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On Recurrent Sets of Operators

Otmane Benchiheb and Mohamed Amouch

ABSTRACT: An operator T acting on a Banach space X is said to be recurrent if for each U; a nonempty
open subset of X, there exists n € N such that 7"(U) N U # . In the present work, we generalize this notion
from a single operator to a set I' of operators. As application, we study the recurrence of C-regularized group
of operators.
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1. Introduction and Preliminary

Let X be a complex Banach space and B(X) the algebra of all bounded linear operators on X. By
an operator, we always mean a bounded linear operator.

The most studied notion in linear dynamics is that of hypercyclicity, supercyclicity and cyclicity: An
operator T" acting on a separable Banach space is said to be hypercyclic if there exists some vector x € X
whose orbit under T

Orb(T,z) :={T"x : n >0},

is a dense subset of X. In this case, the vector x is called a hypercyclic vector for T and the set of all
hypercyclic vectors of T' is denoted by HC(T).

The notion of supercyclic operators was introduced by Hilden and Wallen in [16]. An operator T'
acting on X is said to be supercyclic if the homogeneous orbit;

COrb(T,z) :={\T"z : A€ C, n >0},

is dense in X. In this case, the vector x is called a supercyclic vector for 7" and the set of all supercyclic
vectors of T' is denoted by SC(T).

For the more detailed information on hypercyclicity and supercyclicity, the reader may refer to [8,15].

On the other hand, a very central notion in topological dynamics is that of recurrence. This notion
goes back to Poincaré and Birkhoff and it refers to the existence of points in the space for which parts of
their orbits under a continuous map "return” to themselves.

A vector x € X is called recurrent for an operator T' € B(X) or T-recurrent vector if there exists a
strictly increasing sequence of positive integers (ky, )nen such that

Thry — 2

as n — 00. The set of all recurrent vectors for T' is denoted by Rec(T'). The operator T itself is called
recurrent if for each nonempty open set U of X, there exists some n € N such that

T="(U)NU # 0.
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For more information about recurrent vectors and recurrent operators, the reader may refer to [9,11,
12,13,14,17].

Recently, the notion of hypercyclic operators, supercyclic operators and cyclic operators was general-
ized to subset I' of B(X). A set I' of operators is called hypercyclic if there exists a vector x in X such
that its orbit under T';

Orb(T,z) ={Txz: T €T}
is dense in X, see [5,6]. If there exists a vector x such that the homogeneous orbit;
COrb(I',z) ={aTxz: T €T, a € C},
is dense in X for some vector z, then T is called a supercyclic set of operators, see [2,7]. If

span{Orb(T", z)} = span{Tz : T € '}

is dense in X for some vector z, then T is cyclic, see [4,7]. In each case, such a vector x is called a
hypercyclic vector, a supercyclic vector, a cyclic vector for I', respectively. Note that this generalization
was consider also for diskeyclic and codiskcyclic operators, see [1,3].

In this paper, we introduce and study concepts of recurrent vectors and recurrent sets in a complex
Banach space X.

In section 2, we introduce and study the notion of recurrent vector for a set I' of operators. We give
some examples and we prove that the set of all recurrent vectors for a set I' is a G type.

In section 3, we introduce the notion of recurrent sets of operators. We prove that a set is recurrent if
and only if the set of all recurrent vectors is dense. Moreover, we give a counterexample show that may
a set I' admits recurrent vectors without being recurrent.

In section 4, we give applications for C- regularized of operators. We show that the recurrent C-
regularized of operators exists on each complex Banach space X and we prove by giving examples that
some proprieties known for hypercyclic strongly continuous semigroups and C- regularized group of
operators does not holds in general in the case of and C- regularized group of operators.

2. Recurrent Vectors of Sets of Operators

Definition 2.1. A vector x € X \ {0} is said to be recurrent for I' or I'-recurrent if there exist a sequence
{k} of positive integers and a sequence {Ty,} C T such that

T.r — x
as k — +oo. We denote by Rec(I") the set of all recurrent vectors for T

Remark 2.2. Let X be a complez Banach space and T' € B(X). A vector x € X is recurrent for T if
and only if © is a recurrent vector for the set

I:={T"x : n>0}.
In this case, we write Rec(T) instead of Rec(I'), see [11].

Let X be a complex Banach space and I' a subset of B(X). It is clear that if z € X is a hypercyclic
vector for I', then it is a recurrent vector for I'. The converse does not holds in general as shows the next
example.

