there exists a function j : N = N such that

Va € N : a(a) = bj(a)
and

VaeN:jla)=nifdneN:a=b,
j(a) = r(a) if a ¢ {bn}nen

where r(a) = min{n € N : b, > a}, and there exists a function H : P, (N) — P, (N) such that
VI* € Py i(N) : G(I") = Uper-um{a, ala)} and VI* € Py (N) : Ja € I : Vo € H(I7) : j(z) < j(a).
Conversely, any such a and G are valid solutions.

Proof. Direct implication. First, let’s show that

Vn € N: a(a(n)) = aln) > n‘ (6.1)
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We have Vn € N : max(G({n})) € a({n}), so a(n) = max(G({n})) € G({n}). Let n € N. We
have a(a(n)) € G({n} since a(n) € G({n}) (we use the hypothesis a(G(I*)) C G(I*) for I* = {n}),
and so a(a(n)) < a(n) since a(n) = max(G({n})). Moreover, we have n € {n} C G({n}), and so
n <max(G({n})) = a(n). Replacing n by a(n), we have Vn € N: a(a(n)) > a(n).

Therefore Vn € N : a(a(n)) = a(n) > n, and so assertion 6.1 holds.

Notice that if « is injective, then by assertion 6.1 we have Vn € N : a(n) = n, and « is the identity function.
Otherwise, o admits a sequence of fixed points {a(n)}nen tending to infinity since Vn € N : a(n) > n.
Let {b,, }nen be the sequence of all fixed points of « in strictly increasing order. Let b_; = —1 and extend
a by setting o(—1) = —1. Then Yn e NU{-1}:Vm € [b, + 1,bp11 — 1] : Ik > n+ 1 : a(m) = by, since
a(m) is a fixed point and a(m) > m > b,. Moreover, we have r(m) < n + 1 since b,+1 > m, and so
r(m) < k. Therefore we can set j(m) = n if m = b, and j(m) = k if m € [b, + 1,bp41 — 1] for some
neNU{-1}.

Moreover, from proposition 6.1, there exists a function H : P, (N) — P, (N) such that VI* € P, .(N) :
G(I*) = User-un 94 (@) = User-um(r-yla: a(a)}. 1t’s easy to show that the condition VI* € Py, «(N) :
max(G(I*)) € a(I*) means that VI* € P, .(N):Ja € I* : Vo € H(I*) : j(z) < j(a).

Conversely. Given a function o : N — N which admits an infinite number of fixed points {by}nen
in strictly increasing order, such that there exists a function j : N — N such that

Va € N: a(a) = bjq)
and

VaeN:jla)=nifIneN:a=b,
jla) > r(a) if a € {b,}nen

where 7(a) := min{n € N: b, > a}, and such that there exists a function H : P, .(N) — P, (N) such that
VI* € Py u(N) 1 G(I7) = Uper-uman{a, (@)} and VI* € Py, (N) : Ja € I" : Vo € H(I) : j(z) < j(a),
then it’s easy to check that VI* € P, (N) : a(G(I*)) C G(I*) and max(G(I*)) € a(I*). O

Remark 6.3. If a is assumed to be bijective, then we can also use proposition 7.15 to deduce o = Id.
Indeed, suppose that oo : N — N and G : P, (N) = P, .(N) are such that

VI* € Py, (N): I* C G(I"), a(GU*)) € G(I*) and max(G(I*)) € a(I*),

N — N

and let B : ,
n —n+l

¢ = oo, and for all I* € Py, (N), u(I*) € I* such that a(u(I*)) =

max(G(I*)).
Then since Pa(¢,G,u) is true and VI* € P, (N) : 3a € G(I*) : |O;§(a)| = 400, we have o = Id.

In the following proposition, we require furthermore that G : P, .(N) — Int, .(N).

Proposition 6.4. Let a: N — N and G : P, «(N) — Int, .(N) such that
VI*e P, (N): I* CG(I"), a(G(I")) C G(I") and max(G(I")) € a(I").