Example 2.3. Let X be a complex Banach space and (an)n>0 a sequence of complex numbers such that
an —> 1 as n — +oo. For alln € N, let T,, be an operator defined by:

T, : X — X
T > ap.

LetT' ={T, : n € N} C B(X). For all z € X \ {0}, we have
T,x = a,xr — x

as n — +o00. This means that x is a recurrent vector for T' for all x € X \ {0}. However, T' admits no
hypercyclic vectors.
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Remark 2.4. Let X be a complex Banach space. We can deduce, from Example 2.3, that in each complex
Banach space, with finite or infinite dimension, there exists a subset I' of B(X) which admits recurrent
vectors.

Let X be a complex Banach space and I" a subset of B(X). We denote by {I‘}/ the set of all elements
of B(X) which commute with every element of I'. That is

{TY :={SeB(X): TS=ST forall T € I'}.
Proposition 2.5. Let z € Rec(T') and S € B(X). If S € {T'}, then Sz € Rec(T).

Proof. Since x € Rec(T"), there exist a sequence {k} of positive integers and a sequence {T;} C I' such
that
T.r — x

as k — 400. Since S is continuous and S € {I'}, it follows that
Ty (Sz) — Sz

as k — 4o00. Hence Sz € Rec(T'). O

Corollary 2.6. If x € Rec(T"), then ax € Rec(T'), for all « € C\ {0}.

Proof. let o € C\ {0} and z € Rec(T'), then T = ol is an operator such that T € {I'}’. Hence, by
Proposition 2.5, az € Rec(T). O

Let X and Y be complex Banach spaces. A set I' C B(X) is said to be quasi-similar to aset I'y C B(Y)
if there exists a continuous map ¢ : X — Y of dense range and satisfies for all T' € T", there exists some
S €T’y such that So¢p =¢oT. If ¢ is a homeomorphism, then I' and I'; are called similar.

The notion of recurrent vectors of a single operator is preserved under quasi-similarity, see [11]. In
the following, we prove that the same result holds in the case of sets of operators.

Proposition 2.7. Assume that I' and 'y are quasi-similar. If x is a recurrent vector for T', then ¢x is
a recurrent vector for I'y. That is
o(Rec(I") € Rec(T').

Proof. Since T" and I'; are quasi-similar, there exists a continuous map ¢ : X — Y with dense range
such that for all T € T, there exists S € I'y satisfying So¢ = ¢poT. Assume that I' is recurrent in X, then
there exist © € X \ {0}, a sequence {k} of positive integers and a sequence {T}} C T such that Tz — x
as k — +o0. Hence, ¢ o T(x) — ¢x as k — +o0. Foll all k, let Sy, € Ty such that Sg o ¢ = T} o ¢.
Hence,

Sk(px) — o

as k — 400, which implies that I'y is recurrent in Y and ¢z € Rec(T'1). O

Remark 2.8. In Proposition 2.7, the condition of density of the range of ¢ is not necessary. Indeed, we
need only that ¢ be continuous to prove this proposition.

Corollary 2.9. Let X and Y be complex Banach spaces, T' a subset of B(X) and Ty a subset B(Y).
Assume that T’ and T'y are similar. A wvector x € X is a recurrent vector for T' if and only if ¢x is a
recurrent vector for I'y. That is

¢(Rec(I") = Rec(T'y).

Proposition 2.10. Let {X;}!, be a family of complex Banach spaces and I'; a subset of B(X;), for all
1<i<n. If (z1,22,...,2n) € Rec(®F_,I;), then z; € Rec(T';), for all 1 <i <mn. That is

Rec(@;T';) C @i Rec(Ty).
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Proof. Let (z1,22,...,2n) € Rec(®?_1T;), then there exist a sequence {k} of positive integers and a
sequence {(T{, TZ,..., T} C @7 T such that
(Tray, TPxo, ..., Tiw,) = (T, T, ..., TE) (21, T2, - -, ) — (21,02, ..., 20)

as k — 4o00. Hence, for all 1 <i < n, we have T,ia:i —> x; as k — +oo. Thus, forall 1 <7 <n, I';is
recurrent in X; and z; € Rec(T;). O

A characterization of the set of recurrent vectors of set of operators on a complex Banach space is
due the next proposition.