Then o admits an infinite number of fixed points, and if this sequence is {by}nen in strictly increasing
order, there exists a function j : N — N such that

Va € N: afa) = bj(q),

VaeN:jla)=nifIneN:a=b,
jla) =r(a) if a > by and a ¢ {by}nen
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where r(a) := min{n € N: b, > a}, and
J(0) = j(1) - = j(bo — 1),

and there exists a function u : Py, (N) = N such that VI* € P, .(N) : G(I*) = [u(I*), max{a(a)}aer+],
and
VI* € Py« (N):u"(I*) := min{n < bp : max{a(a)}eer+ > a(n)} < u(l*) < min(I*),

Conversely, any such a and G are valid solutions.

Proof. Direct implication. « and G satisfy of course all the previous properties of proposition 6.2.
For all I* € P, .(N), we let [u(l*),v(I*)] := G(I*). Assume by way of contradiction that v(I*) #
max{a(a)}eer~. We have Ya € I* C G(I*) : a(a) < v(I*), so max{a(a)}eecr~ < v(I*). Since
v(I*) # max{a(a)}eer+, we have max{a(a)}ser~ < v(I*) which is a contradiction since v(I*) =
max(G(I*)) € a(I*). So v(I*) = max{a(a)}eer+-

Applying this to I* = {by,bpy1} for n € N gives G({bn,bn+1}) = [w({bn,bnt1}),bn+1] where
u({bn,bnt+1}) < by, and so Vo € [bn,bnt1] : a(z) < byyr since G(I*) is preserved by «. Hence
Vo €]bn, bpt1] : a(x) = byt (since j(xz) > n+ 1 by proposition 6.2).

Applying it for I* = {z} for x € [0, bo[ gives G(I*) = [u({z}), a(x)] where u({z}) < z. Since a(z) is a
fixed point, we have a(z) > bg. Therefore, Yy € [a,bo[: a(y) < a(z) since G(I*) is preserved by a. So
a(0) > a(l)--- > a(by — 1), which is equivalent to j(0) > j(1) > --- > j(by — 1).

Moreover, for all I* € P, .(N), we have u(I*) < min(I*) since I* C G(I*).

Furthermore, for all I* € P, ,(N), the set {n < by : max{a(a)}ecr» > a(n)} is non-empty (it contains
bo), and letting w*(I*) := min{n < by : max{a(a)}teer~ > a(n)}, we have necessarily u(I*) > u*(I*).
Indeed, if u(I*) > by, the inequality is obvious. Otherwise, it is true since a(u(I*)) € G(I*) (since
a(G(I*)) C G(I*) and u(I*) € G(I*)), and therefore a(u(l*)) < max(G(I*)) = max{a(a)}eecr*-

Conversely. Given a function o : N — N which admits an infinite number of fixed points {b, }nen
in strictly increasing order, such that there exists a function j : N — N such that

Va € N : a(a) = bj(a)
and

VaeN:jla)=nifIneN:a=b,
jla) =r(a) if a > by and a ¢ {b, }nen

where r(a) := min{n € N: b, > a}, and
§(0) 2§ (1) -+ = j(bo — 1),

and such that VI* € P, .(N) : G(I*) = [u(l*),max{a(a)}eer+], where u : Py, (N) — N is a function
such that

VI* € Py« (N) :w*(I") := min{n < by : max{a(a)}eer+ > a(n)} < u(l™) < min(I*),

then it’s clear that VI* € P, (N) : max(G(I*)) € a(I*). To check that VI* € P, (N) : a(G(I*)) C
G(I*), we take I* € P, .(N) and z € G(I*), and distinguish between the cases © > by and = < by. In
the first case, since z < max{a(a)}aers, max{a(a)}qaecr~ is a fixed point, and x > by, then it follows that
u(I*) < z < a(r) < max{a(a)}qcr+. In the second case, we have u*(I*) < u(I*) < = < by, therefore
a(z) < a(u*(I*)) < max{a(a)}qecr+ since a is non-increasing on [0, by — 1] and by the definition of u*(I*).
Moreover, since a(z) is a fixed point, it is obvious that a(z) > by > = > u(I*). Therefore we are done in
both cases and it follows that o(G(I*)) C G(I*). O
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7. Functions with a maximal number of finite internally-1-quasi-invariant supersets

Below, we define two similar predicates (in the sense of propositions depending on mathematical
objects) that model the property of direct image preservation by ¢ : I — I of finite supersets of finite
subsets of I, up to one element, denoted by P; (¢, G,u) and Pa(¢, G,u). We will be concerned with these
predicates in the following three subsections.

Definition 7.1. We say that a 3-tuple (¢ : [ — I,G : Py, (I) = Py (I),u : Py (I) = I) satisfies
property P1(¢, G, u) if

VI* € Py (1) s u(I) € G(I*), I* € GI*) and $(G(I*)\ {u(I*)}) € GI*).

Definition 7.2. We say that o S-tuple (¢ : I — I,G : Py (I) = Py (I),u : Py (I) — I) satisfies
property Py(¢, G, u) if

VI* € Py () u(l*) eI, I" CG(I") and ¢(G(I")\ {u(I)}) C G(I").
The following simple lemma is often used (without mention) in the paper.

Lemma 7.3. Let I be an infinite set and (¢ : I — I,G : Py (I) = Py (I),u: Py (I) = I) a 3-tuple
satisfying Py (¢, G,w). Then we have

VI*e P, (I): (|O$(u([*))| =00 = ¢(u(l*)) ¢ G(I*) and p(u(l*)) ¢ I*)
Proof. Let I* € P, .(I) such that |O¢f( u(I*))| = co. From lemma 3.1, u(I*), p(u(I*), ¢*(u(I*)),-- - must
be distinct. In particular, Vn > 1,¢" (u(I*)) # w(I*). Thus we have o(u(I*)) ¢ G(I*) (otherwise we
would have O;f(u(l*)) C G(I*) which is impossible since G(I*) is finite and |O+(u(I ))| = 00). Since
I* C G(I*), this implies that ¢(u(I*)) & I*. O

We also have

Lemma 7.4. Let I be an infinite set and (¢ : I — I,G : Py, (1) = Py (L), u: Py (I) = I) a 3-tuple
satisfying Py(é, G,u). Then we have

(\ﬂ* € Pun(l) : |05 (u(I?))| = oo) = (Yoel:YmeN:u(b,--,o™b)} =¢™0)).

Proof. Suppose that VI* € wa <) - |O+( (I*))] = co. Let b € I and m € N. Since we should have

u({b,---,¢"(0)}) € {b,---,¢"(b)} and "ol ({b,---,0™(0)}) & {b,---,¢™(b)} by lemma 7.3, we have
necessarily uw({b,---, ™ (b )}) @™ (D). O

7.1. Solution to problem P;(¢,G,u)

We first prove the following structural proposition.

Proposition 7.5. Let I be an infinite set and 5 : 1 — I.

Let G: Py (L) = Py s(I) and v : Py, «(I) — I. Then

Pi(B,G,v) < there exist three functions H,H,H : Py, .(I) — P,(I) such that for all I* € P, .(I),
I* CH(I*)UH(I*)UH(I*), H(I*) C {a € I : |0} (a)| = +oo}, H(I*), H(I*) C{a € I : |0} (a)| < 400},
and

(a) 3z € G(I*) : |O?3'(z)| = 400 and
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or
(b) Va € G(I*) : |Og(a)| < 400 and

e
H(I*) #0 :
A1) = (Upeiigrn) 95 @) U (Unemorny (. 8(@). 8(a). - o(1)) )

Proof. (=) : Suppose P1(8,G,v).

Let
. {Tw,*(f) — ()
I = {a € G(I*) 1 |05 (a)] = 400}’
7. PoI) — Pu(I)
I — {a € G(I"): |Og(a)| < 400 and U(I*)Eog(a)}
and

7. {?w,*(f) — P(I)
) — {a€e G(I"): |Og(a)| < 400 and v(I*) ¢ Og(a)} '

Let I* € P, .(I). We have G(I*) = H(I*) UH(I*) U H(I*). Therefore I* C H(I*) U (I*) U H(I*).
(a) Suppose that 3z € G(I*) : |O;§(z)| = +o00. So H(I*) # 0.

Let’s show that v(I*) = £5(H(I*)). Assume by way of contradiction that 3b € H(I*) : v(I*) ¢ Og(b).
Then we must have Og(b) C G(I*), which is impossible since |O;§(b)| = +oo and G(I*) is finite. So
v(I") € Myer(r) Og(b) = Og(fﬁ(H(I*))). In particular, |O;§(U(I*))| = 400 and so v(I*) € H(I*). So
there exist m,n € N such that v(I*) = ™ ({4(H(I*))) and 55( (I*)) = " (v(I*)). This can only work
if m =n =0 due to lemma 3.1 and therefore v(I*) = 55( (I%)).