Proposition 2.11. The set of all recurrent vectors for a set I' is even empty or a G5 type. In the last

case we have .
R = : - — 5.
ec(T) ﬂ U {x eX Tz —1z| < n}
n>1Tel

Proof. Let x € Rec(I"). Then there exist a sequence {k} of positive integers and a sequence {7} } C I such
that Tpz — x as k — +oo. Hence, for all n > 1, there exists k such that || Trz — x| < %, this implies

1 1
that : — — . : — —
S ﬂ U {x eX: ||Tzx—z| < n} For the converse, let = € ﬂ U {x eX: ||Tx—z| < n}’
n>1Tel’ n>1Tel

then for all n > 1 there exists T, € I such that |7z — z|| < L, this means that T,,2 — 2 as n — +oc.
Hence, € Rec(T"). Since for all n > 1 the set {z € X : [Tz — x| < L1} is open, it follows that Rec(I")
is a G type. O

Theorem 2.12. Assume that for all T, S € T we have TS € T and (Ar)rer be a (multiplicative)
semi-group inside T. Then x € Rec(T") if and only if x € Rec(I'1), where

Iy = {\T : TET}
and T ={a € C : |a| = 1} is the unite circle.

Proof. To prove the proposition we only need to prove that Rec(I') C Rec(I'1). Let = be a recurrent
vector for T'). We define a subset F of T by

F:={ueT: (\Tk)x — pzx for some sequence (k) C N with k — oo}.

To show that x € Rec(I") we need to prove that 1 € F. For that, we begin by proving that F' # ().
Since z is a recurrent vector for T, there exists a sequence of positive integers (k) C N such that

Tix — .

Without loss of generality we my suppose that A\, — p for some p € T. We conclude that (A1) — pz.
This means that p € F.
Now, let p1, i1 € F and let € > 0 fixed. Since p; € F' there exists n; € N such that

£
”/\annlx - Mle < 5

Since py € F there exists ny € N such that

3
Ao Ly — < .
H 2 2T ,MQ.’,U” 2||)\n1Tn1H
We thus get
H()\nl)\nQT'annQ)x - Ml/izx” < H()\annl)()\nQTan - ILLQx)H + ||H2()\n1me - :ulx)
9
< H>‘n1Tn1””)‘n2Tnzx - /1,2{1,‘” + 5 <e.

So py e € F. Hence F' is a (multiplicative) semi-group inside T.
Let p € F, then for all n € N, we have p” € F. We have two cases
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o If p is a rational rotation this means that 1 € F' and we are done.

o If not, there exists sequence of positive integers 7 such that p”* — 1. Since F is closed, it follows
that that 1 € F.

O

3. Recurrent Sets of Operators

In the following definition, we introduce the notion of recurrence of sets of operators which generalizes
the notion of recurrence of a single operator.

Definition 3.1. A set I’ C B(X) is called recurrent if for each nonempty open subset U of X there exists
some operator T € I' such that
TU)NU # 0.

Remark 3.2. Let X be a complex Banach space. An operator T € B(X) is recurrent as an operator if
and only if the set
:={T":n>0}

s recurrent as a set of operators.

The recurrence of a single operators is preserved under quasi-similarity, see [11]. The following
proposition proves that the same result holds in the case of sets of operators.

Proposition 3.3. Assume that I' C B(X) and I'y C B(Y) are quasi-similar. If I is a recurrent set in
X, then T'y is a recurrent set in'Y .

Proof. Since I and I'; are quasi-similar, there exists a continuous map ¢ : X — Y with dense range
such that for all T' € T', there exists S € I'; satisfying So¢ = ¢poT. Let U be a nonempty open subset
of Y. Since ¢ is of dense range, qS_l(U ) is nonempty and open. If I' is recurrent in X, then there exist
y € ¢ '(U)and T € T such that Ty € ¢ *(U), which implies that ¢(y) € U and ¢(Ty) € U. Let S € T';
such that So¢ = ¢oT, then ¢(y) € U and S¢(y) € U. From this, we deduce that I'; is recurrent in Y.
O

Corollary 3.4. Assume that I' C B(X) and I'y C B(Y') are quasi-similar. Then, I' is recurrent in' Y if
and only if T'y is recurrent in Y.