Now we must have H(I*) = ) (otherwise there exists a’ € G(I*) such that |O;(a’)| < 400 and v(I*) =
Eg(H(IY)) € O;(z) N Ozg(a’) = () by lemma 3.15, a contradiction).

Let’s show that G(I") = (U, cz1) 95 (@) U (Usenqre {as Bla), 82(@), -+ €5(HUI)Y ). Pi(8,G,v)
shows that the inclusion D is true. Conversely, let a € G(I*). We have either a € H(I*) or a € H(I*).
Therefore the inclusion C is also true.

(b) Suppose that Ya € G(I*) : |0} (a)| < +o0c. So H(I*) =0 and H(I*) #
Let's show that G(I*) = (U, .77+, 05 (@) U (Upeara- {a Bla), (), ( ).
P1(B, G, v) shows that the inclusion D is true. Conversely, let a € G(I*). We have a € H(I*) or a € H(I*)

and so the inclusion C is true.

(<) : Suppose that H, H and H exist with the desired properties. Let I* € Po(I).

(a) If 3z € G(I*) : |Ozg(z)| = +o0, then H(I*) = 0 and so G(I*) D H(I*)U H(I*) D I* using the
hypotheses. Moreover, we have clearly v(I*) € G(I*) and S(G(I*) \ {v(I*)}) C G(I*).

(b) If Va € G(I*) : |Og(a)| < 400, we have H(I*) = () and we can check similarly that P(8,G,v) is
true. ]

The following proposition characterizes the existential problem 3G3v : Py (8, G, v) to P(3) in terms
of P(5).

Proposition 7.6. Let I be an infinite set and 3 : 1 — I. Then
(3G : Pyu(I) = P (D) : Fv: Py (I) = 1 : Pi(B,G,0v)) < P(B).

Proof. (=) : Let a,b € I such that |Og(a)| = |Ozg(b)| = 4o00. Assume by way of contradiction that
0f(a) N OF(b) = 0. Soa #b. Let I* = {a,b}. Let G : Py () = Pyu(I) and v : Py (I) = I
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such that P;(8,G,v). Suppose by way of contradiction that v(I*) € Og(a). Then v(I*) ¢ Og(b) since
Og(a) N Og(b) = (). Using the hypothesis, we obtain Og(b) C G(I*) which is impossible since G(I*) is
finite and Og(b) is infinite. Therefore v(I*) ¢ Ozg(a). But this is also impossible for the same reason. So
we must have Ozg(a) N Ozg(b) # 0.

(<) : Suppose that P(j) is true. Let

. PuI) — Pu(d)
I »—){aEI*:|OE(a)|=+oo}’

i Pus(l) — Pu(I)
I »—){aEI*:|OE(a)|<+oo}’

o PoI) — Pu(I)
= (Ui 95 @) U (Userrim fa: B(a), 8(@), - €(HI))})

and
Pol) —1
v I* = Eg(H (1)) if H(I*) #0 ,
I* — an arbitrary element of I* otherwise

where we used the fact Py, .({a € I : |O;§(a)| = +00}) C Dg (see lemma 3.19). Then P; (8, G,v) holds.
U

7.2. Solution to problem P5(¢, G, u)

Proposition 7.5 implies, trivially, the following characterization of P(¢, G, ). It is not known to the
authors if Py(¢, G, u) admits a simpler description.

Proposition 7.7. Let I be an infinite set and 5 : 1 — I.

Let G: Py (L) = Py s(I) and v : Py, «(I) — I. Then

Py(B,G,v) & there exist three functions HyH,H : Py .(I) — P,(I) such that for all I* € Py .(I),
I* CH(I*)UH(I*)UH(I*), H(I*) C {a € I : |0} (a)| = 400}, H(I*), H(I*) C {a € I : |0} (a)| < +oo},
and

(a) 3z € G(I*) : |O?§(z)| = 400 and

H(I*) #90
o) =0
GU) = (Uyerigrn) 95@)) U (Uuenn {a B@). (@), & (H )Y
o(I)  =E&a(HIM)) e I
(b) Va € G(I*) : |Og(a)| < +00 and
H(I*) =0
H(I*) #0
ey = ( acH (1) Og(“)) N (Uaeﬁ(fw{“’ﬁ(“)’ﬁz(“)"" ’”(I*)}) |
o(I*) eI*

In what follows, we direct our attention to the existential problem 3G3u : Pa(¢, G, u), which we try
to characterize in terms of a condition on ¢. To achieve that, let’s first prove

Proposition 7.8. Let I be an infinite set and B : I — I. Then, if Dg = P, .(I) and VI* € P, .(I) :
Eg(I™) € I, then (3G : Py (1) = Puy (1) : F0: Py k(1) — I : P2(B,G,v)).
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Proof. Suppose that Dg = Py, () and VI* € Py, .(I) : {5(I*) € I*. Then, by lemma 3.15, and using
the previous notations of proposition 7.6, we have VI* € P, .(I) : H(I*) € {I*,0} and so v(I*) € I*.
Therefore, there exist G and v with the desired properties. O

Definition 7.9. Let I be a set and ¢ : I — I.
We define the partial order <4 on I by : a 24 b& b€ O;ﬁ(a),

The following proposition characterizes, under the condition that all the orbits of ¢ are infinite, the
existential problem 3G3u : Py(¢, G,u) in terms of the orbital structure of ¢.

Proposition 7.10. Let I be an infinite set, ¢ : I — I such that (Va € I): O;f(a) is infinite.
Then the following conditions are equivalent :

1. 3G : Py (1) = Py (D) : Fu: Py (I) = I : Po(p, G, u).
2. VI € Py, (1) : (nael* o;(a)) NI +£0,

3. Dy =Py (1) and VI* € Py, (1) : (ﬂael* o;(a)) NI = {&,(I")}.
o Dy = Pun(I) and VI* € Py (1) : £,(1*) € T,

5. Vn e N* :V(a1, -+ ,an) € I which are distinct : 3d € [1,n] : I(ma, -+ ,my) € N™ with mg =0 :
Vie[1,n]:aqg=¢™ (a;).

6. ¥(a,b) € I witha #b, (n € N:a=¢" (b)) or (Gn € N:b=¢"(a)).
7. 24 15 a total order on I.
Proof. (1) = (2) : Let I* € P, +(I). We have from proposition 7.5 that
u(l*) = E(H(I")) € Nuern(r)0§ (@) = Nuec )04 (a) € Naer-0f (a),
where we used the fact that here we have necessarily H(I*) = G(I*) D I*. Moreover, we have u([*) € I'*.
80 (Maer- OF (@) N 1° 0.
(2) = (3) : Let I* € Py, . (I). Since [,¢;- O;f(a) # 0, then I* € Dy. Let z € (ﬂael* O:g(a)) N I*. Since

£ (I™)
T € (Nyern O:g(a) = Og(fgb([*)) by lemma 3.12 and £, (") = qﬁmmd) (z) because x € I'* (see definition
3.10), then In > mff’u*) s x = ¢"(x). Since {z, ¢(x), ¢*(x) are distinct (see lemma 3.1), we have

" Eu(I)
necessarily n = 0 and so m%’([ ) — 0. This implies £, (1*) = ¢mm¢ (x) = x € I'*. Since this is true for

all z € (ﬂael* Og(a)) N I*, we have (ﬂael* Og(a)) NI* = {&,(I%)}

(3) = (4) : This is clear.
(4) = (1) : This is proposition 7.8.
(4) = (5) : Let n € N* and let ay,--- ,a, be distinct elements of I. Applying (4) to I* = {a1, -+ ,an}

gives {,(1*) € I" which is the content of (5).
(5) = (2) : Let I* € P, .(I). Write I* as {a1,--- ,an} where n is the cardinality of I*. From (5), we

have aq € (ﬂael* O;(a)) N I*, and so this last set is not empty.
(5) = (6) : This is clear.
(6) = (5) : Let n € N* and let ay,---,a, be distinct elements of I. Assume by way of contradiction

that Vd € [1,n] : 3i(d) € [1,n] \{d} : aq ¢ O:g(al(d)). By (6), this implies that Vd € [1,n] : aq) €
O:g(ad). Besides, we have necessarily 3d € [1,n] : Je € N* : [°(d) = d. Otherwise, we would have
Vd € [1,n] : Ve € N* : 1°(d) # d, which implies that Vd € [1,n] : {d,l(d),l?(d),---} are distinct. This
is impossible since this infinite set is included in [1,n]. Therefore, I(ni,--- ,n.) € N : ag = aeq) =
" (age-1(q)) = " (@™ (age—2(a))) = -+ = ¢Z:=1"”’ (aq). Since O;f(ad) is infinite, we have by lemma
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3.1 that Vi € [1,e] : n; = 0, which implies in particular that a;qy = aq, a contradiction. Therefore we
have the result.
(6) < (7) : This is just the definition of a total order. O