In the following result, we give necessary and sufficient conditions for a set of operators to be recurrent.
Theorem 3.5. Let I' be a subset of B(X). The following assertions are equivalent:
(1) T is recurrent;

(i7) For each x € X, there exists sequences {xr} in X and {Tx} in T’ such that

g —x  and  Tp(rg) — x;

(ii7) For each x € X and for W a neighborhood of 0, there exist z € X and T € " such that

T(z)—xzeW and x—z€W.

Proof. (i) = (ii) Let € X. For all k > 1, let Uy, = B(x, +). Then Uy, is a nonempty open subset of X.
Since T is recurrent, there exists Ty € ' such that Ty (Uy) N Uy # 0. For all k > 1, let x, € Uy, such that
Tk(xk) € Uy, then

1 1
lzr =2l < & and || T(zx) — 2l < £
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which implies that
zp — x  and  Tg(xg) — .

(i7) = (4i1) Let € X. There exists sequences {x} in X and {7} in I such that
zp—2x—0 and Ti(zk) —x — 0.

If W is a neighborhood of 0, then there exists N € N such that z — x € W and Ty (x) — 2 € W, for all
k> N.

(791) = (i) Let U be a nonempty open subsets of X. Then there exists z € X such that x € U. Since
for all k > 1, Wj, = B(0, %) is a neighborhood of 0, there exist zx € X and T} € I" such that

1 1
1 Tk(zx) — 2| < % and |z — 2zl < T
This implies that
zr — x  and  Ti(zk) — @

Since U is a nonempty open subset of X and x € U, there exists N € N such that z;, € U and Ty (zx) € U,
for all k > N. O

Proposition 3.6. Let {X;}1, be a family of complex Banach spaces and T'; a subset of B(X;), for all
1<i<n. If® (;) is recurrent in O, (X;), then T; is recurrent in X;, for all 1 < i <mn.

Proof. Assume that @} ,I"; is recurrent in ©}_, X;. If U; be a nonempty open set of X; for 1 <14 < n,
then Uy x --- x U, is a nonempty set of ®"_;(I';). There exists T} x ...T}" such that

TEx - xTPUL x - xUp) N Uy X -+ x Up # 0.

It follows that TZ(Ui) NU; # 0 for all 1 <i < n. Hence T'; is recurrent in X; for all 1 < < n. O

The natural question here is about the relationship between the set Rec(T') of all recurrent vectors
for a set I' and the recurrence of T itself. In the following theorem, we prove the equivalence between the
recurrence of I' and the density of Rec(T") in the space X.

Theorem 3.7. Let ' C B(X). The following assertions are equivalent:
(1) Rec(I') is dense in X;
(13) T is recurrent.

Proof. (i) = (ii) : We suppose that Rec(I") is a dense subset of X and let U be a nonempty open subset
of X. Then Rec(I') N U # ). This implies that there exists x € X a recurrent vector for I' such that
x € U. There exist a sequence {k} of positive integers and a sequence {T}} of I such that Tz — = as
k — +o0. Since U is open and = € U, there exists N € N such that Ty (U) N U # 0, and hence T is
recurrent.

(74) = (i) : Assume that T' is recurrent, we will prove that Rec(I") is dense in X. Let

B := B(x,¢)

be a fixed open ball for some z € X and € < 1. Since I' is recurrent, it follows that there exists an
operator T; € T such that T1(B) N B # . Hence, there exists 2; € X such that z; € T, '(B) N B. There
exists €1 <  such that

By := B(x1,e1) C BNT{(B)
since T} is continuous. Again, since I' is recurrent, there exists some T € I and some 2 € X such that
Ty € T2_1(Bg) N Bs. Now we use the continuity of 75 to conclude that there exists g5 < 2% such that

Bs := B(29,e2) C BoNTy Y(By).
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Continuing inductively we construct a sequence (xg)gen of X, a sequence (Tk)ren of T' and a sequence

of positive real numbers g, < 2%, such that

Bz, er) C B(wg—1,ek—1) and Ty(B(xk,ex)) C B(zk—1,k-1)-

By hypothesis, X is a Banach space, hence it is complete. We use Cantor’s theorem to conclude that
there exists some y € X such that

() Bk, ex) = {y}- (3.1)
k

Since y € B the original ball, to finish the proof, it suffices to show that y is recurrent vector for I". By
3.1, we have y € B(zy, ) for all k. This is equivalent to the fact that

zx = yll < e (3.2)
On the other hand, Tyy1y € B(xk, exr1) since Tgr1(B(xgt1,€k+1)) C B(xk, k), hence

1Tk+1y — k|| < kg1 (3.3)
Now using (3.2) and (3.3) we conclude that

1 1
1Ter1y — yll < ller — yll + 1 Thr1y — x| < o T orrT

Hence Tpy — y as k — 400, that is, y is a recurrent point in the original ball B and the proof is
completed. O

Remark 3.8. Observe that the previous proposition remains valid whenever I is a set of continuous map
on a complete metric space X.