From this proposition, the following corollary characterizing the existential problem 3G3u : P>(¢, G, u)
with no additionnal assumption can be easily derived.

Corollary 7.11. Let I be an infinite set and ¢ : I — I. Denote by I;"f (resp. Ié:m) the subsets of 1
consisting of the elements which have an infinite (resp. finite) orbit under ¢. Notice that I;"f and Ié:m

are both invariant under ¢ and that {I;"f,lq{m} is a partition of I. Then the following conditions are
equivalent :

1. 3G : Py (L) = Py (D) : Fu: Py (1) — I : Po(, G, u).
2. (2¢) pins is a total order on I;"f.
s

Lemma 7.12. Let I be a set and ¢ : I — 1.
Suppose that Ja € I : O;(a) =1
Then =4 is a total order on I.

Proof. Let z,y € I. We can write z = ¢"(a) and y = ¢""(a) for m,n € N. If m < n, we have y <, x.
Otherwise we have z <4 y. Hence < is a total order. O

The following proposition is a supplement to proposition 7.10 where we also suppose the existence of
a cofinite orbit.

Proposition 7.13. Let I be an infinite set and ¢ : I — I such that Va € I : O;‘(a) is infinite. Then we
have

(Jael: o;(a) is cofinite)
and (Fu: Py (1) = 1:3G: P, (I) = Py (1) : Pa(¢,G,u))
&= (EIE el: o;(a) is coﬁnite) and (=24 s a total order on I)

< da: (N, <) = (I, =) such that o is an increasing bijection
@EI'&EI:O:;(E):I.

N =1

Proof. S se that Ja € 1: 0 (a) = 1. Let a =
roof. Suppos a 4 (a) a n o 6" @)

. Clearly, « is increasing. It is injective

by lemma 3.1. It is surjective by the hypothesis.

Conversely, suppose that there is such an increasing bijection a from N to I. For all n € N, we have
a(n+1) = ¢(a(n)). Indeed, since « is increasing, we have 3i(n) € N : a(n + 1) = ¢'™ (a(n)). Suppose
by way of contradiction that I(n) # 1. If I(n) = 0, we would have a(n + 1) = «(n), contradicting the
injectivity of a. If I(n) > 2, let m € N such that a(m) = ¢(a(n)). If m > n+ 1, then a(n + 1) <4
a(m), and so ¢(a(n)) = a(m) € 0f(a(n +1)) = 05 (¢'™(a(n))). This implies Ju € N : ¢(a(n)) =
'™ (p(a(n))) where I(n) — 14 u > 1, contradicting lemma 3.1. If m < n, then a(m) =4 a(n),
and so a(n) € O;(a(m)) = O;‘(qﬁ(a(n))). This implies Ju € N : a(n) = ¢“*(a(n)) where u +1 > 1,
contradicting again lemma 3.1. Hence I{(n) = 1 and the relation a(n + 1) = ¢(a(n)) is proved. Now
consider @ = «(0). Then clearly O;f(’d) = a(N) = I. This establishes the equivalence of the last two
statements.

Using lemma 7.12, the last statement clearly implies the second. Let’s prove that the second one implies
the last one. Using lemma 3.7, we have that all the orbits of ¢ are cofinite. Let b € I such that |I'\ O;f(b)|

is minimal. Suppose by way of contradiction that O;f(b) #Tandlet c € I\ O:g(b). Since <4 is a total
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order, we have necessarily b € O:g(c). Specifically, we have In > 1: b= ¢™(c). Since ¢, ¢(c), d*(c), - - - are

distinct by lemma 3.1, we have, thus, |\ O:g(c)| < |T\ O:g(b)| which is a contradiction. Hence Og(b) =1
The first and second statements are equivalent by corollary 3.8 and proposition 7.10.

Note that we can also prove explicitly that

Jael: Og(a) =I=Fu:P,.(I) = 1:3G: Py (I) = Pu(I): Po(¢,G,u)).

Indeed, suppose Ja € I : O:g(a) = I and define

) Pus(I) —N
" — max{n € N: ¢"(a) € I*}

which is well-defined because {a, ¢(a), $*(a), - - -} are distinct (lemma 3.1) and let

) PusI) =1
Y = ") (a)

and

I = {CL, ¢(a)a ,¢n(1*)(a)} .

Then u and G clearly satisfy the requirements.

G:{fpw,*u) = Py (I)

Remark 7.14. There are many maps ¢ : N — N such that Ja € N : O;ﬁ(a) = N (not just the successor
function). They are conjugated to the successor function and can be found by choosing a bijection « :
N — N and setting ¢ = a0 succo a~'. For example, there is the function

N — N*
0 — 2
2041 —2i+4 forallieN
204+2 —2i+1 forallieN

7.3. An indivisibility property for 3-tuples (¢, G,u) satisfying P (¢, G, u)

3-tuples (¢: I = I,G: Py (I) = Pu (D), u: P, (I) = I) satisfying P>(¢, G, u) enjoy the following
indivisibility property with respect to composition of maps § : I — I satisfying VI* € P, (I) : Ja €
G(I*) : |O;§(a)| = 400 with bijective maps « : I — [ satisfying VI* € P, .(I) : a(G(I*)) C G(I*).

Proposition 7.15. Let I be a set and (¢ : I = I,G : Py (I) = Py (D) u : Py (I) = I) a 3-tuple
satisfying Py(é, G, u).

Then if ¢ = B oo where §: I — I is a map satisfying VI* € Py, (I) : Ja € G(I*) : |Og(a)| = 400 and
a: I — I is a bijective map such that ¥I* € P, .(I) : a(G(I*)) € G(I*), then a =id and § = ¢.

Proof. First, notice that for all I* € P, .(I), a bijective and a(G(I*)) C G(I*) implies that « induces a
bijection on G(I*).

Let v = Puield) =1 . Let I* € P, .(I). Since a induces a bijection on G(I*), it

I* — a(u(l*)) e G(I") ’

is easily seen that S(G(I*) \ {v(I*)}) € G(I*). Since Ja € G(I*) : |O?3'(a)| = 400, it follows from
proposition 7.5 that v(I*) = {5(H (I*)), where we have used the notation of that proposition. Specifying
this relation for I* = {b}, one has a(b) = a(u({b})) = v({b}) = £5(H ({b}) for all b € I.

Since VI* € Py, .(I) : a(G(I*)) € G(I*), we have Vb € I : a(b) € a(G({b})) C G({b}), and by induction
Ot (b) € G({b}). Since G({b}) is finite and « is bijective, we have from lemma 3.1 In, > 1: @™ (b) = b.
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This implies in particular that O;(b) = O;(a”b (b)) = Og(fﬂ(H({a”b_l(b)}))) = NeeH({am11)}) OE(C)
is an orbit arising as a finite intersection of infinite orbits. Thus it is infinite, which is true for all b € I.
Now let b € I. We have |O;§(b)| = |O;§(a(b))| = +oo. Let I* = H({«(b)}). Since a(b) € I*, we have
§p(I7) € Og(a(b)). Hence a(a(b)) = 5(I7) € Og(a(b)). SoVb e I: 3k e N:alabd) = (b))
We have Vb € I : a(a(a(b))) = g5® (a(a(b)) = f*®* (a(a)). In general, Vb e I :Vn > 1: a™(b) €
Og(a(b)). Let b € I and choose n = nq,p) > 1. Then a(b) = a® (a(b)) € O;(a(a(b))), and so Im €
N: a(b) = " (a(a(d))). We saw previously that a(a(b)) € O;g(a(b)), so 3l € N : a(a(b) = B (a(b)).
Combining the two results, we have a(b) = 8™ (a(b)) and so m = | = 0 since |O?3'(a(b))| = +4o00. In
turn, this implies that a(a(b)) = a(b) and so a(b) = b since « is a bijection.

Hence a = id and 3 = ¢. O
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