In particular, Theorem 3.7 proves that if I" is recurrent, then it admits a nontrivial recurrent vector.
The following example shows that the converse does not holds in general even in the case of single
operator.

Recall from [11], that if an operator acting on a complex Banach space is recurrent, then it is of dense
range.

Example 3.9. Let X = (?(N). Let T be a linear operator defined in ¢*(N) by
Tey=e1 and Tep=0 forall k > 2.
LetT'={T" : n > 0}. Since T"e; = ey, it follows that
T"e1 — e

as n — oco. Hence, ey is a recurrent vector for T. Since T is not of dense range, it follows that T can
not be recurrent.

Using Theorem 2.12 and Theorem 3.7, it easy to prove the next Proposition.

Proposition 3.10. Let X be a complex Banach space and T' a subset of B(X). Assume that for all T,
S €T we have TS € T and let (Ar)rer be a (multiplicative) semi-group inside T. Then T is recurrent if
and only if

Ty :={\T :TeT}

is recurrent

Proof. By Theorem 2.12, we have Rec(I') = Rec(I';) and then we use Theorem 3.7. O
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4. Recurrent C-Regularized Groups of Operators

In this section, we study the particular case when I' is a C-regularized group of operators. Recall
from [10], that an entire C-regularized group is an operator family (S5(z2)),ec on B(X) that satisfies:

(1) S(0) = C;
(2) S(z+w)C = S(2)S(w) for every z, w € C,
(3) The mapping z — S(z)x, with z € C, is entire for every z € X.

The next example shows that the recurrence of C-regularized groups of operators exists in each Banach
space.

Example 4.1. Let X be a complex Banach space. For all z € C, let S(z) be an operator defined on X
by
S(z) + X — X
x — S(z)x =e*x.

Let U be a nonempty open subset of X. Then there exists z € C such that
S(z)(U)NU # 0.
This means that (S(z)).ec) is recurrent C-Regularized group of operators.

Remark 4.2. Let X be a complex topological vector space and (S(2)).ec) a C-regularized group of
operators. The fact that (S(2)).ec) s recurrent does not implies that S(z0) is recurrent for all zo € C.
Indeed, let (S(z)).ec) be the C-Regularized group defined as in Example J.1. Then (S(z)).cc) is recurrent.
However, Rec(S(z)) =0 whenever |z] > 1.

Lemma 4.3. Let (S(2)).ec be a recurrent C-regularized group on a complex Banach space. Then Cx €

Rec((S(2))zec), for all x € Rec((S(2))zec).

Proof. Let z € C. By conditions (1) and (2) of the definition of a C-regularized group we have
S(z)C =80+ 2)C =5(0)S(z) = CS(z),

this means that C' commutes with every element of (S(z)).ec. Hence, C € {(S(2)).ec} . By using
Proposition 2.5 one can deduce Cx € Rec((S(2)).ec), for all © € Rec((S(2)):ec)- O

Proposition 4.4. Let (S(2)).cc be a recurrent C-reqularized group on a complex Banach space. If C =1
the identity operator on X, then S(z)x € Rec((S(2))zec)) for all x € Rec((S(z)).ec) and for all z € C.
Proof. By remarking that in this case we have S(z) € {(5(2)).ec)} and using Proposition 2.5. O
Definition 4.5. Let (S(2)).cc be a C-regularized group on a complex Banach space. Given another
complex Banach space X and an isomorphism ¢ from Y onto X, the C-reqularized group (h(2)).ec on

Y, defining by o) ¢_1S(z)¢

is said to be similar to (S(z))zec-

Proposition 4.6. Let (S(z)).ec be a recurrent C-reqularized group of operators on a complex Banach
space X. If (h(2)).ec is a C-regularized group of operators on a complex Banach space Y similar to
(5(2))zec, then (h(z)).ec is recurrent on'Y . Moreover,

Rec((5(2))zec) = o((h(2)):zec)-

Proof. Direct consequence of Proposition 2.7. O
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